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Energy decay for Maxwell’s equations with Ohm’s law
in partially cubic domains
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Abstract .- We prove a polynomial energy decay for the Maxwell’s equations with Ohm’s law in
partially cubic domains with trapped rays. We extend the results of polynomial decay for the scalar
damped wave equation in partially rectangular or cubic domain. Our approach have some similitude
with the construction of reflected gaussian beams.
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1 Introduction and main result

The problems dealing with Maxwell’s equations with nonzero conductivity are not only theoretical
interesting but also very important in many industrial applications (see e.g. [3], [7], [8], [14]). This
paper is concerned with the energy decay of Maxwell’s equations with Ohm’s law in a bounded cylinder
Q) C R? with trapped rays. Precisely, let p > 0 and D be an open simply connected bounded set in R?
with C? boundary &D. Consider Q = D x (—p, p) with boundary 9 = I'yUT'; where 'y = D x {—p, p}
and I'y = 0D x (—p, p). The domain  is occupied by an electromagnetic medium of constant electric
permittivity €, and constant magnetic permeability p,. For the sake of simplicity, we assume from
now that e,p, = 1.

Let F and H denote the electric and magnetic fields respectively. Define the energy by

1

£(t) = 5/Q(EO 1B (@) + p, [H (2,0 dr (1.1)

The Maxwell’s equations with Ohm’s law are described by

e —curlH +0FE =0 in Q x [0,400)
w,0eH + curl E =0 in  x [0, 400)
div (g, H) =0 in  x [0,400 (1.2)
Exv=H-v=0 on 9 x [0,400)
(E,H)(-,0) = (E,, H,) in Q.

Here, (E,, H,) is the initial data in the energy space L? (Q)6 and v denotes the outward unit normal
vector to JQ. The conductivity o is such that o € L (Q) and o > 0. It is well-known that when



the conductivity is identically null, then the above system is conservative and when o is bounded from
below by a positive constant, then an exponential energy decay rate holds for the Maxwell’s equations
with Ohm’s law in the energy space. The situation becomes more delicate if the conductivity is locally
active, i.e., when the following constraint holds

o0 =1,a where w ¢ Q,a € L™ () and a > constant >0 .

Here and hereafter, we denote by 1. the characteristic function of a set in the place where - stays.
From the works of Bardos, Lebeau and Rauch [2] for the scalar wave operator, there is a geometric
condition on the location of w which implies an exponential decay rate for the Maxwell’s equations
with Ohm’s law in the energy space. In our paper, w is a non-empty connected open subset w of 2 as
follows. Consider

w= {a:' € D; inafD 2" — /| < ro} X (=p, p) for some small r, € (0,p/2) .
y'e

Such case of w does not satisfy the geometric condition of the works of Bardos, Lebeau and Rauch [2]
and we do not hope an exponential decay rate for the the Maxwell’s equations with Ohm’s law in the
energy space.

Our geometry presents parallel trapped rays and can be compared to the one in [12] or in [4],[10]
for the two dimensional case. It generalizes the cube (see [8]) and therefore explicit and analytical
results are harder to obtain. Our main result is as follows.

Theorem 1 .- If 0 = 1),a where a € L*™ (Q) and a > constant > 0, then there exist ¢ > 0 and
~v > 0 such that for any t > 0

C

()< =

(5(0)4#|Kcurlﬂk,curlffo)ni2“na)
for every solution of the system (1.2) of Mazwell’s equations with Ohm’s law with initial data (E,, H,) €
L2(Q)° such that
(curl By, curl H,) € L2 (Q)°
divH, =0 mn )
E,xv=H, - v=0 on 08
div(ljoww Eo) =0 in Q\w .

In literature, the exponential energy decay rate of a linear dissipative system can be deduced from
an observability estimate with (1.1). Precisely, in order to get an exponential decay rate in the energy
space we should have the following observability inequality

C+Te
3C, T, >0 YC>0 /KEJﬂc¢degc/" y/a@ﬁ@ﬁ
Q ¢ Q

or simply, in virtue of a semigroup property,
T(‘.
3C,T. >0 ‘/|Q%%Hgfdx§(7/)(/cﬂEFdxm
Q 0o Jo

for any initial data (E,, H,) in the energy space L2 (Q)G We can also look for establishing the
above observability inequality for any initial data in the energy space intersecting suitable invariant
subspaces. Such estimate is established in [11] under the geometric control condition of Bardos, Lebeau
and Rauch [2] for the scalar wave operator on (Q,w) and when the conductivity has the property
that o (z) > constant > 0 for all x € w and o (z) = 0 for all z € Q\w. Now, our main result
gives a polynomial energy decay with regular initial data when the conductivity is only active on a
neighborhood of the lateral boundary. Our proof is based on a new kind of observation inequality (see
(4.1) below) which can also be seen as an interpolation estimate. It relies with the construction of a



particular solution for the operator i0s; + h (A - 8)52) inspired by the gaussian beam techniques (see
[13] and [15]).

The plan of the paper is as follows. In the next section, we recall the known results about the
Maxwell’s equations with Ohm’s law that will be used. Section 3 contains the proof of our main result,
while Section 4 is concerned with the interpolation estimate. In Section 5, we present an interpolation
estimate with weight functions, while Section 6 includes its proof. Finally, two appendix are added
dealing with inequalities involving Fourier analysis and the Poisson summation formula.

2 The Maxwell’s equations with Ohm’s law

We begin to recall some well-known results concerning the Maxwell’s equations with Ohm’s law: well-
posedness, energy identity, standard orthogonal decomposition and asymptotic behaviour in time of
the energy of the electromagnetic field.

2.1 Well-posedness of the problem

Let us introduce the spaces

V= L%(Q)° x {G €2 divG =0, G-vjpg = o} , (2.1.1)

W = {(F,G) €L2(Q)°; cwlF e L2(Q)%, F x vjpq =0,

3 (2.1.2)
divG =0, G-vjpg =0, curlG € L? () } .

It is well-known that if (E,, H,) € V, there is a unique weak solution (E,H) € C°([0,+),V).
Further, if (E,, H,) € W, there is a unique strong solution (E, H) € C° ([0, +o0) , W)NC! ([0, +0), V).
We can easily check that the energy £, defined by (1.1), is a continuous positive non-increasing real
function on [0, 4+00). Further for any initial data (E,, H,) € W and any t > t; > 0,

ta
E(t2) — & (t1) / / 2) |E (x,t)) dedt = 0 (2.1.3)

and .
&1 (t) — & (1) + / / 2) |0, (2, )| ddt = 0, (2.1.4)
t1
where
1 2 2
& ()= 3 (eo 0B (,8) | + 1, |0 H (2, 1) )dm. (2.1.5)
Q



2.2 Orthogonal decomposition

Both E and p,H can be described, by means of the scalar and vector potentials p and A with the
Coulomb gauge, in a unique way as follows.

Proposition 2.1 -. For any (E,, H,) € W, there is a unique (p, A) € C* ([0,+00), HJ (Q)) x
C? ([O7 +00), H! (Q)?’) such that the solution (E, H) of the Mazwell’s equations with Ohm’s law (1.2)
satisfies

{ E=-Vp—04 (2.2.1)

woH = curl A

Eolt,0F A + curlcurl A = p, (—£,0;Vp + o E) in Q x [0, 4+00)
divA=0 in Q x [0, +00) (2.2.2)
Axv=0 on 0 x [0, +00)

and we have the following relations

IEN7202 = IVPlZ2e0 + 10:All72 ()2 (2.2.3)
||508tVPHL2(Q)3 < HJEHL2(Q)3 ’ (2.2.4)
Fe>0 A7 < cllenrl A7z - (2.2.5)

Further, since curl H € L2 (Q)°, curlcurl A € L2 (Q)* and div A € H} (Q).

The proof is essentially given in [11, p. 121] from a Hodge decomposition and is omitted here.
Now, the vector field A has the nice property of free divergence and satisfies a second order vector
wave equation with homogeneous boundary condition A x v = div A = 0 and with a second member

in C* ([0, +00), L2 (©)* ) bounded by 24, 7]l qys-

2.3 Invariant subspaces, asymptotic behavior and exponential energy decay

Let w4 be a non-empty connected open subset of 2 with a Lipschitz boundary dw . In this subsection
we suppose that
0 = 1), a where a € L™ () and a > constant >0 .

Denote w_ = Q\w; and suppose that its boundary dw_ is Lipschitz and has no more than two

connected components vy, 7s.

We recall that the range of the curl, curl H! (w_)?, is closed in L (w_)® (see [6, p. 257] or [5, p.
54]) and

curl H' (w_)* = {U €L?(w_)*; divU=0inw_, / U-v=0 forie {1,2}} . (2.3.1)
Vi
Its orthogonal space for the (L? (w,))3 norm is
1 3\t 2 3 i
(curlH (w_) ) = {V €L*(w_)"; crlV=0inw_, Vxv=0on aw,} . (2.3.2)

Let us introduce S, = (CurlH1 (w_)* N L2 (Q)S) x L2(€Q)®. The space W N S, is stable for
the system of Maxwell’s equations with Ohm’s law, which can be seen by multiplying by V €



i
(curlH1 (w_)3) the equation €,0;F — curl H + cFE = 0. Then, we can add the following well-

posedness result. If (E,, H,) € W N S,, there is a unique solution (E, H) € C° ([0, +00) , WNS,) N
Cl([0,4),¥YNS,).

It has been proved (see [11, p. 124]) that if w_ is a non-empty connected open set then , hI_gl Et) =
[ — 100

0 for any initial data (E,, H,) € V NS,. Further, the following result (see [11, p. 124]) plays a key
role.

