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OPTIMAL CONTINUOUS DEPENDENCE ESTIMATES FOR
FRACTIONAL DEGENERATE PARABOLIC EQUATIONS

NATHAEL ALIBAUD, SIMONE CIFANI, AND ESPEN R. JAKOBSEN

ABSTRACT. We derive continuous dependence estimates for weak entropy solu-
tions of degenerate parabolic equations with nonlinear fractional diffusion. The
diffusion term involves the fractional Laplace operator, A®/2 for o € (0,2).
Our results are quantitative and we exhibit an example for which they are opti-
mal. We cover the dependence on the nonlinearities, and for the first time, the
Lipschitz dependence on « in the BV -framework. The former estimate (depen-
dence on nonlinearity) is robust in the sense that it is stable in the limits « | 0
and « 1 2. In the limit o 1 2, A®/2 converges to the usual Laplacian, and
we show rigorously that we recover the optimal continuous dependence result
of [24] for local degenerate parabolic equations (thus providing an alternative
proof).
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1. INTRODUCTION

In this paper we consider the following Cauchy problem:

Ou+divf(u) + (=A)2p(u) =0 in Qr:=R?x (0,7T),
(1.1) B ] p
’U,(:L',O) *UO(ZE% in R )

where T > 0 is fixed, v = wu(z,t) is the unknown function, div and A denote
divergence and Laplacian with respect to x, and (—A)%, a € (0,2), is the fractional
Laplacian e.g. defined as

(1.2) (~2)%¢:=F (27 |*F9)

with the Fourier transform F@(¢) = [pae 2" ¢(x)dz. Notice that (1.2) is
compatible with the formula —A¢ = F~* (|27 - [*F¢). Throughout the paper we
assume that

(1.3) ug € LN L' N BV (RY),
1,00 d .
(1.4) e (Wh®) with £(0) =0,
(1.5) @ € W,b>°(R) is nondecreasing with ¢(0) = 0.

Remark 1.1. Subtracting constants from f and ¢ if necessary, there is no loss of
generality in assuming that f(0) = 0 and ¢(0) = 0.

The fractional Laplacian is the generator of the symmetric a-stable process, the
most famous pure jump Lévy process. There is a large literature on Lévy processes,
we refer to e.g. [52] for more details, and they are important in many modern
applications. Being very selective, we mention radiation hydrodynamics [51, 54, 50],
anomalous diffusion in semiconductor growth [56], over-driven gas detonations [23],
mathematical finance [26], and flow in porous media [29, 30].

Due to the second part of assumption (1.5), the term (—A\)% ¢(u) is a nonlinear
and nonlocal diffusion term. It formally converges toward p(u) and —Ap(u) as
a | 0 and a 1 2 respectively. Hence, Equation (1.1) could be seen as a nonlocal
“interpolation” between the hyperbolic equation

(1.6) Opu + divf(u) + p(u) =0,
and the degenerate parabolic equation
(1.7) Opu + divf(u) — Ap(u) = 0.

Equation (1.1) is said to be supercritical if & < 1, suberitical if & > 1, and critical
if @ = 1. The diffusion function ¢ is said to be strongly degenerate if ' vanishes on
a nontrivial interval. Equation (1.1) can therefore be of mixed hyperbolic parabolic
type depending on the choice of & and ¢. Note that in the mathematical community,
interest in nonlinear nonlocal diffusions is in fact very recent, and only few results
exist; cf. e.g. [9, 10, 15, 21, 29, 4, 30, 31] and the references therein.

Let us give the main references for the well-posedness of the Cauchy problems
for (1.6) and (1.7). For a more complete bibliography, see the books [32, 28, 55]
and the references in [40]. In the hyperbolic case where ¢’ = 0, we get the scalar
conservation law dyu + divf(u) = 0. The solutions of this equation could develop
discontinuities in finite time and the weak solutions of the Cauchy problem are
generally not unique. The most famous uniqueness result relies on the notion of
entropy solutions introduced in [44]. In the pure diffusive case where f/ = 0, there
is no more creation of shock and the initial-value problem for d;u — Agp(u) = 0
admits a unique weak solution, cf. [12]. Much later, the adequate notion of entropy
solutions for mixed hyperbolic parabolic equations was introduced in [16]. This
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paper focuses on an initial-boundary value problem. For a general well-posedness
result applying to both (1.6) and (1.7), see e.g. [40].

