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A SHARP ABELIAN THEOREM FOR THE LAPLACE
TRANSFORM

MAEVA BIRET() MICHEL BRONIATOWSKI(1:*) | AND ZANSHENG CAO)

ABSTRACT. This paper states asymptotic equivalents for the moments of the
Esscher transform of a distribution on R with smooth density in the upper tail.
As a by product if provides a tail approximation for its moment generating
function, and shows that the Esscher transforms have a Gaussian behavior for
large values of the parameter.

1. INTRODUCTION

Let X denote a real-valued random variable with support R and distribution Px
with density p.
The moment generating function of X

(1.1) B(t) := Elexp(tX)]

is supposed to be finite in a non void neighborhood N of 0. This hypothesis is
usually referred to as a Cramér type condition.
The tilted density of X (or Esscher transform of its distribution) with parameter

t in NV is defined on R by
exp(tx)

(o) = 20 ),
For t € NV, the functions
(1.2) £ mt) = %log (1),
2 d?
(1.3) £ (1) = oy log ®(0),
dJ
(1.4) t— p;(t) = e log ®(t),j € (2,00).

are respectively the expectation and the centered moments of a random variable
with density 7.
When & is steep, meaning that

(1.5) tl_l)rg m(t) = oo
and
lim m(t) = —o0
t—t—
where tT := esssup N and ¢~ := essinf A then m parametrizes R (this is steepness,

see Barndorff-Nielsen [2]). We will only require (1.5) to hold.
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Key words and phrases. Abelian Theorem, Laplace transform, Esscher transform, tilted
distribution.
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This paper presents sharp approximations for the moments of the tilted density
m; under conditions pertaining to the shape of p in its upper tail, when ¢ tends to
the upper bound of V.

Such expansions are relevant in the context of extreme value theory as well as
in approximations of very large deviation probabilities for the empirical mean of
independent and identically distributed summands. We refer to [6] in the first
case, where convergence in type to the Gumbel extreme distribution follows from
the self neglecting property of the function s2, and to [5] in relation with extreme
deviation probabilities. The fact that up to a normalization, and under the natural
regularity conditions assumed in this paper, the tilted distribution with density
m¢(x) converges to a standard Gaussian law as ¢ tends to the essential supremum
of the set A is also of some interest.

2. NOTATION AND HYPOTHESES

Thereafter we will use indifferently the notation f(¢) N~ g(t) and f(t)
—00
g(t)(1 + o(1)) to specify that f and g are asymptotically equivalent functions.

t—Too

The density p is assumed to be of the form
(2.1) p(r) = exp(—(g(x) —q(x))), = €Ry.

For the sake of this paper, only the form of p for positive x matters.
The function g is positive, convex, four times differentiable and satisfies

(2.2) @ Rl
Define
(2.3) h(z) = ¢ ().

In the present context, due to (2.2) and the assumed conditions on ¢ to be stated
hereunder, t+ = +oc0.

Not all positive convex ¢’s satisfying (2.2) are adapted to our purpose. We follow
the line of Juszczak and Nagaev [8] to describe the assumed regularity conditions
of h. See also [1] for somehow similar conditions.

We firstly assume that the function h, which is a positive function defined on
R, is either regularly or rapidly varying in a neighborhood of infinity; the function
h is monotone and, by (2.2), h(x) — oo when z — oo.

The following notation is adopted.

RV («) designates the class of regularly varying functions of index a defined on
Ry,

P(t) :== h* (t) designates the inverse of h. Hence v is monotone for large ¢ and
¥ (t) — oo when t — oo,

o%(z) == 1/K (),

i = (1) = B(t),

& = o&) = ol (t)).

The two cases considered for h, the regularly varying case and the rapidly varying
case, are described below. The first one is adapted to regularly varying functions
g, whose smoothness is described through the following condition pertaining to h.
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Case 1. The Regularly varying case. It will be assumed that h belongs to the
subclass of RV (), § > 0, with

h(z) = 2P1(z),

where

(2.4) l(x) = cexp /11 #du

for some positive c. We assume that x — e(x) is twice differentiable and satisfies
e(x) = of1),

(2.5) zle'(z)| = O(1),

=
| Tr—r00
22| ()|

e o(1).
It will also be assumed that

(2.6) |h®)(x)| € RV (0)
where 0 is a real number such that § < g — 2.

Remark 1. Under (2.4), when 8 # 1 then, under (2.6), 0 = 3 —2. Whereas, when
B =1 then 8 < —2. A sufficient condition for the last assumption (2.6) is that
€'(t) € RV (y), for some vy < —1. Also in this case when =1, then § = S+~ —1.