Proposition 2.2 -. If w_ is a non-empty connected open set, then there exists ¢ > 0 such that for
all initial data (Eo, H,) € WNS,, of the system (1.2) of Mazwell’s equations with Ohm’s law, we have

VE>0 E(t) <cli(t) . (2.3.3)

Remark 2.3 -. The estimate (2.3.3) is still true under the assumption dwy NIN # ) and without
adding the hypothesis saying that w_ is a connected set. Indeed, the proof given in [11, p. 127] can
be divided into two steps. In the first step, we begin to establish the existence of ¢ > 0 such that

190152y + 10 AN s + I1H s < € (&1 () + VEDVE D) (2.3.4)

for any (E,, H,) € WNS,. Here, we used a standard compactness-uniqueness argument for H, (2.2.5)
of Proposition 2.1 for §;A4, and for Vp from the fact that o (z) > constant > 0 for all z € wy and
(2.1.5). Till now, we did not utilize that w_ is a connected set. The second step (see [11, p. 128]) did
consist to prove that

1920y < € (IVPI 50 + 190ANT 200 ) - (2:3.5)

Finally, we concluded by virtue of (2.2.3) of Proposition 2.1. This last estimate becomes easier to
obtain under the assumption dwy N IN # () and without adding the hypothesis saying that w_ is a
connected set. Indeed, since (E,, H,) € WNS, and —Ap = div E, p € H} (Q) solves the following
elliptic system
Ap=0 inw_
Plow. € HY? (dw_) (2.3.6)
p=0 on dwy NIV .

Thus, by the elliptic regularity, the trace theorem and the Poincaré inequality, we have the following
estimate

190l 20y < e Ipllieouy < c2lplliseon,) < s VPl L2,y (23.7)

for suitable constants ¢y, ca,c3 > 0. Hence, combining (2.3.4) and (2.3.7) with (2.2.5), (2.3.3) follows
if dwy NON # () and without adding the hypothesis saying that w_ is a connected set.

The exponential energy decay rate for the Maxwell’s equations with Ohm’s law in the energy space
is as follows.

Proposition 2.4 -. Assume that

(i) 0 = 1), a where a € L™ () and a > constant > 0;

(#1) Owy NI £ or w_ is a non-empty connected open set;

(ii1) at any point in w_ and any direction, the generalized ray of the scalar wave operator 07 — A
is uniquely defined.

Let 9 be a subset of 2 such that any generalized ray of the scalar wave operator 9% — A meets V.
If 9N Q Cwy, then there exist ¢ > 0 and B > 0 such that for any t > 0, we have

Et) <ce PE(0) (2.3.8)

for every solution of the system (1.2) of Mazwell’s equations with Ohm’s law with initial data (E,, H,) €
vnsS,.



The proof of Proposition 2.4 is done in [11, p. 129] when w_ is a non-empty connected open set.
Here, we only recall the key points of the proof. From the geometric control condition, the following
estimate holds without using the fact that w_ is a non-empty connected open set.

Te+¢
IO,T, >0 W>0 &(C)< 0/ / (0@ 0B @O +0 @) @.0f) dedt (23.9)
¢ Q
for any initial data (F,, H,) € WNS,. Next by (2.3.3), we deduced that

Te+¢
IO T.>0 YC>0 E(0)+&(C)< c/{ /Q (0 (2) |8:E (z,0)]* + o (z) |E(x,t)|2> dwdt .

(2.3.10)
Finally, we concluded by virtue of a semigroup property with (2.1.3) and (2.1.4). Notice that no
assumption div (E (-,¢)) = 0 in Q is set up. This is important because the free divergence of the
electric field is not preserved by the Maxwell’s equations with Ohm’s law. Now, thanks to Remark
2.3, the proof works as well when dw N IN # ) and without adding the hypothesis saying that w_ is
a connected set

3 Proposition 3.1 and proof of Theorem 1

Let us consider the solution U of the following system

02U + curleurl U = 0 in xR
divU =0 in 2 xR
Uxv=0 on 002 x R

(U (',0),815(] (70)) = (an Ul) in ’ (31)
(U uh)yex
(Ul,curlcurl UO) ceXx
where
X = {(F, G) e L2(Q)°; cwlF € L2(Q)°,F x vjpg = 0,div F = 0,divG = 0} . 32

It is well-known that the above system is well-posed with a unique solution U so that (U (-, 1), 0:U (-, 1))
and (8;U (-,t), 07U (-,t)) belong to X for any t € R. Let us define the following two conservations of
energies.

Q(U,O):g(U,t)E/Q(|8tU(x,t)|2+|cur1U(a:,t)|2) dz (3.3)

G (6:U,0) =G (0:U,t) = / (|curlcurlU (z,t)* + |curl 8,U (x,t)|2) dx . (3.4)

Q

Further, for such solution U, the following two inequalities hold by standard compactness-uniqueness
argument and classical embedding (see [1] and [5, p. 50]).

G(U) < G (DUE) (3.5)

10 )2y < cllewnlU (- 8) 22y - (3.6)

for some ¢ > 0 and any ¢ € R.

Let 9., (0D) be an r,-neighborhood of the boundary of D, that is

Iy, (OD) = {x’ € D; inafD |z — | < ro} for some small r, € (0,p/2). (3.7)
y'e



Recall that o = 1, a where
w =1, (0D) x (=p,p) . (3.8)
Consider
wo = (D\dr, (D)) X (p— 20y p—14) | (3.9)

Proposition 3.1 -. For any T, > 0, there exist ¢,y > 0 such that for any h > 0, the solution U
of (3.1) satisfies

/0 /wo|at (@, )2 dxdt<c—/67/w(|8tU(a:,t)|2+|U(x,t)|2) dedt + hG (B,U,0) . (3.10)

We shall leave the proof of Proposition 3.1 till later (see Section 4). Now we turn to prove Theorem 1.
Remark that (F, H) (-,0) € WNS,, and therefore from the previous section for any ¢t > 0, (E, H) (-,t) €
wns,.

Step 1 .- Denote (E7, Hy) the electromagnetic field of the following Maxwell’s equations with Ohm’s
law
€,0:F1 — curl Hy + (a + 1‘%) Ei=0 in  x [0,400)
1,0rH1 +curl By =0 in  x [0,400)
div (u,H1) =0 in  x [0, 400)
Eyxv=H,-v=0 on 99 x [0, 4+00)
(E1, Hy) (,Tn) = (E,H) (-, Th) inQ.

Notice that (E, H) (-,T) € WNS, C (VN Sot1, ). Therefore by Proposition 2.4, there exist ¢, 3 > 0
(independent of Tj) such that for any ¢t > 0 we have

(3.11)

/ (20 121 (.t + T o g1y [y (2,8 + D)) de < ce € (1) (3.12)
Q

On the other hand, let (Fy, Hy) = (Fy, H1) — (E, H). Then it solves

€,0¢F9 — curl Hy + (0‘ + 1y, ) By =—1,, F in 2 x [0, 4+00)
to,O0rHa + curl E; =0 in £ x [0, 4+00)
div (u,Hz) =0 in 2 x [0, 400 (3.13)
Eoxv=Hy-v=0 on 99 x [0, +00)
(E2 ('7Th)7H2 (aTh)) = (070) in 2,

and by a standard energy method, we get that for any ¢ > 0

t t+Th,
/ (60 By (2.t + T[> + p, | Ho (2t + T;L)\Q) dz < — / |E (z.5)|* dzds . (3.14)
Q o JTy Wo
Now we are able to bound the quantity £ (T3,) = £ (t + 1) + ft+Th Joo(z)|E (z ,s)|” dzds as follows.
By using (1.1), (2.1.3), (3.12) and (3.14), we deduce that
2% t+Th t+Th
E(Ty) < 2ce™PLE(Ty,) + E / / |E (z.s)] dxds—i—/ / 2) |E (z,5)|* duds (3.15)
o JTy Wo
which implies by taking ¢ large enough, the existence of constants C, T, > 1 such that
Te+Th
£(T)) < C (/ o (2) |E(m,t)|2dm+/ E(m,t)2dm> dt . (3.16)
Th Q Wo

Step 2 .- Recall the existence of the vector potential A from Proposition 2.1 and let U be the

solution of
02U + curlcurl U = 0 in QxR

divU =0 in 2 xR
Uxv=0 on 02 x R
(Uv atU) (,0) = (AvatA) (70) in O )

(3.17)



then by a standard energy method, for any 77 > 0

T Ty
/ / (19 U — A +eunt (U — A)*) dvdt < Tf/ / 1 |—20diVp+ B dudt  (3.18)
0 Q 0 Q

which implies from (2.2.4) of Proposition 2.1 that

T1 Tl
/ / (19U — ) +eurd (U ~ A)*) ddt < 4MOT12/ / 0 B|? dudt . (3.19)
0 Q 0 Q

Now we are able to bound the quantity £ (0) = & (T}) + fo [y o () |E (z,5)| dzds as follows.
Since E = —-Vp+ 90, (U — A) — 0,U, we deduce by (2.1.3) and (3.16) that

Te+Th Th
£(0) <C (/J|E2da:+/ |—Vp+6t(U—A)—8tU|2d:c>dt+/ /J|E|2dxdt
w 0 Q

T %+Th ° Te+Th
<C(1+T1P) o |E]” +|Vp|*) dzdt + C 0,U* dzdt
h
Th Wo

(3.20)
where in the last line, we used (3.19). Here and hereafter, C' will be used to denote a generic constant,
not necessarily the same in any two places.

Step 3 .- Now we fix Tj, = ch% where ¢ and v are given by Proposition 3.1. Taking T, = T, in
Proposition 3.1, we obtain that for any h > 0,

Te Ty
/ / \8tU|2dxdt§Th/ /(|8tU|2+|U|2) dwdt + hG (8,U,0) . (3.21)
0 Wo —Th Jw

By a translation in time and (3.4), the above inequality implies that

Te+Th 2T}
/ / |6tU|2da:dt§Th/ /(|8tU|2+|U|2) dxdt + hG (9,U,0) . (3.22)
Wo 0 w

Th

But from (3.19),

2Ty 2Ty
/ /l&tU|2dxdt / /|—E Vp+ 0, (U — A)[? dudt
o Ju 0 (3.23)

gTh
/ / o |EP + |Vp| )d:cdt

2T}, 2T, 2T},
/ /\U| dadt <2/ /|U AP da:dt+2/ /\A|2da:dt
0 -
< / /|Curl (U —A)) dzdt—|—2/ /|A\ dxdt (3.24)
2 2T},
< C'Th/ /J\E| d:cdt+2/ /\A| dxdt .
0 Q 0 w

Therefore, plugging (3.23) and (3.24) into (3.22), we get

Te.+Th 2T,
/ / \atU\dedtSCT;j/ (/ (o 12 + Vo) dm+/ |A|2dx> dt + hG (9,U,0) . (3.25)
Wo 0 Q w

Ty

and

Finally, combining (3.20) and (3.25), we have

2Ty
£(0) gCT,f/ (/ (o1 +19l*) da:+/ |A|2da:) dt+hG (OU,0) . (3.26)
0 Q w



In conclusion, we proved that there exist ¢,y > 0 such that for any h > 0, the solution (E, H) of (1.2)
with initial data in W N S, satisfies

1

£(0) gci/ " (/ (o 1B + 19pP) dm—i—/ |A2dx> dt + hG (8:U,0) . (3.27)
h'Y 0 Q w

Step 4 .- By formula (2.1.3) and since G (GtU, mch%) = G (0:U,0) for any m, this last inequality
becomes

mc%
NE(O) — % ' /U|E|2dxdt
N—1Jo Q

0,.