At the same time, there has been a large interest in nonlocal versions of these
equations. The first work seems to be [25] on nonlocal time fractional derivatives,
cf. also [39]. The study of nonlocal diffusion terms has probably been initiated by
[8]. Now, the well-posedness is quite well-understood in the nondegenerate linear
case where ¢(u) = u. Smooth solutions exist and are unique for subcritical equa-
tions [8, 34], shocks could occur [5, 43] and weak solutions could be nonunique [3]
for supercritical equations, entropy solutions exist and are always unique [2, 41];
cf. also [17, 18] for original regularizing effects. Very recently, the well-posedness
theory of entropy solutions was extended in [21] to cover the full problem (1.1),
even for strongly degenerate ¢. See also [29, 30] on fractional porous medium type
equations, and [31] on a logarithmic diffusion equation.

This paper is devoted to continuous dependence estimates for (1.1), i.e. explicit
estimates on the difference of two entropy solutions u and v in terms of the dif-
ference of their respective data («,uo, f, ) and (5, vo, g, ). Let us point out that
we investigate quantitative results which should be distinguished from qualitative
ones. By qualitative, we mean stability results only stating that if (c,,uf, fn, @n)
converges toward («, ug, f,®), then the associated entropy solutions w, converge
toward u. For scalar conservation laws, the first quantitative result on the contin-
uous dependence on f appeared in [27] and also in [48] some years later. Roughly
speaking, it states that for BV initial data ug = vy,

(1.8) lu(t) =v( e = O (I = g'll)

where throughout the L®-norm is always taken over the range of ug. Next, the
optimal error in /€ for the parabolic regularization dyu¢ + divf(u¢) — e Au® = 0
of scalar conservation laws was established in [45]. In that paper, the author has
developed a general method of error estimation based on the Kruzhkov’s device of
doubling the variables [44]. We use this method in the present paper. As far as
degenerate parabolic equations are concerned, the continuous dependence on ¢ was
first investigated in [7] for the equation dyu — Agp(u) = 0. Here the motivation was
to obtain qualitative results under very general assumptions. Quantitative results
were obtained in [11, 24] for the full equation (1.7). In [11], the authors established
alternative estimates to (1.8) involving weaker norms, as roughly speaking an esti-

1
mate in || f — g||&. They gave different estimates for the ¢-dependence with ¥ = 0.
An estimate for nontrivial ¢ was given in [24]. Roughly speaking, it states that if
u has the same data as v except for ¢ # 1, then

(1.9) lu,t) = v, 8)l2 = O (IVE = Vil ) -

Recently, Estimates (1.8) and (1.9) were extended in [40, 19, 20] to anisotropic
diffusions and (z, t)-dependent data; cf. also [6, 49] for recent qualitative results on
local equations. For nonlocal equations, a number of papers were concerned with
convergence rates for vanishing viscosity methods [54, 25, 33, 35, 2]. To the best
of our knowledge, the first estimate on the “general continuous dependence on the
data” was given in [41]. It concerns the case of linear nondegenerate Lévy diffusions.
The main novelty was the explicit dependence in the Lévy measure, corresponding
to the explicit dependence in « for the particular case of the fractional Laplacian.
In [4], the authors of the present paper established a continuous dependence es-
timates for general nonlinear degenerate Lévy diffusions. For a qualitative result
in the spirit of [7], see the very recent work [30] on the fractional porous medium
equation dyu + (—A)*/%(Jul™ 1 u) = 0, m > 0. In that paper, the continuous
dependence on («, m,ug) is established under more general assumptions.
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Before explaining our main contributions, let us refer the reader to more or less
related work. The theory of continuous dependence estimates for nonlocal equations
was probably initiated in the context of viscosity solutions of fully nonlinear integro-
PDEs, cf. [38] and the references therein. See also [37, 35] for error estimates for
vanishing viscosity methods. The question of a-continuity has been raised earlier,
e.g. when looking for a priori estimates that are robust or uniform as a 1 2. Such
results can be found in e.g. [13, 14], see also [42] and the references therein.

