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WEIGHTED NORM INEQUALITIES ON GRAPHS

NADINE BADR AND JOSE MARIA MARTELL

ABSTRACT. Let (T, ) be an infinite graph endowed with a reversible Markov kernel
p and let P be the corresponding operator. We also consider the associated discrete
gradient V. We assume that p is doubling, a uniform lower bound for p(z,y) when
p(z,y) > 0, and gaussian upper estimates for the iterates of p. Under these condi-
tions (and in some cases assuming further some Poincaré inequality) we study the
comparability of (I —P)'/2f and V f in Lebesgue spaces with Muckenhoupt weights.
Also, we establish weighted norm inequalities for a Littlewood-Paley-Stein square
function, its formal adjoint, and commutators of the Riesz transform with bounded
mean oscillation functions.

1. INTRODUCTION

It is well-known that the Riesz transforms are bounded on LP(R") for all 1 < p < o0
and of weak type (1,1). By the weighted theory for classical Calderén-Zygmund
operators, the Riesz transforms are also bounded on LP(R™, w(x)dz) for all w € A,
1 < p < o0, and of weak type (1,1) with respect to w when w € A;.

Besides, the Euclidean case, several works have considered the L” boundedness of
the Riesz transforms on Riemannian manifolds. In general, the range of p for which
we have the L” boundedness is no longer (1, 00). Although there are numerous results
on this subject, so far the picture is not complete, we refer the reader to [2] and [1]
for more details and references. For weighted norm inequalities on manifolds see [5].
Another context of interest where one can study the LP boundedness of the Riesz

transform is that given by graphs, see [16], [17], [6].

Our purpose in this paper is to develop the weighted theory on graphs for the
associated Riesz transforms as was done in [5] for manifolds. We also consider the
corresponding reverse weighted inequalities where one controls the discrete Laplacian
by the gradient, in which case, taking into account the unweighted case thoroughly
studied in [6], we further assume a Poincaré inequality for p < 2 (see (F,) below). In
doing that, we need to prove weighted estimates for a Littlewood-Paley-Stein square
function and its formal adjoint which are interesting on their own right. Finally,
weighted estimates for commutators of the Riesz transform with BMO functions are
obtained. Weights have played an important role in the classical Calderén-Zygmund
and PDE theories. We extend some of the weighted results to a discrete setting where
the operators in question do not belong to the Calderén-Zygmund class. Introducing
weights allows also to consider more classes of spaces where the estimates hold, in
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2 NADINE BADR AND JOSE MARIA MARTELL

particular we can change the underlying measure and use functions that could be
more singular.

The plan of the paper is as follows. We next give some preliminaries of graphs,
the geometrical assumptions and recall the definitions of the Muckenhoupt weights.
In Section 2 we state our main results on Riesz transforms, reverse inequalities and
square functions. The proofs of these results are in Section 3. A short discussion
on commutators of the Riesz transform with bounded mean oscillation functions is
in Section 4. Finally, Appendix A contains some auxiliary Calderén-Zygmund type
results from [3] used to proved our main results and also a weighted Calderén-Zygmund
decomposition for the gradient that extends [6].

1.1. Graphs. The following presentation is partly borrowed from [10], [6]. Let " be
an infinite set and let p,, = iy, > 0 be a symmetric weight on I' x I'. We call (I, u)
a weighted graph. In the sequel, we write I" instead of (I', ). If x,y € I, we say that
x ~ y if and only if yzy > 0. Denote by & the set of edges in I':

E={(z,y) eI'xI': z~y},

and notice that, due to the symmetry of u, (z,y) € € if and only if (y,z) € €.

Given x,y € I', a path joining x to y is a finite sequence of edges o = z,...,x, =y
such that, for all 0 < ¢ < n —1, 2; ~ x;,1. By definition, the length of such a
path is n. Assume that I' is connected, which means that, for all z,y € T', there
exists a path joining x to y. For all x,y € I', the distance between x and y, denoted
by d(z,y), is the shortest length of a path joining z and y. For all z € T" and all
r>0,let B(z,r) ={y €T, d(y,z) <r}. In the sequel, we always assume that I is
locally uniformly finite, which means that there exists N > 1 such that, for all x € T,
#B(z,1) < N (#E denotes the cardinal of any subset F of I).

For all z € ', set m(z) = > fizy. Notice that since I' is connected we have that

Yy~
m(z) >0 forall z € I. If £ C T, define m(E) = > m(z). For all z € ' and r > 0,
ek
we write V (z,r) in place of m(B(z,r)) and, if B is a ball, m(B) will be denoted by
V(B).
For all 1 < p < 0o, we say that a function f on I' belongs to LP(I';m) (or LP(I")) if

1/p
||f||LP(F) = (Z |f ()" m(m)) < Q.

zel

When p = oo, we say that f € L>®(I',m) (or L>(I")) if
||f||L°°(F) = sup | f(z)| < oo,
zel

and f € LX) if f € L*>(I') and f has compact support. We define p(z,y) =
tzy/m(x) for all z,y € I'. Observe that p(x,y) = 0 if d(z,y) > 2. For every z,y € T
we set

po(r,y) = 6(z,y), Prr1(z,y) = Zp(m, 2pr(z,y), keN.

zel
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The p,’s are called the iterates of p. Notice that p; = p and that for all x € T', there
are at most N non-zero terms in this sum. Observe also that, for all z € T,

> plz,y) =1 (1.1)
and, for all z,y € T,
p(z,y)m(x) = p(y, z)m(y). (1.2)

Given a function f on I' and x € I', we define
Pf(z)=> plx,y)f(y)
yel

(again, this sum has at most N non-zero terms). From p(z,y) > 0 for all z,y € T and
(1.1), one has that for all 1 < p < o0

1P fll oy < Lf Moy - (1.3)
We observe that for every k > 1, P*f(z) = 37 - pi(2,y) f(y).

By means of the operator P we define a Laplacian on I". Consider a function

Fe D), by (1.3), (I — P)f € L*(T) and
(I=P)f. Py = > pl@,y)(fx) — f@) f(@)m(z)

z,yel’

= 5 Y Py 7@~ S ),

z,yel’

(1.4)

where we have used (1.1) in the first equality and (1.2) in the second one. As in [9]
we define the operator “length of the gradient” by

Vi) = (5 S ) - F0F )

yel’

Then, (1.4) shows that
(I = P)f, Heawy = IV Iy - (1.5)

Notice that (1.2) implies that P is self-adjoint on L*(T'). Thus, by (1.5), I — P can
be considered as a discrete “Laplace” operator which is non-negative and self-adjoint
on L?*(T"). By means of spectral theory, one defines its square root (I — P)¥2. The
equality (1.5) exactly means that

H(I - P)1/2f||L2(F) = vaHH(r) : (1-6)

1.2. Assumptions. We need some further assumptions on I'. We say that (', i)
satisfies the doubling property if there exists C' > 0 such that, for all x € T" and all
r >0,

V(z,2r) < CV{(z,r). (D)
Note that this assumption implies that there exist C', D > 1 such that, for any ball B
and A > 1,

V(AB) < CNPV(B). (1.7)
Here and in the sequel we use the following notation: if B = B(x,r) is a ball with
r >0, we write AB = B(xz, A (r + 1)) for all A > 1.



4 NADINE BADR AND JOSE MARIA MARTELL

Under doubling (', d, i) becomes a space of homogeneous type (see [8]). Notice that
" being an infinite set implies that it is also unbounded (since it is locally uniformly
finite) and therefore m(I") = oo (see [15]).