Example 1. Weibull density. Let p be a Weibull density with shape parameter
k > 1 and scale parameter 1, namely

p(x) = kaF 1 exp(—a®), x>0
= kexp(—(z* — (k — 1)logz)).
Take g(x) = 2% — (k — 1) logz and q(x) = 0. Then it holds

h(z) = ka1 Lk g (k— k_1>.

x zk

Set l(x) =k — (k —1)/x*, & > 1, which verifies

oy = HEZD) _ )G

with
k(k—1)

@) = o
Since the function e(x) satisfies the three conditions in (2.5), then h(x) € RV (k—1).

Case 2. The Rapidly varying case. Here we have h* (t) = ¢(t) € RV (0) and

t
(2.7) P(t) = cexp/ @du
1 u
for some positive ¢, and t — €(t) is twice differentiable with
E(t) tfoo 0(1)7
(2.8) <)

€t) oo

Note that these assumptions imply that €(t) € RV (0).
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Example 2. A rapidly varying density. Define p through
p(z) = cexp(—e* 1),z > 0.

Then g(z) = h(z) = e~ and q(x) = 0 for all non negative x. We show that
h(z) is a rapidly varying function. It holds 1(t) = logt + 1. Since ¢'(t) = 1/t, let
e(t) = 1/(logt + 1) such that '(t) = ¥ (t)e(t)/t. Moreover, the three conditions of
(2.8) are satisfied. Thus ¥ (t) € RV (0) and h(x) is a rapidly varying function.

Denote by R the class of functions with either regular variation defined as in
Case 1 or with rapid variation defined as in Case 2.

We now state hypotheses pertaining to the bounded function ¢ in (2.1). We
assume that

(2.9) lg(z)| € RV (n), for some n < 6 — % —3ifhe RV(B)
and
(2.10) lq(¥(t))| € RV (), for some n < —1 if h is rapidly varying.

3. AN ABELIAN-TYPE THEOREM
We have

Theorem 1. Let p(z) be defined as in (2.1) and h(x) belong to R. Denote by m(t),
s2(t) and p;(t) for j = 3,4,... the functions defined in (1.2), (1.3) and (1.4). Then
it holds

m(t) = »(t)(1+o(1)),

t—

(1), = ¢ ()1 +o0(1)),

t—

ps(t) , =_ 0@ (B)(1+o(1)),

t—
eJ ’

pi(t) = ](\fjs (2(]1\;_ 0)(1)(2)7 . for even j > 3

t—s00 j+3—3] =1 s (t)s (I+o0(1)), foroddj>3

where M;, i > 0, denotes the ith order moment of standard normal distribution.

Using (2.1), the moment generating function ®(¢) defined in (1.1) takes on the
form

O(t) = /000 e p(x)dr = c/ooo exp(K (x,t) + q(z))dx, t € (0,00)
where
(3.1) K(z,t) = tx — g(x).

If h € R, then for fixed ¢, © — K(x,t) is a concave function and takes its
maximum value at & = h* (t).
As a direct by-product of Theorem 1 we obtain the following Abel type result.

Theorem 2. Under the same hypotheses as in Theorem 1, we have

B(t) = V2r6eX @D (1 4 0(1)).
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Remark 2. It is easily verified that this result is in accordance with Theorem
4.12.11 of [3], Theorem 3 of [4] and Theorem 4.2 of [8]. Some classical consequence
of Kasahara’s Tauberian theorem can be paralleled with Theorem 2. Following The-
orem 4.2.10 in [3], with f defined as g above, it follows that — log f;o p(v)dv ~ g(x)
as x — oo under Case 1, a stronger assumption than required in Theorem 4.2.10 of
[3]. Theorem 4.12.7 in [3] hence applies and provides an asymptotic equivalent for
log ®(t) as t — oo; Theorem 2 improves on this result, at the cost of the additional
regularity assumptions of Case 1. Furthermore, no result of this kind seems to exist
in Case 2.

We also derive the following consequence of Theorem 1.

Theorem 3. Under the present hypotheses, denote X; a random variable with
density m(x). Then as t — oo, the family of random variables

Xt — m(t)
s(t)

converges in distribution to a standard normal distribution.

Remark 3. This result holds under various hypotheses, as developped for exam-
ple in [1] or [6]. Under log-concavity of p it also holds locally; namely the family of
densities m; converges pointwise to the standard gaussian density; this yields asymp-
totic results for the extreme deviations of the empirical mean of i.i.d. summands
with light tails (see [5]), and also provides sufficient conditions for Px to belong
to the domain of attraction of the Gumbel distribution for the mazximum, through
criterions pertaining to the Mill’s ratio (see [6]).

