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Abstract

This paper examines the cycling behavior of a deterministic and a stochastic version of the
economic interpretation of the Lotka-Volterra model, the Goodwin model. We provide a char-
acterization of orbits in the deterministic highly non-linear model. We then study the cycling
behavior for a stochastic version, where a Brownian noise is introduced via an heterogeneous
productivity factor. Sufficient conditions for existence of the system are provided. We prove
that the system produces cycles around an equilibrium point in finite time for general volatil-
ity levels, using stochastic Lyapunov techniques for recurent domains. Numerical insights are
provided.

Keywords: Lotka-Volterra model; Goodwin model; Brownian motion; Random per-
turbation; Business cycles; Stochastic Lyapunov techniques.

1 Introduction

The Lotka-Volterra equation is at the heart of population dynamics, but also possesses a famous
economic interpretation. Introduced by Richard Goodwin [10] in 1967, the model in its modern
form [6] reduces to the planar oscillator on a subset D of Ry:

dry =z (®(y) —a)dt
{ dys =yt (k(xy) —y)dt (1)

where z; denotes the wage share of the working population and y; the employment rate, o and -y
are constant, and the following assumption is made on x and ®.

Assumption 1. Consider system (1).
(i) ® € C3(0,1)), ¥ (y) >0, ®"(y) >0 for all y € [0,1), ®(0) < o and lim,_,,- ®(y) = +o0.
(ii) k € C?(Ry), —oo < K'(z) <0 for all x € Ry, k(0) > v and lim,_, o k(x) = —00.

Lemma 1 below asserts that Assumption 1 is sufficient to have (z4,3;) € D := R% x (0,1)
for any t > 0 if (zg,y0) € D. This property preserves the above interpretation for z and y: the
employment rate cannot exceed one for obvious reasons, but the wage share can, depending on
the chosen economic assumptions, see [11]. This distinctive feature of the economic version (1) on
its biological counterpart follows from a construction based on assumptions describing a closed
capitalist economy. It can be done in three steps:
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(I) Assume a Leontief production function P, = min(K;/v;ayNy) with full utilization of
capital, i.e., K;/v = ay;Ny. Here, P, is the yearly output, K; the invested capital, v > 0
a capital-to-output ratio, a; := agexp(at) is the average productivity of workers and N; :=
Ny exp(ft) is the size of the labor class.

(ITI) The capital depreciates and receives investment, i.e., dK;/dt = (k(z¢) —0) K}, where 6 > 0 is
the depreciation rate and k the investment function. Goodwin [10] originally invokes Say’s
law, i.e., k : z€Ry — (1 —x)/v.

(III) Assume a reserve army effect for wage negotiation of the form dw; = ®(y;)w¢dt where
wy = ayxy represents the real wage of the total working population, and ® is the Phillips
curve.

Defining v := a+ [+ allows to retrieve (1) for (z¢, y;) := (wi/ar, K¢/ (vagNy)). The class-struggle
model (1) has been extensively studied because it allows to generate endogenous real business
cycles affecting the production level P;, e.g. [8, 9, 11, 15, 28, 29]. On this matter, Goodwin
himself conceded that the model is “starkly schematized and hence quite unrealistic” [10]. It
hardly connects with irregular observed trajectories, see [13, 22].

The objective of this paper is thus to study the following perturbed version of (1) by a
standard Brownian motion (W});>¢ on a stochastic basis (2, F,P):

{ dry =z ((P(ye) — a+ 0> (ye))dt + o (y:)dWr) (2)
dye =y ((k(2e) =y + 0 (ye))dt + o (ye)dWy) 7

where o is a positive function of y bounded by oy > 0, and the filtration J; is generated by paths
of W. The form of o is discussed in Remark 2 after. A stronger condition, Assumption 3, is
assumed later on the behavior of o to ensure that solutions of (2) remain in D. The example of
Section 5 will also illustrate how such condition can hold. We modify the economic development
(I), (IT) and (III) by introducing the perturbation on one assumption, namely we assume that for
t >0,

day = ardoy = ay (adt — o(ye)dWy) , ap >0, (3)

instead of da; = a;adt. Using It6 formula with (3) in the previous reasoning retrieves (2).
Productivity is one of the few exogenous parameters of the model, and one of those that were
significantly invoked as influencial over business cycles, e.g. [7, 12]. Without arguing for the
pertinence of that particular assumption, we simply suggest here that a standard continuous
perturbation in this crucial parameter seems a good starting point.

To our knowledge, this is the first attempt to consider random noise in Goodwin interpretation
of the famous prey-predator model. To stay in the spirit of the economic application, the present
paper studies the cyclical behavior of the deterministic system (1) and the stochastic version (2).
Namely, our contribution are as follows, developed in the present order:

e In Section 2, we fully characterize solutions of (1) and the period of their orbits. This
generalizes standard results on Lotka-Volterra systems to bounded domains of existence.

e In Section 3, we provide existence conditions for regular solutions of (2). We use the entropy
of (1) to estimate the deviation induced by (3). We provide a definition of stochastic orbits
for (2). The proof that solutions of (2) draw stochastic orbits in finite time around a unique
point is given in Section 4.

Our contribution has to be put in contrast with numerous studies of random perturbations
of the Lotka-Volterra system. Apart from the obviously different origin of perturbations in the



model, attention was mainly given to systems like (2) for its asymptotic behavior (e.g., [18, 21,
24]), regularity, persistence and extinction of species (e.g., [4, 20, 24, 25]), and the addition of
regimes, jumps or delay (e.g., [2, 19, 31]). Here, we attempt to provide a relevant description of
trajectories (z,y;) and indirectly P;, namely a cyclical behavior. This is done using stochastic
Lyapunov techniques for recurrent domains as described in [17, 27]. By conveniently dividing
the domain D, we obtain that almost every trajectory “cycles” around a point in finite time.
The Li-boundedness is out of reach with our method, but numerical simulations are presented
in Section 5, not only to provide expectation of cycles, but also allow to conjecture a limit cycle
phenomenon for the expectation of (z¢,y:). It is somewhat unclear how Assumption 1 and late
Assumption 3 on ®, k and o, are relevant in these results. We show below thatthey are sufficient
to obtain existence of regular solutions to (2). This actually emphasizes the role played by the
entropy of the deterministic system in the well-posedness of the stochastic system and as a natural
measure for perturbation.

