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PART I: BOUNDARY VALUE PROBLEMS

MOURAD BELLASSOUED AND JEROME LE ROUSSEAU

ABSTRACT. We consider elliptic operators with complex coefficients and we derive microlocal and local Car-
leman estimates near a boundary, under sub-ellipticity and strong Lopatinskii condition. Carleman estimates
are weighted a priori estimates for the solutions of the associated elliptic boundary problem. The weight is of
exponential form, exp(7¢) where 7 is meant to be taken as large as desired. Such estimates have numerous
applications in unique continuation, inverse problems, and control theory. Based on inequalities for interior
and boundary differential quadratic forms, the proof relies on the microlocal factorization of the symbol of the
conjugated operator in connection with the sign of the imaginary part of its roots. We further consider weight
functions of the previous form with moreover ¢ = exp(+y)), where « meant to be taken as large as desired, and
we derive Carleman estimates where the dependency upon the two large parameters, 7 and , is made explicit.
Applications on unique continuation properties are given.

RESUME. Nous considérons des opérateurs elliptiques a coefficients complexes et nous obtenons des inégalités
de Carleman, microlocales et locales, au voisinage du bord, sous une hypothese de sous-ellipticité et une con-
dition de Lopatinskii forte. Les fonctions poids que nous utilisons sont de forme exponentielle, exp(7¢) ot le
parametre T peut étre choisi arbitrairement grand. De telles estimations ont de nombreuses applications comme
pour les questions de prolongement unique, les problemes inverses et le contrdle. Fondée sur des inégalités pour
des formes quadratiques différentielles a I’intérieur et au bord, la démonstration repose sur une factorisation
microlocale du symbole de 1’opérateur conjugué liée aux signes des parties imaginaires de ses racines. Nous
considérons aussi des fonctions poids de la forme précédente avec de plus ¢ = exp(y1)), ol 7y peut-&tre choisi
arbitrairement grand et nous obtenons des inégalités de Carleman pour lesquelles la dépendence en les deux
grands parametres, 7 et -y, est rendue explicite. Des applications aux questions de prolongement unique sont
proposées.

KEYWORDS: Carleman estimate; elliptic operators; boundary problem; Lopatinskii condition; unique continu-
ation

AMS 2000 SUBJECT CLASSIFICATION: 35B45; 35J30; 35J40.

CONTENTS

Introduction and main result
Setting
Sub-ellipticity condition
Strong Lopatinskii condition
Sobolev norms with a parameter
Statement of the main result
Local reduction of the problem
Symbol factorization
The strong Lopatinskii condition in the local coordinates
Some examples

Date: April 2, 2015.

O O 00 3 O L

10

13



2 M. BELLASSOUED AND J. LE ROUSSEAU

1.10. Notation 13
1.11.  Outline 14
2. Pseudo-differential operators with a large parameter 14
2.1. Classes of symbols 14
2.2.  Classes of semi-classical pseudo-differential operators 16
2.3.  Sobolev continuity results 18
3. Interior and boundary quadratic forms 19
3.1. Interior quadratic forms 19
3.2. Boundary quadratic forms 23
3.3. Bézout matrices 25
3.4. A generalized Green formula 26
4. Proof of the Carleman estimate 29
4.1. Elliptic estimate 29
4.2. Estimate with the strong Lopatinskii condition 30
4.3. Estimate with a positive Poisson bracket on the characteristic set 32
4.4. A microlocal Carleman estimate 33
4.5. Proof of Theorem 1.6 35
4.6. Shifted estimates 36
4.7. A Carleman estimate without prescribed boundary conditions 36
5. A pseudo-differential calculus with two large parameters 37
5.1. Metric, symbols, operators and Sobolev norms 37
5.2. Differential forms 39
6. Carleman estimate with two large parameters 43
6.1. Strong pseudo-convexity 43
6.2. Conjugated operators and strong Lopatinskii condition 45
6.3. Statement of the Carleman estimate with two large parameters 46
6.4. Preliminary estimates 46
6.5. Proof of the Carleman estimate with two-large parameters 48
6.6. Estimate for operators with the simple characterisitic property 50
6.7. Shifted estimates 53
7. Application to unique continuation 55
7.1. Uniqueness under strong pseudo-convexity and strong Lopatinskii conditions 55
7.2.  Uniqueness for product operators 57
Appendix A. Proofs of some technical results 60
A.1. Details on the examples of Section 1.9 60
A.2. Regularity of the decomposition p, = Py p;’jpg 61
A.3. Proof of the Hermite theorem (Proposition 3.13) 63
A.4. Proof of Lemma 3.14 65
References 65

1. INTRODUCTION AND MAIN RESULT

Let €2 be a bounded and connected domain in R™ with a ¥°°-boundary 0f). Points in € are denoted by
x = (x1,...,2,) and we write D; = —i0/0x; where i = \/—1. Let us consider a linear partial differential
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operator of order m = 2u, p > 1:
(1.1) P= > as(x)D",

jal<m

where the coefficients a,(x) are bounded measurable complex-valued functions defined in Q2. The higher-
order coefficients a(z) with || = m are assumed to be ¥ in Q. In what follows, we assume that the
operator P is elliptic.

Moreover, we consider a system of linear boundary operators of order less than m

(1.2) B¥= Y bf@)DY, k=1,...,u=m/2,
|| <B
where the coefficients b (x) are "> complex-valued functions defined in some neighborhood of €.
The aim of the present article is to derive a Carleman estimate for the following elliptic boundary value
problem

Pu(z) = f(z), z€Q,
Bru(z) = g¥(z), 2€0Q, k=1,...,u.

Carleman estimates are weighted a priori inequalities for the solutions of a partial differential equation
(PDE), where the weight is of exponential type. For the partial differential operator P away from the
boundary it takes the form:

(1.3) le™Pw|| 2 < Clle™Pwl 2, w e EFX(N), T> 1.

The exponential weight involves a parameter 7 that can be taken as large as desired. Additional terms in the
Lh.s., involving derivatives of u, can be obtained depending on the order of P and on the joint properties of
P and ¢. For instance for a second-order operator P such an estimate can take the form

(1.4) P lle™ul7: + 7l Vaull7. < Clle™Pull}., 7> 10, u€ E(Q).

This type of estimate was used for the first time by T. Carleman [8] to achieve uniqueness properties for
the Cauchy problem of an elliptic operator. Later, A.-P. Calder6én and L. Hormander further developed
Carleman’s method [7, 16]. To this day, Carleman estimates remain an essential method to prove unique
continuation properties; see for instance [42] for an overview. On such questions more recent advances
have been concerned with differential operators with singular potentials, starting with the contribution of
D. Jerison and C. Kenig [25]. The reader is also referred to [40, 27, 28]. In more recent years, the field of
applications of Carleman estimates has gone beyond the original domain; they are also used in the study of:

e Inverse problems, where Carleman estimates are used to obtain stability estimates for the unknown
sought quantity (e.g. coefficient, source term) with respect to norms on measurements performed
on the solution of the PDE, see e.g. [0, 23, 29, 21]; Carleman estimates are also fundamental in the
construction of complex geometrical optic solutions that lead to the resolution of inverse problems
such as the Calderén problem with partial data [26, 9].

e Control theory for PDEs; through unique continuation properties, Carleman estimates are used for
the exact controllability of hyperbolic equations [2]. They also yield the null controllability of linear
parabolic equations [34] and the null controllability of classes of semi-linear parabolic equations

[ b b ]'

Here, we seek an estimate similar to (1.3) in the neighborhood of a point of the boundary 9€2. The
estimate we shall obtain will exhibit additional terms that account for the boundary conditions given by
the operators B*, k = 1,..., u. This question was addressed by D. Tataru for general operators with real
coefficients [41] and applied to the unique continuation problem near the boundary. Here, we shall focus on
the case of general elliptic operators, yet allowing for complex coefficients. In such case there is no general
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theory for the derivation of Carleman estimates at the boundary. In [41] because of the generality of the
types of operators treated, norms in the Carleman estimates are not optimal in the case of elliptic operators
with real coefficients. Here we obtain norms that precisely coincide with those one could anticipate from the
known estimates away from the boundary and from particular cases of operators for which such an estimate

has been derived at the boundary, e.g. for the Laplace operator [34, 22].
The key conditions for the derivation of the Carleman estimate are compatibility properties between the
elliptic operator P, the weight function ¢, and the boundary operators B*, k = 1,..., . Those are the

sub-ellipticity and the strong Lopatinskii condition. The former involves P and ¢ and is known to be
necessary and sufficient for the estimate to hold away from the boundary in the case of an elliptic operator.
The latter involves P, ¢, and the B*. The Lopatinskii condition is used in [41]. In the present article, by
proper (tangential) microlocalizations at the boundary we show the precise action of this condition. These
microlocalizations are important as the Lopatinskii condition is function of the sign of the imaginary parts of
the roots of ' p,(z, &', 7,&,) = p(x, € +iT¢' () viewed as a polynomial in &,. Of course the configuration
of the roots changes as the other parameters (', &', 7) are modified. Roots can for instance cross the real
axis. Each configuration needs to be addressed separately through a microlocalization procedure. For the
Laplace operator at the boundary this was exploited to obtain a Carleman estimate in [35] for the purpose of
proving a stabilization result for the wave equation.

As in [41] the method of the present article is based on the study of interior and boundary differential
quadratic forms, an approach that originates in the work of [17] for estimates away from boundaries and in
[38, 39, 37] for the treatment of boundaries. In connection with the microlocalizations described above we
give a microlocal treatment of those differential quadratic forms. Positivity arguments rely on the Garding
inequality for homogeneous polynomials in connection with the position of the roots of the polynomial
po(x, &, 7,&). In fact the roots are split into three groups: roots with positive imaginary part, roots with
negative imaginary part, and real roots. Accordingly, gathering the associated monomials we write p,, as a
product of three factors:

Po = DD DY
The regularity of each factor is important to carry pseudo-differential calculus and applying Garding type
inequalities. Roots can however cross and only their continuity is certain. Yet, using the Rouché theorem,
the three factors can be shown smooth in proper microlocal regions.

The Carleman estimate we prove is of the form:

I
le™ul® + 7 tr(u)|* < C([le™ P(x, D)ul|* + Y [e™B*(z, D)ujgal?),
k=1

for u supported near a point at the boundary, where tr(u) stands for the trace of (u, D,u, ..., D™ 1u), the
successive normal derivatives of u, at 9€2. In this form, the estimate is incorrect as norms needs to be made
precise. For a correct statement please refer to Theorem 1.6 below.

For Carleman estimates, one is often inclined to choose a weight function of the form ¢ = exp(~v1)), with
the parameter v > 0 chosen large. Several authors have derived Carleman estimates for some operators in
which the dependency upon the second parameters -y is kept explicit. See for instance [14]. Such results can
be very useful to address systems of PDEs, in particular for the purpose of solving inverse problems. On
such questions see for instance [10, 12, 24, 5].

Compatibility conditions need to be introduced between the operator PP and the weight ¢). Those are
the so-called strong pseudo-convexity conditions introduced by L. Hormander [17, 20]. With the weight
function ¢ of the form ¢ = exp(y1)), the parameter vy can be viewed as a convexification parameter.
As shown in Proposition 28.3.3 in [20] the strong pseudo-convexity of the function 1 with respect to P

"Here to simplify we consider the case Q@ = {z, > 0}. Then &, corresponds the (co)normal direction at the boundary
0Q = {x, = 0}. In the main text we shall use change of variables to reach this configuration locally.
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implies the sub-ellipticity condition for ¢ mentioned above” for 4 chosen sufficiently large. Away from
the boundary, for a second-order estimate the resulting Carleman estimate can take the form (compare with

(1.4)):
(1.5) (703 2emulf5, + 7|02V |2, S € Pulle, T2 10, ¥ > 0, u € E(S).

We aim to extend such estimate in the neighborhood of the boundary. We then assume that the strong
Lopatinskii condition holds for the operators P, B* and the weight ). The work [30] provides a general
framework for the analysis and the derivation of Carleman estimates with two large parameters away from
boundaries. For that purpose it introduces a pseudo-differential calculus of the Weyl-Hormander type that
resembles the semi-classical calculus and takes into account the two large parameters 7 and y as well as
the weight function ¢ = exp(yt). Here, the analysis of [30] is adapted to the case of an estimate at
the boundary. Estimates with the two large parameters 7 and ~ are derived in the case of general elliptic
operators.

If we strengthen strong pseudo-convexity condition of ¢ and P, assuming the so-called simple character-
istic property, sharper estimates can be obtained [30]. We also derive such estimates at the boundary.

With the different Carleman estimate that we obtain here she shall be able to achieve unique continuation
properties at a boundary across some hypersurface for some classes of elliptic operators and some products
of such operators.

Perspectives. The treatment of transmission problems for elliptic operators is a natural extension of the
present work. If elliptic operators are given on both sides of an interface and transmission conditions are
given by interface operators, the potential derivation of a Carleman estimate is a natural question. It was
studied for second-order elliptic operators for the purpose of stabilization of the associated wave equations
[3] and the controllability of the associated heat equation [33, 32]. The treatment of general elliptic trans-
mission problems is the subject of an ongoing joint work by the two authors of the present article [4].

Here, we consider Carleman estimates with the loss of a half derivative. It would be interesting to carry
out a similar analysis for estimates with a larger loss of derivatives. Such estimates can be very important
in some classes of inverse problems; see for instance [26, 9]. An important example of operator exhibiting
a loss of a full derivative could be the bi-Laplace operator with clamped boundary conditions for which
estimates cannot be deduced from estimates for the Laplace operator.

1.1. Setting. We shall now give more precision on the setting we consider. For z = (x1,...,x,) € R", we
denote by £ = (&1, . .., &) the corresponding Fourier variables. Moreover, for every £ € R™ and o € N"
we define £ = £ - - - {5, We denote by

p(@,8) = > aa(r)€”

|a)l=m

the principal symbol of the operator P given in (1.1) and, for £k = 1, ... u, we denote by

W (2,8) = 3 ba(z)E”
|ov|=PBk

the principal symbol of the boundary operator B in (1.2).
Here, we assume that the operator P is elliptic, viz.,

p(z,€) #0, Ve, VéeR{0}.

2The terminology for the strong pseudo-convexity condition and the sub-ellipticity condition are often confused by authors.
Here we make a clear distinction of the two notions.
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Let v = v(x) denote the unit outward conormal vector to 92 at x. We assume that the system B =
(B!,..., B*) of boundary differential operators is normal at x € €2, that is,
0<B1 <Be<--- < By <m,
and, forall k =1, ..., u, that
V¥ (x,v(z)) #0, Ve .
Moreover since P is elliptic we have that OS2 is not characteristic with respect the operator P(x, D):

p(z,v(z)) #0, Ve .

We now review the definition of important properties that will be used in what follows: the sub-ellipticity
and the strong Lopatinskii condition.

1.2. Sub-ellipticity condition. For any two functions f(x, &) and g(z, &) in €°°(Q2 x R™) we denote their
Poisson bracket in phase-space by
n
{f,.a} =2 (gg,aag, - gf,ag,)-
j=0 0<; 0T; §; O
It is to be connected with the commutator of two (pseudo-)differential operators. In fact, if f and g are poly-
nomials in &, then the principal symbol of the commutator [f(x, D), g(x, D)] is precisely —i{ f, g}(x,§).

The sub-ellipticity condition connecting the symbol p and a weight function ¢ is the following (See [17,
Chapter 8] and [20, Sections 28.2-3]).

Definition 1.1. Let p(z) be a smooth functions on Q and let U be an open subset of Q. The pair { P, ¢}
satisfies the sub-ellipticity condition on U if ¢'(x) := dp(z) # 0 at every point in U and if

. 1 . .
p($,§+ ZTSOI(:L‘)) =0 = 27Z {p(x,§ - ’Lﬂp’(m)),p(x,f’ + 7‘7_()0/('%'))} > 07
forall x € U and all non-zero ¢ € R", 7 > 0.

For an elliptic operator p the sub-ellipticity condition is necessary and sufficient for a Carleman estimate
of the form of (1.3) to hold away from the boundary [20, Section 28.2]. For a simple exposition of the
derivation of Carleman estimates for second-order elliptic operators under the sub-ellipticity condition we
refer to [31].

Note also that the sub-ellipticity condition is invariant under changes of coordinates. This is an important
fact here as we shall work in local coordinates in what follows.

Remark 1.2. Note that here, as the operator P is elliptic, we have p(x, &) # 0 for each € R™, £ # 0. The
sub-ellipticity condition thus holds naturally at 7 = 0.

Remark 1.3. Setting p,(z,&,7) = p(z, & + ity (x)) and writing p, = a + ib with a and b real, we have

1, . ‘ 1
271- {p(xvg - ’LT(,O,(.ﬁ)),p(:B,f + 27_90/('%'))} = ?Z {pcpvpso} (l’, §> T) = {av b}(.’L‘, ’Sa T)'
Below, we shall use the sub-ellipticity condition in the form

pla,§ +ire'(x)) =0 = {a,b}(x,{,7) >0,
for all z € U and all non-zero £ € R", 7 > 0.

In connection with the symbol interpretation of the Poisson bracket given above, we see that the sub-
ellipticity condition guarantees some positivity for the operator i[a(x, D, ), b(x, D, )] on the characteris-
tic set of p(z, D + it¢') = a(x, D, T) + ib(x, D, 7). A proper combination of a(x, D, 7)*a(z,D,T) +
b(x, D, 7)*b(x, D, ) and i[a(x, D, T),b(x, D, 7)] thus leads to a positive operator. This is the heart of the
proof of Carleman estimates.
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1.3. Strong Lopatinskii condition. Elliptic boundary value problems are well-posed only if boundary con-
ditions are chosen appropriately. By well-posedness one usually means that the solution exists and is unique
in some space, and it depends continuously on data (boundary conditions and source terms) and parameters.
A sufficient condition to obtain well-posedness is the so-called Lopatinskii condition that is of algebraic
nature. Here, we shall treat conditions of this type adapted to the elliptic operators we consider after conju-
gation by the Carleman weight function.

For = € 02 we denote by N (0€2) the conormal space at = given by
N;(09) = {N € T;(Q); N(Z)=0,VZ € T,(9Q) } .
The conormal bundle of 952 is given by
N*(09) = {(z,N) € T*(Q); € 9Q, N € N;(9Q)} .

By a boundary quadruple w = (z,Y, N, 7) we shall mean x € 9, Y € T(9Q), N € N:(092) \ {0}
pointing inside 2 and 7 > 0. We also require (7,Y") # (0,0). For a boundary quadruple w and A € C, we
set

(1.6) Do(w, ) :=p(z,Y + AN +itdp(zx)) .

For a fixed boundary quadruple wy = (¢, Yo, No, 70), we denote by o the roots of p,(wp, A) with multi-
plicity p;, viewed as a polynomial of degree m in A, with leading-order coefficient c¢y. We can then factorize
this polynomial as follows:

ﬁgp (LUQ, A) == COﬁ:pr (WO, )‘)ﬁ; (UJQ, A)ﬁ?p (WQ, A)a
with
Ppwo, ) =TI (A=), Palwo.A)= T (A—ay)™.

+Imo;>0 Imo;=0

We define the polynomial k,(wo, A) by
(1.7 K (wo, A) = Pip (wo, APy (wo, A).

Similarly, for B = {Bk } —— the set of boundary operators and b*(x, £) their principal symbols, for
a boundary quadruple w = (z,Y, N, 7) we set

(1.8) bE(w, A) = b¥(2,Y + AN +irdp(x)).

Definition 1.4. (1) We say that { P, B¥, o, k = 1,..., u} satisfies the strong Lopatinskii condition at a
boundary quadruple wy = (o, Yo, No, 70) with Ny pointing inside Q, 79 > 0, and (1,Yp) # (0,0),
if the set of polynomials {i)"; (wo, A) bi<k<p is complete modulo r,(wo, \) as polynomials in \: for
all f(X\) polynomials there exist q(\) polynomial and ¢, € C, 1 < k < u, such that

T
FO) =3 bl (wo, N) + ¢(N)rg(wo, A), A eR.
k=1
(2) We say that {P,B*, ¢, k = 1,...,u} satisfies the strong Lopatinskii condition at xo € 0N if
the previous property holds for all boundary quadruples w = (xo,Y,N,T) with Y € T, (952),
N € N3 (02) with N pointing inside ), 7 > 0, and (1,Y") # 0.

Remark 1.5. (1) Observe that the strong Lopatinskii condition only depends on d rather than ¢. It is
thus a geometrical condition that concerns the level sets of ¢ (as here dp(x) # 0— see Definition 1.1)
in connexion with the differential operators P and Bf k=1,..., .
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(2) Observe that for a polynomial f(\), the Euclidean division yields the existence of two polynomials
g(X) and g(X), with d°g < d°ky(wo, 70, A), such that

FO) =g\) +q(N)kp(wo, N),  AER.

In the statement of the strong Lopatinskii condition we may thus restrict ourselves to polynomials of
degree less than that of £, (wo, A). Considering the definition of x(wo, A) in (1.7) that depends on
the roots of the polynomial of p,(wo, ), in what follows we shall restrict ourselves to polynomials
f(A) of degree less than or equal to m — 1.

(3) Note that the strong Lopatinskii condition implies d°x, < m — 1. Hence d°p, > 0. In fact,
otherwise, the vector space of the polynomial functions of degree less than or equal to m — 1, of
dimension m, is generated by a family of ;. = m/2 polynomials; a contradiction.

Invariance by change of coordinates. We finish the presentation of the strong Lopatinskii condition by
observing that this definition is of geometrical nature, independent of the choice of coordinates. This fact is
important as we shall make use of local coordinates at the boundary 952 of the open set €2 in what follows.

In fact, for a point x € OS2 we consider an open neighborhood X € R"™ of = and two coordinate systems
(X1,v1) and (Xo, 1), thatis 1 : X — X; and ¢9 : X — X are diffeomorphisms and X, X5 are open
sets in R™. We set 21 = 91 (x) and z3 = 99(x).

We then introduce the diffeomorphism x : X1 — X5 given by k = 9 0 ¢ 1 and we have k(1) = 9.
Let Y7, V7 (resp. Ya, Na) be the local versions of Y and IV in the two coordinate systems. Similarly let p(l)
and b,(:), k=1,...,pu, (resp. p®® and b,(f)) be the local versions of the principal symbols of the differential

operators P and B*. We also define ¢ = ¢ 01} and ¢y = ¢ 01, the local versions of the weight function
in the coordinate patches.
With standard differential geometry arguments we have the following relations:

Y = t/ﬁ}/(l‘l)YQ, Ny = t:‘i/(l’l)NQ, dpi(z1) = tm’(a:l)dcpg(xg),
P (@,) = p? (k(2), "W (@) 1), B (@,8) = b (w(2), 'K () '¢).
If we set f;(\) = pY)(z;,Y; +irdp;(x;) + AN;), j = 1,2, we find
A =pW (@1, Y1 + ANy +irdpr(z1)) = pP (k(21), 'K (21) 7 (Y1 + AN1 + imdepr (21)))
= p@ (29, Ya + ANy + itdpa(a2)) = f2(N),

which simply means that the polynomial function p,, defined in (1.6) does not depend on the coordinate sys-
tem chosen. The same holds for the polynomial function b’; defined in (1.8), which allows one to conclude
that the strong Lopatinskii condition of Definition 1.4 can be stated (and checked) in any coordinate system.