The starting point of the present paper is the general theory of [4]. It is worth
mentioning that different estimates could be difficult to compare, as e.g (1.8) with

the estimate in || f — gHéo of [11]. Hence, a remarkable feature is that the estimates
in (1.8) and (1.9) are optimal for linear equations, cf. the discussion of Section 8.
A natural question is whether the estimates of [4] applied to (1.1) possess such a
property. The answer is positive only in the supercritical case o < 1. In this paper,
we obtain optimal estimates for all cases. To do so we restart the proofs from
the beginning, by taking into account the homogeneity properties of the fractional
Laplacian. The main ingredients are a new linearization argument a la Young
measure theory/kinetic formulations, and for the linear case, a clever change of the
(jump) z-variable in (2.1). This change of variable allows us to adapt ideas from
viscosity solution theory developed in e.g. [38]. Let us also refer the reader to [53]
for other applications of this change of variable in the context of viscosity solutions.
Roughly speaking, we prove that

0 (I@)s = @)7le),  a>1,
(1.10) [u(t) = vl = QO (¢ In¢ —¢' ne/||se), =1,
O l¢' = ') a<t,

with uniform constants in the limits « | 0 and « T 2. Note well that just as in [4], our
proofs work directly with the entropy solutions without needing tools like entropy
defect measures, etc.. And even though these tools play a key role in the local
second-order theory, the arguments here really seem to be less technical relying
only on basic convex inequalities and integral calculus. Hence, it seems interesting
to mention that we recover the result (1.9) rigorously from (1.10) by passing to
the limit. Another remarkable feature is that a simple rescaling transforms the
Kuznetsov type estimate (1.10) into the following time continuity estimate:

O(|téisé|)a Oé>1,
Ju(t) —u(s)lbr =< O (|t nt—sIns|), a=1,
O(Jt—s|), a<1.

This result is optimal and strictly better than earlier results in [22], see Remark 3.7.
E.g. for positive times, we get Lipschitz regularity in time with values in L'(R?).
This is a regularizing effect in time when o > 1 and w not more than BV initially.

In the second main contribution of this paper, we focus on the continuous de-
pendence on «. By stability arguments, it is possible to show that the unique
entropy solution u =: u® is continuous in « € [0,2] with values in L{ . In this
paper, we prove that in the BV -framework, it is in fact locally Lipschitz continu-
ous in a € (0,2) with values in C([0,T]; L'). To the best of our knowledge, such
an a-regularity result has never been obtained before. More precisely, the theory
of [4] implies the result for o € (0,1) but not for a € [1,2). For the latter range
of exponents, all the results cited above are either qualitative or suboptimal. The
new ingredient to get the Lipschitz regularity is again a change of (the jump) vari-
able. It seems interesting to recall that the type of Equation (1.1) could change
from parabolic when a > 1 to hyperbolic when a < 1. As a consequence, quite
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different behaviors are observed in the ¢- and ¢-continuity when « crosses 1, cf. the
continuous dependence estimates above. A natural question is thus whether such
kind of phenomena arises in the a-regularity? We prove that the answer is positive
by carefully estimating the best Lipschitz constant of the function a — u® with
respect to the position of « and the other data. More precisely, for A € (0,2) we
define

a _ B
u Uu 1
Lip, (u; A) := lim sup I ”C([O,T],L ),
o,B—A lao — 3]

and roughly speaking we prove that

O(M%|1nM|), A1,
Lipy(w;A) = § O (M > M), A=1,

0 (M), A< 1,
for M :=T'[|¢||o, and
O (|uolBv) , A>1,
Lip, (u; A) = { O (|uolpv In® |||uif\|LL'vl) ; =1,
O (lluoll 3= ol [in frefet [}, <1,

We also exhibit an example of an equation for which these estimates are optimal
in the regimes where M is sufficiently small or % is sufficiently large.

Another natural question is whether o — u® is Lipschitz continuous up to the
boundaries @ = 0 and o = 2. The answer is negative for « = 0 and remains open
for a = 2. For the reader’s convenience, more details and open questions are given
at the end of Section 3.

To conclude, note that even if we adapt some ideas from viscosity solution theory,
the definition of relevant generalized solution and the mathematical arguments are
very different from the ones in e.g. [38]. Moreover we obtain optimal results here,
and, in an a work in progress, we adapt ideas of this paper to obtain new results
in the viscosity solution setting.

The rest of the paper is organized as follows. In Section 2, we recall the well-
posedness theory for fractional degenerate parabolic equations. In Section 3, we
state our main results: continuous dependence with respect to the nonlinearities
and the order of the fractional Laplacian. In Section 4, we recall the general contin-
uous dependence estimates of [4] along with a general Kuznetsov type of Lemma.
Sections 57 are devoted to the proofs of our main results. In Section 8, we exhibit
an example of an equation for which we rigorously show that our estimates are op-
timal. Finally, there is an appendix containing technical lemmas and computations
from the different proofs.