2 Deterministic orbits

According to Assumption 1, there exists only one non-hyperbolic equilibrium point to (1) in
D given by (2,9) := (k7 1(7),® *(a)). On the boundary of D, there exists also an additional
equilibrium (0, 0) which is eluded along the paper.

Definition 1. Let Vi,Va and V be three functions defined by V. : (x,y) € R% x (0,1) —
Vi(z) + Va(y) and

Y o(s) — 2(9)

Vl:xeRiH/ MdS, ‘/21216(071)'_>/ ds .
& g

Lemma 1. Let (xo,y0) € D. Let Assumption 1 hold. Then a solution (x,y;) to (1) starting
at (xo,yo) at t = 0 describes closed orbits given by the set of points {(xz,y) € D : V(z,y) =
V(zo,y0)}, and (x¢,y) € D for all t > 0.

Proof. 1t is well-known [11] that V' is a Lyapunov function and a constant of motion for system (1):
V1 and V, take non-negative values with V1 (2) = Va(y) = 0, and dV/dt(x,y) = 0. Additionally,
under Assumption 1.(i)-(ii),

Jm Vi(z) = Jim, Vi(z) = Jim Va(y) = Jim Va(y) = +oo, (4)

so that for any (xg,y0) € D, V (20, y0) < +oo and the solution stays in D.
]

The value of V' characterizing an orbit, it is in bijection with its period. The following
generalizes [14].

Theorem 1. Let (z+, yt)i>0 be a solution to (1) satisfying Assumption 1, with (xo,z0) € D\{(Z,7)}.
Let Vy := V(z0,50), and x < T the two solutions to equation Vi(x) = V. Define three functions
Fi, F5, G by

Fi :ueR—= VW@ u+a)), F:ueR= W@ (—u+a)), G:zeRe Vp-Vi(e).

Then (zp,yr) = (x0,y0) for T defined by

log(2) 1 1
(o) = /wgw FGE) BGE)” )




Proof. Let (x0,y0) € D\{(2,9)}, Vo = V(x0,y0) > 0 and (z¢,y:) a solution to (1) starting at
(x0,y0). According to Lemma 1, Vi(x;) = Vp implies Va(y;) = 0. Then {z € Ry : x =
x for some ¢t > 0} = [z, Z] =: I. Homogeneity of (1) allows to set (xo,y0) = (z,y) without loss of
generality. Let T} :=inf{t > 0 : z; = z}. Fort € [0,T1], (z¢,y:) € [z, Z] X [9,y], with g such that
Va(y) = Vo. Let 2z := log(xy) for t > 0. Then (1) rewrites dz = (®(y) — a)dt, y = @~ (dz/dt + )

and we get
d’z dy dz dz
— =9 (et = o= N —1].
az ~ T Wy = ( (dt+a>) <dt+a> IK(e?) =]
Let v := ®(y) — a and define ¥ := ® o ! x ®~1, to rewrite again
dz/dt =u (6)
du/dt =W (u+a)k(e®) —v]

Since z; € [z, z] := [log(z),log(Z)] and u; € [0, ®(y) — ] for ¢ € [0,T1], separation of variables in
(6) provides two quantities F' and G:

Flu) ::/ (s+a)ds_/z (") — Alds =: G() . (7)

The function F' verifies F(0) = G(z) = 0, is increasing on [0,®(y) — o] and decreasing on
[®(y) — @, 0] with y < § so that Va(y) = 0. Coming back to y = ®~*(u+ a) we get

_ [ s _ W) $(s) — ®(9) , -
Flu)= /0 (@ I(s 1 a)d (s ta) /y — ds=1(@7 (uta)),

implying that F(u) € [0,V (z,9)] for u € [®(y) + a, (7) + a]. We can write F' = F| 4+ F» where
Fy and F, are the two restrictions of F' on TR+ and R_ respectively. Notice that if ¢ € [0,77],
then u; := @(y) + a € [0, ®(y + «)]. Thus, F1(us) is a strictly increasing function of ¢ taking its
values in [0, V(z, 7)]. Getting back to z = e* for G, we have for z > z

TNe* o e? .
G(z) = / R(S)Svds + [A z ’“’”(‘S)SVds =V — Vi(e?)

Since sign(x(x) —v) = sign(# — x) we have max_¢|, 5 G(2) = G(log(2)) = Vi(z) = V(z,9), while
minimums are glven by G(z G(g) = 0. This sums up with G([z, z]) C [0, Vo], so we can write
on this interval F; '(G(2)) = dz/dt which finally gives

z dz
le/zmaz»'

We apply the same method for the other half orbit, taking (zo,y0) = (z,9) and Ty := inf{t >
0 : x¢ =z}, to reach the other half of expression (5), i.e., T'(Vy) = T1 + T5. O

H\_/

Remark 1. A first order approximation of (1) at (&,7) provides a linear homogeneous system,
which solution is trivially given by a linear combination of sines and cosines of (—z®'(9)yr’(2)t).
It follows that

lim T(Vp) = >0.
Vo—0 —2®'(9)yr’ (&)




3 Stochastic Goodwin model

We study a specific case of (2) where the deterministic part cancels at a unique point in D defined
by (Z,7) := (k= 1(y — 0%(%)), §) where § comes from the following.

Assumption 2. There is a unique § € (0,1) such that ®(§) — a +o*(§) =0

For a stochastic differential equation to have a unique global solution for any given initial value,
functions ® and x are generally required to satisfy linear growth and local Lipschitz conditions, see
[17]. We can however consider the following Theorem of Khasminskii [17], which is a reformulation
of Theorem 3.4, Theorem 3.5 and Corollary 3.1 of [17] to our context.

. . . . . . . . 2 R
Theorem 2. Consider the following stochastic differential equation for z taking values in R :

dZt = M(Zt)dt + O'(Zt)th . (8)
Let (Dy,)n>1 be an increasing sequence of open sets, and (Ky)n>1 a sequence of constants, verifying

(a) D, C D for alln > 1,

(b) U, Do =D.

(¢) For anyn > 1, functions p and o are Lipschitz on D,, and verify |u(z)|+|o(2)| < Kn(14]z]|)
for any z € D,,.

Let p € CY*2(Ry x D) and (K, k) € R be such that, denoting L* the generator associated with
(8),

(d) L2(t,z) < Kp(t,z) + k on the set Ry x D,
(e) lim,, infp\ p, @(t, z) = +o00 for any t > 0.

Then for any z € D, there exists a reqular adapted solution to (8), unique up to null sets, with
the Markov property and verifying z; € D for all t > 0 almost surely.