1.4. Sobolev norms with a parameter. The L? inner-products on € and 92 will be denoted by (.,.) and
(-,.)y respectively.

Let 7 > 0 and s > 0. We introduce the Sobolev spaces HZ(2) and H?(0S?) defined by the following
norms respectively:

2 2 2 2 2 2
(1.9) lulls,, = 72° ullZ2 ) + lullfrs o) and  Jull . = T ulz2(00) + [ulFs a0 »

where we denote the usual Sobolev norms on 2 and 0X2 by ||.| Hs () and .| Hs (a0~ Observe that for o €
[0, s] we have

T ullge (o) S llulls o 777 fulgean) S luls ;-
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For m € Nand s € R we introduce the following boundary space

m .
HI(00) = ] B (09),
j=0
equipped with the norm
2 uz 2
(1.10) ]u\mysﬁ = Z \uj\miﬂm, u = (up,...,Un)-

If u € €°°(Q) we denote tr™(u) = (tro(u),...,trp(u)) where trj(u) = (8, ) u is the trace of u of
order j and we define

m
™ ()2, . = 2t ()2

€™ tr(u)|Z, , - actually meaning

2 2
|€T§D trm(u)| = m—j+s,7 "

m,s,T |eT(p trj (u)|

s

I
o

J

1.5. Statement of the main result. We can now state the local Carleman estimate that we prove in the
neighborhood of a point of the boundary, with the sub-ellipticity and strong lopatinskii conditions.

Theorem 1.6. Let xy € 02 and let p € €°°(2) be such that the pair { P, ¢} has the sub-ellipticity property
of Definition 1.1 in a neighborhood of xq in Q. Moreover, assume that {P, o, Bk k=1,... ,u} satisfies
the strong Lopatinskii condition at xo. Then there exist a neighborhood W of x¢ in R™ and two constants
C and 1. > 0 such that

(1.11)
—1,7¢,,112 TP 2 <C T p D 2 - Tchk D 2
P, 1 WP, e < CIE PG Dl + 32 1677 B @ Dhtignlas o, )

for all u = w)q with w € CX(W)and T > ..

First, this results will be established microlocally: at a boundary point g we shall assume that the strong
Lopatinskii condition holds for some Yj and /Ny in the cotangent space at xy and 7y > 0 (as introduced in
Section 1.3) and we shall prove that a Carleman estimate of the form above holds in a conic neighborhood
of (xg, Yo, No, 70) in phase-space; localization in phase-space will be done by means of cut-off functions
and associated pseudo-differential operators. We refer the reader to Section 4.4. Second, we will deduce
Theorem 1.6 from such microlocal estimates.

Estimates of the form of (1.11) are local. Yet, they can be patched together to form global estimates. We
do not cover such details here. Patching of local estimates away from the boundary can be found in [17,
Lemma 8.3.1]; for estimates near the boundary one can for instance consult [31].

In Section 6 we shall prove Carleman estimates with a weight function of the form ¢(z) = exp(yy(z))
as is usually done in practice with the parameter y chosen as large as desired. We shall provide the precise
dependency of the Carleman estimate with respect to this second large parameter.

1.6. Local reduction of the problem. Let xqg € 0€2. There exists a neighborhood V of x( and a local
system of coordinates z = (x1,...,x,) where VN Q C {z, > 0} and 2/ = (21, ..., 2,_1) parametrizes
the boundary V' N 02 C {x, = 0}. We denote by R”} the half space {z,, > 0} and V. = V N R . For our
purpose here, without any loss of generality, we may assume that V; is bounded. We shall write 92 NV to
denote {z € V; x,, = 0} in the local system of coordinates.
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In such local coordinates, in V/, , the differential operator® P of order m with complex coefficients takes

the form . .
P=P(x,D)= > Pj(z,D')D}, D, = =0,

J
where Pj(z,D’), j = 1,...,m, are tangential differential operators with complex coefficients of order
m — j. We have P,,, = P, (z) # 0. Upon dividing by P,,(x) we may assume that P, (z) = 1.

Similarly the boundary operators take the form

k k Bk Lk N
B :B(x,D):;)Bj(x,D)Dn, 1<k <up,
]:

where Bj’?(a:, D), j=0,..., B are tangential differential operators of order (S — j).

Calling (&', &,,) the Fourier variables corresponding to (2, x,,) we have, for the principal symbol of P,
m .
p(z, &) = 3 pj(z,€)E,
j=0

which is a polynomial homogeneous of degree m in the n variables (£, ;).

We introduce p,(z,&,7) := p(x,§ +i7¢'(x)). Setting ¢’ = (z,&',7) and ¢ = (¢',&,), for simplicity
we shall write p,, (o) in place of p,,(z, &, 7) and often p,(¢', &,) to emphasize that the symbol is polynomial
in &,.

1.7. Symbol factorization. For a fixed point ¢ = (w0,&j,70) € St (V) (see the definition below in
Section 1.10) with g € 02, we denote the roots of p@(g{), &n), viewed as a polynomial function in §,,, by

a1,. .., aN, with respective multiplicities p1, . . ., p satisfying pq + - - - + pny = m. By Lemma A.2, there
exists a conic open neighborhood % of gf, such that
(1.12) Po(d &) =5 &) pp (0 &) PA(0 ), 0 €U, & ER,

with pi and p?o, polynomials in &, of constant degrees in 7/ , smooth and homogeneous; in % the imaginary
parts of the roots of p:g(g’ ;&n) (resp. p, (0, &n)) are all positive (resp. negative) and we have
p?o:(Q{)’fn) = [T (6n—aj), pg(gé)afn) = II (& —aj).
+Ima;>0 Im ;=0

The polynomial p,, is thus decomposed into three factors in the neighborhood % of of,. For pfpc the sign of
the imaginary part of their roots remain constant equal to 4 respectively; for p?p this sign may change and
the roots are precisely real at o' = gf,.

We then define the polynomial k. (o', ) by

(1.13) kp(0,&n) = D5 (0, & )D0(0 6n).

For B = {B’“} i the set of boundary operators and b*(z, &) their principal symbols, we set

b’;(:z:,g,T) = VF(x,€ +iT¢’). As above we write bf;(g’,gn) where ¢ = (z,&’,7) to emphasize that the
symbol is polynomial in &,,. We have

kit B k I\ ]
bzp(g agn) = Zobgpd(g) no
j:
with bf;’j(g’) homogeneous of degree B — j in (¢, 7).

3By abuse of notation, in the new local coordinates, we keep the notation P and B*, k = 1, ..., p, for the operators introduced
in Section 1.
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Remark 1.7. Observe that the factorization in (1.12) depends quite significantly on the point gf,. It may
actually be different even for point ¢’ in the neighborhood % introduced above. We should rather write
something like

Po(0&n) = 1) (& &),y (€. 6n) 1), 4 (0 6n), & €U, & ER,
in place of (1.12) and set
ooy (0 €n) = D (&' €n) Py gy (€, 6n).

For ¢} € % we may very well have
_ — 0 0
pz,gé(glv gn) 7& p;gg/l(gl’ gn)v or p%gé(gla gn) 7£ p5079/1 (le gn)a or p(p,gé(glv gn) 7& p;p,g’l(gl7 gn)

Yet, we shall see below that the notation in (1.12) is sufficiently clear for our purpose.

Still, if we denote by M (¢’) the number of roots (counted with their multiplicities) with postive (resp.
negative) imaginary parts of p,,(¢,&,) for o € % we may have M* (o)) # M=*(¢') for some ¢ € % .
Note that in such case we have M*(gf,) < M*(o') from the construction of the neighborhood % given in
Lemma A.2. Arguing as in the proof of Lemma A.2, using the continuity of the roots w.r.t. ¢’ we can in fact
prove that for ¢} € % there exists a conic neighborhood %’ C % of ¢/ such that

(114) ’iap,gé(glﬂgn) = h(glagn)ﬁgo,g/l(glvgn)a Q, € %,,
where h(¢', &) is polynomial in &, with coefficients that are smooth w.r.t. o' € %’.

1.8. The strong Lopatinskii condition in the local coordinates. The strong Lopatinskii condition of Def-
inition 1.4 is invariant under change of variables as seen at the end of Section 1.3. A conormal vector [V is
given by (0,...,0, N,,) in the present coordinate system. For the statement of the strong Lopatinskii con-
dition we can choose N = (0, ...,0, 1) without any loss of generality since IV is asked to point inside 2.
In the local coordinate system (z’, x,,) in V, a boundary quadruple w = (x,Y, N, 7), with Y = (¢’,0) can
thus be identified with ¢ = (x,&’, 7). The strong Lopatinskii condition at ¢f, = (o, &), 70), with 79 > 0
and (79, &) # (0,0), thus reads as follows:

(1.15) The set {bf;(gl, &n) }kzl s complete modulo k(0. &,) as polynomials in &,

77777

for o' = o).

We shall now prove that this property remains true for ¢’ in a conic neighborhood of g},.

We set m~ = d°(p,(¢',.)) that is independent of ¢ € %, with the open conic neighborhood % as
introduced above, and we let £, (¢, &,) be the polynomial function given in (1.13). It takes the form

Kw(glvgn) = ZO K/‘Pyj(gl)é-%’ Ql € %7 fn S Rv
j:

where k,, ; is homogeneous of degree (m —m~ — j) w.r.t. (¢, 7).
We set m' = m~ + pand for k = 1,...,m’, we shall introduce a family of polynomial functions of
degree less than or equal to m — 1 denoted by ef;(g’ ,&€n), all taking the form

m—1 .
(1.16) b (0, &) = ;]e{z,j@’) i, dew,
]:

with 6{;7 ; homogeneous w.r.t. (&', 7). This family of polynomials is composed of two different sets:
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(1) Fork=1,...,u, we set e’; = b’;, yielding
; {b? itj < B,

er = ]
#J 0 otherwise.

Then e];J(g’) is homogeneous of degree 8y, — j w.r.t. (¢, 7).

(2) Fork=p+1,...,m/, we set e’;(g’,fn) = kp(0'6n) k=(ut1), yielding

0 otherwise.

k {%’jkﬂtﬂ ifk—p—1<j<m-—m'+k-1,
er . =
807‘7

Setting 5, = m — m~™ + k — (u + 1) we have that e’;J is homogeneous of degree 3 — j w.r.t.
(&)
The strong Lopatinskii condition of Definition 1.4 also stated in (1.15) means precisely (using Remark 1.5)
that the family (ef;(g’ ,&n))1<k<m’ generates the space of polynomials of degree less than or equal to m — 1
in &, for ¢’ = gf,, implying m’ > m and that the m x m’ matrix
M(Qlo) = (e’;,j_l(gé)) 1<j<m

1<k<m/

is of rank m. Then there exists a m x m sub-matrix My (o} such that det M (o}) # 0. As the coefficients
of M(¢) are continuous and homogeneous of degree 3, — j we then have det M(o') # 0 for ¢ in a small
conic neighborhood ¥ C % of o|,. Note that the homogeneity of the coefficients is important for ¥ to be
chosen conic since det My (') is itself homogeneous w.r.t. (¢’, 7). The rank of M (') thus remains equal
to m in ¥/, meaning that condition (1.15) is valid for ¢’ € 7.

We have thus reached the following result.

Proposition 1.8. Let the strong Lopatinskii condition hold at o, = (z0,&),70). Then we have m' =
m~ + p1 > m. Moreover there exists a conic neighborhood ¥V of o, such that condition (1.15) remains true
at every point o of V.

This result can be commented in view of the proof of the Carleman estimate we give below. In fact, with
the factorization p, = p K, in the neighborhood % of 0(- the following states roughly the proof strategy
we shall adopt:

(1) The factor p,, associated with roots with negative imaginary part yields a perfect elliptic estimate at
the boundary.

(2) The factor x,, yields an estimate at the boundary that involves trace terms. These terms will be esti-
mated via the actions of the boundary operators BZZ by means of to the strong Lopatinskii condition.

The inequality 4« > m—m ™ thus indicates that we shall have at hand a sufficiently large number of boundary
operators to control the terms originating from the estimate with the factor x,, that is of degree m —m™.
As here ;1 = m/2 note also that we have m~ > m/2.

Remark 1.9. Here, we use the notation of Remark 1.7. Observe that the result of Proposition 1.8 implies
that for ¢} € ¥ C % the following propertuy holds

The set {b];(gll, 5")}k=1 . s complete modulo Ky, 5 (0, &n) as polynomials in &,

with k, » defined by the symbol factorization at 0p- Now using (1.14) we see that this implies that the
strong Lopatinskii condition also holds at ¢j. We thus see that the Strong Lopatinskii condition remains
valid in a conic neighborhood of g). However, we shall not use this aspect here. The importance aspect
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we shall use is the local persistence of condition (1.15) stated in Proposition 1.8 (of course the two are very
related). This explains why we do not use the “more precise” notation of Remark 1.7 throughout the article.

1.9. Some examples. Here we give simple examples of operators to which the present analysis applies.

A natural example is P second-order elliptic with real coefficients. We can find local coordinates at the
boundary such that V}, = {z,, > 0} and P = D2 +r(z, D') where r(z, D') = r(z/, 2, D) is a z,-family
of elliptic operators with r(z, £’) > C|¢&'|2. For any smooth 1) the pair { P, ¢}, with o = exp(y%)), satisfies
the sub-ellipticity condition of Definition 1.1 if ¢ # 0 and + is chosen sufficiently large (see e.g. [31]).
First for simplicity we consider ¢ = ¢(x,,). If 0, > 0, the strong Lopatinskii condition is for example
satisfied in the following cases:

(1) Bu = u, Dirichlet condition;

(2) Bu = D,,u + a(z)u, Robin conditions.

(3) Bu = Dy, u+ iaD,,u with a® < r.
These results remain true if we consider ¢ = ¢(a’, z,) with |0,/¢| < |0, ¢| allowing for small variations
of  in the tangential direction. With Theorem 1.6 we thus recover known results for second-order operators
[34, 35].

For a simple example of higher-order operators we consider P = Dil + D§2 inVy = {zo > 0}.
Here also for any smooth 1) the pair {P, ¢}, with ¢ = exp(v1)), satisfies the sub-ellipticity condition of
Definition 1.1 if ¢/’ # 0 and ~ is chosen sufficiently large (see e.g. [30]). Here also, considering ¢ = ¢(x2),
if 0z, > 0, the strong Lopatinskii condition is for example satisfied in the following cases:

(1) Blu = u, B%u = D, u;

(2) Blu = u, B?u = Au;

(3) B'u = u, B?>u = D,,Au.
This list of examples for P = D3 + Dj, is by far not exhaustive. Here also, including small variations of
 in the tangential direction preserves these properties.

Details on these examples are given in Appendix A.1.

1.10. Notation. If V' C Ri we denote the semi-classical unit half cosphere bundle over V' (in the cotan-
gential direction £’) by

St (V) ={(z,&,7); 2 €V, ¢ eR", reRy, [¢P +72=1}.

The canonical inner product in C™ is denoted by (z,z)om = Z;-”:_Ol zjz'j, forz = (z0,...,2m-1),2 =
(2,...,2h 1) € C™. The associated norm will be denoted |z|%., = Z;:(]l ;|2

We shall use some spaces of smooth functions in the closed half space. We set
F () = {ugys ue SR,
For two u,v € (R, ) we set

(U, U)+ = (U, U)[P(]Ri) > (u\mn:0+ ) U|xn:0+)3 = (u\mn:0+ ) U|xn:0+)L2(Rn—1) :
We also set
Jully = H“HL?(M) ‘“lxn:0+‘a - ‘“Iwn=0+‘L2(Rn71) )

In this article, when the constant C'is used, it refers to a constant that is independent of the large parameter
7. Its value may however change from one line to another. If we want to keep track of the value of a constant
we shall use another letter.

In what follows, for concision, we shall sometimes use the notation < for < C, with a constant C' > 0.
We shall write a < b to denote a < b < a.
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1.11. Outline. We start by a review of pseudo-differential calculus with a large parameter in Section 2,
including regularity results on appropriate Sobolev spaces. Section 3 is an exposition of results concerning
interior and boundary differential quadratic forms. In particular we write a (microlocal) Garding inequality
at the boundary for operators that are differential in the direction normal to the boundary and homogeneous.
We also write a generalized Green formula.

Section 4 is devoted to the proof of the Carleman estimate of Theorem 1.6. First a microlocal Carleman
estimate is proven (Theorem 4.4). The proof exploits the factorization p, = p[; Py p?p. To ease the reading of
the proof we have separated the action of each factor and corresponding condition to form partial estimates.
The factor p,, yields a perfect elliptic estimate (Section 4.1). The factor k, = p;rpg, yields an estimate
controlling the traces of the unknown function at the boundary with the operators B¥, through the strong
Lopatinskii condition (see Section 4.2). The sub-ellipticity condition is exploited in Section 4.3 and, based
on the generalized Green formula of Proposition 3.15, the derivation leads to a control of the norm of the
unknown function in €2 yet with remainder terms involving the traces of the function at 2. Collecting the
different arguments we obtain the microlocal Carleman estimate in Section 4.4. Then in Section 4.5 we
show how the patching of such estimates yields the result of Theorem 1.6.

In Section 5 we present the pseudo-differential calculus with two large parameters and how the analysis
of differential quadratic forms can be revisited.

In Section 6, with the weight function ¢ = exp(y?), to prove the Carleman estimate with two large
parameters, 7 and -y, by means of the Garding inequality at the boundary we need some positivity results
on the symbol of some homogeneous differential operator. This follows from the strong pseudo-convexity
condition on ¢ and P. In Section 6.5 the approach of Section 4 is then adapted to prove a microlocal Car-
leman estimate with two large parameters. This estimate is finally improved if the strong pseudo-convexity
condition is replaced by the simple characteristic property.

Section 7 is devoted to the application of the Carleman estimates of the previous sections to obtain unique
continuation properties near a boundary across a hypersurface. Strong pseudo-convexity is assumed for the
hypersurface and the strong Lopatinskii condition is assumed at the boundary. Similar results are obtained
in the case of the product of two operators. For one of them the above assumptions are made, for the second
one the simple characteristic property is further assumed.

In Appendix A we have collected some intermediate technical results.

2. PSEUDO-DIFFERENTIAL OPERATORS WITH A LARGE PARAMETER

Parameter-dependent pseudo-differential operators have proven to be important tools for the derivation
of Carleman estimates. The general aim is to obtain a pseudo-differential calculus with a large parameter,
and then to derive estimates with constants that are independent of the parameter. Often such a pseudo-
differential calculus is referred to as a semi-classical calculus.

2.1. Classes of symbols. We first introduce symbols that depend on a parameter.

Definition 2.1. Let a(p) € €°(R" x R"), o = (z,&,7), with T as a parameter in [Tuin, +00), Tmin > 0,
and m € R, be such that for all multi-indices o, 5 € N we have

2.1) 838?@(@)‘ < Cop\™ Pl 2 € R, €€ R, T € [Tmin, +00),

1
where A = |(§,7)| = (\§|2 + 7'2) 2. Thus differentiation with respect to £ improves the decay in & and T
simultaneously. We write a € SI"(R™ x R"™) or simply ST". For a € S we denote by o(a) its principal
part, that is, its equivalence class in ST/ S;”_l.

We also introduce tangential symbols. Let a(¢') € €°([R] x R"™), o = (,&,7), with T as a
parameter in [Tmin, +00), Tmin > 0, and m € R, be such that for all multi-indices o € N", 3 € N1 e
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have

8295 a(0)

g < COcWB)‘TI'n_‘B" (IS K?—a gl € Rn_l? TE [Tmin’ +OO)’

1
where At = |(&',7)| = (|¢']* + 7%)2. We write a € S{‘T(m x R™"™1) or simply ST".. For a € ST, we
denote by o(a) its principal part, that is, its equivalence class in ST,/ ST'; L

We also introduce symbol classes that behave polynomially in the &, variable. Let a(p) € € (@Z xR™),
with T as a parameter in [Tin, +00), Tmin > 0, and m € Nand r € R, be such that

aj(Q/) gm a; € S_T_T’L;J#*T" 0= (lefn)a 1.0/ = (113,5,,7'),

s

a(o) =
0

J
with T € @1, EER", 7> Tinin, and &, € R. We write a(p) € S;n’r(m x R™) or simply S7"".
Note that we have S7"" C S;" +m/’rfm/, if m,m’ € Nand r € R. We shall call the principal symbol of
a the symbol

o(a)(0) = 3 o(aj)(@)Ed,

j=0
which is a representative of the class of a in S7"" /S7" =1

Note that S7"" ¢ S™*". For example consider a(z,&,7) = [(¢/,7)|&, for [(¢',7)] > 1. We have
a€ SN srand yet a ¢ S2. In fact observe that differentiating with respect to ¢ yields

08 a(z,&,7) < Cal (€ ) 1N0l.

An estimate of the form of (2.1) is however not achieved for |« > 2. A microlocalization is required
to repair this flaw and to use the two different symbol classes in a pseudo-differential calculus (See [19,
Theorem 18.1.35]).

Finally, we define the corresponding spaces of poly-homogeneous symbols. Such symbols are often
referred to as classical symbols; they are characterized by an asymptotic expansion where each term is
positively homogeneous with respect to (&, 7) (resp. (&', 7)):

Definition 2.2. We shall say a € S™*

T,cl

: (R" x R™) or simply ST (resp. ST (@Z_ x R 1) or simply ST
if there exists a) € S (resp. ST'7), homogeneous of degree m — j in (&, 7) for |(§,7)| > o, (resp.

&, 1) for |(&',7)| > ro), with ro > 0, such that
. N
(2.2) a~ Y a9, inthesensethat a— Y. a¥) € SN (resp. STV,
57>0 j=0 ’
A representative of the principal part is then given by the first term in the expansion.