The second assumption on (I', i) is a uniform lower bound for p(x,y) when x ~ y,
i.e. when p(z,y) > 0. Given « > 0, we say that (I, 1) satisfies the condition A(«) if,
for all z,y € T,

T~ Y = gy > am(T), and  x~ . (A())

The next assumption on (I', ) is a pointwise upper bound for the iterates of p. We
say that (I, u) satisfies (UFE) (an upper estimate for the iterates of p) if there exist
C,c > 0 such that, for all z,y € I and all k£ > 1,

Cm(y) e_CdQ(If,y)
V(@ Vk) ‘
It is known that under doubling this is equivalent to the same inequality only at y = x,

(also (D) and (UFE) are equivalent to a Faber-Krahn inequality, [9, Theorem 1.1]).
Notice that, when (D) holds, (UE) is also equivalent to

Cm(y) e_cdz(:,y)
V(y, Vk) ’

pr(w,y) < (UE)

pr(w,y) < (1.8)

which will be used in the sequel.

1.3. Muckenhoupt weights. Since I' is a space of homogeneous type one can con-
sider weights (positive and finite functions) in the Muckenhoupt class A, (I") (see
[18]). We say that w € A,('), 1 < p < oo, if there exists a constant C' such that for
every ball B C T,

(v ;) (g 3y v mio) ' <

For p = 1, we say that w € A;(T") if there is a constant C' such that for every ball
Bcrl .
V(B ;w(x)m(x) < Cuw(y), for y € B.
Finally, A, (') is the union of all the A,(I") classes. The reverse Holder classes are
defined in the following way: w € RH,(I'), 1 < ¢ < oo, if

1

vy Zwtermta)' <0 g Sut

for every ball B. The endpomt q = oo is given by the condition w € RH(I'): for
any ball B,
1
w(y) < C —— w(x) m(z), for y € B.
V(5] 2
Notice that we have excluded the case ¢ = 1 since the class RH;(I") consists of all the
weights and that is the way that RH;(I") is understood.

For every 1 < p < oo and w € Ay (') we write LP(I',w) for the corresponding
Lebesgue space with measure w(z) m(z). Finally, for every E C I and w € Ay, we
write w(E) =Y pw(z) m(z).
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Given w € A (I") we define r, = inf{p > 1:w e A,(I')} and s, =sup{s > 1:w €
RH(T")} for which we have 1 < r, < ocand 1 < s, < 00. Given 1 < py < go < 0
we introduce the (possibly empty) set

W (po, @) = (po Py ,) ={p:po <P <qo, we€ Ay (') N RH s

é; V(D)3

The reader is referred to [18] for more details on Muckenhoupt weights in spaces of
homogeneous type. Some of the needed properties can be also found in [3, Section 2].

S5

2. MAIN RESULTS

2.1. Riesz Transform. We recall a result from [16].
Theorem 2.1. [16] Under the assumptions (D), (A(«)) and (UE), we have that
V(1= P) ||, < Gy £, (R,)
holds for 1 < p <2 and all f € LX(T"). Moreover, the Riesz transform is of weak-type
(1,1).
We notice that for p = 2 this estimate is indeed an equality (see (1.5)). We define
q+ = sup{p € (1,00) : (,) holds},

which satisfies ¢, > 2 under the assumptions of Theorem 2.1. It can be equal to 2 ([16,
Section 4] with n = 2). It is bigger than 2 assuming further the stronger L?-Poincaré
inequalities [6].

The main result of this paper gives the following weighted estimates for the Riesz
transform:

Theorem 2.2. Let (I, u) be a weighted graph and assume that (D), (A(«)) and (UE)
hold. Let w € A ().

(1) If p € Wy(1,q), then the Riesz transform is of strong-type (p,p) with respect to
w(z)m(z), that is,
IV = Py 2 f o) < Coull Fllzocrw),
for all f € LF(T).
(it) If w € Ay(T) N RHg,y(I'), then the Riesz transform is of weak-type (1,1) with
respect to w(x) m(zx), that is,
HV([ - P)il/QfHLl’OO(F,w) S Cp,w”fHLl(F,w)a
for all f € LF(T).

Notice that if g = oo then the Riesz transform is bounded on LP(I',w) for r,, <
p < oo, that is, for w € A,(I'), and we obtain the same weighted theory as for the
Riesz transforms on R™:

Corollary 2.3. Let (I',u) be a weighted graph such that (D), (A(«a)) and (UE)
hold. Assume that the Riesz transform has strong type (p,p) with respect to m for all
1 < p < oo. Then the Riesz transform has strong type (p,p) with respect to w(x) m(x)
forallw € A,(T') and 1 < p < oo and it is of weak-type (1, 1) with respect to w(x) m(x)
for all w € Ay(T).
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2.2. Reverse Inequalities. For the reverse inequalities, we also obtain a weighted
norm inequalities assuming further Poincaré inequalities:

Definition 2.4 (Poincaré inequality). We say that (I", ) satisfies a scaled LP-Poincaré
inequality on balls if there exists C' > 0 such that, for any z € I', any » > 0 and any
function f € L} (T') such that Vf € L} (T),

loc loc

D 1w = fslmy) <Ot Y VW) mly), (Fy)
yEB(z,r) yEB(z,r)
where
1
= m ;f(az)m(x)

is the mean value of f on B.

If 1 <p< g < oo, then (P,) implies (P,) (this is a very general statement on spaces
of homogeneous type, see [13]). Thus the set of p’s such that (F,) holds is, if not
empty, an interval unbounded on the right. A deep result from [14] implies that this
set is open in [1,00). We define

r_ =inf {p € [1,00) : (P,) holds}.
We recall the already known unweighted estimates for the reverse inequalities:

Theorem 2.5. [6] Assume (D), (A(«)) and that 1 < r_ < 2. Then, for allr_ < p <
00

1
(L = P)zfll, < CIVFlp. (RR,)
Moreover, if (Py) holds, there exists C > 0 such that, for all A > 0,

m{z el : |(I—P)1/2f(m)‘ >} < §||Vf||1 (2.1)

For p < 2, this result is proved in [6, Theorem 1.11]. For p > 2, it is well known
that (RR,) follows from (R,/) which holds by Theorem 2.1 (see [16]). Let us observe
that in that case (UE) follows from (D), (A(«)) and (P) (see [10]).

The weighted version is the following:

Theorem 2.6. Let (T, 1) be a weighted graph such that (D), (A(«)) hold, and assume
that 1 <r_ < 2.

(i) For everyr_ <p<oo andw € A» (I') we have

1
I = P)2 flloww) < ClIV e w- (2:2)
(12) If (P1) holds, for every w € A;(T") we have

I = P)2 fllreoway < ClIVllrww- (2.3)



WEIGHTED NORM INEQUALITIES ON GRAPHS 7

2.3. Square function. To prove Theorem 2.6 we need to obtain a weak-type estimate
for an operator that turns out to be the adjoint of a discrete version of the Littlewood-
Paley-Stein square function. The boundedness of this square function is interesting
on its own right so we give here the weighted estimates that we obtain using our
techniques.

For every function f on I' we define Littlewood-Paley-Stein square function
& 2
grf (@) = (3 VR = PP f@)])
k=1

In [6] it is shown that gp is bounded on LP(I") for every 1 < p < co. The adjoint of
gp (as an (*-valued operator) is defined as follows: given f = {fi }r>1

1/2

Spflx) =Y V(I - P)P*fi(z).

It is straightforward to show that for every f= {fx} and h we have

> Sefla) ha)ym(x) = Y (f(x), Geh(x))e m(z). (2.4)

zel zel

where gph(z) = {V/k (I — P)P*h(x)}r>1. Therefore, by duality it follows that Sp is
bounded from Lj,(I") to LP(T") for every 1 < p < oo:

) B 00 1/2
5 - )]
ISP fllee@y < C Iz, = C H(; [ L (r)

with f € Lgs (T), that is, || fl2 € L(T).
Theorem 2.7. Let (I', ) be a weighted graph such that (D), (A(«)) and (UE) hold.
(i) If1 <p<ooandw € Ay(T), then

lgpfllrrw) < Cpull fllzemw), feLgT).
(17) If w e Ay(T) then

lgp fllzreemuw) < Cpuwll fllLrrw), feLg(l).
(i19) If 1 <p < oo and w € A,(I"), then
ISP £l e () < Cp,wHﬁ‘LZQ(F,wy feLg, ().
(iv) If we A(T) then
HSPJE”Ll’O"(F,w) < Cp,wHﬂ|L;2(F,w)7 fe Ly (1)

Let us notice that in the unweighted case the weak-type estimates for p = 1 are
new.