To satisfy conditions (a) to (e), we study (2) under the additional sufficient growth conditions.
Assumption 3. There exist two positive constants K,k such that
(i) o%(y)®' (y) < KVa(y) + k for all y € (0,1),
(ii) —xr!(x) — k(z) < KVi(x) + k for all z € R .

Remark 2. Assumption 3.(i) involves both ® and o to ensure that y; € (0,1) for all ¢ > 0
almost surely. Assumption 3.(ii) holds for polynomial growth of x, suiting the classical conditions
of existence on R4 for z;. The dependence of o could be generalized to = in full generality,
implying a stronger condition than (ii). We refrain from doing this easy extension, emphasizing
the unavoidable dependence in y.

For ¢ € C122(R, x D), we recall the diffusion operator associated with (2) by

Lot,ay) = |5+ 52a(@y) — a+02W) + Sey(n(@) — 7 + 02 ()

2 9)
L7 (gxfﬂ n By2 0,2 _|_28xay1'y):| (t, z,).

Theorem 3. Let (xg,y0) € D. Let Assumptions 1, 2 and 3 hold. Then there exists a solution
(x4, yt)t>0 to (2) staying in D almost surely.



Proof. Let us show that conditions (a) to (e) of Theorem 2 are fulfilled. Consider the sequence
of sets (Dy,)n>1 defined by D, = (1/(n +1),n) x (1/(n+1),1 —1/(n+1)). For any n > 1, D,,
is open and D,, C Dy41. (a) and (b) are satisfied with the limit D = R% x (0,1). According to
Assumption 1, one can always find K,, big enough such that max{|®(y) — af; |c(z) — 7|} < K,
for any (z,y) € Dy, and ensures the local Lipschitz condition (c).

Now consider V' of Definition 1 which is C*?? on D. Applying (9),

LV (z,y) =[k(2) — f”v(ﬂ«")] (‘I’(l/) —a+0(y) + [@y) — 2(H)] (k(x) — 7+ o> (1))
+ ([5(2) = k(&) — 26 (2)] + [2(5) — 2(y) + y®'(y)]) () /2 .

Since a = ®(y) and v = k(2),

LV (z,y) = ([6(2) - w(z) — 2r'(2)] + [2(y) — 2(§) +y2'(y)]) *(y) /2. (10)

Assumption 3 implies LV (x,y) < max(o3/2;2K)V (z,y) + 2k for two positive constants K, k,
checking condition (d). From Definition 1,

inf V(z,y)=Vo(y)+ inf Vi(x)=Va(y)
z€[0,400) z€[0,400)
which implies that infp\p, V(z,y) > inf{Va(y) : max{y,1 -y} < 1/n}, the latter going to
infinity with n, recall (4). Similarly, inf ¢ 1)V (2,y) goes to infinity as z goes to 0 or +ooc.
Condition (e) is then satisfied, which allows to apply Theorem 2.
O

Remark 3. Notice that § < g and thus £ > Z. Following Assumption 1, (10) at (Z,7) provides
LV (z,7) > 0. It is straightforward that (2) has no equilibrium point in D, nor on its boundary
{0} x (0,1) UR%L x {0,1}. If the point (0,0) cancels (2), we highlight that £V'(0,0) < 0 and by
continuity, it holds on a small region [0,)?. Recalling (4) implies that (zy, ;) will diverge from
(0,0) almost surely if (zg,yo) € D.

A solution to (2) can be pictured as a trajectory continuously jumping from an orbit of (1) to
another. Along this idea, V provides an estimate on trajectories, and can be related via Theorem
1 to the period T.

Theorem 4. Let (zo,y0) € D, Vo := V(x0,y0), and (x4, Y1)~ be a regqular solution to (2). We
first introduce a constant 0 < p < Vj, the set D(Vg,p) := {(x,y) € D : |V (z,y) —Vo| < p} C D
and the stopping time 1, := inf{t > 0 : (x4,y:) € D(Vo,p)}. We then introduce two finite
constants

R(Vo,p) = o {0 (y) (k(2) — k(x) — 2K (z) + y@'(y) + D(y) — (5)) }

and

2 (u2 + /12 + 2pR(Vo, p) + pR(Vo, p))

(R(Vo, p)o)?
(11)



Proof. Fix p > 0. Now we define the 7 -measurable set A, = {w € Q1 supgei<s, |Mt(w)‘ < u}
where (M;)i>0 is a martingale defined by M; = 0 for t = 0 and for ¢ > 0 by

My = = [ o) (+(2) = wa) + B() = B(3) W ()

The process M is not right-continuous at ¢ = 0 but still verifies E [Mtz] < I(Vh, p) for all 0 <
t < 7,. The property holds by replacing M; by its cadlag representation. Doob’s martingale
inequality can then be applied: P[A,] > 1 — I(Vy,p)/u?. At last, using It6’s formula, we have
from (10):

\V(ze,y) — Vo| < 1/ 02(3/3) ‘“(j) — K(zs) — 558“/(338) + ysq)/(%) + ®(ys) — (I)(Q)} ds

2 Jo
+\ [ o) o2 = ) + 800 — 2 v

so that on {(t,w) € Ry x Q : (t,w) € A, x [0, 7,(w)]} |V (21, y¢) — Vo| < LR(Vo, p)t + v/t =1 S(t)
almost surely. Also, |e(t,w)| < p on that set. Put in another way, 7, > S71(p) =: O(p) on A,.
According to Bayes rule,

Plr, > 0(p)] > P[r, > 0(p)|A,] P[A,] > P[A,] > (1 _ I(‘;OZ’ P)>

O]

We now introduce the main result of the paper. We provide the following tailor-made definition
for the cycling behavior of (2).

Definition 2. Let (z*,4*) € E C R? and (zo,y0) € E\{(z*,y*)}. Let (x4,y:) be a stochastic
process starting at (zo,yo) staying in E almost surely. We then introduce (pt)e>0 the angle between
(2 — 2,y — y*]" and [xo — 2,90 —y*]". Let S :=inf{t >0 : |ps]| > 27 or (x4, 9:) = (z*,9%)}
be a stopping time (a stochastic period). Then, the process (xy,y;) is said to orbit stochastically
around (x*,y*) in E if S < 400 almost surely.

Theorem 5. Let (zo,y0) € D\{(Z,9)} and (xt,y) a solution to (2) starting at (vo,yo). Then
(z¢,y¢) orbits stochastically around (&,y) in D.