Finally form € N and r € R, we shall say that a(p) € S1 (R, x R™) or simply ST, if

T,cl

s

a(e) = Y a;(d)g,, withaj € ST 0™, 0= (d, &)

0

J

The principal part is given by Z;”:O o(a;)(d )@% and is homogeneous of degree m in (&, T).
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2.2. Classes of semi-classical pseudo-differential operators. For a € ST"(R" x R") (resp. ST (R" x
R™)) we define the following pseudo-differential operator in R™:

23)  a(z,D,7)u(z) = Op(a)u(z) = 27)™" [ @a(z, &, 7)a(€) dE,  ue L (RY),
Rn
where 4 is the Fourier transform of u. In the sense of oscillatory integrals we have
a(z, D, 7)u(z) = Op(a)u(x) = (2m) " [ €@ ¥a(x, &, 7)uly) df dy.
R2n
We write Op(a) € WI'(R") or simply W (resp. W' (R") or simply W" ). Here D denotes D,. The
principal symbol of Op(a) is o(Op(a)) = o(a) € S™/S™1 (resp. S Cl/S;”Cll)

Tangential operators are defined similarly. For a € S??T(R 4 X R™) (resp. S%T’Cl(@i x R™)) we set

24 a(z, D, 7)u(z) = Op(a)u(z) = (2r)~ "D [ @V (e, ¢ ryuy, x,) dE’ dy,

R2n-2

foru € .7(R,), where » € R'}. Here D’ denotes D,,. We write A = Op(a) € U7 (@1) or simply ¥
(resp. U7 Cl(IRJF) or simply U }). The principal symbol of A = Op(a) is U(A) o(a) € ST /ST 1
(resp. ST, /5T, rol)-

Finally form € N, r € R, and a € S7"" (resp. S_'/) with

( ): z_: ( ) ny  Qj € S_7|_7?;j+r(resp S;'nTZI—Hn): 0= (Qlagn)a
we set

j(w7 'D/7 T)D}jl7

MS

a(z,D,7) = Op(a) =
0

J
and we write A = Op(a) € U7""(R") or simply U7"" (resp. ¥!" el L (R) or simply \IJT “1). The principal
symbol of A is o(A4)(0) = o(a)(0) = X1y oa;)()&h in SIS (resp. S /ST )
We provide some basic calculus rules in the case of tangential operators.
Proposition 2.3 (composition). Let a € ST, (resp. ST, ) and b € Sfrrf;( resp. S-’,PIT 1) be two tangential
symbols. Then Op(a) Op(b) = Op(c) € \I/?:fm, (resp. \If?ircrf/) with c € S?jm (resp. Sm+ )deﬁned by
the (oscillatory) integral:
c(d) = (a#b)(e) = (2m) D [fe "W a(w, & + 0, 1) b(@ +y w0, €', 7) dy df

e
= v T sa(e) 826(0) + 1.

la|<N o!

l— .
where ry € S?j‘:.rm N (resp. S?jgf —N)is given by

_.N 1N 1_ Nil ; / !
N = g0 S a1 gt o] TORM €7) f  d
al|=N :

Proposition 2.4 (formal adjoint). Let a € SY!; (resp. ST

' c1)- There exists a* € ST (resp. ST
that

,7,cl

) such

(Op(a)u,v) . = (u,Op(a”)v),, u,v € Y(@i)
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and a* is given be the following asymptotic expansion
CL*(Q/) _ (27_‘_)7(1171) ff 671'(?/’77/)6(33/ + y',wn,fl + 77/77_) dy/ dn/
(=i

= Y S 080ga(d) +rn, vy € ST N (resp. STUL),
a|l<N :
where
— (=) LN(1 -5Vt —i(y' ') ga ga = ./ / / / I3
™= Gy, Iy et M0 + s €+ 7 df s

We denote Op(a)* = Op(a™*). We refer to Op(a)* as to the formal adjoint of Op(a).
A consequence of the previous calculus results is the following proposition.

Proposition 2.5. Let a(o) € ST, (resp. ST 1) and b(0') € S-’P; (resp. ST ), withm,m’ € R. Define
h(0') = Dy (bdera@) (o) € ST+ =1, Then we have

Op(a)* Op(b) — Op(ab+ h) € \Ilfrrfjm/d (resp. \I’?JTF,Z}LQ%
or equivalently a*#b —ab — h € S?f;rmLQ (resp. S%”i?fq)-

For semi-classical operators in the half space with symbols that are polynomial in &, we also provide a
notion of formal adjoint.

Definition 2.6. Let b € S (resp. S”"[), with
b(z,D,7) = > bj(x, D', 7)D}, b; € ngri] (resp. S;anf])
j:o i

We set

b(x,D,7)* = > D%bj(.’E,D,,T)*.

In other words, in this definition we ignore the possible occurrence of boundary terms when performing
the operator transposition.

Note that for a € ST, | we have [D,, Op(a)] = Op(Dna) € YT, , and more generally, for j > 1, we
have

7j—1

(D7, Op(@)] = 3 Op(ex)Dy, ok € SFra.
=0

where the symbols oy, involve various derivatives of a in the x,-direction. As an application we see that if
we consider a; € S7'- 7" then we have

m X m .
> D)aj(z,D', 1) = > aj(z,D',7)D},

j=0 j=0
where a; € S;”T_gfrr and its principal part satisfies o(@;) = a; in S-??T_j+r/5-7rrf;j+r_1. Hence
UC j ! < / j 1
m,r—
a( > D}aj(x,D ,T)) =Y aj(z,&,7)¢, mod ST :
J=0 Jj=0

From the calculus rules given above for the tangential operators and the above observation we have the
following results on the principal symbols.
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Proposition 2.7. Leta € S (resp. S:LC’IT )and b € ST E (resp. S:L(jl’rl ) with

/

a(0) = 3" a;()e,  blo) = Y bi(d)Eh, 0= (d.6). & = (2..7).
7=0 7=0

(1) We have a(x, D,7)* € U (resp. U"7) and

3

~—

o(a(z,D,7)*) = > a;(0")&), € ST /ST (resp. gmer fgmar=ly,

: T,cl T,cl
J=0

m,r—1
)

Moreover we have Op(a)* — Op(@) € U~ (resp. v
(2) a(x,D,7)b(z, D, T) € gmr (resp. gty g

T,cl

o(a(z,D,7)b(z,D, 1)) = O<Z< aj(d)bp ()M € gmebm/ e’ j gmem b’ —1
>jsm
0<k<m!

m+m/ r+r" ; aom+m/ r+r'—1
(resp. S /S a ).

We have Op(a) Op(b)u — Op(ab)u c \I]ZL+m’7'r’+r’_1 (resp, \I,m“l‘m/ﬂ“-f—?”/—l)‘

T,cl

2.3. Sobolev continuity results. Here we state continuity results for the operators defined above using the
Sobolev norms with parameters introduced in Section 1.4. Such results can be obtained from their standard
counterparts.

1/2
Let \r(¢',7) = <T2 + \5’]2) and At := Op(Ar). For a given real number s, the boundary norm given
by (1.10) is equivalent to the following norms (see (1.9) for the definition of |.|, ;):

m—k,>

m
laf?, = > (A u= (ug,...,um) € (LR
k=0

Moreover, we define the following semi-classical interior norm

2 2 =T
HuHm,s,T = HA'SI'uHm,T7 u € y(R+)
Proposition 2.8. If a(p) € S7"", withm € Nand r € R, then for m' € N and 1’ € R there exists C > 0
such that
HOp(a)uHm,J,/’T < C |’uHm+m’,r+r’,T y u e y(ﬁi)

A consequence of this results and Proposition 2.7 is the following property.
Corollary 2.9. Leta € S7"" and m’ € N and s € R. We have
||CL(IL‘,D,T)*’LL—5(IL‘,D,T)UH < C”“H

m!,s,T — m+m/ r+s—1,7°

The following simple inequality will be used implicitly at many places in what follows when we invoke
the parameter 7 to be chosen sufficiently large. This will then allow us to absorb semi-classical norms of
lower order.

Corollary 2.10. Let m € Nand s € R and £ > 0. For some C > 0, we have
el we S (&Y.

[l

m,s,T m,s+£6,7

This implies that [|ul|,,, ; . < [[ull,,, ¢4, for 7 sufficiently large.
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3. INTERIOR AND BOUNDARY QUADRATIC FORMS

In this section, we present quadratic forms involving pseudo-differential operators that are differential in
the normal direction and some of their properties.

3.1. Interior quadratic forms.

Definition 3.1. Letu € .%¥ (Ri) We say that

N
3.1 Q(u) = > (A%, B®u),, A® =a®(z,D, 1), B® =b°(x,D,T),

s=1
is a quadratic form of type (m, o) with € coefficients, if for each s = 1,...N, we have a*(p) €
S:?C’f (R} x R™), b(o) € S:LC’{T (R} x R"), with o' + " =20, 0 = (,&, 7).

The symbol of the quadratic form Q) is defined by

N _
(32) a(0) = 3 a*(0)b*(0) €S2 (R, x R").
s=1
Remark 3.2. Note that ¢’ and " can vary with s € {1,..., N}. Their sum yet remains constant equal to

20. In what follows we shall not write this dependency explicitly for concision.
Clearly, this definition raises an ambiguity as one symbol can be associated with several quadratic forms.
As an example, in one dimension, for N = 1 we can choose A = D2 € U2% and B = A2 € ¥2? ¢ v2°

yielding to |¢/[2£2 for the symbol. The choice A = B = AtD,, € UF' ¢ U2 Jeads to the same symbol.
In fact if u € €2°(R"}) then

N
Qu) = Szzl ((B%)" o A%u,u), .

The symbol of @) thus coincides with the principal symbol of Zi\f: 1(B®)* o A%. Note that considering test
functions with non-vanishing traces at the boundary x,, = 0" will naturally generate boundary terms when
performing such operator transpositions. Such questions will be dealt with bellow.

Fors =1,..., N, as we have

a*(0) = iﬂ a3(d)E, b(o) = iﬂ B()E, 0= (06, & = (2,€,7),
J= Jj=

i i X
with a? € sm *9 and b3 € s 97 we write

m . m .
A% = Zo A3D}, B*= ZOB;?D%, AS =ai(z,D',7), B = bi(2,D', 7).
J= J=

Then, for u € .% (ﬁi), the quadratic form given by (3.1) can be written as
m m .
Q(u) = Z Z (Cj7kD'1]1u7 szu)_p
j=0k=0
where C; ;, are tangential operators given by

N
Cin = 2 (B4,
with symbols
N .
S\ * s 2(m—+o)— k
G(d) = X () #a3(0) € 57707V,

We have the following lemma whose proof is left to the reader.
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Lemma 3.3. We consider the interior quadratic form of type (m, o), as above,

Qu) = ZOkZO (C’jJ{;Dﬁ'Lu,DZu)Jr7 Cjk=cjp(z,D',7), ¢j€ S-?-E:fgg)_(ﬂk).
Jj= =
We have B
Q)| < Clull? ue 7 (RY).

m,o,T "’

Next we consider the case of a quadratic form with a vanishing symbol. Such a result will be usefull
when comparing quadratic forms associated with the same symbol.

Lemma 3.4. We consider the interior quadratic form of type (m, o), as above,

ShS ik / 2(m+0)—(j+k)
Qu) =Y (ijkDflu,Dnu)Jr, Cik=cju(x, D\ 7), cjk €57, 4 ,
=0 k=0
and we further assume that the principal part of its symbol vanishes, that is,
— 2(m+o0)—£€—1

<Zk:< ¢jk(0) =0 mod ST(;?C]U) , Vee{o,....2m}, o = (z,¢&,7).

1<j,k<m

k=t

Then the following estimate holds
Q)| < C(Null3prjor + Ir(W 1 i1, ), uwE LR,

Proof. Letl € {0,...,2m}. We introduce oy = max(0,/—m) and 3; = min(m, £). Note that 3y = {— .
We set
j k B —k, 1k
= Y (CjxDju,Dyu) = > (CoprDy " u, Dyu)
1§i,::§;n k=ay

+

We first consider 0 < ¢ < 2m. For k > oy we write

(Cg,k,kDﬁ_ku,DfLu)+ = (Cg,k,kDfL_kHu, be_lu)+ + (Op(Dan,M)Dfl_ku,Df’;_lu)Jr

. {—k k-1
—z(Cg,kyan u|xn=0+7Dn U|xn:0+)a,

which by induction yields,

k—ay
(C[_thf;ku, Dflu)Jr = (Cg_thﬁfu, Dzeu)Jr + Z (Op(Dan_k’k)fokJrsflu, Dﬁ;su)+
s=1
Qe (—kts—1 k—s
—1 Zl (Cf—k‘,an U‘xnzo-‘—, Dn U|In:0+)a'
s=

As Dycp—j 1 € S-?-(T:{U)% we note that

(3.3) | (OP(Dnce— ) Dy " u, DE*u) | |
< C“AT+J+’C_K_S+%D,€_I€+S_1UH+|’A-T|—n+a_k+s_%D§_SU|’+
+otk—f—s+3i +o—k+s—1
SCHATm ’ ) QU’HE—k—&-s—l,THA:—n 0 ’ 2U’sz—s,7

< ¢ ||u”f*k+871,m+0+k7f78+%77 ||u”kfs,m+07k+sfé,7'
2
< Cfull

m71,0'+%,7' ’

asm+k—/¢—s>0andm—-1—k+s>0.
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Similarly we write

‘ (Cg—k7kD7€_k+S_1u|mn:0+ ) sz_su\xnz(]*)a‘ <C |tr(u) ’2

m—l,cr—i—%,r .

We thus obtain

Be
Il <| 5 (CompDiru Ditar) |+ Ol y s, + 0@ 4y, )-

k=ay

As by assumption we have

Be
o 2(m+o)—0—1
> Crnp= > Crpr€¥7 ¢ ;
k—a 1<j,k<m
jt+k=¢t

we find

B
5 (CrosaDifu, D) | < AT pgea] Ay b gl

k=ay

=C HuHﬂz mto—fe— 5, 11U
< Clull;

Oég,m-‘ro'—ag—%ﬂ'
m, J—— , T
since m — oy > 0 and m — By > 0. In the case 0 < ¢ < 2m we have thus obtained

(3.4) el < C(lully, pr , + e,y s )

Let now ¢ = 0. Then Iy = (Coou,u), and as Cpp € \Iliﬁr:’bga)f we find |Ip| < CHuH mo—1r

Similarly for £ = 2m we have I, = (C’mmDZL”u,D,Tu)Jr with Cp, € \I/.Qr"mll yielding |Io,,| <

c ||u||$nUi%T This concludes the proof. O

We shall need a Géarding inequality for the quadratic forms we have introduced.

Proposition 3.5 (Garding inequality). Let % be an open conic set in Ry x R"™' x Ry and let Q be an
interior quadratic form of type (m, 0) with its symbol q € ST d’ satisfying, for some C' > 0 and Ry > 0,

Req(o) > CN*™, for A= |(&,7)| > Ro, 0= (¢.&), 0 = (2,&,7) € %, & €R.

Let then x € S%T, homogeneous of degree 0, be such that supp(x) C %. For0 < Cy < Cand N € N
there exist T, C' > 0, and C; > 0 such that the following inequality holds

Re Q(Op(x)u) > Co [|Op(x)ul?, » — C" [tr(Op()w)[o 110 — CF o _nr s
forue SR} and > ..

The important feature of this version of the Garding inequality is that it concerns functions defined on a
half space. Such an inequality can be found in [41, 11]. Here we give a microlocal version of the inequality.

Remark 3.6. In the case % = Uy x R"™ x R™, with Uy open subset of Ei then, by continuity, there exists
U1 open subset of @1 such that U is a neighborhood of Up and

Req(o) > CoA*™, forA=|(&,7)| > Ro, 0= (&), ¢ = (#,&,7) € U1 xR* xR, & €R.
for Cy < C’(’) < C'. Then there exist C’ and 7, > 0 such that
ReQ(u) > C |[ull%, , — C' (W)}, 1 1 /0.7 »
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for u € #(R;) with supp(u) C Up. This is obtained from Proposition 3.5 by choosing x = x(z) €
¢ (R™) with supp(x|z,~0) C U1 and x = 1 on Uy and by taking 7 sufficiently large.

Proof. Letx € S%T have the same properties as x with moreover 0 < xy < 1 and y = 1 on supp(x).
We introduce the interior quadratic form

N | =
M=

Q(u) = Re Q(u) = ((A%u, B*u) . + (B°u, A%u), ),

s=1

that we may write in the form of (3.1) with 2N terms in the sum. Its symbol is given by (see (3.2))

J L N 2m,0
§§:(bas+dsbs):Re§:dsbseS e
s=1 s=1

T,cl

Without any loss of generality we may thus assume that the interior quadratic form () has a real symbol

q(0)-
The symbol ¢(p) is in 527"

o and thus is written as

2m
‘ .
q(o) = Z()Qj(y/)ﬁ%, 4 € STrd, 0= (0,6, & = (2,€,7).
j:

Each symbol ¢; takes the form g; ~ >, - ¢;x With g; , homogeneous of degree 2m — j — k in (&', ) for
|(&,7)] > 7o with g > 0 (see Definition 2.2). We set ¢ as the principal part of ¢:

2m .
(3.5) ¢°(0) = Zoqjyo(@’)%-
J:

Observe that qo satisfies, for Cy < Cq < C,
Req®(0) > C1N*™, Je¥, &eR.

With Cy < Co < O, we see that ¢°(0) —C2A?™ is a real polynomial function in the variable &, of order 2m,
that takes positive values on the real line for ¢’ € % . The leading coefficient ag(o') € SY is homogeneous
of degree 0 in (&', 7), for (&', 7)| > ro, and is positive. The roots of the polynomial come into conjugated
pairs and are functions of the other variables ¢’ € 7. We may thus write

¢°(0) — CoX™ = f(0)f(0), o0=(d.&), 0 €U, & €R,

with
m
flo) = Van(d) 11 (&n — i (),
=
where p;, i = 1,...,m, denote the roots with positive imaginary parts. For all ¢, = (20, &), 70) € %,

there exists a neighborhood %96 of g, in % such that, with the Rouché theorem, arguing as in Appendix A.2

we find that f(p) € S7 0 for o e % ;» More precisely a polynomial in &, with smooth homogeneous
coefficients |(£,7)| > ro. Note in particular that this uses the homogeneity of the functions ¢; o in (3.5).

We pick 7 a conic open set such that ¥ C % and supp(X) C 7. Making use of the conic structure in
the variables (', 7), as above we can then pick Qg € 7 and conic neighborhoods %;, j € J, such that we
obtain a locally finite covering of #'. We then associate a partition of unity of the form

X = >.Xj,» supp(xj) C %, x;homogeneous of degree 0,
JjeJ
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and f;(0) = x;(0")f(0) € S?:L’TO. Since the supports of the y; are locally finite Yf = >_ f; € S??;O. We
have

(3.6) () (4°(0) — CaA?™) = 32| f* (o),

for o = (¢,&,) with o' € @i x R" ! x R, and &, € R. We now take 7 > ry. Observe that v —
||OP(X)UH,2n,T is an interior quadratic form of type (m,0) with symbol %?|(¢,7)[*™. We thus see that
Q(Op(x)v) — Cs ||Op(>2)v|]72mT — HOp()Zf)vH%r is an interior quadratic form of type (m, 0) with a symbol
r with vanishing principal part:

m . .

r(o) = > ri(d)E, with r; € S2m—J-1,

j=0

Lemma 3.4 (with 0 = 0) then yields

3.7 |ReQ(Op(X)v) — C2 [lOp(R)v]12, — 0D | < C(I0lZ 1 oy + [E8(0) 11 2r )
forv e .7 (@1) The triangular inequality then yields

ReQ(Op(R)v) = Co [lOp(X)lly, » = C'([vll5 12 + [2(0) 3110 )y v €L (RY),

by taking 7 sufficiently large. We now set v = Op(x)u. We have Op(x)v = Op(x)u + Ru with R €
N NGN\IJ{]TV by pseudo-differential calculus. We then obtain the sought estimate by taking 7 sufficiently
large. g

3.2. Boundary quadratic forms.

Definition 3.7. Letu € 7 (R ). We say that

N
Bu) =" (Asumn:m,Bsu‘xn:m)a, A® =a®(x,D,T), B> =b°(z, D, ),
s=1
is a boundary quadratic form of type (m — 1,0) with € coefficients, if for each s = 1,... N, we have
a’(p) € S:?CTLU (R x R™), b*(p) € SZLCTLU (R} x R™) with o’ + 0" = 20, 0 = (¢,&,) with o =

(x,&', 7). The symbol of the boundary quadratic form A is defined by
- N _ ~
B¢, n:&n) = 30 a’(0,€n)b% (0, &n)-
s=1

Forz = (20,...,%m-1) € C™ and a(p) € S™;"", of the form a(¢,&,) = Z}W’:_Ol aj(g’)fﬁ; with

7,cl
/ m—1+r—j
a;(¢') € ST, 4 we set

, m—1 ,
Ya(0'2) = X2 aj(@)z-
7=0
From the boundary quadratic form % we introduce the following bilinear symbol ¥4 : C™ x C"™ — C
N E—
>80, 2)%5 (0. 2), 2,2 €C™

s=1

Y0, 2z,2")

We let # be an open conic set in R"~! x R"~! x R, .

Definition 3.8. Let & be a boundary quadratic form of type (m — 1, o) associated with the bilinear symbol
Y5(0,2,2"). We say that A is positive definite in W if there exist C > 0 and R > 0 such that

o P m 1 2(m—1—j+o),_ |2
ReXg(0",x, =0",2,2) > C Y A} |2|%,
=0
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Jorxr =&, 1) >R " =&, 7)eW, andz = (z0,...,2m—1) € C™
We have the following Lemma.

Lemma 3.9. Let % be a boundary quadratic form of type (m — 1, o), positive definite in ', an open conic
set in R"~1 x R"~1 x R, with bilinear symbol ¥ (o', z,2'). Let x € S%T be homogeneous of degree 0,
with supp(x‘xn:(yr) C W andlet N € N. Then there exist 7, > 1, C > 0, Cn > 0 such that

Re Z(0p(x)u) = Ctr(Op(x) w51 0, = ON ltr(w) 31—y »
forue SRy and T > ..
Proof. The boundary quadratic form can be written as
m—1 L
%(U) = Z (ijAq'H_o_l_]DgLv\xn:Oh A‘Tlll—i_o_l_kDZlen:O'*‘)a
J3:k=0

where G, = Op(gjk) € \If9|-mcl.
We introduce xy € S%T that has the same properties as x with moreover 0 < y <1
neighborhood of supp x. We then set g(0') = (¢i;(0'))o<ij<m—1 and g(0") = (3i5(0"))o<i,j,<m—1 With
g(¢') = x()g(d) + (1 = x(&") Im-
As % is positive definite we have Re (g(o”, z,, = 07)z,2) > C |z|&.. with C > 0 for ¢” = (2/,&',7) € #
with )\t sufficiently large. Thus we have Re (g(0", 2, = 01)z,2) > C’|z|¢. with ¢’ > 0 for o’ €

R~ x R"~! x R, with )\; sufficiently large.
For a function v we define the m-tuple functions V' = (vg, ..., vpym—1) by

v = AP 1= kav‘xn:m-, k=0,...,m—1.