_ " 1
a m:o?‘,zv_l & (meas) (3.28)

1 (m+1)eny 2 2 2
<cp5 > o|E|"+|Vp|")dx + [ |A]"dz ) dt + NhG (0,U,0) ,
Q w

m=0,..,N—1 mch%

for any N > 1. We choose N € (ch%, 1+ ch%] Therefore, there exist ¢,y > 0 such that for any A > 0,

1)7
h

o(+
£(0) < C/ (/ (o 1B + vp?) dm+/ |A|2da:) dt + hG (9,U,0) . (3.29)
0 Q w
On the other hand, since (U, 8;U) (-,0) = (A, 3;A) (+,0),

G(8,U.0) = lewrl B (-, 0)||Zaqye + o carl H (+,0)[ 72 (g3
2 2
= 115 |0:H (-, 0)|| 2 (s + [[(0: +500E) (- 07202 (3.30)
<c(&(0) +€(0) < ell(Eo, Ho)llpay
where M is the m-accretive operator in VNS, with domain D (M) =W N S,, defined as follows.
2 2 2
[(F,G)Ily, =€ ||F||L2(Q)3 ) ||GHL2(Q)3 J
Mo 1510 —é curl ' (3.31)

— curl 0

Therefore, combining (3.29) and (3.30), we get the existence of constants ¢,y > 0 such that for any
h >0,

£(0) gc/OC(i)w (/Q (o151 + ) d:c—i—/wA|2d:c) 0t + ch [ (Fo, Ho) o) - (3.32)

Similarly, we get the existence of constants ¢,y > 0 such that for any { > 0 and h > 0,

£(C)<e /< ey ( / (o122 +1Vpl?) da + / |A2da:) dt+ h||(Bo. Ho)[ny - (3:33)

Step 5 .- Denote (T <t))t2() the unique semigroup of contractions generated by — M. First, suppose
that (E,, H,) € D (M?) and let us define the functional of energy

£ (1) = % / (<o 2B 2. 00 + 11, |03 (2,0)[*) (3.34)
Q
which satisfies .
& (tz) — & (t1)+/ / O'(IE) |6t2E (I,t)|2d$dt:0 . (335)
t1 Q



Let X, = —M? (Eo, H,), then (T (t))tzo Xo = (8152Ea 8152H)a 17 (€) Xo”?} = 285 (¢) and HX0||2D(M) <
c||(Eo, HO)||?3(M3). Further, by uniqueness of the orthogonal decomposition in (2.1.1) of Proposition
2.1, (3.33) implies that for any (E,, H,) € D (M3)

1

chelh)’
& () gc/ ' </ (a|a,?E|2+|a§vp|2) dx+/ |afA|2dx> dt + ch | (Eo, Ho) | bage) - (3:36)
¢ Q w

Since by Proposition 2.2, £ (¢) < ¢&1 (¢) and in a similar way &; (¢) < ¢&; (¢) for some ¢ > 0, taking
account of the first line of (2.2.1) and (2.2.4), (3.36) becomes

relk)
c@ra©+a@<e [ [ (I v o0 4o o) et b (B H iae -
(3.37)

Step 6 .- Denote

_&Q+&(O+E(Q)
1B Ho) o
By (2.1.3), (2.1.4) and (3.35), the function H is a continuous positive decreasing real function on

[0, 4+00), bounded by one. Taking h = 1H (¢) in (3.37), we get the existence of constants ¢,y > 0 such
that for any ¢ > 0,

H(C) (3.38)

o)

C+C(
E(O) + & (O)+ & (O) <c/C /Q<0|E|2+0|8tE|2+0|8t2E|2) dudt | (3.39)

that is, using (2.1.3), (2.1.4) and (3.35),

H(C)§c<H(<j)—H<(HC(O>V+C>> Ve3> 0. (3.40)

From [12, p. 122, Lemma B], we deduce that there exist C,~v > 0 such that for any ¢ > 0

£ ()46 (1) +E:Q) < 1(Bor Ho)lPoap (3.41)

that is o
1T @) Yol < 7 Vellpoas) VYo € D (M) (3.42)

Since M is an m-accretive operator in ¥V NS, with dense domain, one can restrict it to D (./\/12) in
a way that its restriction operator is m-accretive. Thus the following two properties holds.

VZ,€D(M?*) 3AY,eD(M?) Y,+MY,=2,; (3.43)

Yol peaey < 1Yo + MYollpugzy VYo € D (MP) (3.44)

Consequently,

1T () Zol Dy =T () (Yo + MYo)[Hpe) by (3.43)
(t) Yol Dz
S Yollbs) by (342)
S (Wall sy + 1Yo + MY, )
S Yo+ MYy [0y Dy (344)
SN ZolDipeey by (3:43)

for suitable positive constant C' > 0 which is not necessarily the same in any two places.

N
2
3

(3.45)

ININ CIN TN
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Now, suppose that (E,, H,) € D (M). Since M is an m-accretive operator in ¥V N S, with dense
domain, one can restrict it to D (M) in a way that its restriction operator is m-accretive. Thus the
following two properties holds.

V(E, Hy,) € D(M) 3Z,€ D(M?) Z,+MZ,=(E, H,) ; (3.46)

1Zoll pae) < 120+ MZollpipry Y20 € D (M?) . (3.47)

We conclude that

26 (t) = |7 () (Bo, Ho) [}, =T () (Zo + MZ,)|[3, by (3.46)
CIT (1) Z, [E55Y
||Z ||D (M2) by (3.45)
< (12l ) + 120 + MZolBy ) (3.48)
N\ Zo + MZo| ey by (3.47)
CN(Bo, Ho)[yagy by (3.46)
(£(0)+ & (0))

for suitable positive constant C' > 0 which is not necessarily the same in any two places.

ININ N IA \/\ IA I
3

4 Proposition 4.1 and proof of propositon 3.1

Recall that w, = (D\Y,, (0D)) x (p —2r,,p —1,). In this Section, we establish an interpolation
estimate in L? norm in order to prove Proposition 3.1.

Proposition 4.1 -. There exist ¢,y > 0 such that for any T, > 0, and h € (0,1], the solution U
of (3.1) satisfies

7CT2/ /'U“| dwdt@*/ / 0.U xt)|2+|U(ac,t)|2)dxdt—i—chg(U,O). (4.1)
0

We shall leave the proof of Proposition 4.1 till later (see Section 5). Now we turn to prove Propo-
sition 3.1 as follows.

Let ¢ € C§° (0,5T,/3) be such that ¢ =1 in (T,/3,47,/3). Then,

4T, /3
/ / |0,U (z,t)|? dadt
5T /300
</ / o (£) B,U (z,t)|* dadt

5T, /3
/ / 120 (1) U (2,1) + 42 () 02U (2, )| |U ()| dcdt (4.2)

5T,/3
f/ U (x,)|? dzdt + VG (9,U,0) Vh >0

slf

where in the last line, we used Proposition 4.1. Therefore, it implies thanks to (3.5) that for any
T, > 0, there exist ¢,y > 0 such that for any h € (0, 1],

4‘“0

| N

/ 18,U (z,8)” + |U (, )| )d:cdt+chg(U 0)| + VhG (8,U,0)

1
el

AT, /3 ik
/ / |0,U (x,1)|? ddt < s / / |8t (z, )] +|U (z,1)| )dmdt—l—chg (6,U,0) . (4.3)

T,/3
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By a translation in time and (3.3), we obtain (3.10) for any h € (0,1]. Since

T,
/ / |0,U (z,t)|? dodt < ChG (8,U,0) Vh>1, (4.4)
0 Wo

we get the desired estimate of Proposition 3.1.

5 Proposition 5.1 and proof of Proposition 4.1

Notice that C§° (B (x,,70/2)) C C§° () for any x, € w,, where B (z,,r) denotes the ball of center z,
and radius r.

Let £ € C*° (R?) be such that 0 < ¢(z) < 1, £ =1 in R*\w, €£(z) > £, > 0 for any z € Wy,
£=0,0=0onT; and both V£ and A¢ have support in w.

The proof of Proposition 4.1 comes from the following result.

Proposition 5.1 -. There exist ¢,d,n > 0 such that for any x, € W, and h € (0,1], A > 1, the
solution U of (3.1) satisfies

/ x () e 2 (oo PH2) g (03U (2, 1)) dedt
QxR

C%Q(UO)—}—C@ Ch Q(UO)—i—chn ||<U6t )HLZ( ( c})‘—f,,c,)‘—f,))ﬁ 5
where x € C§° (B (x0,75/2)), 0 < x < 1.

We shall leave the proof of Proposition 5.1 till later (see Section 6). Now we turn to prove Propo-
sition 4.1.

Let h € (0, h,] where h, = min (1, (r0/8)2). We begin by covering @, with a finite collection of

balls B (xé,?x/ﬁ) for i € I with 2! € W, and where I is a countable set such that the number of

hi;ﬁ > 0 independent of h. Then, for each z¢, we introduce Xai €
Cs° (B (zi,70/2)) C C§° (2) be such that 0 < Xgi < land x,; =1onB (zi,70/4) D B (xzo,Z\/ﬁ)
Consequently, for any T, > 0,

T,
eféTf/ U (z,t)]* dadt < f/ / o) |U (2, t)] dadt
0 wo

< e 22/ / o (@) e FEFE ) 00 U (2, ) ddt
iclJo i 2f o
<t [ @e HEEE) o) 10 @, 0P dudt

o Yo

i€l JOXR
(5.1)

i|2, 42
i >€(x) |U (,t)|* dzdt is bounded indepen-
dently of 2! and it implies that for some constants ¢, §,n > 0,

T,
e—%TE/ / U (2, )2 davdt
0 Jo (5.2)

_1(1
By virtue of Proposition 5.1, [, p X, (¥)e (4

o

_Ch\l/ﬁ (\%g(U O)+C€ (‘)77Q(U 0)+Ch77 ”(U 8t )HLQ( ( o )\5))6) .