More precisely the system (2) produces clockwise orbits inside D. The angle p; is only defined
if (z¢,y:) # (Z,7). This can be ensured by either proving that (z¢,y:) # (Z,9) for all ¢ > 0 almost
surely, or by defining .S as in Definition 2. See also Remark 4 The proof of Theorem 5 is removed
to Section 4.

4 Proof of Theorem 5

4.1 Preliminary definitions and results

Recall that the probability space is given by (€2, F,P) with the filtration generated only by W
is completed with null sets. Our proof, although unwieldy, allows us to describe precisely the
possible trajectories of solutions of (2). it consists in defining subregions (R;); of the domain D,
see Definition 4 below illustrated by Fig. 1, and prove that the process exits from them in finite
time by the appropriate frontier. According to Theorem 3 any regular solution of (2) is a Markov
process. We then repeatedly change the initial condition of the system, as equivalent of a time
translation and use Definition 5 herefater. We obtain recurrence properties via Theorem 3.9 in
[17]. Since it is repeatedly used hereafter, we provide here a version suited to our context.



Theorem 6. Let (z+,yt)t>0 be a regular solution of (2) in D, starting at (zo,yo0) € U, for
some U C D. Let o(t,x,y) € CL>2(Ry x U) wverifying o(t,x,y) > 0 for all (t,r,y) € U and
Lo(s,z,y) < —p(s) where o(s) > 0 and lim, fg ©(s)ds = +oo. Then (x4, y;) leaves the region U
i finite time almost surely.

Definition 3. Let f be defined by f : z € Ry — f(x) := ® Y a — v+ k(z)) as a concave
decreasing function. For a solution (xz¢,y) to (2), we define 6, := y;/x; the finite variation
process verifying dfy = 0 (k(x) —v+a—®(y))dt = 0, (®(f(x)) — ®(y)) dt. Additionally, let
0:=g/z.

Definition 4. We define eight sets (R;)i=1,...8 such that ﬂle R, = (y,Z) and U§:1 R, =D, by

Ry :={(z,y)eD : y>3 and 0, <0}

Ry ={(ey) €D+ f()<y<i)

Ry :={(z,y) €D : y< f(x) and z >z}
Ry:={(x,y)eD : x<Z and 9§§~}
Rs:={(x,y)eD : y<y and 0, > 6}
Re:={(z,y) €D : §<y< f(z)}

Ry :={(x,y) €D : y> f(x) and z; < 7}
Rg:={(xz,y) €D : y> f(x) and z; < z}.

Definition 5. Let (z+,y:) be a solution to (2) starting at (xo,y0) = (x,y) € D. For any i €
{1,...,8}, we define the stopping times 7;(x,y) :=inf{t >0 : (x4, y) € R;}.

1 T
R
R7 8
0.9F R, —
RG
0.8
0.7 —
0.6 =
> 0.5 Ry |

o4l R, R, 4
0.3 —
o2L R, _
0.1 |

[o) 1 1 1 1

o 0.5 1 1.5 2 2.5

Figure 1: Covering of D := R* ) x (0,1) by (R;)i=1..8. Since f(0) < 1 and lim,; ®(y) = +o0, the
graph illustrates the general case.

Remark 4. Tt seems rather clear that the point (Z, ) is not reached in finite time with a positive
probability. In the following, the fact that LV (x,y) > ¢ for some small £ > 0 in a neighborhood
of (Z,y) implies that (Z,7) is not a limit to almost every path of a solution to (2), recall Remark
3.

To ease the reading of the proof of Theorem 5 which follows from the following Propositions
1 to 10, we divide it in four quadrants around (&, 7). We first prove that the process cycles, even
in infinite time, for some particular starting points.



Proposition 1. If (zo,y0) € Ri, then P[rs(z0,y0) < 17(x0,y0)] = 0. If (xo,y0) € Rs, then
Plr4(z0,90) < 73(20,90)] = 0.

Proof. This is a direct consequence of the absence of Brownian motion in 6. Take (zg,yo) € R;.
Then on [0, 73(x0, yo)], the process 6 is non increasing almost surely, meaning that Rg cannot be
reached without first crossing region R7. The other side is identical. O

Remark 5. Proposition 1 holds even if 7; = 400, for any ¢ involved. It also implies that if

(x0,%0) € R1 U Rs, then 7;(x0,y0) < 7;(x0, yo) almost surely for j € {mod(i + 1,8)}.

4.2 FEastern quadrant

We ought to prove that for (zg,yo) € R1, the process reaches Rs in finite time almost surely.
Proposition 2. If (zg,y0) € Ry then P [ra(z0,y0) < +o0] = 1.

Proof. Let ¢ : y € [0,1] — /y. Then p(y) > ¢(y) > 0 for any y such that (z,y) € Ry.

Moreover,

<0.

Py 3 o? )y o2 7)h(y

Lot) = 29 (im) v 1 307()) < LT 02w @A)
4 8 8

Theorem 6 stipulates that (xy,y;) leaves Ry in finite time almost surely which is only possible via

Ry according to Proposition 1. Reaching the boundary is prevented by Theorem 3.
O

Proposition 3. If (zg,y0) € Re U R3 then P 11 (x0,yo) A Ta(x0,y0) < +00] = 1.

Proof. We follow the proof of Proposition 2 with ¢ : = € Ry — /z.

Proposition 4. If (zg,y0) € R1 U Ry then P [13(x0,y0) < +00] = 1.

Proof. Step 1. Let (vn)n>0 be a sequence of stopping times defined by vy = 0 and

Up i=inf{t >v,—1 : yy=gor (z,y:) € Rg}, n>1

By construction if (z,,,,9,,) € R3 for some n > 1, then vy = v, for all & > n. Following
Propositions 1, 2 and 3, v, < 400 for alln > 1 almost surely, and {73(z,y) = +00} C (1 {yv, =
g}. We prove in step 2 that this implies

tlim 0i(w) =0, for P—a.e. w e {m3(x,y) = +o0} . (12)
—00

Providing that (12) holds we immediately get P [73(z0,y0) = +o0] < P [limy, z,,, = +00] = 0.