We then have, for N € Z,

2 = | mto—1—k pk 2
(3.8) ’V|N,T = Z |Uk|N7~r = Z ‘AT Dnv\xn:0+|]\[77-
N pk 2
k ‘AU+ D U‘m 1—k7r |tr(v)‘mfl,a+N,T .
We set w = Op(x)u and introduce U = (ug, ..., um—1) and U = (uy, . . ., U,,_1) as above:
up = A?wrail*kDfL“\zn:oh up, = A?lJraflkafLﬁlzn:Oﬁ k=0,...,m—1

We have

B(u) = Z ( Jk|xn=0+@j7ﬂk)a'

J,k=0
Writing g;; = §ij + 755 With ryj = (955 — 9i5)(1 — x), with §;; = 1 if ¢ = j and O otherwise, we find

m—1

'@(ﬂ): Z (Op(gij‘znZOJf)Qjaﬂk) + Z (Op(rij|xn:0+)uj7@k)3
J,k=0 7,k=0

As the supports of 1 — x and y are disjoint, with the pseudo-differential calculus and with the Garding
inequality in the transverse direction, for any N € N we find C' > 0 and C'y > 0 such that

Re #B(u) > C|U[5, — On Uy, ,
for 7 sufficiently large. Combined with (3.8) this yields the conclusion. O



ELLIPTIC BOUNDARY VALUE PROBLEMS 25

Lemma 3.10. Let hi(C), k = 0,...,m' — 1, be a set of polynomials of degree less than or equal to (m — 1)

with m/ > m. Consider the following bilinear form Y. 5(z,2") = Y ;' ( Xp, (2)24, (2), for z,2 € C™.
Then the following statements are equivalent:

(1) the set of polynomials is complete;
(2) the quadratic form given by ¥.4(z,z) is definite positive: there exists C' > 0 such that

Y%(z,z) > C \z|([23m , z=(20,...,2m-1) € C™.
Proof. Writing hy(¢) = Z;”:_Ol hy;¢7, the completeness of the set of polynomials means that the matrix

H= (hkj)ogkgm/—1,

0<j<m—1
is of maximal rank, that is of rank m. As we have rank ' H H = rank H and

Yp(z,2) = \Hz|(2cmz = ("HHz,z)

(Cm ?
the conclusion follows. g
3.3. Bézout matrices.
m . m .
Definition 3.11. Given two univariate polynomials a(¢) = ) a;¢’, b(¢) = > b;¢’ of degree less than or
j=0 j=0

equal to m (note that any coefficient could be zero), we build the following bivariate polynomial

Bua(c.8) OO —a@b(©)

S g

= 9j.k CJC )

¢—=¢ 5k=0

called the Bézoutian of a and b, and the corresponding symmetric matrix g, » = (g; ) of size m x m with
entries g; ., bilinear in the coefficients of a and b, is called the Bézout matrix and given by (see [15]):

min(j.k)

(3.9) gik= > (beajir—rs1 — bjrr—r4100),
=0

upon letting ay, = b := 0 for k > m and k < 0. With this Bézout matrix we associate the following bilinear
form

m—1
EBa’b(z,z’) = > 9jk2i%Zh 2=1(20,-- 2m-1), 2 = (20,...,2p,_1) € C™.
j?k:()
m . m .
Lemma 3.12. Given two univariate polynomials a(() = ZO a;¢’?, b(Q) = X b;i¢’ of degree less than or
Jj= j=
equal to m, we have the following identity
k—j—1
(3.10) B, (2,2) == Y GirzieZe1 . 2,2 €CT,
’ j<k =0
where
(3.11) g;yk = (ajbk — akbj) = —g;w-.

Moreover if a = aiag and b = a we have the following property

(3-12) Ba,b((a C) = GQ(C)EQ(C)Bm,m (Ca C) +ax (C)al(C)B@ﬁz (Cv C)

Remark that this expression is not symmetric in a1 and as.
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Proof. Fort,s € R, we write

a(t)b(s) — a(s)b(t) = 3" (asby — axby) /st = 3= gl 4t7sk,

k,j=0 4,k=0
and using the anti-symmetry of ¢, viz. g, = g;. .» we find
. , k—j—1
a(t)b(s) — als)b(t) = X gi(Ps" —ts) = (s =) L gy 32 7S
<k j<k 7 r=0

By continuity we then obtain the following identities

k—j—1
(3.13) B p(t,s) = Bl (t,s):=— Q;k 3 i gk—1-r
’ i<k =0

With the matrix g’ = (g’ ;) we associate the following bilinear form

k—j—1

Eleb(z,z’) == Y GirZitrZe1 22 €C™
’ j<k 7=0

To prove the first result, i.e., EBQ , = YB,,» it is sufficient to have EBL,b(Vp’ vg) = EBa,b(pr Vg) D, q €

{1,...,m}, for any basis (v1,. .., V) of C™.

Let then wy, ..., wn, € Cbe such that w; # w; fori # j. Setting v; = (1,w;, ... ,wgnfl),j =1,...,m,
yields a basis of C™, as we have the Vandermonde determinant

det(vi,...,vin) = ] (wj —wi) #0.
1<i<j<m
Observe then that we have
2 Bas (Vpy Vg) = Bap(wp, wy), EB;,b(Vpqu) = By (wp, wg)-

We then deduce the first result from (3.13).

Finally the proof of (3.12) is a simple algebraic manipulation that is left to the reader. g

The following Hermite Theorem provides a relation between the position of the roots of a polynomial and
the Bézout matrix associated with the real and imaginary parts of the polynomial. We give an elementary
proof in Appendix A.3.

Proposition 3.13 (Hermite Theorem). Let h({) = a(¢)+1ib({) be a polynomial of degree k > 1, where a(()
and b({) are polynomials with real coefficients. Assume that all the roots of h(C) are in the lower complex
half-plane {Im { < 0}. Then the roots of a(C) and b(() are real and distinct. Moreover, the bilinear form
Py Bab (z,2) is positive, i.e., there exists C' > 0 such that

B, ,(z,2) > C 2>, zecCk

3.4. A generalized Green formula. Consider two symbols of a € S:”C’? and b € S:”CTI’I c smo,

s

. m—1 i —
(3.14) a(o) = - a;(d)&,, blo) = Zo bi()en, aj € St bi€ ST,T,ICCI’
]:

0

J

with o = (¢, &,) and ¢’ = (z, £, 7). Considering them as polynomials in &,,, we introduce a quadratic form
(Bézout form)

/ !¢ !¢ / _
a@agbzgag _aQ7§ va€ m=l | &

Ba,b(&wén) = f 5 o
n - Ssn J,k=
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where according to (3.9)

min(j,k) .
2m—1—(j+k
Gik = EZ (bejtk—e+1 — bjsr—rcr1a0) € ST S
=0
With a and b we associate the following boundary quadratic form
m—1 . K
(3.15) Bap(u) = Y (GipDhujg, —ot> Dptijs,—o+)
J3,k=0

where G 1, = Op(g;,x). By Lemma 3.12 we deduce that
R / j+e k—1—¢
PBap(u) =—3. > (Op(gj,k)D%Jr Ujgp—=0+s Dp U|xn:0+)3
j<k (=0
where

95() = (ajby, — arby)(0) € Sy f "

For any a and b as given by (3.14), we introduce

(3.16) sub(a,b) = > 07(b0g'a — adg'd)
lal=1
= {a,b} + | la (bOg0ga — adg0gb) € 5210,

We have the following lemma.

Lemma 3.14. We have

m

sub(a, b)(0) = — X2 hy()&)* ~

1 o N
: 5 2 Onlgi)(@)(k — )& e Spmte.
J:k:() 7,

0

ANIE

where 0= (Qla gn) and
e 30— S
|Bl=1

We refer to Appendix A.4 for a proof.
We shall now prove the following proposition.

Proposition 3.15 (Generalized Green’s formula). Consider two smooth and real symbols a € S’Tnc’lo and
be s The following identity holds true

7,cl

(3.17) 2Re (Au,iBu), = Hyp(u) + Bap(u) + R(u), A=a(z,D,7), B="0b(z,D,7),

for any u € 5”(@1) Here, B,y is the boundary quadratic form of type (m — 1,1/2) given by (3.15) and
H, is an interior quadratic form of type (m, —1/2) with real symbol

ha(0) = sub(a, b)(e)-
Finally, the remainder term R(u) is a quadratic form that satisfies

[R(u)| < Clull,

77177- ’
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Proof. We write the first term in the Lh.s. of (3.17) as the following interior quadratic form of type (m, 0)
m
Q(u) = 2Re (Au,iBu), = —i( (Au, Bu), — (Bu,Au), ) = > Ljx(u),
4,k=0

where the 7;;,(u) are given by

Lix(u) = —i((AjDiu, ByDfu)y — (BjDiu, A D)),
with the tangential operators A; = Op(a;), B; = Op(b;), j = 1,...,m. We write the interior quadratic
form [, in the form

Lp(u) = —i((Bg o Aj — A} o Bj) Dju, Dju) .
From symbolic calculus (Proposition 2.5) we have
BioAj— AjoBj =Gy — ik + Ry,
with G}k = Op(g}k), Hj ;, = Op(hji), where
g;,k = a’jbk - akbj = _g;c,j € S’?’Tﬁ;lj—ka h’j,k = | %: 85,(ajé?gbk — bjé??,ak) S S—?—Tﬁ,—dl_j_k,
Bl=1

and the remainder term R, € \I'%"fdz*] ~*_ We thus have

Iin(u) = =i(G} D, Diu) , —(H;xDju, Dhu) , + Rjx(u), |Rjr(u)| < Cllul,

7_177— :

-~

=:Jj,k(w)

We consider the term J; , for j < k. With an integration by parts, we obtain

T;4(u) = ~i( Op(Dagl) D, D), — (G D 1w, D),

/ j k—1
- (Gj,kD%Um:oﬂDn ulxn=0+)a-
Therefore, by induction, we find

=—Ji,j(u)
k—j—1 . - -
Jip(u)=—i (Op(Dng;-7k)Dﬁl+gu, foflfzu)+ —1 (G;-7kD,’2u, D%U)Jr.

~
Il
o

k_

/ 40 k—1—¢
- (G D8 g, =0t D' gy, o)
V4

—_

<.

PE

Il
o

‘We thus obtain

S Jiw) = X Ja) + X Jii(w)

3. k=0 j<k i<k
k—j—1

=—i> Y (Op(Dug)y) Dyt u, DE " u)
j<k ¢=0

1

e |
2 (TS L AR TIFRI o VN
7< =0

Using Lemma 3.12, we find

-1

2 Jia(w) = Aap(w) = 5 3 (Op(Bugi ) D, D)
J,k=0 j<k =0

.
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‘We then obtain
Q(u) = Bap(u) + Hap(u) + R(u),  R(u)= > Rjr(u),

where

Ha,b(u) ==

M3

. k—j—1 ‘
(Hj,kDﬁlu, DT”ju)Jr — Zk ZZO (Op(ang;,k)D%Mu, Dﬁ_l_eu)Jr,
JI< =

J,k=0

with symbol, in the sense of Definition 3.1, given by
_ i ) N ej+k 1 - 9. / N eck+j—1 _
has(0) = = X b6 =5 3 (Gngf) @)k — EEH ! = subla,b)
]7 = j7 =

using Lemma 3.14. U

4. PROOF OF THE CARLEMAN ESTIMATE
As is usual in the proof of Carleman estimates we consider the following conjugated operator
P,=¢e""Pe 7.

2m,0
T,cl

Ase™D;e ¥ = D; + iT0jp we see that P, € ¥
ity (x)) € S70.

AN 7,cl
Similarly we set

. Its principal symbol is given by p,,(0) = p(x, & +

B = e7#BFe ¢ € Wk

T,cl ?

with principal symbol bff,(g) = bk (z, & +it¢' () € Sﬁiio.
We start the proof of the main theorem with a microlocal elliptic estimate that will be exploited below

through the strong Lopatinskii condition.

4.1. Elliptic estimate. Here we consider a polynomial function with roots with negative imaginary parts in
a microlocal region. Then, we can obtain a perfect microlocal elliptic estimate.

Lemma 4.1. Let (0, &,) € ROy = (x,&,7), with k > 1, be polynomial in &, with homogeneous
coefficients in (§',7) and L = l(x, D, 7). When viewed as a polynomial in &, the leading coefficient is 1.
Let % be a conic open subset of Vi x R"™1 x R,. We assume that all the roots of £(¢',&,) = 0 have
negative imaginary part for o' = (x,&',7) € % . Letting x(¢') € 510',7 be homogeneous of degree 0 and
such that supp(x) C %, and N € N, there exist C > 0, Cn > 0, and 1. > 0 such that

2 2 2 2 2
0P wll,- + [tr(OPO)W) 51,1 /2,» < CIILOP(X) w3 + Cn ( wlly _nr+ Ity N, ),
forwe SRY) and T > T..
Here we recall that V. is bounded (see Section 1.6).

Proof. Let ¥ be a conic open set of V. x R"~! x R, such that ¥ C % and supp(x) C 7.
We write £(0) = a(o) + ib(0), where a and b are both real and homogeneous, with a € S+ and

be S Weset A = Op(a) and B = Op(b) and we introduce the following quadratic form of type
(k,0) Q(v) = ||Av||% + || Bv||2 with symbol

q(0) = la(0)|* + [b(0)|* € S0,



30 M. BELLASSOUED AND J. LE ROUSSEAU

The Hermite theorem (Proposition 3.13) implies that a(¢’, &,,) and b(¢’, fl) have distinct real roots for all
o € % . Thus, on the compact set K = {90 = (2,&,7);0' = (z,¢,7) €7, & € R, |E2 +72 = 1}, we
have ¢q # 0 yielding by homogeneity

g0) > ClET)I*, deV, &eR
Setting w = Op(x)w, the Garding inequality of Proposition 3.5 gives, for any N € N,
2 2 2
4.1) Q(w) > C|wly, — C"ltr(w)[y_1 1/2, — O [wllk —n.- -
Next, by the generalized Green formula of Proposition 3.15 we obtain

2 Re (Aw, iBw) — Bap(w)| < |Hap(w)| + Cllwl}i ;. < C'lwlly ;.

—1,7 =
by Lemma 3.3 as here H, is an interior quadratic form of type (k, —1/2). Here %, ;(w) is a boundary
quadratic form of type (k — 1,1/2). Then we deduce

2Re (Aw,iBw), > B, p(w) = Cllwllf ), -
By the Hermite theorem (Proposition 3.13) the bilinear Bézout form* X %, 18 positive. With the homogene-
ity we find

k=1 _1_ial _
S, ,(002,2) > C Y NI 2 e T a= (2, mm1) €T Ar = (€, 7))
=0

Then the Garding inequality of Lemma 3.9 gives, for any NV € N,

(4.2) 2Re (Aw,iBw), > C |t1"(w)’i_1,1/2,r ~C'lw z,_1/2,7 - Oy ‘tr(w)|i—1,—N,T
Then from (4.1) and (4.2) we have
(4.3) ILw|% = Q(w) + 2 Re (Aw, i Bw),

2 2 2 2
> Cllwll, = C'ltr@)li 1 1/2, = On (0l -y + 1tr(@W)liy —n7 )

for 7 chosen sufficiently large.
Note however that with (4.2) we also find, as Q(w) > 0,

2 2 2
(4.4) |Lw|3 > C tr(w)li11/2, = C lwllk —1/2,» — ON Itx(w) 31,7 -
Combining (4.3) and (4.4) and taking 7 sufficiently large we obtain the sought result. g

4.2. Estimate with the strong Lopatinskii condition. Here, we consider a point in the cotangent bundle,
at the boundary, where the strong Lopatinskii condition holds. We then obtain an estimate of a boundary
norm.

Lemma 4.2. Assume that the strong Lopatinskii condition is satisfied at oy = (o, &y, 70) € St (V) with

xg € ONNV. Then there exists % a conic open neighborhood of ofy in Vo x R"™1 x Ry such that for
X € S%T, homogeneous of degree 0, with supp(x) C %, there exist C > 0 and 7, > 0 such that

o
2 2 2 2 2
c ‘tr(Op(X)“)’mq,l/zT < kz;l |B<’;”\wn:0+ ‘m—1/2—ﬁ;m + ”PGDUHJr + Hva7,1,T + |tr(v)|m71,71/2ﬁ,
fort > T, v E Y(@i)

“In the notation of Sections 3.3 and 3.4 we have YX#,, =2B,,
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Proof. We consider the factorization of p,,(¢’, &) in a conic open set % neighborhood of gf, in VxR 1x
R introduced in Section 1.6 by means of Lemma A.2 in Appendix A.2:

po(0) = P (0)p, (0)ph(0), o= (&) ¢ € %, &n €R,

and we set Kk, = p@ pga The polynomials (in &,) p; (¢',&n) and ky(¢', &) are of constant degree for
o' € . We have m™ = d°p; (¢',&n) = d°p; (00, &n)-
As in Section 1.6 we introduce the following polynomial functions in &, (with ¢’ as a smooth parameter)

bk(g &n) E=1,....u

kgt n ) )

€,\0,8n) =

cp( 5) { (Q gn)gn H+1 kf:#+1>---»m,:m_+#-

With the strong Lopatinskii condition holding at gf,, by Proposition 1.8 we have m’ > m and condi-

tion (1.15) is valid in a conic open neighborhood %, of gf, with U, C U. Precisely, this means that

the set of polynomials (e’;( 0',&n))1<k<m is complete in the class of polynomials in &, of degree less than

or equal to m — 1 for ¢’ € %;. Observe that K = %, N S-*F,T(V) is compact, recalling that V., is bounded.
By Lemma 3.10, for ¢} € K we have (using the notation of Section 3.2)

ZIE £ (01,2)] 2 [2lem 7= (20, 2m1) € C™.

By continuity this inequality remains true in a small neighborhood of ¢} in K. Using the compactness of
we thus find that there exists C' > 0 such that

m/
Z S (¢, 2) P+ Z S (0, 2)° = 3 [Tt (042)? = Clafem, 2= (20,-.-,2m1) €C™, @' €K
k=p+1 k=0

Introducing the map
Mg = (z,tn), ¢ =(x,n) R} xR xRy, ¢>0,
as we have 2 = {My¢o'; t > 0, o' € K}, we find
2 E—
Z |Ebk (Mo, 2')]” + e Z ) | Xk (MtQ,,Z/)\Q Z ’Z,’@m o' e,
At
where t = A7! = [(¢,7)| " and 2’ = (2, ..., 2}, ) € C™ with 2} = ¢t ~™+1/2Hiz; yielding
1/2— —1/2—k+p+1) 2(m—1/2—
ZA RSy (0 2) P +k21A<m s (@) 2 ZOA(’” e
,U«+ Jj=

forall z = (20,...,2m_1) € C™and ¢’ € %, using the homogeneity of the symbols.

We now choose % a conic open subset, neighborhood of g{, such that U C 9. We let x be as in the
statement of the lemma. We also choose y € S$ homogeneous of degree 0, with supp(x) C % and
X = 1 in a neighborhood of %. Then,

4. 5)

m—1 .
Z )\ (m—1/2— 519)‘2 k(g Z)‘ +kz+1)\ (m——1/2— k—&-u-i—l)‘ ) (Q/aZ)PZ ;)/\i(m—l/Q—J)‘ZjP’
[ =

forall z = (20,...,2m_1) €C™and o' € %.
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As bfz is the principal symbol of the conjugated operator B¥, according to the Garding inequality of
Lemma 3.9 for a boundary quadratic forms of type (m — 1,1/2), there exists 7, > 0 such that

M m’
k 2 k 2
(4.6) z ’B‘PQ‘%:OJF |m—1/2—ﬂk,7' + Z ‘EWQWTL:C“L ‘m*—l/Q—kz—s—p,—l—l,T
k=1 k=p+1

>C|t1“( )|m 1,1/2,7 CN ‘tl’( )‘m 1,—N,7>

with v = Op(x)v and N € N, for 7 > 7, with Ek Op(Xe ). The introduction of x is made so that x Xe@
is defined on the whole tangential phase-space.

The function p;(g’ ,&n) is polynomial in &, with homogeneous coefficients in ¢’ € % and leading
coefficient equal to 1. Its degree is constant and equal to m ™ for ¢’ € % . We smoothly extend p;(g’ En)
for ¢’ outside of % keeping the leading coefficient equal to 1 and we denote this extension by Q;. In fact

we have xp, = xKpp, = X)ZK,SQB;. We thus obtain Op(x)P, = Op(p )Op( ) Op(Xky) + R with R in
gt by the last point of Proposition 2.7. Observe that xx,, is a well deﬁned symbol.
Applying Lemma 4.1 to Op(p ) and w = Op(xk,)v We obtain
2
10p(x)wlly, - + 1t (OP(X)w) -1 12,7
N HOP )Op wH+ + [Jw|2, - Nt tr(w )2, - “1,-Nr
S 100 Pl + 1ol 1,7 + 0l - + [t0(0) 3,1 v
2 2

5 ||PSOUH+ + Hv”m,—l T + |tI‘( )|m 1,—N,7>

yielding

’D] Op )w|:pn—0+ ‘
j_

Recalling that eﬁ’”rl = mpfﬁl,j =0,...,m" —1in % we have D}, Op(x) Op(Xkyp)v = E?;’”Hy—i—ij
with R; € W™ *7~1 by the last point of Proposition 2.7. We then obtain, for 7 sufficiently large

2 2
m~—1/2—j,7 ~ < ”P@UH—i— + ||va,—11' + |tI‘( )|m 1,—N,7*

m
4.7) ) \E”“* Vponmot oo o SIPI A 0l + 605y 1o

Observing that
k k
‘Bwy\wn=0+ |m—1/2—,8k77 S-’ |B¢U‘$n:0+ ‘m—1/2—ﬂk,7 + ‘tr(v)‘ﬂk:m—l/Q—ﬁk—lff
k
S |B<pv\xn=0+ ‘m—l/Q—,@k,T + ‘tI.(v)‘mfl,*l/Q,T :
we obtain the result of Lemma 4.2 by collecting estimates (4.6) and (4.7). ]

4.3. Estimate with a positive Poisson bracket on the characteristic set. Here we consider the case of
two symbols a, b such that their Poisson bracket {a, b} is positive of the characterisitic set {a = b = 0}.
This allows us to derive an estimate with the control of a volume norm.

Lemma 4.3. Let U be an open set of V... Let a € Sy Y and b € ST be real symbols homogeneous of
degree m in (T,§), and set
Qap(v) =2Re(Av,iBv),, A=a(z,D,7), B="b(z,D,T).

We assume that
a(o) =b(0) =0 = {a,b} >0, o= (x,&7),
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forxz € U, (&,7) # (0,0). Then there exist C > 0, C' > 0, and 7, > 0 such that
Cllolly. < C'(IAvI5 + [1Bulf + lte(0)[5_11/2,7 ) + 7(Qap(v) — Re Bup(v))),
for T > 1, and for v € #(R',) with supp(v) C U.
Proof. Note that with the definition of h, ;(0) = sub(a, b)(o) in Section 3.4 we have
a(e) =b(0) =0 = sub(a,b)(0) >0, o= (2,§7),
Observe that hq,(0) is homogeneous of degree 2m — 1in (&, 7). On the compact S5 (U) we have
Thap + v(lal* + [b]?) > Co > 0,

for v > 0 sufficiently large. Then by homogeneity we obtain

Thap(0) + V(|a|2 + |b|2)(g) > Co’(f77')|2m, o= (2,6,7), €U, E€R", 7>0,

By the Garding inequality of Proposition 3.5 for interior quadratic forms of type (m,0) and Remark 3.6 we
have
2 2 2 2
7Re Hop(v) + v (| Av|l3 + [|Boll3) + C [tr(v) 5112 2 C ol 7
where H,, is a quadratic form of type (m,0) with symbol hgp. Such a form is for instance given in the
proof of Proposition 3.15.
The generalized Green formula of Proposition 3.15 gives

Qap(v) — Re By p(v) + C o2, > Re Hyp(v),

7_17T -
yielding
2 2 2 2 2
T(Qa,b(v) —Re @a,b(v)) + V(HAU||+ + HBU”+) +Cr Hva,fl,T +C ‘tr(v)‘mfl,l/ZT > C” ||vaT )
which gives the result by choosing 7 sufficiently large. (|

4.4. A microlocal Carleman estimate. With the previous results if the strong Lopatinskii condition holds
at one point of the cotangent bundle at the boundary we can then derive a Carleman estimate that holds
microlocally, that is, with a cut-off in phase-space applied through a tangential pseudo-differential operator.

Theorem 4.4. Let v € OQNV. Assume that { P, p} satisfies the sub-ellipticity condition on a neighborhood
of xo in V. Assume moreover that { P, Bt o k=1,..., w} satisfies the strong Lopatinskii condition at
00 = (w0,h,70) € S5 (Vy). Then there exists % a conic open neighborhood of o in Vi x R"™1 x R,
such that for x € S%T, homogeneous of degree 0, with supp(x) C %, there exist C > 0 and 7, > 0 such
that

2 | N pk 2
(4.8) ||P(’9’UH+ + ];1 ‘B@U|In20+ ‘mfﬁkfl/Z,T

2 2 — 2 2
+ HUHm7,177 + ‘tr(?})‘mfl,fl/Z,T 2 C(T ' HOP(X)UHm,T + ‘tr(Op(X)v)’7)171,1/2,7')7
forT> T, v E Y(@i)
Note that there are remainder terms, viz.