3. PROOFS OF THE MAIN RESULTS

We recall that if B = B(x,r) is a ball with » > 0, then AB = B(x, A (r + 1)) for all
A > 1. Given B we write C1(B) = 4B and Cj(B) = 27'B\ 2/B for all j > 2. Also,
for any subset A C I, we define 0A ={x € A: Jy~uz, y¢ A}.
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3.1. Proof of Theorem 2.2. The proof follows the ideas in [5] which in turn uses
some arguments from [7].

We need to introduce some notation. Given 1 < p < oo and w € A (I") we write
L7,(T,w) for the (*-valued LP(T',w) space, that is, F' € L},(I",w) if and only if

1F W 2z, ) = 1@ 92 | Lo H<Z|F(-,y)|2>é

yel

LP (T w)

P

- (Z (T irnr 2w<x>m<x>) -

yel’
Analogously, one defines the unweighted L9 (
if there exists a ball B so that supp F(-,y) C
We consider the ¢*(T")-valued gradient

V1) = { 5 r(e)? (1) - 1)}

I'). We say that F' has compact support
B forally el

)
yel

so that

19 /() e —( S b o) | Fw) ()|2)2—Vf(x)-

yel’
We notice that in the previous expressions, since I' is locally uniformly finite, there
are at most N non-zero terms.

Proof of Theorem 2.2, (i). We fix w € A(I') and p € W, (1,44 ). Using [3, Proposi-
tion 2.1] there exist py, go such that

1<po<p<aqo<aqs and U)GAPL

0

(1) 0 RH (1),

By [3, Lemma 4.4] we have that v = w'™? € Ay g () 0V RH gy 1y (T).

Let us write T f = 6([ — P)~Y2f for the corresponding (-valued linear operator
and observe that Tf(z) = V(I — P)"Y2f(z) = ||T f(z)| ). Thus, the boundedness
of T on LP(T",w) is equivalent to that of 7 from LP(I",w) to Lj>(I",w). Notice that T
is a linear operator and so we can consider its adjoint which is written as 7*. Thus,
the boundedness of 7 from LP(I',w) to L}, (I',w) is equivalent to that of 7* from

L2%,(T,v) to L (T, v).

We are going to use Theorem A.1 (see below). Given f € Lj (I'), we write h = T f
and ' = |h|%. Notice that F' € L'(T'): T* is bounded from LZQ(F) to L%(I") since
1 < ¢ < ¢4 implies that 7 is bounded from L%®(T") to L%(I'). We pick A =
I—(I- Pz(sz))m with m large enough. Let B be a ball of radius £ and center xp.
We write

F<Gp+Hp=20"1(I— A;)h|% 4 29~ | AL h|%.

We first estimate Hp. Set ¢ = pj/q, and observe that by duality there exists
g € LP(B,m/V(B)) with norm 1 such that for all x € B

(%y;BHB(y)qm(y))qq6 SV(B Z‘h )| [Akg(y)| m(y)

yel
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. 1 , s 1 m
< j D q a q 0
j=1 C;(B) Cj(B)
B 1 il
Y D a0
< ME@)E Y20 (o 2 M) m() " (3.1)
j=1 C;(B)
Next, we use (1.8) to obtain that for all 7 > 1 and 1 <7 < m,
sup |[PH ) g(y)| < C e Z l9(y) (3.2)
yeC;(B)

Then expanding Ay we conclude that
1 ﬁ qi/ S iD_—c4d 1 %
(7 2 How) miw)) "™ S ME@)S 3210 (s 3 lotw)l m(y))
yeB Jj=1 yEB
1

< MF(2)%. (3.3)

We next estimate Gg. Using duality there exists g € L% (B, m/V (B)) with norm 1
such that for all x € B

(ﬁy%amm(w)é yEZFHf e 17U = Ag(@)lle m(y)
<Zzﬂ>( g 3 H@IEmw)*
Cj(B)

1

Z (= Ag(y)|* m(y))
i(B)

1

M| ) %22“’( QMB Z\Tf AQgw)I® m(y)) ™.

C;(B)

In order to control the terms in the sum we use the following auxiliary lemma whose
proof is given below.

Lemma 3.1. Let 8 € [1,4,) U [1,2]. Then, for all m > 1, there exists C' > 0 such
that for all j > 2, all ball B with radius k, and all g € L' (T') with support in B,
1 -1/2 2 (1+k2)\m B 3
(v X VU= P2 = POy (o))
xGCj(B)
_im 1
<o s Yl ma).
(3.4)

Here, ¢, is defined as the supremum of those p € (1,00) such that for all k£ > 1,
IVP* flloy < C R fll ooy (3.5)

By the analyticity of P, one always have ¢, > ¢,. Under the doubling volume property
and L?-Poincaré, it is shown in [6, Theorem 1.4] that ¢, = ¢..
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Using this lemma one easily estimates the terms 7 > 2. For j = 1, we use that T is
bounded on L% (I') since 1 < ¢g < ¢+ and (3.2):

S 1T - g m) 5 (Sl mi) + 3 Y Mgl m)

yE4 B yeB I=1 yeCy(B)

< Z‘g ’(JOm ZQZD —c4! < Z‘g ’%m (36)

yeB reB

Using this and (3.4) (with 5 = ¢y < ¢+ < ¢;) we conclude the estimate for G p:

(ﬁz%(y)m(y))% < M%) (@) 22m4 jm< Z|9 - )

1
<CM(|IfI1#)( )& = Gla)%, (3.7)
provided m > D/2. With (3.3) and (3.7) in hand we can use Theorem A.1 with r =
/4y, ¢ = py/q, and Hy = 0. Notice that v € RHy (') with s = p/p/, 1 < s < g < o0
and r = ¢q/s. Hence, using v € A,(I") we obtain the desired estimate
1T A% 0y < IMFllzeay S M1 Dy < Il v ||fHLp (o)
U

Proof of Lemma 3.1. We first observe that the desired estimate for a fixed Sy implies
the same one for all g with 1 < 8 < . Since ¢y > g, > 2 it follows that if ¢, = 2 it
suffices to obtain the case 8 = 2, and if ¢, > 2 it suffices to treat the case 2 < < ¢
Thus, we fix g > 2.

As in [6] we write (I — P)~1/2 =3"7°  a; P! where the coefficients @; are those from
the Taylor expansion centered at 0 of the function (1 — z)~%/2. Then, expanding
(I — P2U+F))m we have

(I . P)—1/2(I P2(1+k2 _ Zal Pl ZC] . P2j(1+k2)

Ms T

2
§ a Pl+2] (14+k2)

7=0
= Z Cq]ﬁ (—1) Z A1—2 5 (1+k2) P!
=0 =25 (1+k2)

8

j
( Z erﬁ (‘Uj al—?j(1+k2)> P!
!

=0  0<j<m:2j(1+k2)<l
o0

=> dr,
=0

and therefore

V(I — P)~Y?(] — p2(+k)ym Zdl VPly(
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Notice that for 0 < [ < 3 we have VP'g(x) = 0 for every x € C;(B) with j > 2. Indeed
in that case we have that VP'g is supported in B(xg, k + 4) (since g is supported
in B(zp,k)) and B(zp, k+4) N C;(B) = O for every j > 2. This implies that the
previous series runs from [ = 4 to co. We claim that there exists v = v(f) such that
for every [ > 2 and z € B,

m

y L) s (2)
(; Vepi(a )l e m(x)> s¢ VIV (z,V/1)1=1/8 (3.8)

This and Minkowski’s inequality imply

1 —-1/2 2 (1+k2)\m 5
(s, 3, V0= P70 P i)
= Z i Z l9(2) < 23+1 B) Z Vapi(a, Z)|ﬁm(w))E
zeB CCECj(B)

NEXEESS) m(z)
<Z|dl|e P Ly ey l/ﬂV(QjHB)l/ﬂ

z€B

) 4 kE+1
§Z|dl’l*1/2@f’y 4 <1l+k)max{1 %} ( Z’g ‘TTL >

=4

Sl e R (s T ) ).