Notation. The symbols V and V? denote the z-gradient and z-Hessian. The
symbols || - || and | - | are used for norms and semi-norms, respectively. The symbol
~ is used for asymptotic equality “up to a constant.” The symbols A and V are
used for the minimum and maximum between two reals. For any a,b € R, we use
the shorthand notation co{a, b} to design the interval (a A b,a V b). The surface
measure of the unit sphere of R? is denoted by Sj.
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2. PRELIMINARIES

In this section we recall some basic facts on the fractional Laplacian and frac-
tional degenerate parabolic equations. We start by a Lévy—Khinchine type repre-
sentation formula. For o € (0,2) and all ¢ € C®°(RY), x € R, and r > 0,

a / Pz +2) — g(x) —Vé(z) - 2
|z|<r

—(=A)2¢(z) = Ga(a) P dz

1 oo +2) = ola)
+ Ga(a) /|Z|>T |z[d o d
=: L2[¢](x) + L [$](2),
where

a—1 d+ta
227 ol (552)
4 2—a
mil(452)
The result is standard, see e.g. [46, 37, 35] and the references therein. Here are
some properties on the coefficient that will be needed later:

Gd(a) =

(2.2) G4(a) > 0 is smooth (and analytic) with respect to a € (0, 2);
- limg, o 240Gl Cid(a) =1 and limgyqo ngf(;;) =1,

where Sy is the surface measure of the unit sphere of R,
We then proceed to define entropy solutions of (1.1). For each k € R, we consider
the Kruzhkov [44] entropy u — |u — k| and entropy flux

w qp(u, k) := sgn(u — k) (f(u) — f(k)),
where throughout this paper we always consider the following everywhere represen-
tation of the sign function:

41 ifdu>0
2.3 = ’
(23) sgn(u) {o ifuw=0.

By monotonicity (1.5) of ¢,

(2.4) sgn(u — k) (p(u) — ¢(k)) = lo(u) — @(k)],
and then we formally deduce from (2.1) that for any function u = u(z,t),

o

sgn(u — k) (=(=24)2) ¢(u) < L3 le(u) — @(k)[] + sgn(u — k) L2"[p(u)].
This Kato type inequality is the starting point of the entropy formulation from [21].
Definition 2.1 (Entropy solutions). Let a € (0,2), ug € L= N LY(R?), and (1.4)-

(1.5) hold. We say that u € L>(Qr)NL> (0,T; L") is an entropy solution of (1.1)
provided that for all k € R, r > 0, and all nonnegative ¢ € C(R? x [0,T)),

/ (Iu — k| 0 + qp(u, k) - v¢) da dt

T

@5)  + [ (e~ o516 +sgulu — k) £ [o(w)] o) do e

+/ luo(x) — k| ¢(x,0)dz > 0.
]Rd

Remark 2.1. Under our assumptions, the entropy solutions are continuous in time
with values in L!'(R?) (cf. Theorem 2.2 below). Hence we get an equivalent defi-
nition if we take ¢ € C2°(R**!) and add the term — [g, [u(z,T) — k| ¢(x,T) dz to
(2.5); see [21] for more details.

Here is the well-posedness result from [21].



CONTINUOUS DEPENDENCE ESTIMATES FOR FRACTIONAL PDES 7

Theorem 2.2. (Well-posedness) Let a € (0,2), ug € L>® N LY(RY), and (1.4)-
(1.5) hold. Then there exists a unique entropy solution u € L>(Qr)NC ([0, T]; L*)

of (1.1), satisfying

essinfug < u < esssup ug,
(2.6) lullcqo.m;zy < lluollrr,
[u| oo (0,7:8v) < |uo|BV-

Moreover, if v is an entropy solution of (1.1) with v(-,0) = vo(-) € L> N L'(R?),
then

(2.7) lu —vlleqo,m;cry < lluo — voll 1.

3. THE MAIN RESULTS

We state our main results in this section. They compare the entropy solution u
of (1.1) to the entropy solution v of

B
2

¥(v) =0,

O + divg(v) + (—=4)
3 {( 0) = wl.),

under the assumptions that
a, € (0,2),
ug € LN L' N BV(RY), vy € L N LY(RY),

1,00 d .
f’ g€ (Wlo’c (R)) with f(o) =0= g(O),
0, Y € Wli)’coo (R) are nondecreasing with ¢(0) = 0 = 1(0).