2 2
|UHm,71,T + ]tr(v) ’TYL71,71/2,T

that concern the unknown function v everywhere and not only in the microlocal region %/ we consider here.
The norms of these remainder terms are weaker that those in the r.h.s. of the estimates. When patching
microlocal estimates of the form of (4.8) together these remainder terms can be dealt with; see Section 4.5
below.
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Proof. Let Uy be a open neighborhood of zq in V. with the sub-ellipticity condition holding in Up.
In the local coordinates we have chosen we have

m .
P=P(z,D)= Y Pj(z,D")DJ,
j=1
with P, = 1 (see Section 1.6). We decompose the conjugated operator P, = ¥ Pe™ 7% as
P(,D:P2+’LP1, P2:§(P¢+P¢), Pl:?i(PSO_P<P)'

The operators P and P; are thus formally self-adjoint. Their respective principal symbols a(z, &, 7) € ST 0
and b(z,&,7) € ST ~b1 are both real and homogeneous. We set p,, = a-+1b. We then consider the following
interior quadratic form of type (m, 0)

Qap(v) = 2Re(Av,iBv)4, A = Op(a), B=0p(b).
Note that we have
(4.9) P,=A+iB+R, Reum1,
The sub-ellipticity condition of Definition 1.1 reads
po(z,&,7) =0 = {a,b}(z,&,7)>0,

for z € Up and (§,7) # (0,0). Note that the case 7 = 0 is achieved because of the ellipticity of P (see
Definition 1.1 and Remark 1.2).

Let now % be as given by Lemma 4.2, possibly reduced so that Z C Uy x R"~! x R, and let y be as
in the statement of the theorem. By Lemma 4.3 we then have, for v = Op(x)v,

410)  (Qap(v) —ReZap(v)) = Cr " lully, . — C'7 (11w} + [ Bullf + Itr(0)[511/2,0 )
for 7 chosen sufficiently large, with %, ,(v) given by (3.15). As A, is of type (m — 1,1/2) we have

|Bap(v)] S |t1"(ﬂ)‘izf1,1/2,f~

With Lemma 4.2, making use of the strong Lopatinskii condition, we obtain for M chosen sufficiently large

- 2
@11) ReBop(v) + M Y |Bivp,—ot |, g 1/
k=1 ’

2 2 2 2
>C |tr(y)|m—1,1/2,r - Cl( ||UHm,_1,T + ’tr(v)|m_1,_1/2,7 + HPch||+ )

for 7 chosen sufficiently large. Summing (4.10) and (4.11) we find, by taking 7 sufficiently large,

2 -1 2 2 K k 2
Qao®) + 1Pl + 7 (1Aels + 1Bul3) + 2 [BEvnmot 100

2 2 — 2 2
+ ”va,—l,T + |tr(v)‘m—1,—l/2,7 Z T ! ”yHm,T + ‘tr(y)’m—l,l/ZT :

Finally, noting that
2 2 . 2 2 2
[Av|[y + B[l + Qap(v) = [[(A+iB)ully S [|Ppully + llull5,
2 2
S 1Pl + (ol

7_177—

7_17T ’

by (4.9) and pseudo-differential calculus (last point of Proposition 2.7), we obtain the sought microlocal
estimate. U
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4.5. Proof of Theorem 1.6. We shall patch together estimates of the form given in Theorem 4.4.

With zg as in the statement of Theorem 1.6 the strong Lopatinskii condition holds for all boundary
quadruples w = (zo,Y, N, 7) with Y € T; (0Q), N € Ny (02), 7 > 0. In the local coordinates that
we use here this means that this property is satisfied for N equal to the unit conormal to {z,, = 0} and all
o = (z0,&,7) with ¢ € R" ! and 7 > 0. (See Section 1.6.) It is fact sufficient to consider (&',7) €
Syt ={,7) eR 720, [(¢,7)]=1}.

By Theorem 4.4 for all (&), 79) € S’} there exists a conic open neighborhood Uy, of 0y = (20, &), 70) in
Vi xR 1 xR, such that the estimate (4.8) holds. In fact by reducing 02/96 we can choose %96 = 096 xTy
where 096 is an open set in V. and I" o is a conic open set in R"~! x R_. With the compactness of Sfl
we can thus find finitely many such open sets %; = O; x I';, j € J, such that S:‘fl C UjesI';j. We then set
O = N,esO; that is an open neighborhood of zg in V- and we set ¥; = O x I'; C %;. We also choose an
open neighborhood W of g in R™ such that W+ =W NV, € O.

We then choose a partition of unity, x; € S%T, j € J,on W, x R"~! x R, subordinated by the covering
by the open sets 7;:

>ox;(d) =1, for o = (z,&,7) € Wy x R"™ 1 x R, and |(¢/,7)| > 79 > 0, supp(x;) C ;.
jeJ

The symbols x; are chosen homogeneous of degree 0 for [(§',7)[ > 79 > 0. Weset x =1 — . ; x; and

have x € ﬂNGNS{]TV.
As supp(x;) C %;, we can apply the microlocal estimate of Theorem 4.4:

2 L k 2
(412) HP"D,UH-F + Z ‘Bwv|xn:0+‘m—,@ —1/2,7
k=1 k /7

2 2 - 2 2
0l + 0@y 212 277 10D0OG)YI, - + 61(ODOG) V) 110

for 7 chosen sufficiently large and for v = e"?u with u = wgn withw € €°(W).
Observe then that, for any V € N,

0[], < 32 10P(xj)0ll,r + [|OPCOY|],, - S 22 10DVl r + 10l v 7
jeJ ’ jeJ
and

[ 0)nra/2 < X 15 OPOG ot 1720 + [OPIO 1o,
Jje

S :} ’tr(op(Xj)U”m—l,l/Q,T F 160 (0) 1, -7 -
j€
Summing estimates (4.12) for each x; we thus obtain

1Bl + 3 | Bbv . ol -1, + (@)1 z 7 ol + @)1
LE P @ lzn=0" m—pBr—1/2,7 m,—1,7 m—1,—-1/2,7 ~ m,T m—1,1/2,7 "

Choosing now 7 sufficiently large we obtain
“w
2 k 2 - 2 2
(413) HP<Pv||+ + /}—21 |B<,0v\:vn:()+ ‘m_ﬁk_l/zﬁ 2 T ! Hva,T + ‘tr(’l))‘m7171/277_ :

Setting v = e”¥u the conclusion of the proof of Theorem 1.6 is then classical. ([l



36 M. BELLASSOUED AND J. LE ROUSSEAU

4.6. Shifted estimates. It may be interesting to consider shifted estimates in the Sobolev scales. Namely
we may wish to have an estimate of the following form.

Corollary 4.5. Let zo € 002 and let p € €°°(Q2) be such that the pair { P, p} has the sub-ellipticity property
of Definition 1.1 in a neighborhood of xq in Q. Moreover, assume that {P, o,B¥ k=1,... ,u} satisfies
the strong Lopatinskii condition at xo. Let £ € N. Then there exist a neighborhood W of xg in R™ and two
constants C and T, > 0 such that

(4.14)

7 2
— 2 2
71 HeTSOu\|g+m7_,.+|e7'50 tr(“)’§+m—1,1/2n— < C( le™? P(, D)UHE’T—F]Z%

)

ewtr(Bk(:c,D)u)’Zm s
ST = —Pk,T

for all u = w)q withw € €2°(W) and T > .

Proof. We proceed by induction on £. As the result holds for ¢ = 0 we assume it holds for some ¢ € N; we
then have the counterpart of (4.13):

P.oll2 £ tr(BE o) ? > -1 2 t 2
H SDUH&T + kgl ‘ I'( gpv)‘&m_ﬁk_l/gﬂ- =T HUH€+m,T + ’ r(“)‘€+mfl,1/2,fa

which we shall apply to D, v and D% for o] = 1. We have
”PsoDanHe,T + HPchg’UHg,T < ”P@”He+1; + I[Py Da:n]vHe,T + I[Py Dg’]”“e;
S HPLPUHE_H,T + HUH£+m,T .
We also have
| tr(BLD,,

k
+| tr(BSOD?/U)‘K,m—,Bk—l/Q,T

+ | tr(D% Bl

U)|€,m—ﬁk—1/2,’r

< | tr(Dy, BEv

)‘Z,m—ﬁk—l/&r >‘e,m_ﬂk_1/2,7 + ‘ tr(U)‘é—i—ﬁk,m—ﬂk—l/Q,T

< 0B 1 i+ 1O,

‘We thus have

k
1Pl , + | tr(Bcp”)|e+1,m—,3k—1/z,T ol e + | tr(v)‘f—h@k,m—ﬁk—l/l‘r
2T ”PsOUHe,T + HPchxnUHz,T + ||P@D§'”He;

k k k
+ T‘ tr(B‘Pv)‘é,mekfl/ZT + ‘ tr(B@Dxnv)’f,mfﬂkfl/Q,T +| tr(Bng’vm,mfﬁkq/z,r'

This yields, by induction,

k
1Ppvllpyy , + | tr(Bwv){K-ﬁ-l,m—ﬁk—l/Q,T + 10l g, + | tr(v)‘éwk,m—ﬁk—l/z,r
1 1
27?2 ||UH£+m,T +72 ) HD%‘UHHmT +7 |tr(v)‘z+m—1,l/2,7 + > ’tr(DIjv)‘um—l 1/2,7
1<j<n ' 1554n 172,

272 0l pgmrr + 1620 g1 2,

which then implies the result. g

4.7. A Carleman estimate without prescribed boundary conditions. We conclude this section with an
additional result that can be handy in situations when no information on the traces of the solution of an ellip-
tic equation is a priori available. In other words, what type of estimate can one achieve without Lopatinskii
type conditions? Of course, one still needs to assume the necessary sub-ellipticity condition.
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Proposition 4.6. Let xo € 092 and let o € €°°(Q2) be such that the pair {P, ¢} has the sub-ellipticity
property of Definition 1.1 in a neighborhood of xq in ).
Then there exist a neighborhood W of xg in R™ and two constants C' and 1, > 0 such that

(4.15) T e u))?, < C(1le™ Pz, D)ull} + €7 tr(w)2, 11 )0,),
for all u = w)q withw € €°(W) and T > .

Proof. We follow the proof of Theorem 4.4 and write P, = A + iB + R with R € U7 and we set
Qap(v) = 2Re(Av,iBv)4. Asin (4.10) we have by Lemma 4.3

(Qap(v) = Re Bap(v) = O H[olly, - — C'r 7 (AvIL + [ Boll + [tr(w) 5127 )-
for 7 chosen sufficiently large. As we have |4, ;(v)| S |tr(v) ]7271_1’1/277 we find

— 2 2 2 2
T ol S 1AV + 1Bl + Qap(v) + [tr(v) 11 /0.1 -
As we have
2 2 ) 2 2 2
[Av[ly + | Bolly + Qap(v) = [[(A+iB)ullL S 1Psvll5 + (vl 145

we conclude the proof by choosing 7 sufficiently large. U

5. A PSEUDO-DIFFERENTIAL CALCULUS WITH TWO LARGE PARAMETERS

The weight function we shall consider below is of the form ¢(x) = exp(y1(z)). The function ¥ is
assumed to be ¢°° and to satisty

(5.1) 0<C<yp<C, ¢~ <o

We take v > 1. The goal of what follows is to achieve estimates as in Theorem 1.6 with the explicit
dependency upon the additional parameter . This can be done by the introduction of an appropriate pseudo-
differential calculus. Assumption of the function ¢ will be made in Section 6.1, namely, the strong pseudo-
convexity conditions, to obtain a Carleman estimate.

5.1. Metric, symbols, operators and Sobolev 'norms. Here, by ¢ and o' we shall denote o = (z,&,7,7) €
R" x R" x Ry x Ry and ¢’ = (z,¢,7,7) € R} x R" 1 x Ry x Ry
We set 7(x) = 7yp(x). Following [30] we consider the metrics on phase-space

d¢)? . - -
g=Pldaf + 555 with 12 = (o) = (7). O = (o) + €]
and on tangent phase space
— ~2|dz|? |d¢'|? ith 42 = u-2(0) = | (5 N2 =002 "2
gr ="ldz|" + oz Wit = () = I(F(x), &) = 7(2)” + [€']",

for 7 > 1 and v > 1. Below, the explicit dependencies of y and pt upon ¢ and ¢ are dropped to ease
notation.

The metric g (resp. g7) along with the order function p (resp. ) generates a (resp. tangential) Weyl-
Hormander pseudo-differential calculus as proven in [30, Proposition 2.2]. For a presentation of the Weyl-
Hormander calculus we refer to [36], [19, Sections 18.4—6] and [18].

Let a(x,&,7,7) € €°(R™ x R™), with 7, as parameter in [Tyin, +00) and [Ymin, +00), Tmin > 0,
Ymin > 0, and m € R, be such that for all multi-indices «, 5 € N™ we have

(5.2)

aﬁa?a(@‘ < Cag/ ™ Pl 0 € R* X R™ X [Timin, +00) X [Yimin, +00).
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With the notation of [19, Sections 18.4-18.6] we then have a(p) € S(p™, g)(R™ x R™). For simplicity we
shall write a € SZ".

The associated class of pseudo-differential operators, as given by (2.3), is denoted by W2". If a is polyno-
mial in £, 7, v and o(x) then we write Op(a) € 2.

Similarly, let a(z, &, 7,7) € € (R, x R*!) and m € R, be such that for all multi-indices o, § € N"
we have

(5.3) 0205a(g))
We then have a(¢') € ST = S(ur™, gr) (R x R*1).

The associated class of pseudo-differential operators, as given by (2.4), is denoted by WT'-.

< Caﬂy\aluTm—lﬁ\, = Ki x R x [Tmin, +00) X [Ymin, +00).

With o = (2,&,7,7) € R® x R" x Ry x Ry (resp. o' = (z,&,7,7) € g x R x R, x Ry) we
shall associate ¢ = (z,&,7(x)) € R" x R" x Ry (resp. ¢’ = (2,&,7(x)) € Ry x R"™! x Ry).

Note that if a(x, &, 7) € S, with the notation of Section 2.1, satisfying moreover, for all multi-indices
a, B, 8" € N, with 3 = 5’ + 5",

(5.4) 9307 0" a(w, €,7)| < Caprgr 16, 7)™ 1, 2 € R, € €R™, # € [Tnin, +00),
i.e., differentiation w.r.t. 7 yields the same additional decay as a differentiation w.r.t. £, then

a(z,§,7,7) = a(z,§,7(x)) € ST,
which we shall write a(o) = a(g). Similarly if a(xz,&’,7) € S7°, with the same additional property regard-
ing differentiation w.r.t. 7 we have a(¢’) = a(d') € S7%-

In what follows we shall assume that symbols in ST* and S7', have this additional regularity property.
We then say that a € SZ* (resp. ST';) is homogeneous of degree m with respect to (&, 7) (resp. (¢', 7)) if we
have a(g) = a(9)) (resp. a(o') = a(d') ) with a(x, &, 7) € ST (resp. a(z, &', 7) € ST'.) homogeneous of
degree m in (&, 7) (resp. (¢, 7)).

We shall also use the following classes of symbols S(7" ut™, g7) = 7"S7 on Ri x R forr,m € R.
The associated class of tangential pseudo-differential operators is denoted by 7" W (ut™, g) = e O

We shall say that a(p) € 77577 if
a;(0)&), witha; € %TS??jJFU.

n?

s

a(o) =
0

J

The principal part is given by 37 ; o/(a;) (¢’ )&, The associated class of pseudo-differential operators is
denoted by 701",
We have the following lemma whose proof is similar to that of Lemma 2.7 in [30].

Lemma 5.1. Letr,m € R and a € 7"57'z. There exists C' > 0 such that for T sufficiently large
| (Op(a)u,v), | < CH Op(%rluTm/)u“Jr“ Op(%r///LTm/l)v“+, u,v € Y(@i)
forr=r"+r" m=m'+m".
This contains the estimate
H Op(7°ur?) Op(a)uH+ < C’H Op(i’s”,quJ“m)uHJr, u € Y(@Tfr),
for s,p € R.
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Note also that we have
(5.5) | Op(7" ur™yul| . = || Op(ur™) 7 ull, we S(RY),
for 7 chosen sufficiently large.

Next we say that a(z, &', 7,7) € 7" %icl if there exists al?) e 'yj%rS.’s;j, with vy ~7a0) homogeneous
of degree m +r — jin (&', 7) for [(&, T)| > 7o, with rg > 0, such that

) N
(5.6) a~ Y a¥ inthesensethat a— 3 a) e 4NFlFrgmoN-1
=20 j=0 ’

A representative of the principal part, denoted by o (a), is then given by the first term in the expansion.
Then, we shall say that a(g) € 77 S7%] if

m . .
a(o) = Y a;(0)€,,  witha; € 7757
j:0 1 i
The principal part is given by >, o(a;)(o' )Eh.
m,o

With these symbol classes we associate classes of pseudo-differential operators, 7" W' . | and 7"V 7,
as is done in Section 2.2.

We define the following semi-classical interior norm

ul2, = |0p(ur™uly, ue SR,

2 3 m=y i || =n
HuHm,’F = ZO H Op(MT )DnuH+7 m € N7 (JS y(RJr)a
]:
We also set, form € Nand o € R,
2 o 2 uu m—j+o\ nJj 2 ™
lells o7 = 1 0Pl Yl 2 ~ 22 || OPGur™ ) D]l w e S (RY).
J:

At the boundary {z;,, = 07} we define the following norms, form € Nand o € R,

2 < —j+o 2
()7 = 2 | Op(pr™ 7))t (w)] 5,
]:

Proposition 5.2. Let r,m € R, and a € 7" ST".. Then, for r',m’ € R, there exists C > 0 such that

7t , ue S [RY).

;) ~
m~+m', T

!
T
Uz, =0+

_<C

m’,T

7-T/ Op(a)u|zn=0+

Proposition 5.3. Letr,c € R, m € N, and a € 77S2"?. Then, for1’',0’ € R and m' € N, there exists
C > 0 such that

5.2. Differential forms.

FHy, ue 7 RY).

7 Op(a)uH <C ’

m/’,o! T

~ 2
’m—l—m’,cr—l—o’ T
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5.2.1. Interior quadratic forms.

Definition 5.4. Let u € .7 (R'}). We say that

N
(5.7) Q(u) = > (A%, B®u) A* =a®(x,D,1,7), B® =b%(x,D,1,7),
s=1

is a quadratic form of type (r,m,o) with € coefficients, if for each s = 1,...N, we have a*(p) €
Fr g’ b*(0) € 7" Sfml’ | witht! 41" = 2r and o' + o = 20.

7.l
The symbol of the quadmtlc form Q) is defined by
N Is 2 2m,20
(5.8) q(0) = 21 a®(0)b%(0) € 7QST o

As in Section 3.1 an interior quadratic from can be written in the form

Q(u) = ZE(]ijuDk)

=0 k=0

where C} 1, are tangential operators with symbol ¢; (o)
Lemma 3.3 is then changed into the following lemma.

~or a2(m+o)—(j+k
e 72rg2mtn) =G+

Lemma 5.5. We consider the interior quadratic form of type (r,m, o) as above. We have
ey
Q)| < C |7 ull?,,,» ueL(RY).
Lemma 3.4 is changed into the following lemma.

Lemma 5.6. We consider the interior quadratic form of type (r,m, o) as above and we further assume that
the principal part of its symbol vanishes, that is,
> k() =0 mod 772r5’2(m+0) el owre {0,...,2m}.

1<) k<m
T+k=t

Then, for T sufficiently large, the following estimate holds

~ 2 ~ 2
QU < COIF Uy 1o + [P0y 11n)). ue Z(®Y).
Proof. We only point out differences from the proof of Lemma 3.4. Estimate (3.3) is modified. As here

~ 2(m+o)—~L
Dan,ng S ’YTZTSTS,; )

, with Lemma 5.1 and (5.5) (and additional commutator arguments) we write
‘ ( Op(DnCE—k,k)Dﬁ_k—i_S_lu, Dg_su)Jr‘
< O Op( ™7+ h) DRy ||| Op(uy ko) Db
< Oyl ul,- k+s—1m+o+k—l—s+1.7 H%TUHk_&mJFU_kH_
< Oy |7l

b
m—1 O'-‘r 70
for 7 sufficiently large, as m +k — ¢ — s > 0and m — 1 — k + s > 0. Using also that
Be
S Crkp= Y Crogy€rFrwdrto=t,
k=ay 1< k<m
Jtk=

estimate (3.4) then becomes
~r 112
(el < Cy 177l ot 7+ 177 tr(u Wz, Lo+l )

and the result follows. O
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The Garding inequality for interior quadratic forms reads as follows.

Proposition 5.7 (Garding inequality). Let % be an open conic set in @n x R"1 x R, and let Q be an

interior quadratic form of type (r,m,0) with its symbol q(x,&,T,7) € 7'27"537?1’ satisfying, for some C > 0
and Ry > 0,

Req(o) > C72p*™,  for i = (x,&,7(x)) € %and = |(&,7(x))| > Ry,
with 0 = (¢, &), @ = (x,€,7,7), and &, € R. Let then X € SY ., homogeneous of degree 0, be such that
supp(X) C % and set x(¢') = x(d') € SY; For0 < Cy < C and N € N there exist ., C' > 0, and
C’\; > 0 such that the following inequality holds
Re Q(Op(x)u) = Co |7 OP(X)UHEn,% — CJtx(7 OP(X)U)|371—1,1/2,% ||U||m —N,73

forue S RY) and T > ..
Remark 5.8. With the same proof as Remark 3.6 if 7 = Uy x R™ x R then

ReQ(u) > Co |’7~'TUH127L,% ~-C' ’tr(%ru)ﬁn—l,l/l? )
foru € 7 (R'}) with supp(u) C Up.

Proof. The proof follows that of Proposition 3.5. Here homogeneity of the symbols is to be understood with
respect to (T &) or (7,¢&) (as presented in Section 5.1).

We let x € S[T) have the same properties as x with moreover 0 < fg < 1and )24 = 1 on supp(x). We
then set ¥(¢') = x(&') € 59

We define qq as the principal part of 7~="¢. It is homogeneous of degree 2m in (7, &). We have qo(0) =
Go(0) with go(z, &, 7) homogeneous of degree 2m in (&, 7) with moreover

Go(z, &,7) > C1|(&,7)*™,  forCy< Cy < C.
Similarly to (3.6), for Cy < C> < C1, we have

(2, €, 7) (" (2,6, 7) — Col (6, ) P™) = Xz, &, 7)| f12 (2, 6,7),  fesTy,

—2r

leading to
(@) (¢"(0) — Cop®™) = () (0),

with f(o) = f (0) € S?? ’%0, polynomial in &,, and with smooth homogeneous coefficients.
With Lemma 5.6 estimate (3.7) becomes

[Re Q(Op(0)v) — C2 |7 Op(R)ull7, = = [Op(F % )oll} |
SC(VH%TUH _1yp7 T tx(v )l 1L1/27 )5
forv e . (ﬁi) and we conclude the proof by setting v = Op(x)u and by taking 7 sufficiently large.  [J

5.2.2. Boundary quadratic forms and generalized Green formula. Boundary quadratic forms can be intro-
duced as in Section 3.2

Definition 5.9. Let u € .7 (R'}). We say that

N
‘%(u) = Z:l (Asu|rn:0+7BSu|xn=0+)37 A% = as(x7D77—7 7)7 B® = bS<I,D,T, 7)7
s=

isa boundary quadratic form of type (r,m — 1, 0) with € coefficients, if for each s = 1,... N, we have
a’(0) € 7' ST Lo’ (R x R™), b%(0) € 7 ST Lo” (R x R™), withr' + 1" = 2r and o’ + 0" = 0.