Step 2. If w € {m3(z,y) = +oo}, then for all n > 1, y,,, = ¥ and according to Proposition
3, (zt,y:) does not converge to the set Re N R3. Since 6; is a positive decreasing process for
(z¢,y1) € R1 U Ry, Doob’s martingale convergence theorem implies that 6; converges pathwise in
L>°([0,6)). Assume now that 6; does not converge to 0 with t on E C {73(xo, o) = +00}. Then
for any € > 0, and for almost every w € F

t
fin /0 Lt (@) —y+a—d(ys (@) <—e}ds = Ce(w) < +o00. (13)

If the integral (13) explodes to oo for some € > 0 on some non null subset F' C E, then for
almost every w € F,



Llog 0y (w) = (k(zt(w)) =7 + @ — P(y:(w))) < —€1 {1y (@) —y+a—B(y: (w))<—c}

and limyo log 6y (w) = —oo for almost every w € F, implying that 6; converges to 0 on F', a
contradiction with F' C E, so that (13) holds on E. We then consider the random time ¢ ,, being
the first time such that

te,n 1
/0 Li(ws)—r+a—d(ys)<—e}ds = Ce — ﬁa (14)

and k, the smallest index such that vy, > t.,. Note that ., is not a F-stopping time and k,, is
not F-adapted since they depend on C. which is F-measurable. (14) implies that there exists
a random time s, € (vg,, vk, + 1/n) such that —e < k(zs,) — v+ a — ®(ys,) < 0, otherwise we
would have a contradiction of (13) on a subset of E:

Uy, +1/1
/0 ]l{ﬂ(xs)f'y+af¢>(ys)<,5}ds >C. .

This implies that limy, (s, — vk, )(w) = 0 for almost every w € E, and (y:):>0 being a continuous
process

li7rlnysn (w)=9, forP—ae weDC{m(xy,yo)=-+0o0}.
This is impossible for € > 0 small enough since 8, is strictly decreasing and thus E is a null set.
(12) holds. O
4.3 Southern quadrant
We show that starting from Ry N Rs, (24, y;) reaches Rs in finite time almost surely.
Proposition 5. If (xo,y0) € R2 N R3 then P [14(xo, yo) < +00] = 1.

Proof. Step 1. We consider ¢; := ¢(x¢,y) with ¢ : (z,y) € D\{(z,9)} — (yr — 9)/(xs —
Z), and aim to prove that the process F; := F(o(zy,y:)) with F @ ¢ € (—7w/2,7/2) —
tan (tan~!(¢) 4+ tan"'(c)) is a supermartingale on R; U Ry U Rs, for ¢ € (0, 6~1). Notice that it
is bounded in Ry U R U R3. Applying It6 to ¢ first gives

d .y 2 —j
dor = v - = vt ~y2d$t + 7 (yf;) 3 vt ?{IU,? — Ty | db .
x—T (v —1T) (v —2)? (o — T

Then, noticing that F; = (¢ + ¢)(1 — ¢4c), we obtain

1+ 2 c
dF, = ——— [ d d .
T (1 )2 < - one <¢>t>

It is clear that —(y — 7)(®(y) — a + %(y)) < 0 for all y € [0,1). Now notice that for (z,y) € Ry,
we have (z — 7)(k(z) — v + 0%(y)) < 0 so that

L b
§/T— ¢
= (z — @) [2*(y — §) — zy(z — &) + &(Ja — yi)]

= (z — %)%z [i—ﬂ <0.

(z —2)* (1 - pc)?
o*(y) 1+4¢

LF < (y—§)(x — #)2® — xy(z — 7)? (§r — y)?

10



Now on Re U R3, & < & implies that (k(z) — ) < 0, so that

(z —2)" (1 — o)
a(y) 1+4+¢2 LE

<(y—§)(z— 8)2” —yZ(x — 2)* + (fz — yz)?

y/z—¢
= (z — &) [¢*(y — §) — yi(z — T) + T(Jo — yi)]
= (z— )’z (y-9) <0.
Denoting 71,4 := 71(%0,y0) A T4(%0, y0), We conclude that Fiar , is a supermartingale for ¢ > 0.
Using optional sampling theorem, assisted by Proposition 3, 7 4 < +00 almost surely and

1
Fo>E|[F,] = EP [Ta(w,y) < T1(2,y)] + P11 (20, y0) < Ta(w0, Y0)]
Since M := max{F(¢(z,y)) : (z,y) € RoN R3} < ¢ then
clc—M)
2+1
Step 2. According to Proposition 3, 714 < 400 almost surely for any (zo,yo) € Rz N R3, and

according to Proposition 4, 73(x, yo) < +oo P—a.s. for all (xg,yo) € Ry. Taking (zg, yo) € ReNRs,
we define the sequence (7', 7§)n>0 with 7§ = 0 and

P [14(z0, y0) < T1(20,%0)] > >0 V(xo,y0) € RoNRs.

{ = inf{t > 7 ¢ (24,y1) € R1 U Ry} for all m > 1

§L+1 = inf{t >y 1 (zt,y:) € (R2N R3) U Ry}
We then have {74(wo,y0) = +00} C Np>1{zmn, > 7} for any (z9,y0) € R2 N R3. The sequence
({:UTln L > Z})n>1 is decreasing in the sense of inclusion, so that
Pr4(z,y) = +o0] = limP [af;Tln4 > :i} . (15)
po ;

Using Baye’s rule,

n n
P [:ET{LA > x} < kl_[ P [:CT{@A > 56‘1:7_11@-,11 > x} < kl_[ P |:fo,4 > $’:I:T?If > x} :
—1 =1

Using step 1 of the present proof and the Markov property of (z¢, y),

P[x7ﬁ4>57} ﬂ [ a:kyT)<T4wkyT]<H(1—62+]\14)>.

=1
Plugging this inequality into (15) concludes the proof. O

Remark 6. Notice that by choosing ¢ properly in the above proof, it is possible to be arbitrarily
close to Rjs in finite time. The device is used later in Proposition 9.

Proposition 6. If (zg,y0) € R3 N Ry then P [15(x0,y0) < +00] = 1.

Proof. Step 1. We claim that 75 := m2(x0,%0) A 75(20, yo) < +00 almost surely. Consider the
function ¢ : (z,y) € D +— \/Tipe,- The process ¢ := (x4, y:) is a positive supermartingale on
RoU R3 U Ry:

T O'2 O'2 T
Lolz.y) = w(Q,y) <(¢(y)_a+ 2(y)> <_ (y)sj( Y) (16)

11



According to Doob’s martingale convergence theorem, ¢; converges point-wise with ¢. Let € > 0
and define R, := U;‘L:Q R;n{x > e}. Then ¢; > /¢ on R, and similarly to Proposition 3, we
use Theorem 6 to assert that (z;,y;) leaves R. in finite time almost surely. This being true for
any € > 0, lim; ¢y (w) = 0 for almost every w € {m 5(w) = +o00}. In Rj, this is only possible if
lim¢ y¢(w) = 0 also, implying that lim(x(w), y¢(w)) = (0,0) on this set. This being improbable,
T2,5 < +00 almost surely.