(3.2)

From now on, we will use the shorthand notation

If'=3'llc = esssup|f’ —g],
I(uo)

l¢" = ¥lloc = esssup|p’ —¢'],
I(uo)

where I(ug) := (essinf ug, esssupug). We will also define

U 1 i
(3.3) Ei(uo) := |uo|v {1 + (hﬁm) } Liwolps s

|UO|BV TuglBv

with the convention that E;(ug) = 0 if |ug|gy = 0 (¢ = 1,2). These quantities will
appear when computing the optimal constants in our main estimates. Notice that
we always have 0 < E;(ug) < ||uol|z1.

Here is our first main result.

Theorem 3.1. (Continuous dependence on the nonlinearities) Let (3.2) hold with
a = B, and let u and v be the entropy solutions of (1.1) and (3.1) respectively.
Then we have

(3.4) lu = vlloqo,ryey < o — vollr + Tluol sy | f' — 9 lloe + C EF 2t
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with C = C(d,a) and

T Juo|y [[(#)% — (&) % [|oo ae(1,2),
T Eq(uo) ¢ — ¢/l
(3.5) &5 = +T (1 + I T) Juolpv l¢' — ']l

+T Jug|pv [|¢' Ing@ — ¢ nY'||o, a=1,

T lluoll;x® luoly 1" = %' lloo, a € (0,1).
The proof of this result can be found in Sections 5 and 6.

Remark 3.2. We emphasize that this result is optimal with respect to the modulus
in . In the regimes where T is sufficiently small or % is sufficiently large, it
is also optimal with respect to the dependence of T and ug. See the discussion of

Section 8 for more details. In particular, see Proposition 8.1 and Remark 8.2.

Note that our result is robust in the sense that the constant C' = C(d,«) in
Theorem 3.1 has finite limits as « | 0 or « T 2. This will be seen during the
proof, cf. Remarks 5.1(1) and 6.2(1). Hence, we can recover the known continuous
dependence estimates of the limiting cases @« = 0 and a = 2 (cf. (1.9)), i.e. for
Equations (1.6) and (1.7).

To show this we start by identifying the limits of the solutions u® of (1.1) as
al0and ot 2.

Theorem 3.3 (Limiting equations). Let ug € L N LY(R?), (1.4)~(1.5) hold,
and for each o € (0,2), let u® denote the entropy solution of (1.1). Then u®
converges in C([0,T]; Li ), as a | O (resp. a 1 2), to the unique entropy solu-

loc

tion u € L>®(Qr) NC([0,T); LY) of (1.6) (resp. (1.7)) with initial condition ug.

Let us recall that under our assumptions there are unique entropy solutions
of (1.6) and (1.7) with initial data wug; cf. [44, 16, 40]. The proof of Theorem 3.3 can
be found in Section 7, as well as the definitions of entropy solutions of [44, 16, 40].

Now we prove that the estimates hold in the limiting cases & = 0 and o = 2.

Corollary 3.4 (Limiting estimates). Theorem 3.1 holds with « € [0, 2].

Proof. We only do the proof for v = 2, the case @ = 0 being similar. Let v and v
denote the entropy solutions of (1.1) and (3.1) with a = 2 respectively. Moreover,
for each v € (0,2), we denote by u® and v® the entropy solutions of (1.1) and (3.1)
respectively, and £(«) the right-hand side of (3.4). Then

u—v=(u—u®)+ (u*—0v*) + (V¥ =),
and the triangle inequality and Theorems 3.1 and 3.3 imply that for all R > 0,
[(w —v) z<rllcqor;ry < o(1) +E(a) + o(1)

as a 1 2 and R is fixed. By the monotone convergence theorem, Remark 6.2(1),

and a-continuity of 5}0’;17/;0 at a = 2, the result follows by first sending « T 2 and
then sending R — +o0. O

Remark 3.5. By our results for a = 2, we get back the modulus of [24],

EF Y s ue = VT ol v V@ — VA ||oo.

Our approach also gives an alternative proof of this result.

Optimal time regularity for (1.1) is another corollary of Theorem 3.3.
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Corollary 3.6 (Modulus of continuity in time). Let « € [0,2] and (1.3)—(1.5) hold.
Let u be the entropy solution of (1.1). Then for all t,s > 0,

(3.6) lult) = uls)llzr < luolsy [ oo [t = s| + CEq i, o
with C = C(d, o),

[uol v (@)= llos [t — 51, ae (1,2,

Eq1(uo) [[¢lloo [t = s

El o= +luolpv [|¢[loo (1 + [[In ¢ [|o0) [t — s
+uolv ||¢']|oo |t Int — s In 5], a=1,
ol 17 luol By 1€ oo 1t — s, a€[0,1),

and where Eq(ug) is defined in (3.3).