CRTHCRT
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Finally, we choose A > 1 such that A\ = (%)5 in order that ﬁ% < Ch for some C > 0. Then there
exist ¢,y > 0 such that for any h € (0, h,],

>

172 To 1 Ch%
mTO/ |U(x,t)|2dxdt§cm/ /(|8tU(a:,t)\2+\U(x,t)|2> dudt + chG (U,0) . (5.3)
0 Wo 1 w

“CRY

Since e~ 27o f0T° fwn \U|? dzdt < ChG (U,0) for any h > h,, the proof of Proposition 4.1 is complete.

6 Proof of Proposition 5.1

Let h € (0,1], x, € We, x € C§° (B (x0,7,/2)) be such that 0 < y < 1. Let us introduce
a, (z,t) = e~ i (Fle=woP+7) anq p(x,t) = x(z)a, (x,t) . (6.1)
By the Fourier inversion formula,
/ x (2) e 8 (Fe=2e P20 (2) |U (2, 1) dadt
QxR
= ¢ (z,1) ag (x,t) £ (2) |U (z, 1) dadt

QxR

= L | e@EHIGT (6, 7)d dT) “ao (z,t) £ (x) U (x,t) dedt
| (e [ s 50 €y dedr) oo .00 6@ U (0. 62
= / (gi) / / ei($5+t7)@(§,7)d§d7>~a0(x,t)€(x)U(x,t)dxdt
QxR R3J|7|<A
+ / (Q}T) / / e@EHN ST (¢, 7) d&h) ca (2, 1) 0 (2) U (x,t) dadt
QxR R3J|7|>A

for any A > 1. Here we recall that

F(,1) = /W e @RI P (2, t) dedt and  F (z,t) = /R4 GEEHD T (¢ 1) dedr (6.3)

1
(2m)’"

when F and F belong to L! (R4)3. On the other hand, from (A1) of Appendix A, (3.6), (3.3) and the
fact that each component of U solves the wave equation, we have that for any U solution of (3.1),

ol W) oTT (&, 1) dédr | - ay (2, ) € (2) U (, ) dedt
‘/MR ((Zw) /Rs/ﬂzf oU (¢,7) 67) ao (z,t) 0 (2) U (x,t) da (6.4)
Sc\%g (U,0) .

It remains to study the following quantity

L ei(w§+t7—)/\ - N a (x . - .
/QXR <(27r)4 /Rs /I‘r|<>\ eU (&, 7)déd > o ()€ (x) U (z,t) dadt . (6.5)

We claim that there exists ¢, d,n > 0 such that for any z, € w, and h € (0,1], A > 1, we have

/ e / / GEEHTIOU (¢, 7) dédr | - a, (2,8) £ (2) U (2, t) dedt

axr \ 7 Jr3S)ri<a (6.6)
1 _ 1 )¢ N 2

< ¢ 356 (U,0) + ce™ 3G (U,0) + c5 ||(U75tU)||L2(wx(, o))

which implies Proposition 5.1 using (6.2), (6.4).
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The proof of our claim is divided into many subsections. In the next subsection, we shall introduce
suitable sequences of Fourier integral operators. First, we add a new variable s € [0, L]. Next, we
construct a particular solution of the equation (6.1.10) below for (z,t,s) € R* x [0, L] with good
properties on I'y.

6.1 Fourier integral operators

Let ¢ € C3° () and f = f(x,t) € L™ (R;L2 (R3)) be such that 92? €Lt (R4). Let h € (0,1], L > 1,
A > 1 and (z,&,3) € Wy X (2Z+ 1). Denote x = (x1,z2,23) and 2, = (To1,To2, To3). First, let us
introduce for any (z,t,s) € R* x [0, L] and n € Z,

xo,fog, (z,t,8)
03""1 €03
ei(@1€1+way+tr) [( n" 9”3""2"\{03\9] —i(lelP -7 )hs(pf (& 7)
(%) /]R?/ vs—1 /|T<,\
a (wl — Xo1 — 26108, T2 — Loy — 265hs, (—1)" 23 + 2n|§oz‘ P — Tog — 283hs,t + 27hs, s) dédr

(6.1.1)
where f = (£1>£27£3) € R2 X [503 - 13503 + 1]7

a(z,t,s) = ¥€_ﬁi|:fl (16_11;25“) . (6.1.2)
(is + 1)3/2 V—ihs+1

Next, let us introduce for any (z,t,s) € R* x [0, L],

2P+1
(A ('7707503) f) (.’L‘,t, S) = Z (_1)n (-’4 ($07£o37 n) f) (.%‘, t7 S) ) (6'1'3)
n=—2Q
2P+1
(B (JJO, 603) f) (:E’ tv 8) = Z (A (Z‘O, 5037 n) f) (l‘, t’ S) ’ (614)
n=—2Q

where (P, Q) € N2 is the first couple of integer numbers satisfying

Pz (Ve +D T+ D +2(Isl + D L) |
Q> & (VS +D T2+ D +20-7,) -

(6.1.5)

We check after a lengthy but straightforward calculation that for any (x,t,s) € R* x [0, L],

{GOREeeene 619

and that for any (x1,x2,t,5) € R? x [0, L],

(A(w07603) f) ($17x27|§722‘pat78 =0 ’
(A(xoﬂgofﬁ) f) ($17$27_|§7:2‘1)7t75 = ("4 ($07§o37_2Q) f) (xlamQa_éﬁpvtas) (617)
+(A(I’O,603,2P+1)f) (mlax%*éﬁp,tas) )

Ors (B (20,603) /) (21,2, E2ypyts) =0,
813 (B ($O;€o3) f) (xlax% 7éﬁpata S = 813 (A (xmgo:;a 72@) f) (zla T2, *éﬁp,t, 5)

_613 ('A (x0750372p + 1) f) (331,%2, _éﬁpﬂ%s) .
(6.1.8)
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Let f; = fj(z,t) € L (R;L* (R?)) be such that g;f\J € L' (R*) for any j € {1,2,3}. Let us

introduce
fl A($0,§O3) fl
F=| £ | and V@t F = A(wotns)f (6.1.9)
f3 B (20,&03) f3
then
(i0s + h (A = 87)) (V (20,&03) F) (z,t,8) =0 V(z,t,5) € R* x [0,L] . (6.1.10)

On another hand, let U be the solution of (3.1). Denote

w1 Vj€{1,2,3} 8t2uj—Auj:0 in 2 xR
U= Uz then Uy = U = 0 on FO x R (6111)
U3 Opsuz =0 onT'g xR

because divU = 0 and U x v = 0. Further, by (3.6) and (3.3),

>0y O + 10 (DI ey < G (U.0) Vi€ {1,2,3) . (6.1.12)

By multiplying the equation (6.1.10) by ¢ (x) U (x,t) and integrating by parts over Q x [-T,T] x
[0, L], we have that for all (z,,&,3) € W, X (2Z + 1) and all h € (0,1], L > 1, T > 0,

0= 72// V(20,€03) F) (+,-,0) - Udzdt
—H/Q/ V(zo,€03) F) (-, -, L) - (U dzdt

_h/r [ { </ (Z0,€03) f1d8> 0, u1 + </OLA (0, €03) deS) fauuQ} dodt
o [ ([ 000 ) v .
_h//l“omaw/ </ (o, €03) f3d8> Oy lusdodt

L
_hfg [(/0 Ot (V(20,€03) F) ds) U — (/0 (V(20,€,3) F) d3> Lo U

T L
+h / / / V(xo,fo3)Fds> 2(VE-V)U + AU dedt
wJ =T 0
= Lh4+L+I3+Iy+Is+Zeg+ 17 .

T
dx

=T

The different terms of the last equality will be estimated separately. The quantity Z; will allow us to
recover (6.5). The dispersion property for the one dimensional Schrodinger operator will be used for
making Z, small for large L. We treat Z3 (resp. Z4) by applying the formula (6.1.7) (resp. (6.1.8)).
The quantity Zs and Z; will correspond to a term localized in w. Finally, an appropriate choice of T'
will bound Zg and give the desired inequality (6.9.2) below.

6.2 Estimate for 7Z; (the term at s = 0)

We estimate 7; = // (Z0y€p3) F) (2,1,0) - £(z) U (x,t) dedt as follows.
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Lemma 6.1 .- There exists ¢ > 0 such that for any (,,€,3) € Wo X (2Z + 1) and h € (0,1], A > 1,
T > 0, we have

o3t
I+ z/ < ) / / / e IEHT)QDF &) d§d7'> ca (T — 20,8,0)£(2) U (z,t) dadt
QxR rR2J¢,, IT]<A

<e(ed+e %) \/WU/H/ |oF (.7 (d&h).