Step 2. By denoting 7 = 0, we then define the sequence (735, T4 )n>0 by

(= it e s m=dor ) €RE s

Tos = inf{t > 7 : (2t,y:) € RoU R5} ’
If (x735’y7205) € Ro, then, according to Proposition 5, the process reaches back Ry in finite time.

Using step 1, we have that P[7} < +oo] =P [725 < —1—00] = 1. By construction and Proposition
5, forn>1

{(xT£57y7£5) € Ro} C {mnf =7} = {(xT;’ghyT;gl) € R} = {377-;31 > T} (17)
Therefore, {75(xg,yo) = +oo} = ﬂnzo{(xﬁy Yrp.) € Ra} and the sequence of sets
({(x7357y735) € R2}>n20
is decreasing in the sense of inclusion. Altogether we get

P 75 0. y0) = +oc] = lim P [Ws > x} . (18)

Now using Bayes formula and (17), we finally obtain for every n > 1

n n
P [x% > $] <II® [%5 > iz > x} - II® [%5 > e, = x] (19)
k=1 k=1
Putting (18) and (19) together, P [15(zo, yo) = +00] > 0 implies that
lim P [mﬂzs > Flagy = :z} =1. (20)

Step 3. Let ¢ : (t,x) € RZ — xexp(%aQ(g])t). According to (16) the process ¢; := @(t, x)

is a supermartingale on |7/, 75'=|. Fixing ¢ > 0 and applying optional sampling theorem, we obtain
i tingal 15735 Fixing ¢ > 0 and lyi tional ling th btai

E [‘P(t A Tos: Tinep,) — P(ENTL Tenep )| Tenrp = 55} <0.

Since max (7}, 72"75) < +oo almost surely, we apply Fatou’s lemma and obtain

1 s - o
E |exp <802(y)[7£5 - Tf]) Try (]l{m <~} + ]l{ >~}) |zen = x] <Vi. (21)
n_ <& Tp >T

2,5

Since /xT‘Zs]l{ngfj} > 0 and x7§5]1{ngs>i} > \/Eﬂ{%"sﬁ"} for all n > 1, (21) implies

E

1 5 . -
exp 70_2<y)[7_£5 -7 )1 Nz =2 <1,
8 {IT§5>:E}

leading to

12



1 N[ n =~ =~ =~
E [(exp <802(y)[72’5 — 7 ]> - 1) ﬂ{x(T£5)>i}‘xT£ = m} <1-P |:$T£5 > T|zp = m} . (22)

If 2;» = ¥ then y;p <7 and by continuity {735 > 7'} D {@;p = I}, implying
1 . ~
exp <802(y)[T£5(w) - Tf(m)]) >1, for P—ae we€ {rp=7}. (23)
Let’s assume that P [75(x0,y0) = +00] > 0, so that (20) holds. According to (22), we get

1
0<E [(exp (802(;&)[75‘75 - Tf]) — 1) ]l{x >i}‘xTZ = :Z"] —0asn—oo.
s

Markov inequality then leads to the following convergence for any € > 0:

1
lim P (exp (az(g])[Tﬁg, - Tf]) - 1) ]l{ N >elep =3 =0.
n 8 IT§L5>$}

Now Bayes rules with (23) provides

1
P {(exp (802@)[T§L’5 - Tf]) - 1) > €}xT£5 >, Tp = 5:} P [wT£5 > Tlep = :E}

=P [(75175 —7;) > 8In(1 + 5)/02@)’967;5 > T, Tep = j} P [xﬂgs > F|rp =7

which leads for any € > 0 to P [(T£5 —77) > €lrgp, > T, Ty = .fc} — 0 asn — oo. From step

2, {m5(x0,y0) = +00} =50 ({xﬂ» =2} N {zp, > :Tc}) Therefore on this set, the continuous
mapping theorem asserts th;Lt (z,y) at consecut’ive stopping times converge in probability. By
continuity, this implies limy, y» (w) = § and lim, 273 (w) = & for P—a.e. w € {75(z0,y0) = +o0}.
By the Markov property of (x4, ), tli}rgo(mt,yt)(w) = (Z,9) for almost every w € {75(x0,90) =
+o0} . We conclude that P [75(z0, yo) = +o0] = 0. ]

4.4 Western Quadrant
Proposition 7. If (zo,y0) € Rs U Rg then P [r7(xo,y0) < +00] = 1.

Proof. Step 1. Consider R, := Rs U Rg N {x < & — ¢} for arbitrarily fixed ¢ > 0. Assume that
(z0,y0) € Re. Denoting ¢y := p(x¢,y:) > 0 with ¢ : (x,y) € D +— 1/y and recalling Definition
3, Lo(x,y) = —p(z,y)(k(x) —v) < —(k(& —€) —7)/f(0) <0 for very (z,y) € R.. Theorem 6
then states that (x4, ;) exits R, in finite time almost surely. Since that # is non-decreasing on
this set, and recalling Theorem 2, it is only possible via R; and P [r7(z9,y0) < +oo] = 1. This
holds for any ¢ > 0.

Step 2. Assume now that (zg,y0) € (Rs U Rg)\R.. According to step 1, {m7(xo,%0) =
+oo} C {z > &, ¥Vt > 0} and thus {m7(xo,y0) = +o0} C {0, < f(2)/z, Vt > 0}. Because
f; is non decreasing and according to Doob’s martingale convergence theorem, 6; converges to
0o € L([0, f(@)/&]) on {77(x0,yo) = +00}. This implies that (2, y;) converges with ¢ to RgN Ry
on {77(zo, yo) = +o0}. Since o(y) > o(f(0)), this convergence is improbable. O
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4.5 Northern quadrant

Finally we prove that if (zo,yo) € Rz, then the process reaches R; in finite time almost surely.
One can notice that proofs are very similar to those of Subsections 4.2 and 4.3.

Proposition 8. If (zg,y0) € R¢ U Ry then P15 A 18(x0, y0) < +00] = 1.