7,cl 7,cl
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The symbol of the boundary quadratic form A is defined by
N

B(Q/7fn,én) = Z as(Qlagn)E(Qlaén% Ql = (‘7:75/77—7 '7)‘

s=1
As in Section 3.2 we associate to Z a bilinear symbol X »(¢’, z,2’).
We let # be an open conic set in R"~! x R"~! x R,

Definition 5.10. Let & be a boundary quadratic form of type (0,m — 1,0) associated with the bilinear
symbol X5 (¢', z,2"). We say that A is positive definite in W' if there exist C > 0 and R > 0 such that

11 + m=l 2(m—1—j+o0) 2 ~I1 m
S wn =0",2,2) > C 3 pr), zj|*, "€V, z="(20...,2m-1) € C™,
i=0

forpyr > R, " = (2/,¢,7,7), and §" = (', &', 7(2', w2 = 0F)).

Lemma 5.11. Let Z be a boundary quadratic form of type (0, m — 1, o) with bilinear symbol ¥ (o', z, 7).
If B is positive definite in W, an open subset of R"~' x R" ™1 x R, and } € S%T homogeneous of degree
0, with supp()2|xn:0+) CW.Let N € N. Then there exist T, > 1, v« > 1, C > 0, C'y > 0 such that

#(Op(x)u) > C [tr(Op(x)u)| — Cy [tr(u)l;

m—1,0,7 m—1,0—N,7>
forue S, 7270y 2 v and X(0') = X&) € S, with o = (2,€,7,7) and § = (2,€, ().
Proof. We highlight modifications from the arguments in the proof of Lemma 3.9. Here Op(ut®) is not
simply invertible (as it is not a Fourier multiplier). Yet, by Lemma 2.4 in [30], there exists v; € L2(R" 1)
such that ‘ 4
D%M|xn=o+ — Op(MT*(erafl*J))vj_

Then the boundary quadratic form can be written as

m—1

Bw) = 3 (OD(Gjk|y,—o+ V5> k) o

J,k=0
with g, € S%% 1 and we have (gjk‘xn:m) > C > 0. The Garding inequality in the tangential directions
then yields the conclusion as in the proof of Lemma 3.9. g

The generalized Green formula, counterpart of that of Proposition 3.15, with a similar proof, reads as
follows.

Proposition 5.12 (Generalized Green’s formula). Consider two smooth and real symbols a € S;nc’? and
be ST, L The following identity holds true

(59) 2Re (AU7ZBU)+ = a,b(u) +*%a,b(u) +R(U), A= Cl(l’,D,T,’)/), B = b((L‘,D,T,’)/),
for any u € y(@i) Here, %, is the boundary quadratic form of type (0,m — 1,1/2) given by

m—1
] k
4,k=0
where G, = Op(g; 1) with
min(j,k) i
2m—1—(j+k
gik = 2 (be@jyr—e41 — bjpr—rr1a0) € ‘S’TT,Z@I v )’
=0

and 'ylea,b is an interior quadratic form of type (0, m, —1/2) with real symbol
V_Iha,b(x7 &, 7) = 7_1 Sub(av b) (fL‘, £, 'Y) € S?ﬁ*170
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Finally, the remainder term R(u) is a quadratic form that satisfies

|R(u)| < O |lully,

7_177— :

6. CARLEMAN ESTIMATE WITH TWO LARGE PARAMETERS

With a weight function of the form p(z) = exp(y1(z)), some condition on ¢ can yield ¢ to fulfill the
sub-ellipticity condition of Definition 1.1. Those are the strong pseudo-convexity conditions introduced by
L. Hormander (see [16], [17, Section 8.6] and [20, Section 28.3]). We shall see that along with the strong
Lopatinskii condition they are sufficient to derive Carleman estimates with an explicit dependency upon the
additional parameter ~y. In fact the strong pseudo-convexity condition is also necessary if one considers a
weight function of this form; for such question we refer to [30].

6.1. Strong pseudo-convexity. In the present article, we restrict ourselves to elliptic operators. The notion
of strong pseudo-convexity then reduces to the following one (the reader can compare with Section 28.3 in

[20D.

Definition 6.1 (strong pseudo-convexity up to a boundary). We say that a smooth function v is strongly
pseudo-convex at x € Q w.r.t. pif ' (x) # 0 and if for all ¢ € R™ and 7 > 0,

(s-Ve) p(z, &+ 7Y (x) = 0and {p, ¢ }(z, & + 7' (z)) =0
= AP € — 79! (@), pla, € 4 79/ (1))} > 0.

Let U be an open subset of (). The function v is said to be strongly pseudo-convex w.r.t. p in U up to the
boundary if (s-\Wc) is valid for all x € U.

Proposition 28.3.3 in [20] shows that this property imply the sub-ellipticity condition for ¢ for v chosen
sufficiently large, which in turn yields a Carleman estimate in an open set away from the boundary. In this
section our goal is to derive a Carleman estimate at the boundary that keeps track of the dependency of the
two large parameters, 7 and -, as is done in [30] away from the boundary.

Setting & = Re p(z, & 4 i)/ (z)) and b = Im p(x, £ + i74)' () we have

o (B € — 70/ (@), pla € + 70 (2) ) = {a.B).

In fact we recall that we have (see (3.16))

%sub (B(x, € — iy (), p(a, & + 7Y/ (x))) = sub(a, b) = | |Z—1 05 (boga — adgb)

= {a,b}+ 3 (Baga;;a - aaga;;z;) .
la|=1
Property (s-Wc) may thus be written

O1) pla&+i70/(2)) = Oand {p, 0}, & +i70/(2)) = 0
= g (B, € — 17/ (@)), pla € + 70/ (2))) >0,

forall¢ € R", 7 > 0,and z € U.
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We set
Opy(1,8,7) =17 z;; 07,2, 0(x) (9g;p(, ) Be, B2, {) — Re p(x, €)% ¢, P(, C))
.]7

+1Im Y ((9,0) (@, Q) 9, p(x, Q) + p(x, O)(9;¢,P) (%, C)),

where ( = £ + i71)’. Observe that ©,, ,(x,§, 7) is homogeneous of degree 2m — 1 in (£, 7) and that we
have

1 sub (p(z, & — i7¢/(x)), p(z, £ + 7Y (x))) = Opy(z, &, 7).

29
We set p,,(x,§,7,7) = p(z, & +it¢) € S;”’O. We write P, = A+ iB + R, with A = Op(a) € \Il;n’o,
B = 0Op(b) € ‘1,;7171,1, where @ = Rep, and b = Imp,,, and with R € 7\1’7;’71. As in Section 4, part of
the analysis relies on the properties of the symbol sub (a, b). Here ¢ = exp(yv)).
We compute

(6.2) sub (a,b) = O ,(x,&,7)
s

7@ (| 0k, O ¥ @I~ Rep(e,C) 52 00,00, (2)0 P, )
Js

+1m Y (9r,p) (2, C) B, B, C) + plar, (@2, ), ),
J

2

= Opu(, & 7(2)) + 77 () (| (Pe(z, ¢), ¢/ (2))]
—Rep(z,¢) > 8$jw(m)amk¢(x)a§j£kﬁ(x? Z))

7,k
where here 7(x) = 7yp(z) and ¢ = E+iT¢/(z) = £+ i7(x)y)'(x). Note that the first term is homogeneous
of degree 2m — 1 in (£, 7) and that the two other terms do not satisfy this homogeneity. In the present article,
our positivity arguments rely on the classical Garding inequality for homogeneous polynomial symbols. In
what follows some adjusting will be performed on the symbol level to obtain the desired homogeneity.
We start with the following symbol inequality.

Proposition 6.2. Let P be elliptic on Q) and let ¢ have the strong pseudo-convexity property of Defini-
tion 6.1) in U up to the boundary of U, with U an open subset of ). We set ¢ = €' and

C=((x,&,7,7) =E+iry(z) = +iT(x)Y'(x),  T(x) = Ty0(a).
There exist C' > 0, 74 > 1, v« > 1, and v > 0 such that

Cu*™ < wlp(x, O + 7(@)Op(2,&, 7(x)) + v (@)?| (g (w, O), ¥/ (@),
T2 Ty ¥ 2> Ve, (2,8) €U x R™.
Note that symbol on the r.h.s. of (6.3) is homogeneous of degree 2m in (&, 7).
Proof. We shall in fact prove that there exist C' > 0, v > 0, and 7y > 0 such that
Cl(F,OP™ < vlp(x,& + ity (@) + 7Opp(2,€,7) + v7?| (B (2, & + 179 (2)), 4/ (2)) %,

for # > 7 and (z,€&) € U x R™. Then, substituting 7(z) for 7 and letting v and 7 be sufficiently large
yields the result.
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Because of homogeneity it suffices the prove
63)  0<C <vip(z, &+ it (x)]* + 70p(w, &, 7) + vi?[(p (2, € + 7Y (2)), 4 (2)) P,

on the compact set K = {(z,¢,7);2 € U, £ € R*, 7 > 0, |(&,7)] = 1}. The ellipticity of P reads
Ip(x, €)| > C|¢|?, for some C > 0. By continuity we see that (6.3) holds for 7 < |£| and some v > 0.
Moreover it remains true for v > vy.

We now treat the case || < §7, that is we consider the compact set

Ks={(z.& )z €U, §€R™, 720, |(§,7)] =1, [¢] < o7}
We have ©,, (z,£,7) = 2% sub (]3(96, §— ity (v)), p(,§ + iﬁb’(w))). Hence condition (6.1) that follows

from the strong pseudo-convexity condition reads, for 7 > 0,

(6.4) p(z, &+ 7Y (z)) = 0and {p, v} (z,{ + i7¢(2)) =0 = O, 4(z,&,7) > 0.
Then on the compact set /Cs the result follows from Lemma 6.3 below, by choosing v sufficiently large. [J

Lemma 6.3. Consider two continuous functions, f and g, defined in a compact set IKC, and assume that
f>0and fly) = 0= g(y) > 0. Setting h, = vf + g we have h,, > C > 0 for v > 0 chosen sufficiently
large.

The proof is left to the reader.

6.2. Conjugated operators and strong Lopatinskii condition. The principal symbol of P, = ¢"?Pe™7% €
\Il?(’:? in the present calculus is

Pel@,&,7) = p(x, € + it () = p(a, & + iF (2)) (x)) = py(x, &, 7) € ST,

Similarly, the principal symbol of BZZ = ¢ Bkem0 € U0 | = 1,..., 1,18

7,cl?

b (2,6, 7) = b (2, & + ity (x)) = b (2, € + 7/ (2)) = b (2,6, 7) € S2H

7.l *

Above the dependency upon v is hidden either in ¢ or in 7. By abuse of notation we shall write p,, (o) (resp.
py(0)) and bf;(0) (resp. by (o)) with 0 = (x,€,7,7).

Recalling the notation of Section 1.3 for the boundary quadrupletw = (z,Y, N, 7) wesetw = (x,Y, N, 7),
where 7 = 7y¢(z). Observe then that p,(w, A) = Dy (@, A).
Setting &y, = PP and fy = ﬁ;pﬁ%, we then find

Fp(w, A) = g (@, A).

Similarly, for B = {Bk } k=1 the set of boundary operators and b*(x, £) their principal symbols, we
have o

bE(w, \) = Bl (@, \).

From these simple observations we thus conclude that { P, BF o, k=1,..., p} satisfies the strong Lopatin-
skii condition at the boundary quadruple w = (x,Y, N, 7) if and only if {P, B¥ +), k = 1,..., u} satisfies
the strong Lopatinskii condition at the boundary quadruple @ = (z,Y, N, 7).
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6.3. Statement of the Carleman estimate with two large parameters. We shall prove the following theo-
rem, counterpart of Theorem 1.6 in the case of a weight function of the form ¢ = exp(~%)), with an explicit
dependency with respect to the second large parameter +.

Theorem 6.4. Let 2o € OS2 and let 1) € €°°(X) satisfying (5.1) have the strong pseudo-convexity property
of Definition 6.1 with respect to P in a neighborhood of xq in Q up to the boundary. Moreover, assume that
{P, ,B¥ k=1,..., u} satisfies the strong Lopatinskii condition at xo. Then there exist a neighborhood
W of xg in R™ and three constants C, T, > 0, and 7y, > 0 such that for ¢ = exp(y) and T = Typ:

(6.5)

1 2 2 "
17 26w“Hm,% e tr(u)[2, 1 1oz < O(lle™ Pz, D)ullj2q) + kZl |e™? B (x, D)ujoalm1/2-p,7);

forall u = wq withw € €°(W), 7 > 7 and 7 > s

6.4. Preliminary estimates. The following lemma is the counterpart of Lemma 4.1, that is, an elliptic
estimate. B

7nAs above with o/ = (z,¢,7,7) € Ri x R"1 x R, x R, we shall associate ¢/ = (x,¢,7(z)) €
R} x R"! x Ry

Lemma 6.5. Let {(p) € Sﬁ’o, with o = (x,&,7,7) and k > 1, be polynomial in &, with homogeneous
coefficients in (¢',7) and L = {(x, D, 7,7). When viewed as a polynomial in &, the leading coefficient is 1.
Let % be a conic open subset of Vi, x R"~! x R . We assume that all roots of £(0', €,) = 0 have negative
imaginary part for ¢ € U . Letting X(¢') € 8%, &' = (x,&',7), be homogeneous of degree 0 and such
that supp(x) C %, and N € N, there exist C > 0, Cy > 0, 7. > 0 and 7., such that

2 2 2 2 2
10 () wllj. 7 + [tr(OP(X)W) ;- 11 /2,7 < CILOPO)WIL + On (lwll -z + Itr(w)]i—1 w7 )
forwe S[RY) and T > 7y, v > e and x(') = X(8') € 59 5.
Proof. The proof is very similar to that of Lemma 4.1. We highlight differences that mainly involve factors
~ and norm indices. We write £(o) = a(o) + ib(0), where a and b are both real and homogeneous in (&, 7),
witha € Sif’o and b € Slgfl’l. We set A = Op(a) and B = Op(b) and we introduce the following quadratic
form, of type (0,%,0), Q(w) = || Awl|%. + || Bw||. with symbol
2 2 2k,0

q(0) = la(o)|” + [b(0)|” € S5

Setting w = Op(x)w, the Hermite theorem and the Géarding inequality of Proposition 5.7 give
2 2 2
Q(w) > Cllwll; s — C"ltr(w)[i11 /07 —Cn llwlli —n 7

and the generalized Green formula of Proposition 5.12 gives

[2Re (Aw, iBuw), — Bup(w)| < |Hop(w)] + OV [l _y » < Oyl _y o

for 7 > 1. Note that Lemma 5.5 is used as 7~ H, 4 is an interior quadratic form of type (0, k, —1/2). Here
ABa.p(w) is a boundary quadratic form of type (0, k — 1,1/2). Then we deduce

2Re (Aw, iBw), > Bap(w) — Cy|lwlF _1 /5., -
With the Garding inequality of Lemma 5.11 we obtain
. 2 2 2
2Re (Aw,iBw); > Cltr(w)ly_1,1/27 — C'y lwll,—1 /2.7 — CX tr(w)fpy _nz-

Arguing as in the end of the proof of Lemma 4.1 the result follows by choosing 7 and -y sufficiently large. [
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The following lemma is the counterpart of Lemma 4.2, that is, an estimate exploiting the strong Lopatin-
skii condition, yielding an estimate of a boundary norm.

Lemma 6.6. Assume that { P, B¥ v, k = 1, ..., u} satisfies the strong Lopatinskii condition at (g, £), 7o)
S5 (Vi) with xg € OQNV. Then there exists % a conic open neighborhood of (o, &), 7o) in Vi x R" 1 x
R such that for x € ST homogeneous of degree 0, with supp(x) C %, there exist C > 0, 7. > 0 and
Y« > 0 such that

m

C’tr(OP(X) )|fn 11/2;§ Z ‘B 'U|acn70+‘m 1/2— 5k~+HP 'UHJF—F’V HU” 717—+7 ‘tr( )’m 1,—1/2,7>

forv € y(R—l-)’ T Z T ’7 Z 7* (ll’ld X(Q,) = X(@l) € S'IO',‘T" Wlth Ql = (:Caélalra/y) and é/ = (xaglvf(x))

Proof. The beginning of the proof is nearly identical to that of Lemma 4.2. Inequality (4.5) becomes (using
the notation of Section 3.2)

B o(m—1/2— . M o(me —1/2—ktpt1); 2 . M=l om—1/2—j
$ )\T(m / 6k)‘2b1’7)(9,vz)‘2 S )\T(m /2—k+p+ )|X(Q/)Zei(gl’z)|2 > Z )\T(m / ])’Zj|2,
k=0 k=p+1 =0

forall z = (20,...,2m_1) € C™and ¢’ = (z,¢',7) € %, with \2 = |¢|? + 72 and
b8 &n) = mp(@ ENETIHD, k= pt 1, m =mT 4

Here, y € S%T is homogeneous of degree 0 and such that x=1lina neighborhood of % .
We then obtain, taking ¢’ = ¢’ = (z,¢, 7(x)),

n
> pr P2 IEbk(Q z)* + Z pr 2t TR D 308, £ (0 2)?
k=0 k=pt1

m—1

2 prm 2
§=0
forallz = (z0,...,2m_1) € C™and ¢’ = (z,&,7,7) such that § € % . Here (¢0') = x(&) € S%%.
Then, according to Garding inequality of Lemma 5.11 for a boundary quadratic forms of type (0, m —
1,1/2), there exists 7 > 0 and -y, such that

H m’
k 2 k 2
(6.6) Z’B<ﬂy‘mn:0+|m—l/2—/5kﬁ'+ 2 ‘E@Q|xn=0+‘m——1/2—k+u+1,i—
k=1 k=p+1

> |tI‘( )|m 1,1/2,7 — CN“]I'( )‘m 1,—N,7>

with v = Op(x)vand N € N, for 7 > 7, and v > 7., with Bk Op(bk) and Ek Op(xe ).
Arguing as in the proof of Lemma 4.2 we write xp, = XKeP, = XXKJ@p Where Bcp (o, §n) denotes an
extension of p@ (¢',&n) to the whole phase space. Then Op(x)P, = Op(p ) Op(x) Op(xky) + R with

Reul™ ' Applying Lemma 6.5 to Op(p ) and w = Op(XKy)v We obtam

10P(X)wllz,- 7 + 1t (0P W) [ _11 /2.5 S P01 + 22 10l —1 7 + [0 (0) 51 7
yielding

‘D] Op )w|xn—0+‘m —1/2—jF ~ ||P<PUH+ +/7 ||U|| —1T+|tr( )‘m 1,—-N,7
]_
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Recalling that e]+“+1 = k&, j=0,...,m~ —1 wehave D}, Op(x) Op(Xky)v = EL v 4+ Rjv with
Rj e 0™ ﬂ’ ', We then obtain

m
(6.7) !EW* Va0t by 1/2_j2 S IP0I5 + 77 N0l 15+ [60(0) 01 1y
J=
Collecting (6.6) and (6.7) we obtain the result of Lemma 6.6, for 7 and «y chosen sufficiently large. ]

6.5. Proof of the Carleman estimate with two-large parameters. We prove a microlocal result, counter-
part of that of Theorem 4.4. Patching microlocal estimates of this type, arguing as in Section 4.5 we can
then obtain the local Carleman estimate of Theorem 6.4, which proof is left to the reader. Remainder terms
are absorbed using that, for N € N we have 7V < 7(z) = y7 exp(y1) for  large since 1) > C > 0.

Theorem 6.7. Let zq € 02 NV and let ) satisfying (5.1) have the strong pseudo-convexity property of
Definition 6.1 with respect to P in a neighborhood of x in V. up to the boundary. Moreover, assume that
{P,B*+p, k = 1,...,u} satisfies the strong Lopatinskii condition at (z¢, &}, 7) € St (V). Then there
exists % a conic open neighborhood of (zo, &), 7o) in Vi X R ! xR such that for ¥ € S%T, homogeneous
of degree 0, with supp(x) C %, there exist C > 0, 7, > 0, and 7. > 0 such that

‘ 2

6.8) [Pyl + E 1BEV, ot 1/22

80|:r

L1 2 2
+ 92 HUH 17T ? Jtr(v )’m 1,-1/27 = C(HT 2 OP(X)”Hm,; + |tr(OP(X)U)|m_1,1/2,%)v
forT > 1.,y >y, v e S (RY), and x(o) = R() € SY .
The main argument lays in (the proof of) the following lemma.

Lemma 6.8. Under the assumptions of Theorem 6.7 there exists % a conic open neighborhood of (z0,&p, 70)
in Vo xR" 1 xR, such that for X € 5’? homogeneous of degree 0, with supp(x) C %, there exist C' > 0,
T« > 0, and v, > 0 such that

(6.9) CHP@vHi — Re %, (Op(x)v) > C’H%_% Op(x)

Hm?
= C" (P[]l 1 5 + |72 tr(Op(x)v )‘m_lyl/z.;- +7tr(Op(X)0) 7,107 )
fort > 7,7 >y, veSLRY), and x(o) = X(&) € S9 .