1=4
Thus, it suffices to show that

S jdif 1 e T g4, (3.9)
=4

We follow the ideas in [6, Section 4]. For every 0 < i < m we write
Y={l>4:2i(1+k) <1<2(+1)(1+£*},
and 2,01 ={l:1>2(m+1)(1+k?*)}. Then we have,
al<c { (1=2i(1+ k)2 1ex;, 0<i<m;
N (14 E2)ym—m=1/2, [ €Yt

Following mutatis mutandis [6 Lemma 4.1] we obtain

Sl e _ZZ + 3 =11l
1=4 i=0 €%, 1€ i1

and we estimate each term in turn. For [, considering the cases ¢ = 0 and ¢ > 1
separately we obtain

S < Zm:/z(zﬂ) (1+k2) oc 47(17%2) Z/ —c i
Y= Jai(ek2) \/_\/t 1+k2 ~ \/_\/Z-i-

1 .
< / efc%ﬂ + 67043' ﬂ < 6704j
0

o VI
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To control I1 we use the estimate for |d;| to conclude that

oo j 2
1= /( ) (1442) e T (L gy 2 ay
2 (m+1) (1+

47
<S4 /MH) ect gm & < yim,
Gathering the obtained estimates we conclude (3.9).

To finish we need to show (3.8). We recall [16, Lemma 7]: there exists vy > 0 such
that for every [ > 1 we have

! spoten N ()
(v & IVepie e @) sCops B0

Notice that this gives the case f = 2, and this completes the proof when ¢, = 2.
We consider the case ¢, > 2 and then it suffices to take 2 < § < ¢,. We pick g,
f < q<{qy. Forevery z €I and [ > 1 we have as in [16, Lemma 3]

Ze 2 ) < Z m(x)+Ze*C4i Z m(z)

zel z:d(z,2)<V1 1=0 x:20/1<d(z,2)<2i+1 /1

+Ze—c4 Vi(z, 24 V)
=0

5 V(Z, \/Z) Z —c4l21D

=0

<V(z,VI). (3.11)

~

Given [ > 2 we write [ = n+n’ where n’ =n =1/2if liseven and n' =n+ 1 =
(I41)/2if I is odd. For every I > 1 we have pii1(z,2) = P(p(-, 2))(x), then it is
immediate to see that

P, 2) = pryw (2, 2) = P (pw (-, 2))(2).
Then, since 2 < ¢ < ¢4 we can use (3.5). This, (1.8) and (3.11) yield

(s S Vante o)) = (5 S 9P )0t

zGF

Sl <m Z [pae (2, 2)| m(x)

—1p . m(2) 2(@.2) @
gl / V(Z,\/_ ( Ze " )
<ﬂ_
~ VIV (2, V)

To complete the proof we take r = (¢ — 2)/(q — /) so that ' = (¢ — 2)/( — 2) and
2/r+q/r" = . We set v = 7o/r, then Holder’s inequality, (3.10), and (3.12) imply

1 oy P@2) B
<WZ Vopi(,2)7 e 5 mia))

Q=

Q=

(3.12)
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_1

< (m > Vanta, ) e 2 ()) (m 2 IVnteF m(e) ™

<< m(2) >: m(2)
~\WVIV(z, V) VIV (2, V1)

and this readily leads to the desired estimate. U

Proof of Theorem 2.2, (ii). The proof is similar to that in [5, Theorem 1.2, (i7)], ap-
plying Theorem A.2 with py = 1, qo = q.. We see that the four items hold. Fix
w e A (I') N RH,, v(I"). By [3, Proposition 2.1], there exists 1 < ¢ < ¢4 such that
w € Ag(I') N RH g, /g (T"). This means that ¢ € W,(1, ¢1), therefore by Theorem 2.2
part (i), T = V(I — P)~/? is bounded on LY(I',w) and thus (a) holds.

We pick Ay = I — (I — P20+))™ with m large enough to be chosen. Notice that
expanding Ay, (3.2) yields (b) with a; = C'e=*. To sce (¢) we apply Lemma 3.1 with
(sw)" < B —mnotice that such /3 exists: we have ¢y < ¢ and w € RHg, y(I") implies
(8w)" < ¢+. Then, we obtain (¢) with a; = C'479™. Finally, we pick m > D,,/2 so
that (d) holds and therefore Theorem A.2 gives the weak-type (1,1) with respect to
w(x) m(x). O

3.2. Proof of Theorem 2.6. We need the following auxiliary result whose proof is
given below.

Lemma 3.2. Under the hypotheses of Theorem 2.6, take r_ < r < q < co. Let B be
a ball with radius k and m > 1 be a large enough integer. Then,

(ﬁ; }([ _ P)%([ _ P2(1+k2))mf‘Tm(£L')>
<00y X Wm@) . G

jz1 x€2i+1B

1
T

for m large enough depending on q and r, and

(v 210 = P (1= P ) )
<> 00 ( ToTE |(1—P)5flrm(x)>i, (3.14)

j>1 z€2i+1B

where g1(j) = Crn274™™ and gs(j) = Cipe™Y.

Q=

Proof of Theorem 2.6, (i). Since w € ATL(F), then [3, Proposition 2.1] implies that
there exist r, ¢, with r_ < r < p < ¢ < 00, such that

w € Ap(T) N RH sy (T).

Note that (3.13) and (3.14) are respectively the conditions (A.5) and (A.6) of Theorem
A3withpo =7, q =¢q T = (I —P)2, Ay = I — (I — PXAT¥))m with k the radius of
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the ball B, m large enough and Sf = V f. Therefore, we obtain the desired inequality
(2.2). O

Proof of Lemma 3.2. We write h = (I — P)2 f and h = 21 Xe; ) = 2251 hj- We
then obtain that for every 1 <1 <m,

1 ;
(V(B') ; ‘P2l(l+k2)hj(x)|qm(‘”)) < sup | POy )|

zeB
1 1 G
—c4J —cd4d r r
Se V(@B) > Jh(z)|m(z) Se (m > |h@)] m(x)) ,
xe€Cj(B) z€Cj(B)
where we have used (1.8). This and the commutation rule readily lead to (3.14) after
expanding (I — P2+ +1))m,
To estimate (3.13) we recall the following estimate that follows from (D) and (UE),
see [6]: if B = B(zo, k) and f is supported in C;(B), j > 2, one has that for [ > 1,
492 1

sup (IP'f (@) +U(I = P)P' f(x)]) < Ce™ V@ Ie;f}) ()| m(z). (3.15)

We first observe that
(I = P)3(I = A f = (1= P)s(I = A(f — fag) = D_(I = P)(I — Aphy,

Jj=1

where h = f — f4B; hj = hd)j, ¢j = XC]-(B) fOI'j Z 3, ¢2 = XSB —gbl and

¢r(z) = B d(w,me) =g, 2k < j < 4k;
0 d(x,zo) > 4k.