Remark 3.7. This result is optimal with respect to the modulus in time, and also
with respect to the dependence of ¢ and ug in the regimes where ||¢’|| o is sufficiently
llwoll 1
ol 5v
earlier results by the two last authors in [22] where the modulus was given as

small or the ratio is sufficiently large, cf. Remark 8.5. The result improves

|t75|é7 Oé>1,
géz,_'tz),kpzc(aau()a@) |t_3|(1+|1n|t—8||), a:l,
|t_3|a a<l1.

The optimal new results give a strictly better modulus of continuity when « € [1, 2]
at the initial time! and for positive times u € W,5>°((0, +o0]; L'). The Lipschitz in
time result is a regularizing effect when the solution is no more than BV initially.

Proof. We fix t,s > 0 and introduce the rescaled solutions v(x,7) = wu(z,t7)
and w(x,7) := u(x,s7). These are solutions of (1.1) with initial data ug, new
respective fluxes t f and s f, and new respective diffusion functions ¢ ¢ and s ¢. The
result immediately follows from the preceding corollary applied at time 7 =1. [

Next we consider the continuous dependence on «. Given A € (0,2), we define
“the best Lipschitz constant” of o — u® at the position @ = A as follows:

R It
(3.7) Lip, (u; A) := limsup lu” = wleqorye ),
a,B—X la — B

where u® denotes the unique entropy solution of (1.1).

Theorem 3.8. (Lipschitz continuity in «) Let A € (0,2) and (1.3)=(1.5) hold.
Then

M> (14 |In M|) |uo|pv, A e (1,2),

(38)  Lip,(u;)) < C { MEBa(uo) + M (1+ W M) [uolpy,  A=1,

M [[uoll 3™ ol (1 -+ [tn frsfler

), A€ (0,1),

where C' = C(d,\), M := T ||¢'|lcc and Ea(ug) is defined in (3.3). In particular,
the function a € (0,2) — u® € C([0,T]; L') is locally Lipschitz continuous.

The proof of Theorem 3.8 can be found in Sections 5 and 6.

1 1
. Lo to —sa L tInt—s 1
ISince liminfy 4o % =0 =liminf; 50 % (take tn,sn | 0 and i:’l —1).
t—s|a
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Remark 3.9. This result is optimal with respect to the dependence of M and ug in
the regimes where M is sufficiently small or % is sufficiently large. An example

is given in Section 8, cf. Proposition 8.3 and Remark 8.4.

Remark 3.10. With Theorem 3.1, Corollary 3.6 and Theorem 3.8 in hands, we
can easily get an explicit continuous dependence estimate of u with respect to the
quintuplet (¢, v, uo, f, @) under (3.2).

Further comments and open problems.

A. Robustness of the Lipschitz estimates in o as a [ 0 or a 1 2. In Theorem 3.8,
C = C(d,\) blows up as A | 0 or A 12, and we do not get Lipschitz regularity in
a up to the boundaries a = 0 and o = 2.

At a = 0, we can do no better because the entropy solutions of (1.1) may not
even converge toward the entropy solution of (1.7) in L! as a | 0. The reason
is that the mass preserving property could be lost at the limit. This was already
observed in Section 11 of [30] for the fractional porous medium equation (3.9)
below. Note that the convergence always holds in LlloC by Theorem 3.3, so that an
interesting question is whether it holds in L? for any p € (1,400). To the best of
our knowledge, this problem is still open at least for the full equation (1.1).

At o = 2, it is an open problem whether o — u® is Lipschitz with values in L!
or not. This problem is related to the following problems: Do the entropy solutions
of (1.1) converge toward the entropy solution of (1.7) in L' or LP as o 1 27 If
yes, what is the optimal rate of convergence? Note that here again the convergence
holds in LL . by Theorem 3.3, and it moreover holds in L! for Equation (3.9) by [30].

loc

B. Implications for the fractional porous medium equation. In [30], the following
Cauchy problem is studied:

(3.9) o+ (=) (Ju/™tu) =0 and u(-,0) = ue(-),

where o € (0,2) and m > 0. The authors prove that if ug € L'(R?), there exists
a unique mild solution which under further assumptions (m > 1 is sufficient) is
the (unique) strong solution. By Theorems 10.1 and 10.3 of [30], this solution is
continuous in the data (a,m,ug) € D x L*(RY) with values in C([0,+o0); L1),
where

d

We will now show that this dependence is locally Lipschitz in some cases.
Let us first establish the equivalence between entropy and strong solutions.