Remark 4. That g is four times derivable can be relazed; in Case 1 with [ > 2
or in Case 2, g a three times derivable function, together with the two first lines in
(2.5) and (2.8), provides Theorems 1, 2 and 3. Also it may be seen that the order of
differentiability of g in Case 1 with 0 < 8 < 2 is related to the order of the moment
of the tilted distribution for which an asymptotic equivalent is obtained. This will
be developed in a forthcoming paper.

The proofs of the above results rely on Lemmas 5 to 9. Lemma 5 is instrumental
for Lemma 9.

4. APPENDIX: PROOFS

The following Lemma provides a simple argument for the local uniform conver-
gence of regularly varying functions.

Lemma 1. Consider I(t) € RV (a),a € R. For any function f such that f(t) i
—00
o(t), it holds

(4.1) sup |l(t+z)] ~ [i(t)]
|2 <f(2) e
If f(t) = at with 0 < a < 1, then it holds
(4.2) sup |I(t + )| N (L4 a)*i(t)].

|z <at oo
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Proof. By Theorem 1.5.2 of [3], if I(t) € RV («), then for all T
1) —A¥ — 0,
( ) t—o0

with I = [A, B] (O<A<B<oo) ifa=0,I1=(0,B] (0<B<o0)ifa>0and
I=[A4,0) (0<A<o)ifa<0.
Putting A = 1 + x/t with f(t) e o(t), we obtain
—00

—(14—@)& — 0,

t t— 00

(t+x)
1(t)

2| <f(¢)
which implies (4.1).
When f(t) = at with 0 < a < 1, we get
(t+x)
1(t)

—(1+a)* — 0,
|z|<at o0

which implies (4.2).
[ ]

Now we quote some simple expansions pertaining to the function h under the
two cases considered in the above Section 2.

Lemma 2. We have under Case 1,

W) = "D s 1)

nD (@) = "D a5 1) + ac(w) + () + o€ ()],
n @) = "5 - 1)(5 - 2) 1 bel@) + () + ()

+ z€' (2)(d + ee(x)) + 22 (2)].
where a, b, c,d,e are some real constants.

Corollary 1. We have under Case 1, h'(z) ~ Bh(x)/z and |h9)(z)| < Cih(x)/x*,i =
Tr—r00
1,2,3, for some constants C; and for large x .

Corollary 2. We have under Case 1, &(t) = ¥(t) € RV(1/8) (see Theorem
(1.5.13) of [3) and 6(t) = w/(t) ~ 5~ (t) ¢ € RV(1/5 — 1),
It also holds

Lemma 3. We have under Case 2,

7/1(2)(t) ~ _1/)(1;)26(15) and 1/)(3)(t) ~ 2¢(t)€(t).

t—o00 t— 00 3

Lemma 4. We have under Case 2,
, 1 t
R () = OIRTGLOk
IEGARIO) t
@/ (1)F +5o 1/)2(1062( )’
3 (2) _ /
h(g)(d)(t)) _ (¢ (t)zw/( e ( ') o~ w3(t)t€3(t)'
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Corollary 3. We have under Case 2, 2(t) = 1(t) € RV(0) and 6%(t) = ¢'(t) =
Y(t)e(t)/t € RV (—1). Moreover, we have h') ((t)) € RV (1),i =1,2,3.

Before beginning the proofs of our results we quote that the regularity conditions
(2.4) and (2.7) pertaining to the function h allow for the above simple expansions.
Substituting the constant ¢ in (2.4) and (2.7) by functions  — ¢(z) which converge
smoothly to some positive constant ¢ adds noticeable complexity.

We now come to the proofs of five Lemmas which provide the asymptotics leading
to Theorem 1 and Theorem 2.

Lemma 5. It holds
log &

7 — 0
J"l Q/J(u)du t— 00

Proof. By Corollaries 2 and 3, we have that ¢(t) € RV (1/8) in Case 1 and 9 (t) €
RV (0) in Case 2. Using Theorem 1 of [7], Chapter 8.9 or Proposition 1.5.8 of [3],
we obtain

(4.3)
¢ J tY(t)/(1+1/8) € RV(1+1/B) if h € RV(B)
/1 W(u)du 500 || t(t) € RV(1) if h is rapidly varying -

Also by Corollaries 2 and 3, we have that 62 € RV (1/38 — 1) in Case 1 and 62 €
RV(—1) in Case 2. Thus t — logs € RV (0) by composition and

logs { P41 lws ¢ gy (—1—%) if h € RV(B)

(1)

flt Y(u)du o0 i?pg(f) € RV(-1) if h is rapidly varying

which proves the claim.