[T|<A

(6.2.1)

Proof .- We start with the third component of V (z,,&,3) F. First, from (6.1.1) and (6.1.4) whenever
s=0,

(B (1'0, 503) f) ({E, tv 0)

2P+1
= E |:(1 (fEl —$01,$2—$02,(_1)nm3+2n Las p_xo?ntaO)
_ €03l
n=—2Q
Eo3t1 (w16, a2ty i) i[(_l)’!Lx3+2,’L§L3p]£3/\
271—)4 ] et (21811228, +17) o [€03] Spf (577—) dédr
R2JE,5—1 J|T|<A
€o3tl _ —
a0 gl [ [ [ o) € nagar
R2J¢,,—1 Jlr|<x
+ > {a (xl — To1, T2 —wog,(—l)"wg—l—Qné“‘p azog,t,O)
ne{-2Q,,2P+1}\{0}
Sostl (216, +ao€o+tT) i[(—l)"mg+2nip]§3/\
Qﬂ)él Tt T8+ e losTPI>8 o f (&, 1) dEdT | .
R Je,5—1 Jirj<a
(6.2.2)
Next, we estimate the discrete sum over {—2Q), - --,2P 4+ 1}\{0}. By (6.1.2),
|:a (-171 — Tol, T2 — T2, (_1)" T3+ 2"%9 — o3, t7 O)
n€{-2Q. - 2P+1}\{0} ”
+1 , o —~
oL / / ) / eilertytastattn) il (D st ool T (o 1y dde]
R2J¢,5—1 JIT[<A
Lo tl 2 I(ml—mo1-m2—mo2)|2 ((71)nz3+2"\£ P~ LDS)Z
- 27‘r / / / ‘@f &7 ’dde@ Te h Z e Ih .
R2JE 5 IT|<A n€Z\{0}
(6.2.3)
Remark that for any n € Z\{0}, xo3 € [p — 270, p — 0] and x5 € [—p, p],
2
- ((—1)” T3+ 2n§°3| - x03> < —4p? (In| = 1)* =12 . (6.2.4)
03
Indeed,
2plnl = |20y
< (1) @3 + 2078 p — wos| + [(—1)" @5 — o3 (6.2.5)
<|(-1)"z3 + 2nézzlp —To3| +2p0—T10 .
Therefore, for some ¢ > 0,
[T (~1D)"ag+2n 503 pu o 2 L
e_\( 1=%o1.22 02)| Z 6_( 4\h 31 ) <ce (626)

neZ\{0}
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Now, we deduce from (6.2.2), (6.2.3) and (6.2.6) that

—z// (%o, €03) [) (2,t,0) £ () us (x,t) dedt

// (277 /RQ/:ml/TKA 6 +7) O F (¢, 7) dng) 0 (z — o, t,0) £ (z) us (, t) dadt

- —7,// > [a (xl—Jco1,x2—xog,(—l)n:tg,+2n|§%p—x03,t,0)
ne{—2Q,-,2P+1}\{0} o8

Eozt1
(2 7 / / / ei(z18y+x28y+tT) z[( n" m3+2msoalp}5s(pf (é‘ 7-) dédr ( )u3 (x7t) dxdt
™ Jre €03 [T|<A

§o3tl
< gore” ;// 510 (2) ug (x,1)| dadt (/ / / ‘gof(f,T)‘dﬁdT
R2JE,5—1 J|T|<A
) Eoatl
< e~ /G (U,0) (// / ‘@f &7 ‘dfdr)
R2.J¢ [7l<A
(6.2.7)

where in the last line we have used, from Cauchy-Schwarz inequality and conservation of energy (3.3),
the fact that the solution U has the following property

/ /|/z ) us (2,8)| dzdt < v/ (/ efdt) G(0.0) 625)

<e/G(U,0) .

Here and hereafter, ¢ will be used to denote a generic constant, not necessarily the same in any two
places. On the other hand, by using Cauchy-Schwarz inequality and conservation of energy, we have

Soztl — 1(1 2,2
amr) <<2rr /R / ' / LTt (6 df‘”) e H (I ) (@) g () dadt
2JE 53— T|<
, €oatl
< e ¥1° /G (U,0) //£ / ’goff, ‘dédT .

T|<A

(6.2.9)
Now, we cut the integral on time into two parts to obtain

Eatl .
/Q = ( 2m) /R / X /| | )\ei(x€+t7)<pf (&, 7) d{dT) a(x —x4,t,0) 0 () us (x,t) dedt
2Je o~ <
Eoatl
/ / (m /R /E /| . EHNIRf (€, 7) dfd7> a(z = x,,t,0) € () uz (x, 1) dodt
2 T|<

03+1 2 2
// r ) / / / €i(w§+t7)(pf (¢,7)dédr o1 (Flo—wol*+t )g(x) us (2, £) dadt .
R\(-T.T) R2JE -1 Jl7|<X

(6.2.10)
We conclude from (6.2.7), (6.2.9) and (6.2.10) that

—z// B (2,,&,3) f) (x,t,0) € (z) ug (,t) dedt

€o3tl
—H/Q i ( e /R2/ /T|</\ ei@EHT O F (£, 7) d§d7) a(x — 2o,t,0) 0 (z) us (z,t) dedt

§o3tl
gc(e—iw 1) /G (U,0) (// / ‘gof €7 ‘d&h) .
R2J¢ [7]<A

(6.2.11)
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Similarly,

—Z/Q/ A(z0,€03) f) (z,t,0) £ (x) uj (x,t) dedt

§o3tl ) —~
+i |. =i e TEHT) of (&, 7)dédT | a(x — 20,t,0) £ (x) uj (2,t) dodt
x|\ @7 fo, [, <A

03— 1
sy (L[] esa).

(6.2.12)
This completes the proof.

6.3 Estimate for 7, (the term at s = L)

We estimate o = // (oy€p3) F) (z,8, L) - £ () U (x,t) dedt as follows.

Lemma 6.2 .- There exists ¢ > 0 such that for any (x,,&,3) € Wo x (2Z + 1) and h € (0,1], L > 1,
A>1, T >0, we have

|IQ|§C(\}E+eJh) G (U,0) (Azl03+1/T<A‘¢F £7 ‘d&h) . (6.3.1)

Proof .- We start with the third component of V (z,,£,5) F. First,

|(B (l'o,fog) f) (J,‘,t, L)'
< Z |('A(33oa5037n) f) (x’taL)|+

n€Z\{—2Q,--,2P+1}

> (Ao, &p3,m) f) (m,t,L)‘ . (6.3.2)

ne”z

Next, by (6.1.1) and (6.1.2),

‘A(xoafo?n ) f) (mvtv L)'
n€Z\{— 2Q, -, 2P+1}

/ / 3+1/ ’ 1 (t+27hD)?
< ot ) R
2” rR2J¢ I7]<X (V1) +1)

1 (w1 —woy =261 hL,wg—wop—2€phL)|? (633)
e T 4n L2+1

\/L2+
. ((71)7La:3+2n|§J0—2~‘p710372§3hL)

1 Z e an L2+1 dng .
(vI7+1)"”? n€Z\{—2Q, -, 2P+1}

When &3 € ({3 — 1,03 + 1) with {3 € (2Z + 1),

VI?4+1 <4Pp—2(|¢,3/+ 1)L from our choice of P
<4Pp—2|&5| hL + 2p — |m3| |zos3| Dbecause |z3| + |To3] < 20— 10 (6.3.4)

<4Pp — 2\§3|hL—|—2p—|—|£"3| [ (=1)" 23 —w,3] VnezZ
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thus

2 2
L (nmegtan i pagg—aesnr) | (2no—2leginL+ 508 [(—1) g —a0g))
e AR T2 = Y W 13T
n>2P+2 n>2P+2
2
_L(2n9+4Pp72\§3\hL+2p ‘5 [ (-1)"zgz— 3203]>
— Z e 4r 241
n>1 (6.3.5)
(4P —2|¢g|hL+2p+ 208 [~ () "ag—a ])2
RN L 4 3 P TE o] T3 =To3
S Z e 3R L2yl o 3R L2241
n>1
1 (np)
Se*ﬁ Z e FI2+1 <e*ﬁ (@f\/pLT>
n>1
Also,
VI2+1 <4Qp—2p+r, from our choice of Q
<4Qp + 2|&5| hL — |z3| — |xo3] because |x3| + |zoz| < 2p — 710 (6.3.6)
<4Qp+2|&5| hL — éo; [(—1)" 23 — 03] VneZ
O
thus
2 2
w3+2n @ 3 n WL — 503 [(—1)"ag—a
I e o e D) ., (znotrieaing— (g3 (- )"y —won))
e ah L2+1 — Z e ah L2411
n<—2Q—1 n>2Q+1
2
| (2np+aQptaleginL— £ (1) —a0g))
<> e L2411
n>1 (637)
€03 n,, . 2
L enm? o (19021esInE - EOL (1) g —aos])
<Ze 1h L2411 ¢ 3R 2.1
n>1
1 1 (np)?
S TzehL2+1<e 4h(@\/ﬁ7 VPLZ‘H)
n>1

Therefore, from (6.3.3), (6.3.5) and (6.3.7), we get that
|(A(zo,§03,n) f) (ZL‘,t,L)|

n€Z\{-2Q, - ,2P+1}
< _1 1 1 NI RES o~
= @M VI2+1 (yiEgT)'?

P (6.3.8)
Eo3tl 1 (t+2‘r;zL)2
/]R?/g ) /I \ )‘Pf £7) ‘ 4’1L)2+1)1/*2e DI | dédr .
3— T|I< \/
Now, by (6.1.1) and (6.1.2),
ZZ (A €5 ) 01,
ne
€o3tl 1 (t+27hD)?
T 76 1 (hL)Z+1
AZ/ /7—|<)\ ‘@f 5 ’ /7(’111 ) 1/2
41} (1201 — 2£1hL2ﬂ"2 To2— 252hL)I2
1 D L2+1
VITe (6.3.9)
] " ; . (=nragran €03,y o neahl)”
Z i£+1 ez[(—l) 13+2n|20ﬁp]§367m ( ‘EioLSJ\rl ) dde

neE”Z

/ / o3+1/ f 1 (t+2-r§L)2 dcd
< =< ‘ ‘ e (hD)2+1 T
VSN Y S L \/(hL)2+1)”2

because from Appendix B with z = p—Q b (4L + 1) we know that

2
]5 N ((—1)"363-*—277/‘523'ﬂ—mo:;—?EshL)
‘p 3T 4R L1 S

( 1)n

e
oIS

‘mz +jﬁ> . (6.3.10)

nez
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Finally, (6.3.2), (6.3.8) and (6.3.9) imply that
(B (20,803) f) (2,t, L)

1 . §o3t1 4 1 (t+27hL)2 ded
<ec + e n ‘ ,T e (hL)Z+1 T
(it e ) L el (e 6
(6.3.11)

and we conclude that

// (o, €03) [) (m,t, L) £ (x) us (z,t) dadt

<c

( ot \/W)l/ze 4“)

§o3t1 1 (t+27hL)2
/ / / ’Sﬁf £7) df/ ————ze * L7 / |¢(z) ug (z,t)| dedtdr
R2J¢,, [7]<A (hL)2+1) Q
1 oat?
<c —+e—4h UO / / / ‘@f £,7) ‘dng
(ﬁ R2J€ 35— [T]<A
(6.3.12)

where in the last line we have used the fact that the solution U has the following property, from
Cauchy-Schwarz inequality and conservation of energy (3.3),

T (t42rn0)? © 1 42
/ e * (hD)?+1 fQ ‘( ’LL3 (;L', t)| dedt <c¢ |Q| </ e *(hL)211 dt) G (U7 0)
-T —o0 (6.3.13)
1] <2\/7? (hL)? + 1) G (U,0) .