Proof. Let Uy be an open neighborhood of zq in V; where the result of Proposition 6.2 holds.
Similarly to Section 4.5, we write

P,=A+iB+R, Re~um!
where A = Op(a) and B = Op(a), with a = Rep, € ST and b = Tmp, € ST 1", We set
(. 6,7.7) = 127 (@)2 (ph(2,0), 0/ (2) € 1273571,
F(,6,7,7) =7 Opp(,€, 7(2)) + 7(@) (Pt (2, ), ¥/ (2))* € SZ" 71,
g(x,&,7,7) = vf(w)zlgazjw(w)ﬁka( )02, ¢, p(x, () € ¥TST 20
7,

with ¢ = & + ity (z) = £ + i7(x)y/(z). We let F(v) be an interior quadratic form of type (0,m, —3))
with symbol f. With v as given by Proposition 6.2 and ~ and 7 large so that y~'v < 1 and 7(z)~lv < 1,
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we have
v(||772 Av|)% + |72 By|}) + vRe F(v)
> (|72 0|2+ ||772Bu)%) +’yReF(v) + (vt = 1) ||Op(e)u]? .
Observe that the interior quadratic form in the r.h.s., of type (—35,m,0), is of symbol

v pel? + Opp (@, €, 7(2)) + v7 (@) [(pe (2, O), ¥ () [P > CF 1™,

for x € Up and (£, 7,7) € R™ x Ry x Ry, with 7 and ~ sufficiently large by Proposition 6.2. This
symbol is polynomial in £ and homogeneous of degree 2m — 1 in (&£, 7). We let %, possibly reduced so
that % C Uy x R"~! x R, be as given by Lemma 6.6. We then let 'y be as in the statement. The Gérding
inequality of Proposition 5.7 and Remark 5.8 then yields

6.10)  w(|[F 24|} + |72 Bu|L) + v Re F(v) > C||7F 2u|[2, . — C'|F 2 tr(v)|

with v = Op(x)v. Recall that v~! H, is an interior quadratic form of type (0, m, —%) with symbol equal
to 7! sub(a, b). Since by (6.2) the interior quadratic form, of type (0, m, —%),

v Hyp(w) — F(w) + 77" Re (Pyw, Op(g)w)
has a vanishing symbol, by Lemma 5.6 we obtain
6.1 Re (Hapl() = 7F() = Re (P, 0p(g)r).. ) > —C(32 ol 1r + 716 @3 1., ).
‘We also have,
6.12) Re (P, 0p(g)v), > —C||Pou|% — 09?7
The sum of (6.10), (6.11), and (6.12) yields, for 7 and y sufficiently large,

m—2,7"

6.13) C|| P’ + (|72 Av|)? + |72 Bu|]2) + Re Hop(v)

> o'l gvaﬁcﬂdT 2tr())? L1jpr F Y@ 105,

Next, the generalized Green formula of Proposition 5.12 gives
(6.14) 2Re (Av,iBv), — Re Bap(v) + Cy? ||vH _17 2 Re Hyp(v).
The sum of (6.13) and (6.14) yields the counterpart of Lemma 4.3, for 7 and -y sufficiently large,
CHP%’QHi +v(||7 7A’UH+ + HN_vaH ) +2Re (Av,iBuv), — Re %, (v)
= C/H%_EUH G 2tr(v )}m 1127 T ltr(w )] B 07)-
We have
v(|7 2 4u| + |72 Bu||) + 2Re (4w, iBu), < [(A+iB)ul? < [Ppull? +47 ol .+
which gives, for 7 and ~ chosen sufficiently large,

CHPWQH%F_RG'%)M(Q) ZC/H%_%QHZ - (|7 2tr )’i 11/2%+7|tr( o 107 )

Since [P, Op(x)] € y¥2"~" we obtain estimate (6.9). O
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Proof of Theorem 6.7. We write v = Op(x)v. As %, is of type (0,m — 1,1/2) we have

|Bap(0)] S 1tr(0) 3 1,1/07 -

With Lemma 6.6, making use of the strong Lopatinskii condition, we obtain for M chosen sufficiently large

2

w
(6.15) RePBap(v) +M 3 \Bs@”lzn:(ﬁ‘m—ﬁk—l/ﬁ
k=1 ’

2
> Cltr()l, 11727

2 2 2
= C"(I1Ppll3 + 2 ol -1 7 + 72 1e0(0) o1, —1 /27 )-

Summing (6.9) and (6.15) we find the result, by taking 7 and ~y sufficiently large. (|

6.6. Estimate for operators with the simple characterisitic property. A stronger estimate with two pa-
rameters can be achieved if one assumes that the operator PP and the weight function %) fulfills the so-called
simple characterisitic property. This is proven in [30] for estimates away from a boundary. Here we show
that this can be extended at the boundary if the strong Lopatinskii condition is also assumed.

6.6.1. The simple characterisitic property. We introduce the map

Pz Rt — C,
7o ple, ity (2),

(6.16)

where 2 € Q and € € R™.

Definition 6.9. Let U be an open subset of (). Given a weight function v and an operator P we say that
the simple-characteristic property is satisfied in U up to the boundary if, for all x € U, we have £ = 0 and
7 = 0 when the map p, ¢ has a double root.

Note that the case £ = 0 is particular, as the root 7 = 0 has of course multiplicity m. Note also that we
have

(6.17) Ppe(7) = i(pe(a, & + it (2)), 4’ (2)) = i{p, ¥} (2, & + 7' (x)).

‘We can thus formulate the condition of Definition 6.9 as

p(x, &+ ity (x)) = {p, }(x, & +iT¢ (x)) =0 =

7aa%
I
=
>
I
@)

or equivalently

(6.18) p(x, &+ 7' (x)) = 0and (£,7) # (0,0) = {p,¥}(z, &+ ity (x)) # 0.

Observe that the simple-characteristic property (6.18) in ) up to the boundary implies that ¢ is strongly
pseudo-convex P in € up to the boundary.
We have the following lemma.

Lemma 6.10. Assume that P and 1) satisfy the simple characteristic property in U up to the boundary. Then
there exist C' > 0, 7, > 1, v« > 1, and v > 0 such that

CiP™ < v lp(, Q)2 + #(@)? (e, O W @)y 72 7y v 2 3, (2,6) €T x R™.

The proof follows from Lemma 6.3, the simple characteristic property and homogeneity.
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6.6.2. Carleman estimate for operators with the simple characteristic property.

Theorem 6.11. Let xg € 0N and let ) € €°°() satisfying (5.1) be such that P and ) have the simple
characteristic property of Definition 6.9 in a neighborhood of xq in ) up to the boundary. Moreover,

assume that {P, P, B k=1,..., ,u} satisfies the strong Lopatinskii condition at xy. Then there exist a
neighborhood W of x in R™ and three constants C, 7. > 0, and v, > 0 such that for ¢ = exp(~y) and
T = TYyp:

1 2
©.19) |77 ze™ [, + e tr(u)l7, 1/
n
T 2 T
< C(lle*P(e, Dyullfa@) + 2 le 2B, D)woalh_1/o-p,7):

for all u = wq withw € €2°(W), T > 7, and vy > s

Observe that the first norm in the 1.h.s. bears an additional factor v as compared to the estimate of The-
orem 6.4. Conversely, this additional factor implies that P and 1 have the simple characteristic property;
moreover one cannot expect to have an additional factor % with # > 1 unless the conjugated operator is

elliptic, i.e., py(z,&,7) = p(z, & + 7y’ (x)) # 0 for (€, 7) # (0,0) [30, Section 5].
As above, we only prove a microlocal estimate and we leave to the reader the adaptation of Section 4.5
for the patching of those estimates to obtain estimate (6.19).

Theorem 6.12. Let xg € I NV and let i satisfying (5.1) be such that P and v have the simple charac-
teristic property of Definition 6.9 in a neighborhood of xq in V. up to the boundary. Moreover, assume that
{P,By,v, k = 1,..., pu} satisfies the strong Lopatinskii condition at (o, ), 7o) € S;T(ViJr). Then there
exists % a conic open neighborhood of (o, &, 7o) in Vi xR" xR, such that for x € S%T, homogeneous
of degree 0, with supp(X) C %, there exist C > 0, 7. > 0, and 7y, > 0 such that

2
m—LBr—1/2,7

2, &k
6200 |Rovlf, + 3 |BEris, o]
=1
2 2 1 2 2
+ I, 1 2+ ()2 1 jar = COV[[F2 O]l - + [62(OP()D) 2,y 107 )
fort > 7,7 >y, ve SR, and x(o) = X(&) € SY .

The main argument lays in the following lemma which is the counterpart of Lemma 6.8.

Lemma 6.13. Under the assumptions of Theorem 6.12 there exists % a conic open neighborhood of
(w0, &b, 70) in Ve x R x Ry such that for ¥ € S%T, homogeneous of degree 0, with supp(X) C %, there
exist C' > 0, 74 > 0, and 4« > 0 such that

(6.21) CHPwHi — Re Bap(Op(x)v)
> |72 0p()[[}, - = € (P[0l 1.5 + 1772 62 (OPOOV) 2y 15
fort > 71,7 >y v E Y(Ri) and x(0') = x(0) € S%%-

Proof. Let Uy be an open neighborhood of x( in V. where the result of Lemma 6.10 holds.
Similarly to Section 4.5, we write

P,=A+iB+R, ReH¥l" "
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where A = Op(a) and B = Op(a), witha = Rep,, € an’o and b =Imp, € S;n*l’l. We set

e(z,&,7,7) = 7(2)? (P2, ), (x)) € 725710,

f(2,6,7,79) = Opy(a, &, 7(x)) € ST,

9(@,§,7,7) =7(2) Zk Or ()0, V() O ¢, P, C) € 7STT2Y,
J»

with ¢ = £ + it/ (x) = & + i7 () (z). We let %, possibly reduced so that Z C Uy x R"~! x R, be
as given by Lemma 6.6. We let y be as in the statement. With v as given by Proposition 6.10 and ~y and 7
large so that 7(x)~'v < 1, we have by Propositon 5.7

622 v([[F2 4[]+ [[F2Bulf}) + Op(e)ull} = OffF2uf;, . — C']F 2 >|?n_nm,

with v = Op(x)v. In fact, the symbol of the interior quadratic form in the Lh.s., of type ( ,m, 0) satisfies
by Lemma 6.10

v pel P (0, &) + Tl (2, €).' (@) (0 &) 2 CTTHP™, & = (2,6, 7(2)) € U, & € R.

This symbol is polynomial in £ and homogeneous of degree 2m — 1 in (£, 7). Hence, the Garding inequality
of Proposition 5.7 applies.
Let F'(w) be an interior quadratic form of type (0, m, —%)) with symbol f. We have by Lemma 5.5

(6.23) Re F(v) > —Clv|?, 1 .

Recall that v~ H, 4, is an interior quadratic form of type (0, m, — %) with symbol equal to v~ sub(a, b).
Since by (6.2) the interior quadratic form, of type (0, m, —%)

Y Hop(w) =~ F(w) = [|Op(e)w|| + 77" Re (Pow, Op(g)w)
has a vanishing symbol, by Lemma 5.6 we obtain
(624) Re (Hap(v) = F(v) = 7O0p(e)u]} + Re (Pov, Op(g)v),, )

> —C(y* llz, g+ @2 100 )-
We also have

(6.25) —Re (Pyu, Op(g)uv) | > -C||P, 1)H+ — Cy? HTUH
The sum v(6.22) + (6.23) 4 (6.24) + (6.25) gives, taking 7 and ~ sufficiently large,

m—2,7"

(6.26) C'H]%yHi + V(H(Tgo)féAyHi + H(Tgo)*%ByHi) + Re Hy p(v)
F 0,7‘%_% tr(g)‘fﬂ—l,l/z?’
Summing (6.14) and (6.26) gives, for 7 and ~ sufficiently large,
CllPou]l} +v([(re) "2 Au[l} + [|(7¢) 72 Bu[%) +2Re (Av,iBu) , — Re Bop(v)
> Cl’YHf'*%QH;; - C”’V‘%% tr@)‘fn—m/z%'
We have
v([[(re) 2 Al + [[(re) T2 Bu[}) +2Re (Av,iBu).,

. 2 2
< J(A+iB)llf S Pl + 2 el 17
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which gives, for 7 and ~y sufficiently large,

2

CHPVJQHi —Re Zap(v) > CVH%_%QHZ% - C,V‘%_% tr(g)‘mfl,lﬂﬁ-’

Since [P, Op(x)] € 2" ~" we obtain (6.21). O

Proof of Theorem 6.12. Summing (6.21) and (6.15) with v = Op(x)v we find the result, by taking 7 and ~y
sufficiently large. ([l

6.7. Shifted estimates. As in Section 4.6 we can also derive shifted estimates. The result of Theorems 6.4
and 6.11 then read as follows.

Corollary 6.14 (Shifted estimate under strong pseudo-convexity). Let 2o € OS2 and let 1) € €°°(2) satisfy-
ing (5.1) have the strong pseudo-convexity property of Definition 6.1 with respect to P in a neighborhood of
xo in Q up to the boundary. Moreover, assume that {P, v,BF. k=1,..., ,u} satisfies the strong Lopatin-
skii condition at xo. Let { € N and s € R. Then there exist a neighborhood W of xq in R™ and three
constants C, 1, > 0, and 7y, > 0 such that for ¢ = exp(y) and T = Typ:

g1 2 ~ 2
627) ||7 7zl L, 1T () 10

7 2
< O(||F*e™ Pz, D)ull; ; + 3
k=1

=80T ¢ Bk D )
P @D, ),

for all u = wq withw € €°(W), 7 > 7 and 7 > s

Corollary 6.15. Let xg € 0N and let 1 € €°°(0) satisfying (5.1) be such that P and 1) have the simple
characteristic property of Definition 6.9 in a neighborhood of x in  up to the boundary. Moreover, assume
that {P, ,B*¥ k=1,..., ,u} satisfies the strong Lopatinskii condition at xg. Let { € Nand s € R. Then
there exist a neighborhood W of xg in R™ and three constants C, 1, > 0, and v« > 0 such that for
¢ = exp(yy) and 7 = Typ:

(6.28) fyH%S_%ewuH:H“ + 7T (w11 j0s
< C(IFePla Dyl + 3 [ BH e Dyugal, ).
for all u = wq withw € €°(W), T > T, and v > 7s.
We provide the proof of Corollary 6.14 here. That of Corollary 6.15 can be written similarly.

Proof of Corollary 6.14. We first prove the result for { = 0 and s € R. We start from the following form of
the Carleman estimate:
2

I
H%_%van’; + [ tr(v) %1—1,1/2,% S (I1Pvll% + ;;1 tr(Bf,v)‘

m—1/2—B,7 "
and we shall apply it to 7°v in place of v. In fact
1Pl < (177 Povll . + [Py 70l

S IIF Pl + 7 170l 55

as [7%, P,] € y7° 22! (see Section 5.1). Similarly

|B<]Z7~_Sv}m—5k—1/2,i— < }%SBSIZU‘m—ﬂk—I/Z-F + /7‘7:5 tr(v) ’ﬂk—l’m—ﬁk_l/z%,
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- 1
as [7, Bf] e ’yTS@Bk . We thus find

~ ~s ok ~ ~
17°Poully. + |TSB<PU‘mfﬁk71/2,7‘ +yl7 ol + 7’78 tr(v)‘/jkfl,mf,@kfl/lf'
g1 .
2|7 QUHm,; + | tr(7°0) lm—1,1/2.7-
As [D},,7%v € 47° 21" we have
1T t1(0) lm—1,1/2,7 S 10(T0) [m—1,1/2,7 + VT° t0(0) ;=21 /2,75
yielding for 7 large
17240 (V) 1,1 /2,7 S TE0(F0) [—1,1/2,7-
We thus find
- ~s ok ~ ~
17 Ppoll . + |TSBeo”‘mfﬁkf1/2,% +yl7 ol s + 7|7 tr(v)‘ﬁkfl,mfﬂkfl/&%
o1 .
2 |7 2”Hm,; + 7760 (V) [n—1,1/2,7-
For 7 chosen sufficiently large we obtain
~ ~s ok g1
17 Povlly + |7 Bl s 102 2 17° ”JH A7 (V) [m-1,1/2,75

that is, the result for £ = 0.

Next, we proceed by induction on ¢. As the result holds for £ = 0 we assume it holds for some ¢ € N; we
then have
2

7+

7 te(B )‘

);

QUHmMT + |77 tr(v )’m-i—Z 1,1/2,7 ~ ( * P, U”e L,m—1/2—B,7

which we shall apply to D, v and DS v for o] = 1. We have
17°Pp Da, vllg z + 17" Po D5l 2 SN2 Ppvllgy 7 + 17°[Bp, DapJoll 7 + 7P, Dirloll 2
ST Povll oy 7 + Y 170l gz 5
as 7°[P,, Dy;] € y7° 25" We also have
|79 tr(Bs]ZDfEnv)‘e,m—ﬂk—UQ,% + |7 tr(B:ZDg‘,v)
< }7:5 tr(Dy,,

‘é,m—ﬁk—l/&%

+ |7~'$ tr(D;"/BZZv) |€,m75k71/2i + 7’%5 tr(v)

k
B¢v) }é,mfﬁkfl/z% ‘Hﬁk,mfﬁwl/%

~ k =
< |7 tr(Byv) |E+1,m*5k*1/2,7~' +|7 tr(v) |€+5k:m*ﬁk*1/277~"
‘We thus have

k ~ ~
|75 P, U||£+17 + ‘T tr( Bjv ‘ZJrlm Be—1/2.7 "’7H78U||m+e% +W’Tstr(v)‘@rﬁk,mfﬁkfl/l%
2 |75 Pl 5 + 175 P Dyl 2 + 17° Po DGl

+ ‘?S—H tr Bk }ém B 1/2~+ {7’ tr B oDz, v |€m B 1/2~—|— ’7‘ tr( BeﬁDg’v)’e,m—Bk—l/zﬁ'

This yields, by induction,

k; ~ ~
v) |€+1,m—ﬁk—1/2,€— + 7170l pe 7 + |7 tr(v) |€+Bk,m—ﬂk—1/2,%

s 1
772Dz v

172 Povll oy 7

o
m+6T 1<j<n

~s41 ~
+[7 tr(“>‘z+m—1,1/2,% + 2 7 tr(D“’jv)‘Hm—lJ/Z% '
1<j<n

’m+€,‘7‘
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For 7 sufficiently large, we thus obtain

17 Pyl gy, - + |7 tr(BEw 730

177t (0) [ 1 /2, 5

>
)‘K—I—l,m—,@k—l/l% ~ ’ ‘m+£+1,r

which then implies the result. g

7. APPLICATION TO UNIQUE CONTINUATION

With the Carleman estimates we have derived here we can obtain unique continuation results near a
boundary for high-order elliptic operators.

7.1. Uniqueness under strong pseudo-convexity and strong Lopatinskii conditions.

Theorem 7.1. Let Pand BF, k=1, . .. , L = m/2 be given as in Section 1. Let xo € 0S), f € € (ﬁ), and
V be a neighborhood of xq in S, be such that f has the strong pseudo-convexity property of Definition 6.1
with respect to P in V' up to the boundary. Moreover, assume that {P, f,B* k=1,... ,,u,} satisfies the
strong Lopatinskii condition at x. Assume that uw € H™(Q) satisfies

[ ]
(7.1) |Pu(z)| <C > |D%(z)|, ae inV;
la]<m—1
o fork=1,... pand|a] <m — By, witha € N*7 1
(7.2) |DSBFu(z) < C Y |D%u(z)], ae inV NOL,

[o/|<|al+Brk—1
o and w vanishes in {z € V; f(x) > f(zo)}.
Then u vanishes in a neighborhood of x.

Here D¢ denotes a familly of differential operators that act tangentially to the boundary 02 and, in local
coordinates near g, where Oq = {x,, = 0}, their principal symbol is £*.

Proof. Strong pseudo-convexity is a stable notion in ¢’ (see Proposition 28.3.2 in [20]). For & chosen
sufficiently small, and C' > 0 sufficiently large, there exists a neighborhood V' of x( such that the function
Y(x) = f(x) — e|x — x0|? + C satisfy (5.1) and has the strong pseudo-convexity property of Definition 6.1
with respect to P in V"’ up to the boundary. Similary we can see in Section 1.6, for example for the proof of
Proposition 1.8, that the strong Lopatinskii condition (or rather property (1.15)) is robust upon perturbation
of the weight function. Hence if ¢ is chosen sufficiently small {P, P, Bf k=1,..., ,u} will also satisfy
this condition.

We set ¢ = exp(y?). As shown in Proposition 28.3.3 in [20] the strong pseudo-convexity of the func-
tion ¢ with respect to P implies the sub-ellipticity condition for ¢ and P for « chosen sufficiently large.
Moreover, as seen in Section 6.2, {P, ©, B k=1,..., u} also satisfies the strong Lopatinskii condition
at xg.

We call W the region {x € V; f(z) > f(xo)} (region beneath { f(x) = f(zo)} in Figure 1) where u
vanishes by assumption. We choose V" a neighborhood of x( such that V”/ € V’. The geometrical situation
is illustrated in Figure 1.

We pick a function xy € €>°(R™) such that x = 1 in V" and supp(x) NV C V’. We observe that the
Carleman estimate of Theorem 1.6 applies to yu by density (possibly by reducing the neighborhoods V' and
V' of 2g):

o
T2 XUl 17 () 12 S €7 PO 2y + 2 [€77B (W) o010, 1
/ @ 2 | /2-Bx,
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for 7 > 15. We have
P(xu) = xPu+ [P, x]u,
where the commutator is a differential operator of order m — 1. With (7.1) we have

I POz S X XD ul 2y + €™1P, Xull 2

la|<m—1
S 2 €D (xu)ll i) + 20 €7 Miul| 12
lal<m—1 i€l

where [ is finite and the operators M; are commutators fo x and differential operators. They are of order
m — 1 at most. We also write

k k
7B (Xu)wQ‘m—l/?—ﬁkﬂ' <l|e™B (XU)WQ}W—BMT

— r%;‘ \Trpgerw3k<xu)|aﬂ|m(am
:m—ﬁk

k
< g‘ ‘TTeT‘PD_‘I’_‘B (XU)IGQ|L2(BQ)'
=m—By,

Next we write D3 B*(yu) = xD$B*u + [D$B*, x]u and with (7.2) we have

k /
leTSOB (Xu)|3ﬂ}mfl/275k,7' SJ T+Z|a‘ |Z’\ ‘TreT@XDa u|8Q}L2(QQ)
=m—Bf <|a|+B—1

+ ZH }TTGTQP[D?BIC,X]UWQ’L?(BQ)'
r+|a
=m—B,

Using commutators once more we obtain

k’ /
‘eTSOB (XU)|aQ |m_]~/2_ﬁk}a7— ,S, T+Z|&‘ % }TTDQ (eT‘PXU)|8Q ‘L2(8Q)
=m=PB <|a|+B8—1

!
—'I_ r;‘al % ’TT[GTWX’ DO‘ ]u|3Q‘L2(aQ)
=m—PB <|a|+By—1

+ T%jal |77 (DS BY, Xupoal 1200
=m—fy,

yielding

o
T k - o
1;1 B (X“)Iaﬂlmq/zf,@k,f N T;M 7" D% (e SDXU)\E)Q‘L%@Q) +j€ZJ‘6 S0MJ’“|aQ}L2(a9)v

<m-—1

where J is finite and M. ;j is the commutator of x with a differential operator. The operator M ;j is of order at
most m — 1 (w.r.t. to 7 and &). We thus have

7
i ~
];1 ‘GTSOB (Xu)|89’m71/276k,7 S ’ tr(eﬂpxu)‘mfl,(m’ + jEZJ ‘GWMJ'“\aQ‘LQ(aQV

1 1
™ tr(xu)lp11j2, = T2 [T tr(xU)], 10, 2 T2 [E0(€T XU 105
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FIGURE 1. Local geometry for the unique continuation problem. The shaded region con-
tains the supports of M;u and M;u.

for 7 chosen sufficiently large we thus obtain
(7.3) T2l Xl 1€ 0y 1,

S 2 €™ Miull 2y + 22 ‘eT@Mju\(?Q‘L?(aQ)‘
iel jet
We set S := V' \ (V" UW) (see the shaded region in Figure 1). We have
supp(M;u) C S, i € I and supp(Mju) C S, j € J,

as they are confined in the region where  varies and u does not vanish.
We thus obtain
T2 xull 1€ W 112 S 3 €7D pas
|| <m—1
+ > ‘6WTTDO‘U|39 |L2(

r4lal<m—1

Forall 0 > 0, we set Vs = {z € V; ¢(x) < ¢(xo) — d}. There exists § > 0 such that S € V5. We then

choose B a neighborhood of x( such that B C V" \ Vj /2 and obtain, as xy = 1 on B,

5N9Q) *

eTinfp o HUHHW(B) < eT(supSsC’-i- /2)( ||u||Hm*1(S) + | ‘Z ‘Dau\ag‘LQ(Sﬁ(’)Q) ), T 2 T1,
al<m-—1

for some 71 > 0. Since infp ¢ > supg ¢ + §/2, letting 7 go to co, we obtain u = 0 in B. ([l

7.2. Uniqueness for product operators. If we consider two ellitpic operators P; and P» of order m; and
ma, one may possibly wonder about unique continuation for the operator P = P; P, of order m = myj +meo,
in particular, in the case no Carleman estimate for P can be achieved.