Notice that >, ¢; = 1. We estimate the term j = 1:
(L = P)>(I = Ap)hally = [[(I = Ap)( = P)2hall, < Cl[(I = P)> [y < Cl[Vhallr,

where we have used (RR,) in Theorem 2.5 (notice that r_ < r < o0). It is easy to
show that Vh; is supported in 4 B (since ¢, is supported in B(zg,4k — 1)) and also
that |¢1(x) — ¢1(y)| < (2k)~! whenever d(x,y) < 1. This allows one to obtain that
for every x € 4 B

Vhi(z) = V(h¢1)(z) < Vh(z) + (292 k)7 |h(z)| = Vf(z) + (2*2 k)" | f(z) — fasl-
Then, (P,) implies
I(I = P)2(I — Al < C IVhillrasy < C IV fllzrasy,

and therefore

1 1 G 1 G
— I—P2]—Ahxrmx) SC’( Vfacrmx>.
(v S 10 P~ A v 2 VI
Next, we consider the case j > 3 and write
(I—P):(I — Ah; =Y ai(l — P)PI(I — P2y =N " a,(1 — P)P'hy,

=0 =0
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where a; and d; are the coefficients considered in Lemma 3.1. We observe that under
the notation of Lemma 3.1 if [ € ¥y we can use the estimate |d;| < C,, [7*/? and then
it is easy to see that

2 (1+k2)

Z |dl‘ 4Jk2 _ Z ‘dl| _C4gk2 < /2(1+k2) t—%e—c . —c’4j.
1=4 1€ 3
(3.16)
This and (3.9) imply
2(1+k , ,
Z |dz AR Z |C§l| S A Z |d)| [-1/2 =20 < khqmim,
1=4 1>2 (14+k2)

Therefore, as in Lemma 3.1 it follows that for x € B

[e.e]

(I = P)2(I — Ap)hy(x)] < |di]|(I — P)P'hy(z)]

=0

1 - dy| _.a9k2
< (g X I@lmt) Y e

iL'ECJ‘(B) =4

cormi (ot ¥ \f(w’)—fw!’"m(x))

3=

ze2itl B
j+1 1
<oy (v fzz-Brm(a:))
=3 r€e2' B
J+1 1
im %
<C4 22( D) ; IV f(z ))

where we have used (3.15), (D) and (P,). Consequently, for j > 3 we have shown

(ﬁ; (1= P)2(I - Ak)hj(x)vm(l’))
< C4Im ZT( Z IV f(x ))T (3.17)

z€2' B

T

For the remaining term j = 2, notice that in (3.15) we can also take j = 2 and
f = he whose support is contained in 8 B \ 2 B. Using this and the fact that |hy| <
|f — fiB| Xsp\op We can argue similarly and obtain that the last estimate (3.17) can
be extended to the case j = 2.

Gathering the obtained estimates we conclude as desired (3.13). U

It remains to prove part (ii) of Theorem 2.6. The proof follows the method in the
unweighted case using Proposition A.4.

Proof of Theorem 2.6, (ii). We follow the proof of in [6, Theorem 1.11]. Consider f
such that Vf € LY, fix w € A;(I') and let A > 0. We perform the Calderén-Zygmund
decomposition of f given by Proposition A.4.
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We use that the measure w(z)m(z) is doubling and (A.11):

w(U;4 B;) <OZ <—ZVf m(z). (3.18)

zel

Next, we take any r > 1. Since w € A;(I"), then w € A, (") and we can apply Theorem
2.6, part (i) (note that r_ = 1),

I=wr €T [(I - P)Vg(a)| > M3} < %Z Vo) w(z) m(a)

zel’
Z Vg(x Z Vy(x m(x)
x€U4B x¢UZ4B
< Cw(U;4 B;) Z Vy(z m(zx)
z¢U4B
<92w<> (2) m(z) + 1
_/\mer z)w(x)m(x 1,

where we have used (A.8) and (3.18). To estimate I; we write F' = I'\ (U;B;).
Following the computations in [6, pp. 305-306], if x ¢ U;4 B; and y ~ x then z,y € F
and therefore g(z) = f(z) and g(y) = f(y). Thus, we conclude that Vg(x) = Vf(x)
for every x ¢ U;4 B; and consequently

C
S Vi@ ) me) < TSV we) m),
1‘¢Ui4Bz‘ zel
Gathering the obtained estimates we conclude that

I< % > V(@) w(z)m(z). (3.19)

zel

Next, we use the following expansion of (I — P)'/2:
(I —P)/? = Zak (I —P)P (3.20)

where {a}y is the sequence in Lemma 3.1. For each i € I, there is j € Z such that
271 < r(B;) < 27 and define r; = 2/ (we notice that r(B;) > 1/2 and then j > 0).
We split the expansion (3.20) into two parts:

(I —P)/% = Zakf P)P* + Zak[ P)P* =T, 4+ U,.

k=r; 241
We claim that
I = w{x ¢ U4 B; ‘ ani(x)‘ > )\/3} < %Zw(@ w@)m(z).  (3.21)
i€l zel
and

I = w{m el: ’ZUlbl(x)‘ > )\/3} < %ZVf(x)w(x)m(x) (3.22)

el zel
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Deferring the proof of these estimates for the moment, gathering them with (3.18)
and (3.19) we easily conclude as desired

w{z €T :|(I - P)Y?f(x)] >N} <w(UAdB) + I+ 11+ 111
C
< by Z V(@) w(z)m(z).
zel’
We show (3.21). We need the following estimate, see [6]: if f is supported in B,
j>2and > 1,

sup (P f(x)] +1/(I — P)Pf(z)]) < Ce™" TSB) Z (@) m(z). (3.23)
zeCj(B

Using some ideas from [4], the fact that suppb; C B, (3.23) and that 0 < ap < k742
we obtain

HS§Z > I Tbi(@)|w(w) m(z) < AZZ 2. |Tb (z)ym(z)

i€l z¢4 B; iel j=2 z€C;(B;

Syy oy S a0~ PP () oy

€l j=2 2eCj(B;) k=1

C 23+ \
¢ /2"
<Oy S vt S
i€l j=2 rE€B;
¢ - D 3/2 2 21+ B)
SX Z 2 Zk Z|b 27+1B) m(z)
i€l j=2 rE€B;
<€ imf’i:kf?’/? L Z 1b; (2)| w(z) m(x)
Sy 2. e ()| w(z) m(x
i€l j=2 k=1 zeDB;
o0 r2
. v 4jr
<O w(B) S 2P Y kg e
icl j=2 k=1

where we have used that w € A;(I") and (A.10). Easy computations lead to

r2+1

r2 s

47 rs 2
E k3 e w < Oy / 1732 ¢
k=1 1

which, by (A.11), yields as desired (3.21):

I1<C) w(B) < %Z Vf(z)w(z) m(x).

el zel

r2
dt < C 1/2 670433 @ < Cefa47
1/2 5

Let us obtain (3.22). For every 7 > 0 and k > 2 we define

Bj = Z 7’_:’ Z 27 ﬂ].

icl, r;=2J ; 4i<k
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We also set f; = 0. Then,

ZUibi = Z Z ak(I—P)Pkbi = Z Z ak([_P)Pk(Qjﬁj)

iel i€l k=r2+1 J=0 k=47+1

:i\/E(I—P)Pkfk

=> Vk(I - P)P*f, = Spf,
k=1

where f = {fi}k>1. By Theorem 2.7 it follows that Sp is bounded from L}, (I, w) into
LY°(T, w). Then,

I]I:w{xeF:|Sp()|>/\/3}<—Z<Z|fk ) w(z) m(z).

zel’ =

By Cauchy-Schwarz and using that 0 < aj, < k~/2 we have

SR Y v

SIAPSD K 27 B;
k=1 k=2 i 4i<k k=1 jr i<k
< S 2 - 2 ‘bﬂ 2
SY I < <Z|5j|> < (ZT> :
j=0 j=0 iel "

Then, (A.10) and (A.11) yield

[H<XZ7“’1Z]b m(z)

1€l z€B;

<Yt (B r(B) £ Y w(B) £ 5 30 Vi) wlx)mix).

iel iel el
This shows (3.22) and therefore the proof is complete. d

3.3. Proof of Theorem 2.7. We first observe that (i) and (iii) are equivalent. Fix
1 <p<ooand w € Ay(l'). We see that (i) implies (ii7): by (2.4) for f € L (T')
and h € L®(T") we have

> Sefl@) hia) wiw) m(x)| < 3 1F@)le gp(hw)(@) m()

zel zel’
< Az, ) lgp (R )| o 0 -y < C Nz, @00 12l 20 0,
where we have used (i) and the fact that w!'™? € A,(I"). To conclude (i) it suffices
to take the supremum over all those i with ||A[|;» ) < 1. Conversely, to obtain
that (iii) implies (i) we proceed as follows: by (2.4) for f € Ly (') and h € LZ(T)
we have

| > (Fl). Geh(@)) e wia) )| < 3 ISe(Fw) @) h)| m()

zel zel’
< ISp(Fw) o (11 1Bl oy < CIIfHLp (1Pl 22 ),
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where we have used (iii) and the fact that w'~? € A,(I"). To conclude (i) it suffices

to take the supremum over all those f with ||f||Lp/ ) S 1.
23

Taking the previous equivalence into account we show (iii), (iv) and (ii).