The next steps of the proof make use of the function
L(t) := (logt)” .
Lemma 6. We have

G (& + x)

D) GLA(t) — 0.

sup
t—o0

|z|<&L(t)

Proof. Case 1. By Corollary 1 and by (2.6) we have

|h(3) (z)] < C |h(2)(33)|
o T

3

for some constant C' and z large. Since, by Corollary 2, # € RV(1/3) and 62 €

RV (1/5 — 1), we have
|z|  6L(t) 1 1
< RV (—2-—
P 2 28
and |z|/& = 0 uniformly in {z : |z| < 6L(¢)}. For large ¢ and all x such that
—00
|x] < 6L(t), we have

(2) (3 (2) (3
WO 12y < cPoEFD o, EEE D)
Tt el<oLt) T
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whence

h(2 (4

sup |h(3)(;ﬁ+x)|§0 sup w
2| <6 L(t) lz|<6L(t) T T
where
L2 (5 (2) (3
wp HEEEDpOG)]
EECZONEE L

using (4.1) for the regularly varying function |h(?)(%)| € RV (8/3), with f(t) =
o L(t) T o(Z). Thus for t large enough and for all § > 0

G (& + z)
h(®) (%)

which proves Lemma 6 in Case 1.

GLA(L) < C(}L;(t) (1+06) € RV (i _ % _ l) 7

sup
|| <&6LA(2)

Case 2. By Lemma 4, we have that h(® (¢(t)) € RV (1). Using (4.2), we have
for 0 < a < 1 and ¢ large enough

sup [ ((t+0))| ~ (L+a)hD (1))

lv]<at o0

In the present case & € RV(0) and 6% € RV (—1). Setting ¢(t +v) =2 +x =
P(t) + x, we have x = (t +v) — ¢ (t) and A ;= (t —at) —P(t) <z < P(t+at) —
P(t) =: B, since t — 1(t) is an increasing function. It follows that

sup W3 (Y(t +v)) = AquB h3) (& + ).

vl <at

Now note that (cf. page 127 in [3])
t+at that g (2Ve(z)
B=1y(t+at)—y(t) = /t Y'(2)dz = /t ?dz T Y(t)e(t) log(l+ a),
since 1 (t)e(t) € RV(0). Moreover, we have
aL(t oL(t

ok e 20

It follows that o L(t) o o(B) and in a similar way, we have 6L(t) T o(A).

Using Lemma 4 and since 6L*(t) € RV (—1/2), it follows that for ¢ large enough
and for all 6 >0

[P @ (t +v))|

RV(—1) and

[P @ (t +v))|

su —6' 4 Ssu 514
L2 ) E OS2 e r
GLA(t) 1
<ot ens(=3)

which concludes the proof of Lemma 6 in Case 2.

Lemma 7. We have
|h?(2)]6* — 0,
t—o00

(2) 2\ 3
R (@) L(t) — 0.



ABELIAN THEOREM 9

Proof. Case 1. By Corollary 1 and Corollary 2, we have

o C
n®) (@)|6" < ﬁ_;t € RV(-1)
and ()
C L(t 1 1
(2) (5)]53 2 - _ =
AD@NFLE) < 550 tw(t)ERV( N 2),

proving the claim.

Case 2. We have by Lemma 4 and Corollary 3

) (#)6* ~ leRV(—1)

t—oo {
and
R ()63 L(t) ~ LU gy (—1> :
oo \/tp(t)e(t) 2
which concludes the proof of Lemma 7. |

We now define some functions to be used in the sequel. A Taylor-Lagrange
expansion of K (z,t) in a neighborhood of & yields

(4.4) K(z,t) = K(&,t) — %h'(@)(x —#)% - %h<2>(55)(x —2)% +e(a,t),
where, for some 6 € (0,1),
(4.5) (o) = —ih@(@ 0 — ) (x — )
Lemma 8. We have
(Y + 2, t)|

sup e — 0,
yel-L(),L()) "D (@)% t=oo

where £(x,t) = e(x,t) + q(x) and e(x,t) is defined in (4.5).

Proof. For y € [-L(t), L(t)], by 4.5, it holds

e(6y + 2,t) hG) (& + 05y)(5y)* _ hG3) (& + 06y)6 LA(t)
()6 | = h® (7)6° = h® (2) ’
with 6 € (0,1). Let = 66y. It then holds |z| < §L(t). Therefore by Lemma 6
5([7y+£,t)|‘ (2 +x) .,
sup =< sup |———26L%1) — 0.
vel-r),() | P (2)63 wl<ory | hP(2) O =%
It remains to prove that
q(6y + &)
4.6 sup — | — 0.
0 vel-L(0),0(0) | ) (2)5% | o0