Similarly,
A(20,803) f) (w1, L) € () uj (x,1) dadt

) Eo3t1 —
<c —+e—4h VG (U,0) / / / ‘wf(é,f))dﬁdf ;
(ﬁ rR2Je -1 Jirj<a
using the estimate

(A (20,803) f) (2,1, L)|
< 2 (A (20, E03,m) ) (8, L)| +

(6.3.14)

S (1)" (A (20, Es3m) ) (mL)‘ (6.3.15)

n€Z\{-2Q,---,2P+1} nez
and
o n o —x — v 2
Z n Z( )" $3+2n‘£03‘p]5 . ﬁ(@l) 342 ‘g—fii 03 2§3IL) - wh <7r+p>
m o = \2 "
(6.3.16)

deduced from Appendix B with z = % (¢L + 1). This completes the proof.

6.4 Estimate for Z; (the boundary term with A)

We estimate

T L
I3 = _h/ro/T /0 A(zo,&p3) f1(x,t,8)ds | £ () Dyuy (z,t) dodt

T L
+h‘/1—\0‘/_T ‘/O' A(xovgofi) f2 (mgt,s) ds E(x) aVUQ (x’t) dodt
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as follows.

Lemma 6.3 .- There exists ¢ > 0 such that for any (x0,&,3) € Wo X (2Z+ 1) and h € (0,1], L > 1,
A>1, T >0, we have

§o3t1 -
T3] < chLe~ /G (U,0) (/ / / ‘¢F(§,7)‘d§dr> . (6.4.1)
r2Je -1 Jirj<a

Proof .- First, by (6.1.7), we deduce that

/F (A (0, €03) 1) (1, 5) £ (2) Oyt (2, 1) do
(A (0,3, —2Q) f) (ml, Zo, —éﬁp, t, s) ’ ‘Z@mgu‘j (acl, T2, —éﬁp, t) ‘ do (6.4.2)

(A (1’0,503,2P+ ]-) f) (5317%27_%%7575)‘ ‘gazsuj <x17$27_|§ﬁﬂ, t)}do— .

<

o

)
o

Next, recall that

| xovgo?)’ 37 t S)|
/ /6034’1\/ f 5 %(t+21'2hs)2
© e (hs)<+1
(271' R2 [7]<A 7 (\/7“)1/2
\/76 41h [(z1—xp1 — 251*’: :21 To2 252h“)2> (643)
s2+1
L (2np—2|§3|h5+ égg‘ [(—1>"w3—w03])2
(Tll)l/2 e 3n s2 41 dédr .
s

Herev for any s € [OvL]a h € (07 1]7 z3 € [_pap]v To3 € [p_27novp_7ao]7 53 € (503_17503+1)a
€,3 € (2Z + 1), we have chosen (P,Q) € N? (only depending on (£,3, L) see (6.1.5)) such that

€03
‘503'

Indeed, for any x3 € [—p, p| and z,3 € [p — 270, p — 7o),

2
s241< (an 2(&,] hs + [(—1)" 25 — zog]) when n € {-2Q,2P +1} . (6.4.4)

V2 +1 <VI2Z+1<4Pp—2(|¢,5/+1)L from our choice of P
<4Pp —2|&5| hs + 2p — |3 + 03]  because 1, < 2p — |z3 + X 03] (6.4.5)

< ‘4Pp 21&s|hs +2p + |§"3‘ [—z3 — %3])

and

Vs2+1 <VIL2+1<4Qp—2p+r, from our choice of Q
<4Qp+2|&5| hs — |rg — o3| Dbecause |z — x03] < 2p—1, (6.4.6)

< ’—4Qp —2|&5] hs + éﬁ (x5 — $03]’
So (6.4.4) implies that

2
(2np72|§3\hs+ ézg‘ [(71)"13*%3])

¢ n e <e #  whenn e {-2Q,2P +1} . (6.4.7)

Therefore, from (6.4.3) and (6.4.7), for any s € [0, L], h € (0,1], 3 € [—p, p|, Toz € [p — 270, p — T0o),

53 € (503 - 1’503 + 1)7
|(A (o, 5037 n) f) (z,t, )]

< 1 1 e~ T
2m)* /. s2+1 (\/;Jr)l/2

[ T
of (&) e 1 Go%+r | dédr whenn € {—2Q,2P + 1} .

R2J€,5—1 JIr|<A hs)"”rl)l/2
(6.4.8)

T an
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On the other hand, by Cauchy-Schwarz inequality

T 1 (t+27hs)?
/ e 4 (ho)Z+1 ( \E(ac) 8z3uj (m,t)| dU) dt
o

-T

1/2

1/2
T (t+27hs)? T 1 (t+27hs)? 9

<c / e 4 ()21 (dt / /e T2 |0 () gy ()| dodt (6.4.9)
-T —TJTo

1/2 T 2 1/2
2 1 (t+27hs) 5
< (2vmy/ins+1) ( [ [ @t ) dadt> .
—7Jr,

1 (t+27hs)?
Next, by multiplying the equation d?u; — Au; = 0 by gf>Vu; - W where g (t) = e * ®?+1 and
W =W () is a smooth vector field such that W = v on 99 (see [9, page 29]), we get, after integrations
by parts and by Cauchy-Schwarz inequality, observing that fu; = 0 on 012,

// g (t) € (x) Opsu; (m,t)|2dadt gc/ (g—l—’%g’)/ (|uj‘2+‘Vuj|2_~_|8tuj|2) dxdt
RJT, R Q
cy/ (hs)® +1G (U,0) .

Therefore, (6.4.9) and (6.4.10) imply that

T 1 (t4+27hs)?
/ e 1 e ( |0 (x) Opguj (z,1)] da) dt < cy/ (h5)2 + 1€ (u,0) . (6.4.11)
o

-T

(6.4.10)

We conclude from (6.4.2) and (6.4.8) that

h/r/i (/OLA(xO,fog) F(ot,s) ds) 0 () Dy, (. ¢) dodt

o €oat1 _
<ttt [ [T |eren|aar
r2Je ,—1 Jirj<r

1 1

(6.4.12)

L 1 T 1 (t+27'2hs)2 9
1 (he)?41 l SUj t)| dodtd
/0 NZZES (\/S2+1)1/2 (\/(hs)2+1)1/2 [Te - € () Opyuy (z,t)| dodtds

03Tl

< chLe~ /G (U, 0) (/R/6 B /lT<A ‘Ef(g,r)‘dgdr) ,

where in the last inequality, we used (6.4.11). This completes the proof.

6.5 Estimate for 7, (the boundary term with J,B)

T L
We estimate 7, = h/ / (/ OB (20,&,3) f3 (z,1,5) ds) £(x) uz (z,t) dodt as follows.
ro/ -7 \Jo

Lemma 6.4 .- There exists ¢ > 0 such that for any (z,,&,3) € Wo X (2Z 4+ 1) and h € (0,1], L > 1,
A>1,T >0, we have

74| < chLe™ % +/G (U, 0) </R/

€o3tl

o /TKA‘Q;F(QT)‘dde) : (6.5.1)
Proof .- First, by (6.1.8), we deduce that
[ OB @) P :1.5) £ @) (0.0l
e

. Oy (A(20,€03, —2Q) f) (1‘1,.%‘2, —éﬁp,t, 8)‘ ‘€U3 (],'1,.1‘2, —éﬁp, t) ’ do (6.5.2)

)
o

813 (A ($0750372P + ]-) f) <$17x27 _éﬁpvtvs)‘ ‘éud (Qﬁl,.’bz, _%pv t) ’ do .
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Next, recall that by (6.1.1) and (6.1.2),

woago?n iL' t S)|
// 3+1/ ‘ _1(t2rhe)?
(pf § 4 (hs)241
(2”) R2J¢ ,—1 J|7|<A 7 (\/m)
\/7 _ﬁ\(zl zo1— 2§1h<2121 To2— 2€2h5)2) (6.5.3)
711

(2np72|§3\hs+ ézg‘ [(71)"13*%3])

L
e R dédr .

W {|§3| + }

Here7 for any s € [OaL]a h € (07 1}7 r3 € [_pap]7 To3 € [0_2T07P—To]a 53 € (503_1’€o3+1)5
€,3 € (2Z + 1), we have chosen (P, Q) € N? (only depending on (£,3, L) see (6.1.5)) such that

2
[(=1)" 25 — 9603]) when n € {-2Q,2P + 1} .
(6.5.4)

(hlés| +1) (s +1) < <2np 2|§3\hs+ € 3|

Indeed, for any x3 € [—p, p] and .3 € [p — 270, p — 7o)

Vgl +1) (2 +1) < /(€] +2) (L2 +1) <4Pp—2(|§es| +1) L
<4Pp —2|&5|hs +2p — |x3 + x0o3] because 1, < 2p — |3 + To3| (6.5.5)

< [1Po =21l hs + 2 + oy [~y — o))

and

VG + 1) (82 +1) < /(€] +2) (L7 +1) <4Qp—2p + 7o
<4Qp+2€5 hs — |z — To3|  because |3 — 03] < 20— 7, (6.5.6)

< ‘*4QP*2|§3|h5+ éji\ 3 *%3]’ :

So (6.5.4) implies that when n € {—2Q,2P + 1}

1
8h 2+1

{Ks + \H ¢ €3] + H e 2Bl d) <16emmm . (6.5.7)

Therefore, from (6.5.3) and (6.5.7), for any s € [0, L],
§3 € (503 - 17603 + 1)7

|0y («4(13:07503’ n) f) (2,2, )]

1
/2 ce z,h

1
S @ Vo (Vorr)

03+1 1 (t+2‘rhs)2
/ / / ’wf ET) | ——=—=me * @™+ |dédr whenne€ {-2Q,2P+1} .
R2Je, -1 Jir|<a hs)2+1)

(6.5.8)
On the other hand, by Cauchy-Schwarz inequality, a trace theorem and conservation of energy (3.3),

we have
T 1 (t427hs)2
/ e 1 o2+t (/ |¢(z) ug (z,t)] da) dt
-T To

1/2 1/2
T (t+27hs)? / T (t427hs)2 5 /
<c e T ZH1 e 1 (he)?1 lus (z,t)|” dodt
_T To

< 1/2 1/2
2 1 (t+27hs)? 9
<c (2ﬁ (hs)” 4+ < ST ug (- )HHl(Q) dt)

<c \/7>\/7

(27Lp72\§3|n5+|5 [(=D)"z3— JLO3]) |:
h

€ (03 1]7 T3 € [_p7p]7 Zo3 € [p_2r0’p_r0]’

(6.5.9)
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We conclude from (6.5.2) and (6.5.8) that

Ty =T

o3+1
(277)406 Lh/ / / ‘@f 5, ’dfd’r
R2JE 5 | 7] <X r

T L
(/ Oy B (x0,&p3) f) (z,1,8) ds) (z)us (z,t) dodt

1 (1427 hs)? . (6.5.10)
ECOERS ,t)| dodtd
/0 \/92+1 (\/W) (\/m) /2/T6 F0| (.’E)U3(IIJ >| gatas
03+1
< chLe~ /G (T,0) ( LI Jerer ]dng> .
€03 |[T]<X

where in the last inequality, we used (6.5.9). This completes the proof.