Let us assume that for a function ) and the weigth function ¢ = exp(yy) we can derive Carleman
estimates for P; and P». The estimates we prove here are characterized by the (optimal) loss of a half
derivative. Applying such estimates one after another leads to an estimate with the loss of a full derivative.
This can be limiting for the treatment of unique continuation problems. Here we show that if one of the
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operators, say P, satisfies the single characteristic properties (for the weight ) and the second one, P,
satisfies the strong pseudo-convexity condition, and the strong Lopatinsky conditions holds for both, then
uniqueness can be proven. Note that this allows for the occurence of complex roots of order 3 for the
conjugated operators P, with symbol p(z, { + ity (z)).

Theorem 7.2. Let P, and Ps be elliptic of order my and my respectively, and let also B{“ be of order (31 ,
k=1,...,u1 = m1/2, and BE be of order Bog, k= 1,...,u2 = ma/2 be given as in Section 1. Let
xo € 08, f € €(Q), and V be a neighborhood of z in Q be such that:

(1) f and P, satisfy the simple characteristic property of of Definition 6.9 in V' up to the boundary;

(2) f has the strong pseudo-convexity property of Definition 6.1 with respect to Py in V up to the

boundary;

3) {Pj, 7 Bj]?, k=1,..., Mj} satisfies the strong Lopatinskii condition at xg, j = 1, 2.

Let m = mj + mg and assume that u € H™ () satisfies
[ ]

(7.4) |PLPyu(z)| < C > |D%(z)|, ae inV;

ja|<m—1

o fork=1,...,pu1and|a| <my — B a € N1

(1.5) ID$BFPyu(z)| <C Y |DYu(z)|, ae inV NoK;
N
o fork=1,...,pa |a1| <my, |az] < mg — Pay withoy € N and o € Nr—1
(7.6) D" D®BEu(z)| <C S |D¥u(z)], ae inV O,
\a’\fg;lk\j\lazl

e and w vanishes in {z € V; f(x) > f(zo)}.

Then u vanishes in a neighborhood of x.

Here D¢ denotes a familly of differential operators that act tangentially to the boundary 02 and, in local
coordinates near g, where Oq = {x,, = 0}, their principal symbol is £*.

Proof. The proof follows that of Theorem 7.1. We set ¢)(z) = f(z) — €|z — x9|> + C and conditions (1)-(3)
in the statement of the theorem are also satisfied by 1) alors with (5.1) for € chosen sufficiently small in a
neighborhood V'’ C V of 2 and for C' > 0 chosen sufficiently large. We then set ¢ = exp(v1)).

We derive an estimate for P = P} P». For P;, by Theorem 6.11, there exists V| neighborhood of xg in
R" such that V; N C V' and

1 22!
(77) ,yl/QHT 26‘“’0”“m1,7~' + ‘67'90 tr(v)|m1*171/277~' S HeﬂpPlvHLz(Q) + kzl leT@quaQ|m1—1/2—,31,k77~"

for all v = w)q with w € ¢>°(V1), 7 > 11, and v > 71, for 71 and 7, chosen sufficiently large.
For P,, by Corollary 6.14, there exists V5 neighborhood of g in R™ such that Vo N Q2 € V' and

(7.8) H%_lewva% + ’%_%ew tr(v)‘ L1y
’ m—1, \T

JUS L2 1 T k
SJ HT ze S0P2UHm1,7~' +,I<;Z:1 ‘T He tr(Bzv)‘m17m2—1/2—52,k,7~"

with m = mq1 + mg, for all v = wio with w € €>°(V2), 7 > 79, and v > 79, for 75 and -2 chosen
sufficiently large.
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Letting V3 = V4 N V2 and w € 6,.°(V3) for v = w)q with (7.7) and (7.8) we obtain

79 1/2)|~—1 _1¢ ~ 1/2 ‘~—% ot ‘
(7.9) v HT € UHm,T_F’y e I"(U) m—1,1/2,7

w1
< ||eWPvHL2(Q) + kzl ’eT“"Bngv|aQ| 1/2 ‘7- 3T tr(BQU)’

m1—1/2—P1 k.7 T P}

m1,ma—1/2—f2 1, 7"

We choose x as in the proof of Theorem 7.1 and we apply estimate (7.9) to v = xwu as can be done by a
density argument. We now sketch how the remainder of the proof can be carried out.
We have P(xu) = xPu + [P, x]u. The term [P, x]u is supported in the set .S introduced in the proof of
Theorem 7.1 and can be handle as it is done there. For the first term, with (7.4) we have
le™xPullpey S 22 e xD%llp 9 S 22 €7D Oxu)llpzy+ 22 €™ D, D¥ull oy -
|a|<m—1 |a|<m—1 |a|<m—1
The second term in the r.h.s. concerns functions with support located in S and their treatment is done as in
the proof of Theorem 7.1. For the first term we have
S €D ()l ey S e xully s S I el
ja|<m—1
which can be absorbed by the first term in (7.9) by chosing ~ sufficiently large.
Next we have

T Rk i _ ~r o, Te Rk i
e™? B} PZU\dQ‘ml 12— k’T < BIPQU‘dQ‘ BT §| ’7‘ DFe"* By PZU‘OQ‘LQ([)Q)
<mj1—B1 k
~ k
S Z ‘TT@T@D‘%Bl PQU\BQ‘Lz(ag)-
r+|a|
<mi—PB1k
Writing D$ Bf Poxu = xD$ B Pou + [D$ BY Py, x|u we have
TY Rk TP «
"¢ By P2”\39‘m1—1/2—,31’,€,% S §‘ |7"e™* XD By PQU\BQ‘LQ(MZ
<m1—B1k
r_Ter o Rk
+ r+2\a| ’7— [DTB1P27X]U\89‘L2(39)-
<m1—B1k

The term [DT“B{“PQ, X|u is supported in the set S and can be treated as in the proof of Theorem 7.1. For
the first term, with (7.5) we have

|77 e XD By Powjpa o) S 2 [FTeP(XDY Wioal 12

Q
lo/ <]l )
+mag+pBy —1
< ~r o' T ~r[ TP o
~ |'\Z<|\ (’TD € XU|3Q’L2(8Q)+‘T [e™x, D ]“|89’L2(39)>
+mo+By -1

The second term in the r.h.s. concerns functions with support located in S and their treatment is done as in
the proof of Theorem 7.1. For the first term we have r + |a| < m; — Sy and |[&/] < o] +ma + B1 — 1
and thus we write

‘%T‘Da/ (ewXu)wQ ‘LQ (0Q) ~ < ‘ tI‘ T@XU’)‘

m—1,0,7"

71/2’%_1/2‘37@ tr(XU)‘m—l,l/Z,? z 71/2‘(37% tr(xu)‘m 1,0,7 ~ 71/2‘ tir( ewxu){m—m,%’
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we see that the above terms can be absorbed by the second term in (7.9) by chosing -y sufficiently large.
We finally write

1 1
~—1 7o k ~—5 T Rk
T oze tr(B2XU)‘Tn1,m2—1/2—52,kﬁ'S ’T ze B2Xu‘m17m2—52,k77~'
1
~r—3 a1 a2 ,7e Rk
S Z ‘T 2D DT e BQXU‘L2(5Q)a
lag|<my

lag|<mg—Bg k
r4log|+lag|<m—Bg g

which can be treated as above by using (7.6). We then conclude the proof as in that of Theorem 7.1. U

APPENDIX A. PROOFS OF SOME TECHNICAL RESULTS
A.1. Details on the examples of Section 1.9. We first consider p(x, &) = €2 + r(x, ¢'). We have

plp('rv 5/7 7_) = (En + Z.TQO/)Q + T(x7 5,) = (fn + Z.TSOI + 20(1‘, 6/))(£TL + iTSOI - Z9($, fl))v
with §(x, &) > C|¢'| and 0(z,£")? = r(x,£). The roots of the operators are thus given by o = —iT¢’ —
i0(z, &) and ag = —iTy’ +i6(x, &').

If 9,0 = ¢’ < 0 we may have simultaneously Imc; > 0 and Im s > 0 yielding p, = 1 and
Ky = Py, a situation that forbids the strong Lopatinskii condition (see Remark 1.5 and Proposition 1.8).
This explains the assumption 9, ¢ = ¢’ > 0. (In fact having ¢’ vanishing prevents the Carleman estimate
tohold [17, 31, 30].) Then Im oy < 0 and we see that d°k, < 1. If d°k,, = 0, i.e., both roots have negative
imaginary parts, then the strong Lopatinskii is trivially fulfilled independently of the boundary operators.
This includes the low frequency regime, |£'| < 7 for § sufficiently small.

If now d°k, = 1, then ky, = &, + iT¢’ — i0(z,¢’) and the strong Lopatinskii condition is satisfied if
(by, k) is a complete family in the space of polynomials of degree less than or equal to 1. In this second
case &’ # 0.

(1) In the case Bu = u, then b = b, = 1 and the result is clear.

(2) In the case Bu = D, u + a(x)u we have b, = &, + iT¢’. Since ¢’ # 0 here, then b, and k,, have
distinct roots and thus form a complete family.

(3) Inthe case Bu = D, u+ia(x)Dy, u then by, = &, +i7¢" 4 ia&;. Assuming that b, and x, have a
common root this means a&; = —0(x, ¢’), implying a?¢} = r(z,&’). Yeta?¢} < a?|¢'|? < r(z, &),
unless &’ = 0 which is excluded here. We thus see that b, and ., do not have a common root. They
thus generate polynomials of degree less than or equal to 1.

Finally, observe that all the above remains valid if we let ¢ also depend on x’ with a |0,/ p| < |0, ¥|.
We now consider p = & + £3, with here n = 2, in V, = {x > 0}. At first we take ¢ = (x3). Then
Py = £+ (&2 +iT')* that we write
4 o
po = [1 (&2 —aj), witha; = —iry — ™ H=D/g | j =123 4.
j=1

Here also we assume ¢’ > 0 to forbid all the roots to be in the upper complex half plane. Then Im a; < 0
and Im ap < 0. We thus have d°k, < 2.

(1) If B'u = u, B>u = D,,u then b<1p =1and b?o =& +iTe. As b}o and b?o generate the polynomials

of degree less than or equal to 1, the strong Lopatinskii condition is fulfilled.
(2) If B'u = u, B*u = Au then b}, = 1 and

b, = (& +it¢)’ + & = (L +ite +i&1)(& +it¢’ — i&y).

As the roots of b}(,, bi and r, are all distinct we see that they generate the polynomials of degree
less than or equal to 2. The strong Lopatinskii condition thus holds.
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3) If Blu = u, B2u = D,,Au then bL. = 1 and
2 ®

b = (& + it ) (& +ite + i) (& +iTg —i&y).

e If d°k, = 0 then the strong Lopatinskii condition holds trivially.

e If d°x, = 1 then the strong Lopatinskii condition holds as b; generates the constant polyno-
mials.

e If d°k, = 2 then the polynomials b}o, bg,, ke, and ok, are linearly independent. They thus
generates the polynomials of degree less than or equal to 3 meaning that the strong Lopatinskii
condition holds.

As above we observe that all the above remains valid if we let ¢ also depend on x; with a |0, ¢| < |04, |

A.2. Regularity of the decomposition p, = p_, p;ﬁpg. For concision, we denote by ¢’ the variable (x, &', 7) €

@1 x R"~! x R, as is sometimes done in the main text.
Homogeneity is always understood w.r.t. the variables n = (¢/, ) for |n| > ro for some 79 > 0, leading
to the introduction of the map

Myo' = (z, M), o = (z,n) R xR xRy.
A function ¢’ — f(¢') is thus said to be homogeneous of degree k if

foMy(d) =N f(o), o =(z,m), |n|>ro, A>1.

We start with a classical result stating the homogeneity of the roots of an homogeneous polynomial
function.

Lemma A.1. Let p(¢',¢) = 2772 a;(d )¢7 be a polynomial function with € coefficients a;. Assume that

the coefficients a;j(o') are homogeneous of degree m — j. Then the roots aj(¢') of the polynomial function
p(0, €) in ¢ are homogeneous functions of degree one.

Proof. Forany ¢’ = (z,1) € R}, x R"~! x R, we factorize the polynomial function p(¢’, ) w.r.t. ¢
m
p(e',¢) = Il (¢ —a;(d),
]:

where o (¢'), j = 1, ..., m, denote the roots repeated with multiplicity. Let A\ > 1 and letn € R", || > r.
For k = 1,...,m, the roots of p(M, ¢, ¢) are o, (Myo') . We consider B (A, 0') = A~ tar(My¢'). Then,
we have

m

p(e,¢) = A"p(Myg, AC) = A [T (AC — aj (My)) = f{l (¢ B8\ 0)).

Jj=1

That is for any £k = 1,...,m and any A > 1, Bx(\, ¢') is a root of p(¢’, (). The roots of p(¢',¢) are
continuous w.r.t. ¢/, as it is a classical result that the roots depend continuously upon the coefficients (a
proof is in fact given in the beginning of the proof of Lemma A.2). Hence, A — A lap(M)o) is a
continuous function. Above we saw that it can only take a finite number of values. It follows that it is a
constant function. This concludes the proof. U

m ,
Lemma A.2. Let p(0',¢) = > am—;(¢){? be a polynomial function with €™ homogeneous coefficients
§=0

am—;(0') of degree m — j, the coefficient ag(o') not vanishing. For a fixed point g, = (xg,1n0) € ﬁi X
R x Ry, with |no| > ro, we denote the roots of p(af, ) by a1, ..., an, with respective multiplicities
M1y -, PN Satisfying pg + - -+ pun = m.
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There exist a small conic neighborhood % of gfy in Ry x R"~' x Ry, and three polynomial functions
pT(0,¢), p~(,¢) and p°(d,¢) with €™ homogeneous coefficients and of constant degrees in U, =
% 0 {|n| = ro}, such that

(¢, ¢) = ao()p* (¢, Op™ (', OP°(¢',€), ¢ € %y, CER,
where the imaginary parts of the roots of p™ (o', ) (resp. p~ (¢, {)) are all positive (resp. negative) and we
have
(A.1) (e, )= TI (C—ap), %6, Q)= TI (C—ay).
+Ima;>0 Im ;=0

Note that there is no constraint on the sign of the imaginary part of the roots of p°(¢’, () for o # 00-
The idea of this lemma is the following. At ¢’ = |, the roots can be split into three groups: those with
positive imaginary parts, those with negative imaginary part, and the real roots. This splitting is preserved if
o' remains in a small neighborhood of gy, apart for the third group since real roots can become complex if
o' changes. Moreover the three groups of roots yield smooth polynomials even if the roots themselves may
not be smooth®. This last point is of great importance here as one needs to manipulate smooth symbols in
the present work. This cannot be done at the root level.

Proof. We denote by ag, Jj = 1,..., M, the real roots with m -multiplicity of the polynomial function
p(ap; ¢) where af # af fori # j. We shall consider ¢’ in a small neighborhood of gf, in R} x R™ x R;.
We consider a small closed circular curve 7; : [0, 1] — C in C with center 049, such that a? is the only root
of the polynomial equation p(o,¢) = 0 in D, the interior disk of C; = v;(][0, 1]).

We set €; = %mingecj Ip(0h,¢)| > 0. Let z € C;. By continuity of p, there exists a neighborhood
Ul c C of z and a neighborhood Y7 C Ei x R"™! x R, of g, such that

(e, Q) = p(oy,2)| <€,  CeUL d €Y.
Since C; C Usec; U?, and C; is compact, we can extract a finite covering with such neighborhoods, viz.,
there exists z1, ..., 2, € C; such that
' A
C_] C Uk:]_ ng .
Then Yj = ﬁizlejk C @i x R"~1 x R, defines also a neighborhood of gf, such that for all ¢ € Cj and all
ey’
p(¢',¢) = p(00,¢)| < 2¢; < |p(e: )] -

By Rouché’s Theorem, for each ¢’ € Y7 the equation p(¢’,{) = 0 has m; roots (counted with their
multiplicity) in the disc Dj, that we denote by o (¢'), k = 1,...,m;. Since we can reduce the circle C; to
the point o, we get’ lim,,_, o, @k (¢) = af for all k. Invoking Lemma A.1 we extend the function ajy.(¢')
as an homogeneous continuous function of degree one in a small conic neighborhood % of g}, for || > .
We set %, = % N {|n| > ro}. Let us consider the unitary polynomial

. my
PV (e, ¢) = (€= asn(e).
whose coefficients are continuous since the roots are continuous w.r.t. ¢ as seen above. We have p(/) (00, ¢) =
(¢ —a?)mj . In a similar way, we can define the polynomials p*(¢’, ¢) and p°(¢’, ¢) in a small conic neighbor-
hood of gj, as polynomials with continuous coefficients, constant degrees, and they moreover satisfy (A.1).
Now we prove that the coefficients are €.

5 Only continuity w.r.t. ¢’ is certain. Smoothness may fail if multiplicity varies.
OIn particular at this point this prove the continuity of the roots with respect to the parameter o’
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Recalling that the polynomial p(¢’, {) has exactly m; roots o (¢'), k = 1,...,m; (counted with multi-
plicities) in the disc D;, by the Residue theorem, we find
1 3]?(@/, C) 1 Y X VAN i1
— f Ctd¢ =Y o (o) = s)(0)), ¢=1,...,m,.
2ime,  0C  p(eQ) 1;1 (€)= 2(¢) ’
Since the Lh.s. is a ¢ function w.r.t. ¢/, then the functions s{(g’), ce sfnj (o) are also of class €. If we

write p) (o, ¢) = 317, bi(g’)(k, with b?nj = 1, then we have

b1 = T |

2binj—2 = —(sz+bmj_18jl) A
3bmj—3 = —(S%—i-bmj_lsé-i-bmj_gsjl)

miby = (s, U, _ysp, o+ bsY).

We deduce that the coefficients of pl7) (¢, ¢) are in € (%, ).

Consider now the polynomial function, of degree m — m,

/ _ p(d', () /
H(Q 7<> - p(J)(Q/,CY Q e %7-0.
We have p(ef, ¢) = (¢ — )™ H (g, ¢) with H(gf, ) # 0. Write H(¢',¢) = 2,20 hi(0')(¢ — af)*.
By the Cauchy formula, we obtain

N 1 p(Qlyo d¢ /
hk(g) - %Cj p(j)(Q,,C) (C — ag)k+17 0 € %m.

Since the coefficients of p(¢’, ¢) and p\9) (o', ¢) are of class € then, the coefficients hy,(¢') is of class €.
We may now repeat the previous arguments for the polynomial H (o', () yielding the ¢ regularity of the
coefficients of p* (¢, ¢) and p°(¢’, ¢) w.r.t. o’. The proof is complete. O

A.3. Proof of the Hermite theorem (Proposition 3.13). All the roots of h are assumed to be in the lower
complex half-plane {Im ¢ < 0}. In particular ~ cannot have real coefficients. We claim that we have

(A2) V¢eC, [h(Q]=1r(Q)] & (R

Let f be the holomorphic function in {Im ¢ > 0} given by f(¢) = h(¢)/h(¢). Clearly if ( € R then
|£(¢)| = 1. Observe that neither f nor | f| can be constant in {Im ¢ > 0} since h has roots in this set.

We let R > 0 and consider the domain Dp, inside the contour v formed by the interval [— R, R] on the
real axis and the following half circle in the upper complex half-plane {|(| = R; Im { > 0}.

Im()

TR
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Let (; € C be such that Im(y > 0. Letting ¢ > 0, we choose R > |(y| sufficiently large so that

max., |f| < 1+ ¢, observing that lim|¢|_,o [f(¢)| = 1. Then the maximum modulus principle yields
|f(Co)| < maxp  |f| = max,, [f] <1+ e. Since ¢ is arbitrary we obtain that [ f(¢o)| < 1. Hence |f| <1
in the upper complex half-plane. This now yields max,, | f| = 1 for any R > 0 since | f| = 1 on the real
axis. Considering again an arbitrary (o € C with Im{p > 0 and R > [(o| we find | f((o)| < 1 since the
maximum modulus cannot be reached in the interior of Dy since f is not constant. We have thus obtained
that

(A3) If| <1 in {Im¢ > 0}.

The same analysis can be carried out with the holomorphic function g(¢) = h(¢)/h(¢) in the lower complex
half-plane since the roots of h have positive imaginary parts:

(A4) lg| <1 in {Im¢ < 0}.

Together (A.3) and (A.4) yield the claim (A.2), as the case h(¢) = h(¢) = 0 is to be excluded since it yields
both Im ¢ < 0 and Im ¢ > 0.

Let now ¢ be a root of a. Then |h(¢)| = |h(¢)| implying that ¢ is real. The same applies for the roots of
b. Moreover, if ¢ is a root of a then b(¢) # 0, as otherwise h(() = h(¢) = 0, which is excluded (see above).
The roots of a and b are thus distinct and real.

We denote the roots of h by «;, ¢ =1, ..., k, and we introduce
k k
RO = C—eg), HO=vITA(Q, 4O =TT M@, a(@=1
j= i=j

where v € C, v # 0, is the leading-order coefficient of h. We observe that i3, 7.((, ) = 2B, (¢, ¢) and
by (3.12), we obtain

|V|_2Bhﬁ(<7 5) = Bhlqlﬁlql (Ca é:)
= QI(C)@(@Bhl,hl(

() + h1(Q)h1(¢)Bg g, (¢ €)
= 2iTm(c1)q1 ()71 (C) + M (¢

)h1(¢) By, (¢, €)-

By induction we then find

V2B, 5(,0) = 20 32 T(ay) Ry (O Ry ()

j=1

where R; is a polynomial of degree £ — 1 given by

i=1_
Ry =q; 11 ha:

Note that the roots of R; are @i, ...,a;—1 and @j41, ..., . Assuming the Z;’?:l AjR;(¢) = 0, by suc-
cessively estimating this sum for { = @y, @, ..., we find A\ = Ay = --- = Ay = 0. The family of
polynomials R;, j = 1,..., k is thus linearly independent.

We have

k
E«%a,b (Z7Z/) = _‘V‘Z Z Im(aj)ZRj (Z)ZRJ' (Z/)v
j=1

with Im a;; < 0. Lemma 3.10 yields the conclusion of Proposition 3.13. U
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A.4. Proof of Lemma 3.14. We write
sub(a,b) = > 07 (bd¢a —adgd) = > Oy (bdga — adgb) + Oy, (b0, a — ade,b),
|e|=1 |

al=1
and we have on the one hand

S 0% (b0ga—adgh) = S Y % (bi0Far — a;O8by) EF,
lal=1 J,k=0|a|=1

==hjk

and on the other hand

O, (b0¢,a — alg, b) =
J

O, (kbjar&TF1 — jagb;el o 1)
0

(k = )& 05, (bjar)

Tz TMs

j7 0
1 & , jrk—1
=5 2 (k=) 0a, (bjar — byay) &7,
3,k=0
L
which gives the result. U
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