Case 1. By (2.6) and by composition, |h(?)(&)| € RV (0/B). Using Corollary 1

we obtain
@) ()32 6 3 3
opass L BP@2(0) 9.3 3
|h (a:)a|tﬂoo B33 € RV B+25 5 )
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Since, by (2.9), |¢(2)| € RV (n/S), for n < 0 —38/2 + 3/2 and putting = = 7y,

we obtain

ap |0y [d@E+2)
yel-L(,L) | RP (@)% | p<on) |RP) (2)6°
lq(2)] n—6 3 3
~ — RV (L - =
5o [ (2)67] 5 2872

which proves (4.6).
Case 2. By Lemma 4 and Corollary 3, we have

1 1
|h®(#)6%] ~ ———— € RV (——) .
t=roo \/t(t)e(t) 2
As in Lemma 6, since by (2.10), ¢(¢¥(t)) € RV (n), then we obtain, with n < —1/2

wp |26y q(i+a)
vel-rm.Lv) | B @63 | p<one | B (2)6°
q((t +v))
< su
N lv|<at h(2)( ) 3

< (U a0V +0) € RV (04 3 )

for all § > 0, with a < 1, ¢ large enough and n 4+ 1/2 < 0. This proves (4.6).

Lemma 9. For a € N, denote

U(t,a) := /Ooo(x — 2)%"p(z)dx.

Then
U(t,a) = 6°T K@D (¢ a)(1 4 0(1)),

t—o00
where
L1/3 @)

_ V2 « y2 h(2)(57)5'3 V2 3+ Yy
(4.7) Tl(t,a)—[Ll/g(t)y exp(—)dy — —— LY exn(= 5 )dy.

S
S

Proof. We define the interval I; as follows

I CLi(t)e Li(t)e
t: 7\/5 ,7\/5 .

For large enough 7, when ¢ — oo we can partition R into
Ri={z:0<z<t}U{z:zed+L}U{z:a2>T12¢& T+ L},
where for > 7, ¢(z) < log2. Thus we have
(4.8) p(z) < 2e79@),

wl=

For fixed 7, {z: 0 <z < 7} N{z:x € &+ I,} = 0. Therefore 7 < & — L2107 <

for ¢t large enough. Hence it holds
(4.9) U(t,a) =: Ui(t, ) + Walt, ) + Us(t, ),

z

>
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where

w(t) = | (& — @) et p(a)d,
W)= [ @),

w(t.o) = [ (& - )" p(x)dr.
rgi+1,x>1
We estimate Wy (¢, ), Ua(t, ) and ¥3(t, «) in Step 1, Step 2 and Step 3.

Step 1: Since q is bounded, we consider

logd = sup q(x)
z€(0,7)

and for ¢ large enough, we have
|V (L, a)| < |:v |“ e p(z)dr < d/ 2% dur,
0

since when 0 < z < 7 < & then |x — & = & — 2 < & for ¢ large enough and g is
positive.
Since, for ¢ large enough, we have

T tT o tT
/ poetrde = go S LT < 350‘6—,
o t ot t
we obtain
tT
(4.10) |y (t, )| < di™—
We now show that for h € R, it holds
tT
N cat1 K (2,t))7(2) s\ A3
(4.11) == o(|6% e [\ (2)67]),
with K (z,t) defined as in (3.1). This is equivalent to
s tT
re _ K(&,t)
t|gatih@) ()] t—oo ofe )
which is implied by
(412)  — (a+4)log|o| —logt + alogi + 7t — log|h® (1)) = o(K(1),
—00
if K(Z,t) — oo.
t—00
Setting u = in fl u)du, we have
/ Yu)du = 1p(t) — (1) ~ g(6(1)) + g (1)),
Since K (&,t) = ty(t) — g(¢(t)), we obtain

(413)  K(@i) = / wla)du+v() = g(w() v [ v
Let us denote (4.3) by

(4.14) K(&,t) ~ aty(t),

t—o00
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with
a_{ 7 ifheRV(S)
1 if h is rapidly varying
We have to show that each term in (4.12) is o(K(&,1)).
1. By Lemma 5, logé = o(flt Y (u)du). Hence log & T o(K (&,1)).
2. By Corollary 2 and Corollary 3, we have
t 1

~ 0.
K(#,1) t500 ap(t) i
Thus ¢ i o(K(&,1)).
—00
3. Since & = (t) Rt it holds
— 00
log & ¥(t)

K(z,t)| ~ ~ K(&,1)
for some positive constant C' and ¢ large enough. Moreover by (4.14), we
have

¥(t) 1

K (@, 1) 500 at 1o
Hence log & i o(K(z,t)).
—00
4. Using (4.14), log |h(®) (&)| € RV (0) and log |h(?) ()| = o(K(&,1)).
—00
5. Since logt o o(t) and ¢ o o(K (&,t)), we obtain logt o o(K(&,1)).