Proof of Theorem 2.7, (iii). Fix 1 < p < oo and w € A,(I"). There exists 1 < py <
min{p, 2} such that w € A,/,,. We use Theorem A.3 (indeed we use its vector-valued
extension) with the py just chosen and ¢y = co. We pick T' = Sp, Ay = [ — (I —
PR ym with k the radius of the ball B, m large enough and Sf = f. We notice
that T A, = A,T. Then, expanding A, and writing T f(z) = P Tf(x) Xe, () (@),
(3.15) implies (A.6) with a; = C,, e=¥.

To complete the proof we need to show (A.5). Given f € Ly (T) we write f=
Z;’;f; with fj' = fXCJ_. Set fi; = fi Xc,- For j = 1 we use that Sp is bounded
from LP°(I") into L7 (T'):

o 1 2
Sp(I — Ag) fi(x)P° "< [ — p2a+ki)ym g L
( j 21901 = Adfi)Pmix >) L DA

1 - 2
5 —1Hf1HLP I szn (1 )f1HLp0 T
vpm A0 g .

S <V(iB) ;:B 1f () igm(x)ﬁ + ;In.

Fixed 1 < n < m we estimate [, using (1.8) for ¢ = 1 , (3.23) for i > 2, and
Minkowski’s inequality:

L (UEE (S s 1P X))

: o))’

N

i=1

< ZQZD/:DO —04’<§ (
5y 2 I @lem(
If

AN
<

x€4B

( V(4 B) > If@)Em )
€4 B

Thus we conclude that

( Z|SP (I — Ak)fl( )|Pem(z )>p10 ( _’ NiEm(x )plo.

€4 B

1

Next, we consider j > 2:

1

(v S I8r(1 = A) o m(z) "

1

<Z\/( Z| (I — P) PN — A fiy(z )|p0m(x)>%

xeB
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< ek Y =T 4L

=1 1520+ (14+k2) m
To estimate I we expand Ay, and use (3.15) and Cauchy-Schwarz in the sum in [:

9i+1 (1+k2)m\[l€ % 1
[ 211190 V@ D) > fil@)m(z)

z€2it1 B

m 29+1 (14k2) m 47 k2

1 le “IF2 (14K n 3
< ——— 2
= V(21 B) 2, If@lemi Z:; ( 2 (+2(1+k)n)? )

=1

It is straightforward to show that

271 (L% m le” l+24ifi2)n 2+ (14k%) m+1 6_0%
< dt
Y Grmarma ) R e

=1

AN

/ <e?, (3.24)
Therefore we obtain
, 1 . 1
—c2J 0]
I'<Cpe <m E 1/ ()72 m(if)) :

rc2i+t1l B

We next consider /1. We claim that the following estimates hold (the proof is given
at the end of this section): for every n > 1

(I = P)Py(a)] < ——°

S Ve v g/l (3.25)

and
||P2n(1+k2) P2 (n+1) (14+k2) gHLl(F <Cn! ||9||L1(F) (3.26)
with C' independent of k.
Fix [ > 2771 (1 + k?)m. Then, there exists an integer ¢ > 297! such that 4¢ (1 +
EYm <1<4(qg+1)(1+k*)m. Weset n=1—2q(1+ k*)m. By (3.25) and (3.26),
for every x € B = B(xy, k) we have

‘(I N P) Pl (I B P2(1+k2))mg<m)’ _ |(I . P) P (P2q(1+k2) . P2(q+1) (1+k2))mg($)’
C, C, <k2 m

< < ——F# | — 3.27
= g Vi, v O S e T 7)ol (3.27)

where we have used that B(zo, V1) C B(x,2+1) and as a consequence V (zg, V1) <
CV(x,V/1). We define v, = I7Y2V (2o, V1)~ (K2/1)™ for | > 27+ (14+k*)m and v, = 0
for 1 <1< 2771 (1 4 k*)m. Using the previous estimate and Holder’s inequality we
obtain

II < Z Z%Lﬁ(x) m(x

z€2/+t1 B I=1

<Flle D I1f@lem()

r€2it+l B
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1

<V B) (g 2 If@me)™.

z€2i+1 B

On the other hand, it is straightforward to show that
: V(2,227 (K + 1))\2 /k*\2m1
—'2‘/29+182: ( ) ><_> _

1>2i+1 (14+k2) m

I O

1>27+1 (14k2) m

00 2+l x2D |2\ 2m
S o (550 ()R
2041 k2 m Vi t/

< 27] (meD).

Gathering this with the estimates obtained before we conclude that for every j > 2:

1

(v § 2 [80(1 = A0 m(e)

i(m_D 1 > %
S22t 2)<m > If @) m(x ))0-
x€2it1 B

This and the corresponding estimate for j = 1 lead to (A.5) with o; = 277 (m=3) in
which case we take m > D/2 to obtain }; a; < oo. O

Proof of Theorem 2.7, (iv). We use Theorem A.2 (indeed its vector-valued extension)
withpo =1, =00, T =Sp, Ay =1— (1 — p+k) )™, with k the radius of the ball
B and m large enough. Fix w € A;(T"). Note that (a) follows from (éi7) since Sp is
bounded on L4(w) for every 1 < ¢ < co. After expanding Ay, it suffices to show (b)
for P2n(+5) with 1 < n < m: fixed such an n, (3.2) yields as desired

{ 3 i }l

:EEB
*04] Z £ (@)l (e

To see (c¢) we take § = oo and fix j > 2. We proceed as in the Proof of Theorem
2.7, (i17), to obtain

n 2) & —C ]
sup [|P2 U f(a)]le S 7
xECj(B)

42

sup [Sp(I — Ap) f r<2f sup |(I = P) P'(I — Ay) fu(=)]

ze€C;(B) ze€Cj(B)
27+ (14k%) m
< ek Y =TI
=1 1520+ (14+k2) m
To estimate I we expand Ay and use (3.23) and (3.24) to conclude that

41 2 47 k2
m 2 (14+k*)m eI
6

I’Snz% ; l+2(1+k2nv Zlfz
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1 m 2t (14k2)m le~ % 2
< —— > I (@)llee m(x) ( )
vB)erB Zo lzl (2 n)?