Proof. Define the sequence of regions { By, } nen through B,, = RgUR;N{y < 1—k/n}Nn{x > k/n}
where k£ > 0 is sufficiently small to have (zg,y0) € Bi. Applying Ité to ¢ : (z,y) € D — V& — ay
we find that for all (z,y) € By,

? 2202
Cotani) = gy [ 00 —ak o] + {5t < - T
k%202(1 — k/n) -0

= 8yn(nd — k)32

while Lo(x,y) < 0in RgUR7. Doob’s supermartingale convergence theorem implies the existence
of the pointwise limit oo = lim¢ @(Tiars ) Yiars s) almost surely, where we use the notation
75,8 1= T5(Z0,Y0) A 78(x0, yo). In addition, Theorem 6 guarantees that every set B,, is exited in
finite time almost surely. Consequently if w € {753 = +00}, we have that either lim; 2;(w) = 0
or lim; y¢(w) = 1, a contradiction in either way. O

Proposition 9. If (zg,y0) € Rs N Ry then P [1s(x0,y0) < +00] = 1.

Proof. The proof is identical to the one of Proposition 5, with small modifications. Here @y :=
p(ze,y) with ¢ = (z,y) € D\{(Z,9)} = (y—§)/(x — %) and F' : (2,y) € D\{(Z,9)} —
tan (tan™!(¢(z,y)) + tan~'(c)). The process F; := F (x4, y;) is a supermartingale on R5URgU Ry
if we chose ¢ € (0,(f + M/m)~") where (m,M) are two positive constants given by m :=
ming 51 (.9 £20° (y) and M := maxgz s)x (5,5 ¥(@ —2)[s(z) =] —2(y = 9) [®(y) — ] . The jus-
tification is the following. The domain S, := D\{6 < ¢(z,y) < 1/c} contains the area of interest
R5U RgU R7. Using Proposition 5, we can prove that Fj is a supermartingale on S.\[Z, Z] X [7, 7].
On [2, ] x [9, 9],

2(1 - th)2
1+ 2

(z — 1) LF <y(z —2)[r(z) =] —2(y — 9)[®(y) — o

+o?() [y(x —3) —a(y —§) + & (y — x(1/c— T+ T))]
< y(z — 2)[k(x) — ] — 2(y — §)[@(y) — o] — 20 (y)(1/c - 0)

<M-m(l/e—6)<0.

We then reproduce step 2 of the proof of Proposition 5, using Propositions 7 and 8 instead of
Propositions 2 and 3. ]

Proposition 10. If (zg,y0) € Ry N Rg then P11 (xo,y0) < +00] = 1.

Proof. We follow Proposition 6 with the minor following modifications.
1 We consider 7 ¢ := 71 (0, Y0) AT6(Z0, yo) the exit time of R7URg. The process ¢ := ¢(z¢, yt)
with ¢ : (2,y) € D~ x; 2 verifies

£ = 20 (B(0) — 0+ 5070 ) < et < —<h(d) <0
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for some & > 0. Indeed ®(y) — o + o%(y) > 0 and is null only if y = ¢, whereas o%(y) = 0 only if
y = 1. Applying Theorem 6 to R7 U Rg, 716 < 400 almost surely.

Step 2. If (27, ,Yr, 5) € Re, then the process reaches Rg in finite time almost surely according
to Proposition 9. We define the sequence (71, 7' )n>0 with 79 := 0 and

{ Tln’G = inf{t > S (ze,ye) € Ro U R} foralln >0

= inf{t > 7% ¢ (z,y) € (R7NRg) URy}
Proceeding as in step 2 Proposition 6, we obtain that P [1(x,yo) = +00] > 0 implies that
imP |zmp, < Zlzp =2 =1. (24)
n s

Step 3. Define m := inf{2(®(y) —a)+302(y) : y € [§, 1)}, which is strictly positive according
to step 1. Consider the new process ¢y := @(z, ) with ¢ : (2,y) € D — exp(—mt)z?. It is a
positive submartingale on [0, 7'?}6}, and similarly to step 3 of Proposition 6, we can obtain

e—m(’ff6_T§L)]1

K

— n __n ~ ~
2 < E [aﬁl%e M6 )]a:Tgn = x] < #°E

+07°E

e—m(Tf,e—Tél)]l{ ~}’«TT§ — j] )

Assuming (24), we have

0<E|(1- e—m(ﬁn,e—Ts"))]l{x i <5C}:L‘T§L = .i] < (1/;\ -1H(1-P [xﬁn,s < j‘xw — j}) N
71,6
We then proceed exactly as in step 3 of Proposition 6 to finish the proof. 0
5 Example

In this section we assume that investment follows Say’s law and Philips curve is provided by
[11, 15].

Assumption 4. Weletx : € Ry — (1 —2)/v and ® : y€[0,1) — P(y) := (1?7;)2 + ¢o.

Assumption 1 holds under Assumption 4. The unique non-hyperbolic equlibrium point in
D =R% x (0,1) is given by (2,9) = (1 —vy, 1l — /o1 /(a— qbo)) . Functions of Definition 1 are
given by V(z,y) = Vi(x) + Va(y) with

— 1=9 g g 11
Vatw) = o (on (1=5) + (i) s (§) + 7 — 72
Although period T given by Theorem 1 is not explicit here, numerical computations allow to
approximate it with a linear function of Vj, see first part of Fig. 2. Following Remark 1, T" does

not converge to 0 with solutions of (1) concentrating to (£,y). A local phase portrait with values
of T is provided in second part of Fig. 2.

Assumption 5. Let o : y € [0,1] — oo(1 —y) with o9 > 0.
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18.5 :
y =190.68z + 16.20
18- =
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Linear Fitting
165 —
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Figure 2: Up: values of T as a function of V. Down: Contour lines with values of T" in a subset
of D. Parameters set at (o, 7, v, ¢g, ¢1) = (0.025,0.055, 3,0.040064, 0.000064). Equilibrium point
at (z,9) = (0.8350,0.80).

If we implicitly assume that the perturbation of the average growth rate « of the productivity
is due to the flow of workers coming in and out of the fraction y; employed at time ¢, Assumption
5 conveniently expresses that this perturbation decreases with the employment rate since higher
employment implies lower perturbation on the constant average rate a;. Other models can of
course be considered.