Since (4.12) holds and K (Z,t) vdles by (4.13) and (4.14), we then get (4.11).
—00

(4.10) and (4.11) yield together
(4.15) Uit a)| = o(jgFH e B0 ) (2)6%)).
—00

When « is even,

o y?
(4.16) Ty (t, o) = /_& Yy eXp(—?)dy Y 27 M.,
vz

where M, is the moment of order o of a standard normal distribution. Thus by
Lemma 7 we have

h@)(A)&B
4.17 T 0
(4.17) Tit,a) oo
When « is odd,
(4.18)
1
2 (g® 9 2 12 ()63
11,0 = DT [ e e <—%> dy,~ O s
13 — 00

where M3 is the moment of order o + 3 of a standard normal distribution. Thus
we have

) (2)63 6

4.19 —_— ~ -
( ) Ti(t, o) t=o0  /2xM,yg
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Combined with (4.15), (4.17) and (4.19) imply for « € N
(4.20) 1(t )] = o(6°TLeKENT (¢, ).
—00

Step 2: By (2.1) and (4.4)

)oK @) +a() gy

N aeK(i,t)f%h’(i)(mffc)zféh(z)(i)(zfi)%rg(m,t)dx,

where &(z,t) = e(x,t) + q(z). Making the substitution y = (x — &)/, it holds
(4.21)

2 ~3,,3
Y eXP( y2 —%h@)(@Hﬂ&yﬂLii)) dy,

On {y ty € (—L%(t)/\/iL%(t)/\/i)}, by Lemma 7, we have

’h@)( a3y3‘ < ’h )63 L) ‘/22 0.

t—o0

Perform the first order Taylor expansion

12 (4)63 o h?(3)63 .
o <‘%y “("y”’”) = 1 DT oyt )+ oa(t),
where
R ()63
(1.22) on(t) = o (- (o + ).
‘We obtain
—Lig) 2 53,3
o uren <—% - TV @) (o + 4, t)) dy = Ty(t, @) + To(t, ),
T2

where T (t, «) is defined in (4.7) and

1
st ) 2
(4.23) Tot,a) = [ v (€(@y+at)+or(ty))y"e” T dy.
V2

Using (4.22) we have for ¢ large enough

L%(t) )
N N V2 _y
Tite) < s foyran] [ 3 e Ty
L3 (1) L%(t)] T2
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where SUD, 13 vELd 1)V 1€(0y + 2,t)| < supyer_r), ) 1€(0Y + 2,1)| since
L3(t)/v2 < L(t) holds for t large enough. Thus

1
L3 (1)

. A V2 o 122
T2(t,a)[ <2 sup |6y +2,0)] [ 4 |yl"e Tdy
yE[-L(8).L(V)] -4
1
3 (t)
3 (2)63 =7 34a _v>
P 5 et
V2
L%(t) L%(t)
h)(&)6° VE a2 TV spa o2
e 0( 6 > /7L%m ly|” e 2dy+[L%(t) ly” " e T dy |,
V2 V2

where the last equality holds from Lemma 8. Since the integrals in the last equality
are both bounded, it holds

(4.24) T(t,a) = o(h?(#)6°).

When « is even, using (4.16) and Lemma 7

To(t h?(3)6°
Tl (t7 Of) V 27TMa t—o0
When « is odd, using (4.18), we get
Tz(t, a) 6
4.26 = ———o(1) — 0.
( ) T (t7 a) t— o0 ~/277Ma+3 ( ) t— 00
Now with o € N, by (4.25) and (4.26)
To(t, @) o o(T1(t, o)),
which, combined with (4.21), yields
(4.27) o (t, o) = e LK@ (8, a) (1 + 0(1)).

Step 3: The Three Chords Lemma implies, for x — K (z,t) concave and (z,y, z) €
R3 such that z <y < z
K(y,t) — K(z,t) - K(x,t) — K(z,t) - K(x,t) — K(y,t)

Yy—z - Tr—z B T—y

(4.28)

Since x + K(x,t) is concave and attains its maximum in &, we consider two
cases: x < & and x > Z. After some calculus using (4.28) in each case, we get

. N LY2()6 A
K(z + sgn(xz — a:)i) — K(,t)
(4.20)  K(at) — K(@,1) < — (¢ —2),
sgn(x — ,T)T

where

) 1 ifz>d
g =) =9 1y ifp<a

Using Lemma 7, a third-order Taylor expansion in the numerator of (4.29) gives

K (i + sgn(x — @)&\/g)&) — K(#,t) < —ih’(i)Lzm(t)c}z = —£L2/3(t),
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which yields

2 LY3(t
K(z,t) — K(&,1) < —% U
&
Using (4.8), we obtain for large enough fixed 7
|5t )| < 2/ |z — 2| @0 dy
cEi41Iy,x>1

\/§L1/3(t)

§2eK(x’t)/ e |z —&|%exp | ———= |z —
lp—i|> M2 o>T 4 0

AKID)

z

—+oo
= 2eK(i,t)a,Oz+l /1/3( ) ae_\/TELl/a(t)ydy +/ V2 (_y)ae§Ll/3(
L t T—

1= 2K @D Gt (1, 4 T,).