S C Z ‘ ||52 m

To estimate 11 we proceed as in (3.27) to obtain that for every x € C;(B)

|(I — P) P! (I — p2(1+k2))mg(x)\ < —Cm (k_Z)m ngLl(p)
1V (2, V1) N
Cn2ls  [k2\m
< _Zm=z - (X
o lV(fL“o,\/z) ( ! > ”g“Ll(F)

since B(zo, V1) C B(z,2U+3/23/1). We take the same sequence as before 7 and obtain

[1<2% ZZW\fl(x) m(x

ze B =1

<Y7 |Fle Y 1f(@)]em(

JJEB
< 277(m=3) Z )|z m(z
eB

where we have repeated the computations to estimate |||,z and we have used that

B C B(w,V1). Collecting T and IT we conclude (¢) with a; = 277"~ 2). To obtain
(d) we just need to take m > D,, + D/2. O

Proof of Theorem 2.7, (ii). We use Theorem A.2 (indeed its vector-valued extension)
with po =1, g0 =00, T = gp, Ap =1 — (I — P2(1+k2))m, with & the radius of the
ball B and m large enough. Fix w € A;(I'). Note that (a) follows from (7) since gp is
bounded on L?(w) for every 1 < ¢ < oco. Notice that expanding Ay, (3.2) yields (b)
with a; = Ce Y. To see (¢) we take any > (s,)', fix j > 2 and f supported in

B. We proceed by duality. Let & € L3(T) with supp 2 C C;(B) and 1Bl ey < 1
Then, using (2.4) and that Sp and A, commute we have
DI = A @), B@)e m(@)| < 3 1F@) 1S = A)h(@)] m()
zel zel’
< Z| z)|lee m(z SUP|SP(I Ap)h(z)].
zeEB

Fixed x € B and proceeding as in the proof of Theorem 2.7 part (iii) we obtain

1Sp(I — AR |<Z\/Zsup|(1 P) P{(I — Ap)hy(z)]

zeB

< et Y =TI

=1 1>2i+1 (1+k2) m
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To estimate I we expand Ay, use (3.15) and (3.24) to conclude that

m 2j+1(1+k2)m\/_ e AR
le "1+20+k2)n 1
IS Z Z [+2(1+ k%) n V(2+1 B) Z |ha()[ m(z)
n=0 =1 z€2it1 B
m 2+ (14k2) m 49 k2 1
1 le R a+kn 2
< 3 Wwlena 35 (05 ;)
1 2
V(2i+1 B) T s — — (l+2(14+Ek%)n)?
o 1 " 7
someQ(V@;q5 > @)% m)”
z€2i+1 B
< Cpe P V(2T B)Tw
We next estimate I as we did before:
H<le Y Ih@lem@) <279 momms >0 1@ lem()
z€2/t1 B z€2it1 B

1
S 2~ J m—*) V(2J+1 B) ( Z ||E(.l’)||g m(x)) B S 2—j(m—%) V(Qj-‘rl B)_W

re2itl B

Gathering the obtained estimates and taking the sup over all such h we conclude that

1 ;
(V@;ﬁﬁxggmwﬂf—Awﬂwﬁnww)
< Cp279m3 ) ||l m(x

reB
Thus, we have proved (c¢) with a; = 277 (m=3), Finally, if m is taken so that m >
D.,, + D/2 then we obtain (d) and the proof is complete. O
Proof of (3.25). We need the following estimate (see [6, p. 288] and the references
therein): for every x,y € I'and n > 1

d(x,y)?

Cm(y) e . (3.28)

nV(z,v/n)

|pn($a y) - pn-‘rl(xa y)| S

Then we clearly have

n o d(x.)*
(I - P)P"g !<Z: “a(y)l < E]g

yel’

Proof of (3.26). Given [ > 1 using (3.28) we have

_ed@w)?
I(I = P) P'gl|ry E: T lg(y) m(x)

161"

_ . d(z)?

s%}jmwwmmEZ%@iﬁmm>

yel’ zel
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< &S o) miw), (3.29)

yel’
where the last estimate is as follows:
o d(aczy)2 .
pPREEEEEED WY Y e
zel Vis, \/Z> x:d(x, y)<4\/ V<x \/_) J=2 g2 <d(w, y)/\[<21+1 V(z, \/Z>

_c4]

Y Y grpmmseyertytse

=1 zeB(y,29+t1 V1) j=1

where we have used that B(y, 271 V1) € B(z,2/*? /1) and therefore V (y, 271 /1) <
C 2PV (x,\V1).
To obtain (3.26) we use (3.29):

2 (n+1) (1+k%)—1

[P PRI < ST (P Py
=2 (1+k2)
2 (n+1) (14+k2)—1
c _C
<3 g 7= laly)lmly)
yel 1=2n (1+k2) yel

4. COMMUTATORS

Let b € BMO(I'), that is,

|1b]l3Mmo () = SUp s Z|b — bg|m(z) < oo,

where the sup is taken over all balls and bg is the average of b over B. Write T' =
V(I — P)7'/2 which is a sublinear operator. Given k& > 0 we define the kth order
commutator of the Riesz transform as

Ty f(z) = T((b(x) = b)* f)(x),  feLF(T), zel.
Note that 7P = T. One can alternatively define the commutators using the associated

linearization of 7T". Let us write again 7 = ﬁ([ — P)~Y/2 which is a linear operator.
We define the first order commutator 7,'g = [b,T]g = bTg — T (bg), and for k > 2
the k-th order commutator is 7,* = [b, T,*~!]. Here g,b are scalar valued and T*g is
(?-valued . Tt is straightforward to see that TEf =T flle

Theorem 4.1. Under the assumptions of Theorem 2.2, for every k > 1, and w €
Ao(T) we have

1T Flleow) < Cowllbllmom ey, f € L),
for all p € Wy (1,q4).

Note that even the unweighted L” estimates for the commutators are new.
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Proof. The proof is similar to that of Theorem 2.2 using again the ideas from [5] and
[7], we point out the main changes. We only consider the case k = 1: the general
case follows by induction and the details are left to the reader (see [3, Section 6.2] for
similar arguments). As in [3, Lemma 6.1] it suffices to assume qualitatively b € L>°(T")
and quantitatively ||blgmom) = 1 and get uniform bounds.

We proceed as before working with 7;' in place of 7. Write F' = |(T;}))* f|% with
f € L (I') with compact support. Observe that F' € L'(I) since b € L*°(T") and T*

is bounded from LZQ(F) into L% (T) (since 1 < gy < ;) —we note that this is the only

place where we use that b € L>*(I")—. Fixing B, we write b=0b—bg and decompose
T} as T,'lg = =T (bg) +bTg. Using this equality one sees that (7,')* = —(7*);. Then
we have

(T f1% = |(T*)sf]% < 2971 [p T f|% + 2907 [T*(b f)|%
< (27 DT |9 4+ A% (T — Ap)T (b f)|%) + 4%~ AT (b f)|%
- GB —f- HB.

We estimate Hp. As before, let us set ¢ = p[/q, and by duality we take g €
LPo(B,m/V(B)) with norm 1:

(ﬁzHg(y)qm(?J)”(’ C‘V ZT* ) Arg(y) m(y)

1

-c W > (=TT Aw(y)m(y)\
7B) 2T W1 k)| ) g S WIIT @) Agw)lm()
:I+I[. '

The estimate for I follows as in (3.1), (3.3) by using (3.2): for all z € B,
1 1

1
< -7 D q/ q q0
I Z 2 ( 2]+1B) Z F<y) m(y)> ’ (v(2j+1B) Z ‘Akg(y” ° m(y))
yeC;(B) yeC;(B)
1
< MF(x)%
Regarding I1 we use Holder’s inequality to obtain that for all z € B

1

I<ZQJD( sy L TI@rEm)® s )

yeC, (B) veci(B)

x (m%;;mwm@)“

1 o0 1
S Ibllmaomy M (1T f1%) ()% Y 2 Pe¥ (14 j) S M(|T" f|%)(z)%,
7j=1
where we have used (3.2) and John-Nirenberg’s inequality. Collecting I and I1, we
conclude the first estimate in (A.1) with H; = M(|T*f|%). Let us write Gz and
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G2 for each of the terms that define G and we estimate them in turn. Let > 1
to be chosen and use John-Nirenberg’s inequality: for any x € B, we have

LB)ZGBJ@) O—Zw* y)|% m(y)
( j 2T 14 )( j 2 1) bl m v))

< (10l oy M (T £1%°) ()5

To estimate G2 we proceed as with G'p in the proof of Theorem 2.2. Let g be
the corresponding dual function and use again John-Nirenberg’s inequality: for any
r € B,