Assumption 5 together with Assumption 4, and comparing with (25), satisfy Assumption 3.
Indeed for all y € (0,1),

) = (7% <208 (1)~ (1 (st 1) +1os-0)) ) o
(1-y = 7° 1—3 g
and along with the sub-linearity of the log function,
20 — 1 2
—k(z) — 2K () = xy < = (Vi(@) + & — dlog(2)) . (27)

In line with Assumptions 1 and 3 the vertical asymptote at y = 1 implies that o2(y)®(y) <
KoVa(y) + ko for some Ko, ko € R2. Under Assumption 3 and following (26) and (27), Ko = 0
and ko = o (41 + o).

Assumption 5 also implies that (1 — §)? is the root of a quadratic polynomial o3(1 — §)* —
(a+ ¢o)(1 —§)? + ¢1 = 0. The latter shall have a unique root in (0, 1) to satisfy Assumption 2.
The following example of condition is sufficient.

Assumption 6. We assume ¢1 < (a+ ¢g)/2 and o9 < max{(a + ¢0)/(2v/P1), (o + ¢o — ¢1)}-
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We are now able to claim the existence of K,k € R? such that |R(Vp, p)| < K (Vo + p) + k,
where R is defined in Proposition 4. A direct application provides

B o o f2r—% 201y 2 SR '
RW@W"—&%%{%“ y)( v Ty Ay u—@ﬁ>}

Using (27), this estimate becomes |R(Vy, p)| < K(Vo+p)+k where K := (202)/(1—4) and k is an
explicitly calculable constant. Following the same procedure with (26), I(Vp, p) < K(Vo+p)? +k’
with the same K and k' # k. Now choosing p = (p — (K (Vo + p) +k)0/2)/+/8 for some 6 > 0, so
that ©(p) = 6, Proposition 4 provides

(K (Vo + p)® + k)8 )
BE(Vo+p)+ k)0 —p)*)

Theorem 5 is a straightly observable phenomenon with simulations, see Fig. 3. Under the
assumptions of this section, the system has been simulated using XPPAUT with a fourth order
Runge-Kutta scheme for the deterministic part, and an Euler scheme for the Brownian part. Fig.
3 illustrates the effect of the volatility level oy on trajectories of the system, as for the economic
quantity P; := a;y;Ny.

Plr, > 6] > (1—

1¢ -1 10000
0.75F \ 17500
> 05} 6=0.05 15000 >
025} M\_/\zsoo
0 . : 0
1¢ - 10000
0.75F —— {7500
> 057 6=0.10 5000 >
0.25} 12500
0 : : 0
1¢ -1 10000
0.75F = 7500
> 057 6=0.15 15000 >
0.25} 12500
0 : : : 0
1¢ 110000
0.75F 7500
> 057 6=0.20 15000 >
0.25t i 12500
0 : : ; 0
1 110000
0.75F — {7500
> 05 =0 .25 15000 >
025 W/\,\ﬂ-zsoo
0 : 0
0 0.5 1 15 2 25 0 20 40 60 80 100
X t

Figure 3: Left column : phase diagram (x,y) of subsample paths of trajectories for (2) with
different values of volatility og, starting from the green star and stopping at the red start. Right
column: evolution of output F; over time for the subsample path.

Apart from specific subregions of D as R; or Rs where Corollary 3.2 in [17] can provide

an estimate for the expectation of the exit time, a bound for the expected period E [S] seems
out of reach. Numerical simulations have nevertheless always provide reasonnable finite periods
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of stochastic orbits of (2). We thus expect that E[S] is finite for a wide range of values of
(zo,y0) € D. Let us start with (xg,yo) € R1NRg and reformulate S of Definition 2 as the time the
process crosses the line y = 0z for the second time. This is equivalent to take (zg,yo) € R4 N R5.
Resorting to numerical methods, we have simulated the system 2000 times for 100 different
starting points in R; N Rg and recorded the position at the time when this line is crossed the
second time, that is the positions after a full loop. Fig. 4 contains such examination for an array
of values of 0g. The expected time E [S] to complete a full-loop is also illustrated. As observed,
there seems to be a stable attractive fixed point to yo — E [yg] for sufficiently large values of oy.
If the starting point is picked too close to (&,7), the expected crossing value after one loop is
further away from it. On the other hand, if the one starts extremely far away from (z, ), say with
1o < 0.25, then the expected value after on loop is higher. This implies that after many loops,
the expectation converges, and so does E [S] with the number of loops around (Z,7). Assuming
that E[S] < 400 for enough initial points, Theorem 6 can be used with V' at points (0,0) and
(Z,7) to prove the following conjecture.

Conjecture 1. Consider the function S : y € (0,9) = E[ys] € (0,7) such that (v¢,y:) is a
solution to (2) with (zo,y0) = (y/0,y), and S is the finite stopping time defined by Theorem 5.
Then S has at least one fized point in (0,7).

1100
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L] 25
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150 &
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100
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illll L ; 125

0.2 0.4 0.6 0.8 1 02 0.4 0.6 0.8 1
Yo Yo

E 0751 T
m %5 I |||!E!

Figure 4: Expected values of employment y after one full loop yr (left), and expected elapsed
time 7" (right). Computation performed in MATLAB, with 2000 simulations for every value single
one of the 100 initial values taken along the line y = 6x.

18



6 Concluding remarks

This contribution attempts to draw the attention of dynamical system analysis onto macroeco-
nomic models. Before looking into complex models of finance and crises, e.g. [5, 11, 15], we
focus here on a Brownian perturbation added into a non-linear version of the Lotka-Volterra
system used in Economics, the Goodwin model. To begin with, we recall the usual results for
the deterministic planar oscillator: we provide the constant Entropy function and describe the
period of the closed orbits drawned by the system. We then provide sufficient conditions for the
stochastically perturbed system to stay in the meaningful domain D which is a a bounded subset
of Ri for the y-component. The entropy function is actually of great use for the last result,
additionally to prior estimates on variations of the system.

We finally prove what seems a fundamental and staightforward property of the system, namely
that a solution (x,y;) rotates with perturbations around a unique point (Z, ). The definition of
stochastic orbits provided here conventienly suits the intuition of how the deterministic concept
can be extended. However it has clearly not the ambition to be a definitive concept and further
investigations might confirm its usefulness or its precarity. The proof exploits the concept of
reccurent domains in an intensive manner.

We expect that economists seek interest in (2), as other perturbed macroeconomic systems
(e.g. [16, 23]), for the possibility to adjust the model to observed past data (e.g. [1] and [13, 22])
and find a possible synthetic explanation for perturbations of business cycles (see [7, 12]).
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