6.6 Estimate for 7; (the boundary term on I'y N dw)

T L
We estimate Ts = —h/ / (/ B (z,,&,3) f3 (z,t,5) ds) Ol (x) ug (z,t) dodt as follows.
ToNow 0

Lemma 6.5 .- There exists ¢ > 0 such that for any (z,&,3) € Wo X (2Z + 1) and h € (0,1], L > 1,
A>1,T >0, we have

Eoz Tl
Zo] < ch (14 VL) (13,00 | 2 (110 (/ Lo e ‘dfdf)- (66.1)
2 TI<

Proof .- Since

(B (20,803) ) (2,t,8)] < 2 [(A(20,Eo3,m) f) (2,8, 5]

€L
€oatl !
|07 .7)
R2J¢ 5 || <X
( 1 7&\(11 Tol— 251’;2121 To2— 2€2h5)|2> ( 1 e—%‘zi(t(:::;hjf (662)
52+1 ( /7(]15)24_1)1/2
Z L(( 1)”13«{»271‘{ drp—eo3— 2§3hs) dfd
e n 52+1 T
(V 2+l )1/2 nez
and ( )2
n €03
(=1)"xg+2n p—xy3—2E3hs
1 €03 T
Z e Ih P <24 £\/ﬁ\/ s2+1 (663)
P

neZ
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(see Appendix B with z = 4—h (s + 1))7 we have

h/maw / (/ wo,§og)fd8> 0 (@) ug (2, ) dodt

Eo3t1 2 YT /ST F T
(%)4/ / / ‘wf £,7) / L (2 )
R2JE, 5—1 |T\<x\

s2+1 ( /752+1)1/2
1 (t4+27hs)?

1 e 3 (o241 / 0 lus (-, t)| dodt | dsdédr
w/(hs)2+1) /2/_T Foﬂ(‘?w‘ 2 (5 9) ) ¢
|7

<ch/R2/E “H/Q’wf €7 ‘dde

[ A=t o) (e

T 1/2
< / / |8, bus|” dadt) .
—TJToNow

1/2
Now, we shall treat the term (LTT fromaw |8, Lus|? dadt) as follows. Let W = W (z) be a smooth
vector field such that W = v on 9 (see [9, p. 29]). Since

(6.6.4)

1 42 1/2
2 (hs)2+1 dt) ds

div (Wu2 (V- W)2> = 2u (V- W) (VL W)? + 42V [(w : W)Z] W2 (VE-W)Ediv W, (6.6.5)
we have the following trace theorem
/ |8, 0u|? do < c/ \u|2dx+c/ [Vul> (V- W) da . (6.6.6)
o w w
Next, by multiplying the equation 9?uz — Auz = 0 by uz (V£ - W)? g where g € C(-1-T,T+1)

and g =1 in (=T,T), we get, after integrations by parts and by Cauchy-Schwarz inequality, observing
that d,u30,¢ = 0 on 01,

T T+1
/ / Vs> (VE- W) dedt < c/ / (\u3\2 + |atu3|2) dwdt . (6.6.7)
QJ-T wJ—=1-T

Therefore, combining (6.6.6), (6.6.7) and (6.6.4), we conclude that

oo ( /B¢ %7503)de> £ us (0,1) dod
<ch (1 + M) ||(u3,8tu3)||L2(wX(,1,T’T+1))2 (/ / 03+1/T|<)\ ‘;}(5’7)‘ d€d7—> |

o3—1

(6.6.8)

This completes the proof.

6.7 Estimate for Z; (the term at ¢t = £7')

We estimate the quantity

i /K/ O (V (50, €05) F) (2,1, ) d )%(az)U(x,t) B

t=T
(/O (V (20, €.5) )(x,t,s)d) E(x)@tU(x,t)] da

t=—T

t=T

+h
Q
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as follows.

Lemma 6.6 .- There exists ¢ > 0 such that for any (z,,€,3) € Wo X (2Z 4+ 1) and h € (0,1], L > 1,

A > 1, we have
oat1
IZa| < chLXe~ %1/ (U,0) / / / )<pF &7 ’dﬁdT (6.7.1)
R2 JE 5~ [T]<A

when AL
T—14 \[L ) 6.7.2
(\f \/E> 72
Proof .- Since
|0 (A $0a§o3a f) (@, )|
o.3+
< of (&)
27T) /]RQ\/S /|T|</\ ‘ 9
( T 261 hsa s 260h0)2 . a ((—1)”m3+2n‘%§;‘p—mos—zssh,s)
me +1 ( S2+1)1/2e ’ s<+4+1
1 _[t+27hs| 1 _i(t(:::;?hji? déd
|:|T 2\/(hs)2+1:| ((\/m)l/Qe 6 T,
(6.7.3)

we have

I(A(mmﬁog)f)( £T, 5)| +10¢ (A (0, E03) f) (, £T, 5)]|
+ (B (%0, §03) f)(fc =T, 8)|+|5‘t( (%0, E03) f) (2, £T, 5]

2
£,5+1 ) N ((71)71:1:34»271lgzzg‘pfmo372§3hs>
<c o7 67| 7o 7 Y e
R2JE 4 [T]<A ( ) ne”Z

1 (£T+27hs)?
<1 A+ 1 |E£T+27hs|

1 1T e | ded
2 \/(hs)2+1> ((\/(’1\9)724’1)1/26 5 T

€oatl 1 (ET+27hs)?
<c 1 1+f\/T 1 // / ‘tpf (&) E dédr
(sm( A () ) sl s
(6.7.4)

On the other hand,

1 (£T+27hs)? 72 1 1 (2AhL)2

e ¥ Tl e RIS Vs e [0, L], |7 < A (6.7.5)

Now, when T = 4 (AhL +VRL + ) then 1 (ABL)? + 1 ((hL)2 + 1) < I which implies that

T2 1 1 (2AhL)2 1
o~ 16 DT o8 (hDyTHT <e 7w . (6.7.6)

In conclusion, combining (6.7.4), (6.7.5), (6.7.6) and conservation of energy (3.3), we get
T
dz

- [ K / 0LV (1) F) (-,t,->ds> wen|
—h/ [— (/L (V(:co,§03)F)(-,t,-)ds> AU (1) da (6.7.7)

Q 0 o

< chLXe= /G (U,0) (/R/ oil/Tldjﬁ“(é,T))d&dT) -

This completes the proof.

T
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6.8 Estimate for Z; (the internal term in w)

We estimate Zy = h/ /T (/LV (o, €03) F (z,1,5) ds> 2(VLe(z)-V)U (z,t) + Al (z) U (x, )] dedt
wd =T 0

as follows.

Lemma 6.7 .- There exists ¢ > 0 such that for any (z,,€,3) € Wo X (2Z 4+ 1) and h € (0,1], L > 1,
A>1,T >0, we have

03Tl

ﬂ%|<ch(1%—vﬁ4>H(Uf% M L2 @x (—1-1,741)) (/Lh/ » /L<A‘6F(§7)%%dr> . (6.8.1)

Proof .- We start with the third component of V (z,,&,3) F. Since

(B (0,803) f) (2,1, 8)] < Z (A (20,€03,m) [) (2,2, 5)|

[ e

03 1
( - BN NE 2€1h: z2=7o2— 2£2hs>|2> 1 6,%“&:5;;:12 (6.8.2)
52141 (\/m)l/z
N ((-1megtan fos, p—zor%shs)z
T S dédr

and )
((—U"Ta-ﬂni‘ﬁLp—m 3—253’”)
€031 °

Z ¢ N 241 <24 —f\/s2 (6.8.3)

(see Appendix B with z = p—’; (82 + 1))7 we have

| mo,god ZL' t S

/ / 03+1/ ‘ f g _%(t+27hs)2 dfd
, T 76 (hs)2+1 T
= (27r)4 R2 r| <A 7 (V(hs)?+1) e (6.8.4)

( 1 ) 2+ 7 V52 H1
VsZ+1 ( 52+1)1/2

Consequently, we deduce from the above that

(/ (B (z6,&,3) f) (x,t, ) ds) [2VEVuz + Alug) (x,t) dxdt

< ch//_ (/ B (20,&,3) f) (z,1,5)] ds) (|Vl] | Vus| + |us|) (z,t) dzdt

2+IJV47) (6.8.5)

| ’(’Df &7 ‘/ \/s2+1 VsTin)'?

1 (t+27hs)?
/ 71/26 S ()41 / (V] |Vus| + |ug|) (x,t) dzdt | dsd€dT
—r \ (V(hs)P+1) w

R2JE,5—1 TI<A
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which implies using Cauchy-Schwarz inequality

h / / ( / (20, £.3) )(x,t,s)ds) 2V Vs + Alug] (, t) dwdt

€o3t1
<ch(2?/w/ /M‘@fg, )| dedr
TI<
1

1/2
/ 1 1+\/E\/321+2) _ (/ eé(hsfzﬂdt> ds
o VL (verrn)Y ( /7(hs)2+1) / e

<//T (IVeF 19usl” + s ) dxdt> )
<c (1+\ﬁ (// Ve [ Vug|® + |us|? dmdt> </R2/E °3+1/T|<)\’s0f & ’d§d7> |

(6.8.6)

o0

Similarly, for any j € {1, 2},

wd =T

< ch (1+F (// VP [V | + Jug|? dmdt) (/Rz/i:il/ﬂd‘@(gm)‘dw> .