(v ZGBQ(y)m(y))% =c (ﬁZB (1 = 40 T01) )% m(5))

Zlb e T = Ar)g(y)lle m(y)

-

5.22] (m Z b(y) — bs] m@))
7=l ye2it1B

1 s -

X (m yG;B) Hf(y)ng m(y))
1 w
" <m > T = Adg(w)| m(y))
yeC;(B)
: w
M| fll) (@ “OZQJD 1+J( V(21B) > \T(I—Ak)g(y)\%m(y))
yeC;(B)

< M1y ().

where in the last estimate we have proceeded as in (3.7) using (3.4) for j > 2 and
(3.6) for j = 1. Gathering the estimates for Gp; and Gpo we conclude the second

estimate in (A.1) with G = M(|T*f|%%)5 + M(||f||5qo) :
We apply Theorem A.1 as in the proof of Theorem 2.2. In this case, we observe

that since v € A,(I'), we can take 1 < § < r so that v € A,/5(I"). Then, the desired
estimate follows

T 1%, 1y S UMPliray S IGra + 1l
dq *
< M FI)3 oy + IMAT*FIP%) | oy
< Q(/) *
Sy g + 1T I
< | f)1%
L7, (D)

where we have used that 7* is bounded from L‘Z’;(F, v) into LP' (T, v). O
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APPENDIX A. AUXILIARY RESULTS

We use the following version of [3, Theorem 3.1] in the setting of spaces of homo-
geneous type (see [3, Section 5]).

Theorem A.1. Fizxl < g<oo,a>1andv € RHy(I'), 1 <s < q. Then, there exist
C and Kqg > 1 with the following property: Assume that F', G and Hy are non-negative
functions on I" such that for any ball B there exist non-negative functions Gg and Hpg

with F(x) < Gg(x) + Hg(x) for a.e. x € B and, for all x,T € B,

( ZHB ) < aMF(z) + H\(7), ZGB ) < G(2).

(A.1)
If1 <r<gq/s and F € LY(T) (this assumption being only qualitative) we have

IMFtrrw) < NGl orw) + CH || L (A.2)
The following result is taken from [5, Theorem 3.3], see also [3, Theorem 8.8].

Theorem A.2. Let 1 < py < gy <00 and w € Ax(I'). Let T be a sublinear operators
defined on L*(T) and {Ax}x>1 be a family of operator acting from L (T) into on
L*(T). Assume the following conditions:

(a) There exists ¢ € Wy (po, qo) such that T is bounded from L(T',w) to L@ (T, w).

(b) For all j > 1, there exist constants «; such that for any ball B with k its radius
and for any f € LX(T") supported in B,

(ﬁ > A @) m)® <o (ﬁ;\ﬂxwm(z))*. (A.3)

IEC]‘(B)
(¢) There exists B > (Sy)', i.e. w € RHp (L"), with the following property: for all

J > 2, there exist constants «; such that for any ball B with k its radius and for
any f € LX(T') supported in B and for j > 2,

<m > \T(I—AT(B))f(CU)\Bm(x)>

z€C;(B)

1

=
/\

er ) m(x))”

(A.4)
(d) >, q; 2Pwi < 0o for aj in (b) and (c), where D, is the doubling constant of the
measure w(zx) m(zx).

If w e Ay(T') N RH gy /poy (') then, for all f € L3(T),
| T £ Lroo w0y < C' | £ 7o (00)-

The following result is borrowed from [3], see [3, Theorem 3.7] for the Euclidean
version and [3, Section 5] for the extension to spaces of homogeneous type.

Theorem A.3. Let 1 < py < qo < 00. Suppose that T is a sublinear operator acting
on LP(T'), (Ax)k>1 s a family of operators acting from a subspace D of L°(I") into
LP(T) and S is an operator from D into the space of measurable functions on T.
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Assume that

(v S - AfPn@)? <€ Yo (o 3 ISI@ m)”

Jjz1 €29+l B
(A.5)
and
! z w ()
(W;\TAkf\qﬂm > <CZ ( 2J+1B)x€2JZ+IB’Tf( z) [P m(z )) )
(A.6)

for all f € D, every ball B with radius k and for some sequence {a;}; with 2321 a; <
00. Letpy <p < qo and w € A» (I') N RHw(I'). Then for all f € D we have
Po P

| T fl 2o w) < CISfllrw)-

We present an adapted weighted Calderén-Zygmund decomposition that extends
[6, Proposition 1.15] (see also [4, Lemma 6.6] and [3, Proposition 9.1]).

Proposition A.4. Assume that (D) and (P;) hold. Let w € Ay(I') and take a
function f on T such that Vf € LY(T,w) and X\ > 0. Then, one can find a collection
of balls (B;)icr, functions (b;)icr and g such that the following properties hold:

f=g+> b (A7)

1V gllo SZEZJA, (A.8)

suppd; C B;, ; Vbi(x) w(z) m(z) < CAw(By), (A.9)
> @) ) i) < Chu(B)r(5), (A.10)
ZZW(BJ < ONY V(@) w(z) m(z), (A.11)

: > X:FS N, (A.12)

where C' and N depend on the constants in (D) and (P;) and w € A;(T).

Proof. The proof follows the steps of [6, Proposition 1.15] with ¢ = p = 1 with
the underlying measure w(z)m(x) that is doubling since w € A;(I'). We need a

weighted-Poincaré inequality. We claim that there exists 7 > 1 such that for every
f e Ll (T,w) such that Vf € L] (T, w) and for every ball B we have

S 1) = foawl wy)m(y) < Cr(B) > V)| wly)m(y), (Pr(w))

yeB yeT B

where fp,, is the w-average of f on B. We notice that in [6, Proposition 1.15] the
corresponding unweighted Poincaré inequality holds with 7 = 1. Here we may have
7 > 1, but a closer examination of the proof reveals that this change is harmless:
the balls come from a Whitney covering and therefore 7 B on the right hand-side will
be handled by passing to a sufficiently large ball that meets the complement of the
level set (details are left to the reader). Consequently, one obtains (A.7), (A.8), (A.9),
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(A.11), (A.12). It remains to show (A.10). Following the notation in [6, Proposition
1.15] and using (P (w)),

D @) wlz)ym(z) = > |f(@) = fp,0] xi(@) w(z) m(z)

T€EB; TEB;

< Y 1F(@) = fal w(@) m()

z€B;

By) Y V)| wly)m(y)

< 7(B;) w(t Bi) My(V f)(0)
S r(By) w(B;) A,

where 7o € B;N Q¢ Q = {z € ' : M,(Vf)(z) > A} (here B; stands for a dilation
of the Whitney ball B; that meets Q°) and M,, is the Hardy-Littlewood maximal
function for the measure w(z)m(x).

To complete the proof we show (P;(w)). We use [11]. From (P;) and w € A;(I")

5 L)~ fal i) < CT(B)ﬁ;Wf(yﬂ%m(y)

%) DIV wly)mly) = a(B).
Let {B;}; C Bbea family of disjoint balls. Then, w € A;(T") and (1.7) imply
r(Bi\P _ V(B;
<7“(B)> SJv ZXB ) m(z)

_w(B)
w(B) & Xo D@ mle) = )

zel

We fix 1 <r < D ;if D>1and 1 <r <ooif D=1. Then, it is easy to obtain

> a(By) w(B;) = Z W (2; Y (@)w(z)m(x))

)

—D (r—1)

G G

( <22w (o)

i x€EB;

7" T
BT (Z V(e ))
=a(B) w(B )
We apply [11, Theorem 2.3] and Kolmogorov’s inequality to conclude that

7 ) = ol w0) Z () — fl w(y) m()
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<|If = /sl <Ca(rB) =Cr(B) ! > V)| wly)m(y)
= B Lr‘,oo(Fy <w)(B)( )) — T w<7_ B) =, 3/ y y )
and this readily leads to (P;(w)). O

1]

[10]
[11]

[12]
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