D::{(a,m):0<a§2,m>u}.

Lemma 3.11. Let ug € LN LY(R?), m > 1, and u be the unique entropy solution
of (3.9) given by Theorem 2.2 (with T = 4o00). Then u coincides with the unique
strong solution of (3.9) (cf. Definition 3.5 in [30]).

Proof. Note that u € L>(R? x (0,4+00)) N C([0,+00); L'). By Lemma 7.4, we also
have [u|™ ' u € L2(0, +oo; H?). Here H? (R?) is the usual fractional Sobolev space
defined in (7.5). Let us also recall that u satisfies the equation in D’(R? x (0, +00))
and the initial condition u(-,0) = ug(-) almost everywhere, cf. [21]. It follows that
u is a weak solution in the sense of Definition 3.1 in [30]. Since u is bounded,
Corollary 8.3 of [30] completes the proof. O

Theorems 3.1 and 3.8 and Lemma 3.11 then imply the following result:

Corollary 3.12. For all T > 0, the unique strong solution u to (3.9) is lo-
cally Lipschitz continuous in (o, m,ug) € D x (LN L'N BV (RY)) with values
in C([0,T]; L), where

D:={(a,m):0<a<2,m>1}.
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If ug ¢ L N BV (R?), it is possible to find an explicit (non-Lipschitz) modulus
of continuity for the function (o, m) € D +— u € C([0,T]; L'). To do so, it suffices
to use an approximation argument and the L!-contraction principle. It is an open
problem whether this would give an optimal modulus or not. It is also an open
problem to find an explicit modulus when (a,m) ¢ D.

4. TWO GENERAL RESULTS FROM [4]

In this section we recall two key results developed in [4] for the more general
case where the diffusion operator can be the generator of an arbitrary pure jump
Lévy process. First we state the Kuznetsov type lemma of [4] that measures the
L'-distance between u and an arbitrary function v. From now on, let € and v be
positive parameters and ¢¢¥ € C>(R24+2) denote the test function

(41) 6 otos) = Oult = ) e =)= 20 (0) o (1Y),

v v €

where
0ecC*R), 60>0, suppfdC[-1,1], [O=1,
peCPRY), p>0, and [p=1.
We also let m,, () denote the modulus of continuity in time of u € C ([0, T]; L').
Lemma 4.1 (Kuznetsov type Lemma). Let o € (0,2), up € L N L' N BV (RY),
and let us assume (1.4)—(1.5). Let u be the entropy solution of (1.1) and let v €
L>(Qr) N C ([0,T]; LY) be such that v(-,0) = vo(-). Then for all r,e > 0 and
T>v>0,
lu(-,T) = v, T)| 12
<||uo — vollr + C, |uo|Bv € + 2y (V) V my(v)

= [ elnt) = (. 5)| 6 (ot y.5) du

T

- /Q a5 (v(@, £), uly, 8)) - Voo™ (z, £,y 5) dw

2
T

(4.2) 4 /Q o(v( 1)) — (u(y, )| L2165 (2,1, 9)](y) du

2
T

- /Q sen(v(z, £) — u(y, )) L2 [p(u(, )] (1) 6° (2. £,y 5) dw

2
T

+ / o, T) — uly, 5)| 6= (. T, , s) da dy ds
RIxQr

- / o () — uly, 5)] 67 (0, , 5) d dy ds
RixQr

where dw := dx dtdy ds and the constant C, only depends on p.
Proof. This is Lemma 3.1 of [4] with the particular diffusion operator (2.1). O

In the setting of this paper, the general continuous dependence estimates of [4]
take the following form:

Theorem 4.2. Let us assume (3.2) and let u and v be the respective entropy
solutions of (1.1) and (3.1). Then for all r > 0,

lu = vlleo.mizy < o —vollr + T luol v 1 = ¢'lloe + EF ot



12 N. ALIBAUD, S. CIFANI, AND E. R. JAKOBSEN

with
a—Bp—1p  _
ET e fruorpr =
T fi.jo a0 + 2) = u0() 21 dpta(2) 1 — ¥ loo
(4.3) teaVT luolsv /]y, 122 dba(2) ¢ = ¥/lloes @ = 5,

Mf\z\>r [uo(- +2) = wo ()l 22 dlpa — ppl(2)
+ca VM |uo|pv \/ﬁz\<T|2|2d|ua—uﬂl(z), ¢ =1,

where g (2) = gfd(f(z dz, M =T ||¢'||ec and cq = 1/%.
Proof. This is Theorems 3.3 and 3.4 of [4] with the special choice of diffusion (2.1)
and Lévy measure gﬁ% dz. O

5. CONTINUOUS DEPENDENCE IN THE SUPERCRITICAL CASE

In this section we use Theorem 4.2 to prove Theorems 3.1 and 3.8 for supercritical
diffusions.