(6.8.7)
T 2 2 2 1/2 .
Now, we shall bound the term (fw I (|V€| [Vu;|™ + |u,] )dxdt) for any j € {1,2,3} by the

! < / b 0) ) (ot 8) ds) 2VIVu, + Aluy) (z, ) dedt

quantity [[(U, 0:U)| p2(ux(—1-7,7+1y)s- By multiplying the equation O2uj — Auj = 0 by u; VP g
where g € C3° (=1 —-T,T+1) and g = 1 in (=T,T), we get, after integrations by parts and by
Cauchy-Schwarz inequality, observing that u;0,u; |V{| = 0 on 012,

T+1
// IV 2 |V dxdt<c// (|uj|2+|atuj|2) dzdt | (6.8.8)
1-T

for any j € {1,2,3}. This completes the proof.

6.9 Key inequality

From now,

T_4(f fL+\/E>. (6.9.1)

By (6.1.7), (6.2.1), (6.3.1), (6.4.1), (6.5.1), (6.6.1), (6.7.1) and (6.8.1), there exists ¢ > 0 such that for
any (%o,&,3) €EWo X (2Z+1) and h € (0,1], L > 1, A > 1, we have

03+1 . —~
/ ( 3]t / / / DGR (€,7) d5d7> ca(x — 0,t,0) £ (2) U (z,t) dadt
QxR R2JE,5—1 J|T|<A

STl
Sc{(l—kh[)\)e*i—k\r VG (U,0) (/R/E /I )\‘QOF &7 ‘dédT)
2 T|<

b (14 VAL) (10, 00 2o (1-.41y0 ) (/Rz/ogﬂ/mg‘w &7 ‘dfdr)

(6.9.2)
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By summing over {4 € (2Z + 1), it implies that

/QXR (ﬁ;/ﬂw/hkkei(”f“ﬂﬁ (&,7) dde) ca(r—,t,0) L (x) U (z,t) dzdt
<ec {(1 S RLA) e~ + %] VG (T,0) </R3/|T<A ’EF@,T)‘ d&h) (6.9.3)
Y A N (G F— ( /. /Tm 5F (€.7) dng> .

On the other hand, from (A2) of Appendix A,

/R3 /T|<A "ZF (5’7)’ dédr < cv/A ()‘2 + ;t) g(U,0) (6.9.4)

whenever F' = (f1, fo, f3) with f; = u;. Therefore, by (6.9.3) with (6.9.4), we obtain that

/ <(271T)4/ / i@+ o1 (& 7) dde) ca (T — 26,8,0)€(2) U (z,t) dadt
QxR R3J || <A
<cl+hLn e+ L] VA + 1) G(U.0)

~+ch (1 + \/H) (“(Ua atU)HL2(wx(—1—T,T+1))5> VA ()‘2 + %) G(U,0)
<eVA(N %Zg (U,0) + ce”a VA (1+hLX) (A2 + 1) G (U,0)

e (14 VAL) VIX (14 h2%) |0, 00) s (114170

(6.9.5)

where in the last inequality we used Cauchy-Schwarz. Next, we choose L > 1 so that %ﬁ ()\2 + %) =

\%\ ie, L=\ (\+ %)2 Then there exists ¢, §,7 > 0 such that for any x, € @, and h € (0,1], A > 1,

we have

1 @D ST (&, 1) dédr | - a(x — 20,t,0) £ (2) U (2, 1) dadt

/QXR <<2’T>4/Rs/|T<A &7 ( @)U (1) (6.9.6)
_ 1 )¢ s

<56 (U,0) + ce™ o 356 (U,0) + c5 | (U, atU)||2L2(wx(—1—T,T+1))6 ;

and further

ARL 1 A
1+T:1+4(ﬁ+\/ﬁL+\/ﬁ)§chn. (6.9.7)

This implies our claim (6.6) since a, (x,t) = a (z — zo,t,0). This completes the proof.

Appendix A

The goal of this Appendix A is to prove the two following inequalities (A1) and (A2) below.

Lemma A .- Let

142

a, (z,t) = e anlerl =5 g o (z,t) = ¢ (x) e mrlerel =g

for some c1,ca,c3,c4 >0 and ¢ € C§° (Q). Let L € C* (R3) be such that 0 < ¢ (x) < 1. There exists
¢ > 0 such that for any h € (0,1], A > 1 and any v € C* (R,H' (Q)) N C* (R, L*(Q)) satisfying

Ou—Au=0 in QAxR,
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and
||u('7t)||L2(Q) < Ro, |[|Owu ('vt)”Lz(Q) +[IVu ('7t)||L2(Q) < Ry,

we have
/ (21)4/ / T Gu (¢, 7) dedT | ag (x,t) £ (2) u (2, t) dadt
Pk \re iz (A1)
< C\/;Ro (Ro+ Ry)
and ) 1
/ / G (€, 7)| dédr < evV/A (ﬁ + ) Ro + cVA——R, . (A2)
R3 J|r|<A h NG

Proof of (A1l). Introduce

_ L i@t +tr) o (¢ - | a, (x z)u(x T
R(f)—/m<(2ﬂ)4 L[ e )d&d) o 1) @) 1)

Thus,

IR(f) = /QXRaO (z,t) l(z)u(z,t) O <(271T)4/Rg/|T>AilTei(z§+tr)@(g,T) d§d7—> dxdt

/9ng () 0 (apu (z,t)) (217T/r|2>\i176i” [/Re_i% (of) (x,0) dH] d7'> dxdt

It follows using Cauchy-Schwarz inequality and Parseval identity that
5 1/2
dT‘| ) dxdt

R(f) < /QX]R 1€ (2) 0 (apu (z,t))] (2177 [/IT»:?dT] " VR

1/2 s
< [, oot (2 [ /|T>yl2‘”] 2 [ lton) @) a0 )dmdt
: /QX]R 19 (aou (2, ¢)) ( 271'\/»” (ef)( ||L2(R)) duxdt

< /% 10 @) (0l o ey -

)

[t wo)ao
R

It remains to estimate / 10: (aow) ()|l p2(q)- We have
R

/||at a0t) () 2 ey g/ [/ 3ta,ou(x,t)|2dx} /Uﬂ |a08tu(1:,t)2d:z:]1/2dt
_/ —A (zn U| ) dx] [/Q|8tu(x,t)|2dx]1/2> dt

SC(R0+R1) 5

P 1/2
(/ec/ lu (z,t)|? dazdt) <cRy .
R Q

R ()] < C\/ERO (Ro+ Ri) .

That completes the proof of (Al).

where in the last line we used

We conclude that
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Proof of (A2). By Cauchy-Schwarz inequality,
[ Jerenfaar = [ [ |(1+16?) oF (€. dedr
R3J|7|<A R3J|7|<A

/
<[ oL o [[,
< VA l L (0-3en) (m)\Qd&dT]

Since
(1-A)(pu) =pu—pAu+ Apu+2VeVu
= —p0%u + pu + Apu + 2VpVu
= —p0%u + ou + Apu + 2VpVu
= 02 (pu) + 02pu + 20;00;u + pu + Apu + 2VVu
and 07 (pu) = —72(u, we get when f = u, using Parseval identity

/Rg'/|7'<>\ @ (€, 7)| dédr

< VAN loull L2 oxr) + VA (HatQ@UHL’A’(QxR) + ||8“'08'5“”132(QxR))
eV (Il 2y + 18080 ) + 1V970] 2o

On the other hand, remark that d2¢ (z,t) = h7/2¢‘( )eiﬁlgﬂ*mo‘2 ~21% for some ¢; € C5° (Q) and
070 ()| + Orp (2, t)| < cd (x) e o wol® =17 1 implies that

— 1 1
[ [ i <o s X (bros m)
R3J 7| <A h Vh
We conclude that there exists ¢ > 0 such that for any h € (0,1] and A > 1,

- ! il
/R3 /|T</\|gou(§,7)|dfd7<cxf)\ ()\ + h) R()—I—C\F)\\/ERl .

That completes the proof of (A2).

Appendix B

The goal of this Appendix B is to prove the two following inequalities.

Lemma B .- For any z,y,C,R € R, any z € C,Rez > 0,

e e~ 2(2n+C(=1)"+R)? jinz ,i(~1)"y <ﬁ 2 )
neZ = 2  JRez
L@n+C(-1)"+R)? jinz ,i(-1)"y| < ﬁ 2
e e < + ‘
f;ejz 2 VRes

Proof .- First we recall the Poisson summation formula. Let u € C? (R, C) be such that for any
k € {0,1,2}, the functions 2 — (1 + %) u(® (z) are bounded on R. Then for any = € R,

Z u(x+n)= Z W (2mn) e*™"*  where u(2mn) = / u (t) e 2mintdt
R

neZ nez
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Next, by choosing u (z) = v (z) e 2™B% for some B € R and v € C? (R,C) such that for any k €
{0,1,2}, the functions = — (1 + 2?) v(® (z) are bounded on R, we obtain that for any z, B € R,

D

nez

v(27 (n+ B)) ™" = Z v (x+n) e BE where T (21 (n+ B)) = / v (t) e 2T Bt gy
R

ne”Z

Now, for any z € C such that Rez > 0, we take v (z) = e 3% in order that o (27 (n+ B)) =

@efi(Qﬂ'(nJrB))Q

. Thus, after simple changes, the following formula holds for any x, B € R, any

z€C,Rez>0,a >0,

\[ Ze (n+B)2 i2nz _ \f Z (z+wn)2e—i23(m+7rn) ]

nez nGZ

Finally, we deduce that for any z,y,C, R € R, any z € C,Rez > 0,

) e —L@n+C(-1)"+R)? ginz gi(—1)"y

\%ZnEZ(_
= \fzne e = fzneze ®
4

ety L ZneZ 677(n+C+R) i2nz _ o—iygiz 1 ZneZ 677(n+w) i2ne

1 (4n+C+R)? ei2ne iy _ 14nt2— CJrR)2 (2n+1)z —iy

_ oz 2
(z+7n) e

pi
nez € *

i%(ghqm)

o f (3c+71'n)2 G CER (pimn —iy VT
VLY e 2 DY

ﬁ Rezﬂ_Q +’I’L2 ﬁ 2
S5 Dnez® ¥ (% )ST‘F\/@?

and similarly

‘\% e 1@2n+C(=1)"+R)? yinz gi(—1)"y
n

ety L 7—(4n+C+R) i2nx —ty piw 1 1(4n+2— C'JrR)2 2nx
Zneze € te e ZHEZe

VT
S 2 + \/Rez :
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