It is easy but a bit tedious to show by recursion that

+oo \/§
_ « _ 1/3
Ia - ‘/L1/3(t) Yy exp < 4 L (t)y> dy

V2

1 & 4i4+3—a a—(2i+1)
= exp(—ZLz/?’(t)) Y 2 LT (1) e
=0 '

—a 1 P
~ 27 exp(— L)L (1)

t—o0

IAYAIO) N
V2
Jo = / (—y)* exp (TLW(t)y) dy

T—&

2 — I & T — a—i i i
=1, —exp (%Ll/S(t)¥> - (w - T) L5 (12"

=0

=1I,+ M(t),

56|> dx

15

t)ydy

with 2/6 € RV((1 +1/8)/2) when h € RV(3) and £/6 € RV (1/2) when h is
rapidly varying. Moreover, 7 — & < 0, thus M (t) t—> 0 and we have for some
— 00

positive constant Q4
a—1

X 1
K(&,t) ~at+1 2/3
3L = .
|Us(t, )| < Qe o GXP(—ZL ()L™ (t)

With (4.27), we obtain for some positive constant Qo

_ Qeexp(-3 L/P(1) LT (1)
- Ta(t, )

’ \113(t, Oé)
\Pg(t, Oé)

In Step 1, we saw that T1(t,a) ~ 2wM,, for a even and Ti(t,«
t

—00
@) (2)5
—%\/ 2w M43, for a odd. Hence for a even and ¢ large enough

a—1

« ex —L1r2/3 BER
(4.30) )] < qeral U0,

~

t—o00
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and for a odd and t large enough

a—1

' Us(t, ) \ eXp(—%Lz/?’(t))LT (t)
— (2)(z)63
Uy (t, @) | %) /27 Mo

for positive constants Q3 and Qy4.

As in Lemma 7, we have
W) (&)63| € RV 013 3 itne RV (B)
g 28 2

and
1
WD ()% € RV (—§> it h is rapidly varying.
Let us denote
K3 (2)6°| =t La (1),
for some slowly varying function L; and p < 0 defined as
. b+35—-3 ifheRV(B)
-1 if h is rapidly varying
We have for some positive constant C'
’ \113 (tv a)

\112(t7 a)
T 2/4 _ _ ~ 2 _
since —(logt)?/4 — plogt — log L1 (t) L (logt)?/4 vt

t—o00

1 ac
< Cexp (—ZL2/3(1€) — plogt —log Ll(t)> LTl(t) — 0,

Hence we obtain

(4.31) Us(t, @) o o(Uy(t, a)).

o0

The proof is completed by combining (4.9), (4.20), (4.27) and (4.31). |

Proof of Theorem 1. By Lemma 9, if o = 0, it holds
Ty (t,0) — V2w,
t—o00

since L(t) =2 o0 Approximate the moment generating function of X
—00

(4.32) ®(t) = U(t,0) = 6eXEDT(t,0)(1+ o(1)) = V2ree @D (1 4 o(1)).

t—o0

If « =1, it holds

h(2) ~\ A3
70,1) = O 0 o)),
where M, = 3 denotes the fourth order moment of the standard normal distribution.

Consequently, we obtain

(4.33)
. h ()63 3 (&)64
_ A2 K(z,t)" "\*Y)Y _
U(t, 1) LT TV2moTe 5 (14 0(1)) o D(t) 5 (14 0(1)),
which, together with the definition of (¢, a), yields
0 (2) (454
/ zetp(a)de = (L, 1) + 20(t) = <a: - %(1 + 0(1))) o(1)
0 —00



ABELIAN THEOREM 17

Hence we get
(4.34) m(t) =

By Lemma 7, we obtain
(4.35) m(t) ~ & =1(t).

If o = 2, it follows

Thus we have

(4.36) U(t,2) = &20(t)(1+o(1)).

t—o0

Using (4.33), (4.34) and (4.36), it follows

/Oo(x —m(t))?ep(x)dr = /Oo(x — &+ & —m(t)*ep(z)ds
0 0
=U(t,2) + 22 —m)V(t, 1)+ (& —m(t)*®(t)

(2)(3)63)2
BB@P (14 o1)) = 2801 +o(1),

=GRt +0(1)) - 670(t)—— t500

t—o0

where the last equality holds since |h(?)(2)53| 2 0 by Lemma 7.
—0o0

Hence we obtain

(4.37) s2(t) = ~ 62 =9'(1).

If o = 3, it holds

Thus we have

1
R AT 1 2
_ ~4 K(&,t) 6 _—L-
(4.38) U(t,3) = —v2m5"e 6 /_L%(t) —my ez dy
V2
h® (&)66
= ~Me—— =2 (t)(1+0(1)),

where Mg = 15 denotes the sixth order moment of standard normal distribution.
Using (4.33), (4.34), (4.36) and (4.38), we have

/Ooo(x —m(t))* e p(x)dx = /Ooo(x — 241 —m(t)*e“p(x)dx
=U(t,3) +3(2 — m(t)U(t,2) + 3(& —m(t)2W(t, 1) + (& — m(t))*®(t)
= —h@(2)6%D(t)(1 + 0(1)) — h<2>(@)aﬁ¢(t)m+)&3)2(1 +0(1))

t—o0

= —h®@(2)6%0(t)(1 + o(1)),

t—o0
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where the last equality holds since |h(?)(2)53| 2 0 by Lemma 7. Hence we get
— 00
(4.39)
(@ —m(t)’e"p(z)dx
/143(t) _ fO

D(1) 1500

(2)
~HO@)° = S W0 =)

We now consider a = j > 3 for even j. Using (4.34) and Lemma 9, we have

@) [ C@-moyenpas = [@-iti-moy s
Z (5 <M)i&“*lem’”Tﬂt7j —i)(1+0(1).

with
1
L3 (t) o 42
[ Vi yileTdy for even i
_L3(b)
Tl (t,] — ’L) = v2 % ®
(2) - _ﬁ .
_h (m)a J G y3Ti~ie=Tdy for odd i
L3 (1)
IV

t—Too

B V2 M;—;(1+ o(1)) if 4 is even
VR @ hp s odd
Using (4.32), we obtain

| = mtoyepos
S () (7h(2)(;>&4>i<b(t)x

i=0

1

h(®) (2)6* oi—i—1 Msyj—i

I M (14 o(W))epen i — 3 — (1 + o(1)paa ;

1

i/2

AV RIG A e
B ) () o s
3/2=1 yady 2(k+1)
3 ()6 - M3y ok
- Gi—2k—2 73+j—2k—1
Z <2k+1) < 5 ) B(t)6 - (14 0(1))
~ G
t—o00 7 (I)( )
i/2 . j/2—1 .
_ J @) (aya3y2k M2k J (2) 3v2(kt1) Matj—2k—1
MJ + ; (2k> (h (I)U ) 22k ];) (2k + 1) (h (:E) ) 3 % 22(k+1)

= M;&7®(t)(1 4 o(1)),

t—o00

since |h(?)(2)63| 2 0 by Lemma 7. Hence we get for even j
—00

O RO mé?t);e L Ml M),
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by (4.37).

To conclude, we consider o = j > 3 for odd j. (4.40) holds true with

L 42
[ 7 yleTTdy for odd i
_L3(b)
Tu(t,j—1) = V2 )
KD @)6? (AT s, :
=== [ i y*t e zdy for even i
L3
v
V2 M;—;(1+ o(1)) if 7 is odd
= ( ) A A
too0 | —y2r @ N it s even

Thus, with the same tools as above, some calculus and making use of (4.41),

/ Oo(x —m@)) e“p(z)dx = Mjis = 3iMjo1 (—h®)(2)67H3)B(¢).
0

t—o00 6

Hence we get for odd j

My s —37M,;_ .
M—]Jlu;g(t)sj’B(t),

t—o00 6

(—h(2)(i')6j+3)

(4.43)
by (4.37) and (4.39).

The proof is complete by considering (4.35), (4.37), (4.39), (4.41) and (4.42).
u

Proof of Theorem 2. It is proved incidentally in (4.32). |

Proof of Theorem 3. Consider the moment generating function of the random vari-
able

Y, — Xt — m(t)
s
It holds for any A
O (t+
_ . m(t) ( S<t>)
log Eexp \Y; = —/\W + log 0
N / A(140(1))
e (+osy) 2 (He YO ) 4o
2 s2(t) 2 W (t)

as t — oo, for some 0 € (0,1) depending on ¢, where we used Theorem 1. Now
making use of Corollaries 2 and 3 it follows that

)\2
lim log Eexp \Y; = —,
t—o00 2

which proves the claim. |
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