Proof of Theorem 3.1 when o < 1. We use Estimate (4.3) with § = a. The worst
term \/f\z\<r |2|2 dpa(2) ||¢" — ¥’ ||o vanishes when r | 0, and hence

Erter = 1= T [ ol +2) = w02 dpae) ' = ¥/l
To estimate this integral, we consider separately the domains |z| > 7 and |z| < 7 for
arbitrary 7 > 0. In the second domain, we use the inequality ||ug(-+2) —uo(-)||L: <
luo|lpv |2]- A direct computation using the fact that oo < 1, then leads to
Gd(a) Gd(a)

I <2T |uollzr [|¢" = ¥l Sa ——— 7% + T uo|sv [|¢" — 9'[lc Sa

7:1—04
« 11—«

(where Sy is the surface measure of the unit sphere of R?). We complete the proof
by taking 7 = ||ugl| 21 |u0|§%,. O

(03

when « < 1. By (2.2), limqy o C(d, @) is finite and independent of d.
(2) We also have C' < Sy (%@ + %(a)) when o < 1 in (3.6), since we

(e

Remark 5.1. (1) From the proof, we have C' < Sy (M + %(z)) in (3.4)

have seen that this estimate is a simple rewriting of the preceding one by
rescaling the time variable.

Proof of Theorem 3.8 when X\ € (0,1). Given «,8 € (0,2), we use Theorem 4.2
with v = u® and v = u?, i.e. with (ug, f,¢) = (vo,g,%). As in the preceding
proof, we pass to the limit as r | 0 in (4.3) and we cut the remaining integral in
two parts. We find that

[u® = u? oo, 1.1

61 <2Muwly |

|z|>7

dlpa = 1al(2)+M uolzy [ ol = psl(2).

|z| <7

::Jl ::.]2

In the rest of the proof we use the letter C' to denote various constants C' = C'(d, A).
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We have

(52) D= [ 1Gue) 7 Gl s

d
< [Gala) = Gu(B)| max / R

o=,

- (Gala) v Ga(B) / 121792 — || 47| dz,

|z|>7

::jl

where jl < Sd%—%‘ + 285, é—

13

%’ 17<1. We have estimated jl using the

fact that |2|~?~* — |2|7¢~7 has a sign both inside and outside the unit ball. By

(2.2) and a simple passage to the limit under the integral sign,

1 o (7> )+C 1 o
im sup <C T "4 1<) +C limsup —— - —
a,B— |CY_6| _/L’ a,B— |a_6| B
<Cr—A

.

u

=:J1

By the Taylor formula with integral remainder,

z A o __ _
lelimsup‘/ a nr—l—r dT‘<C A1+ [ In),
a,B—)

where a; ;== Ta+ (1 — 1) 8. We deduce the following estimate:

(5.3) limsup ————

<C7‘7/\ 1+ |In7
im suy |afﬂ| (14 [In 7).

Let us notice that this estimate works for all A € (0,2). By similar arguments, we

also have

lim sup ———

<O~ A1+ |In7
m suy Ia—ﬁl (1+[In7),

but this time we have to use that A < 1. Inserting these inequalities into (5.1), we

find that for all 7 > 0,
Lip, (u; A) < C M (1 + |In7|) (|luol| 1 7> + |uo| v 717).

To conclude we take 7 = ||ug|| 11 |uo| 51 -

O

Remark 5.2. (1) When a > 1, the estimate in ¢ — 1) of Theorem 4.2 is not
optimal. Indeed, let & = S, up be such that [Jug(- + z) — uo(-)||Lr ~ |2]

as z = 0, and wy—y = inf,50 &L aﬂﬁ“’uofp , be the best modulus given by
Theorem 4.2. Then
1
w @~ ||‘Pl—¢/”§o; CY>1,
o
6" =¥ [loo I [l¢" = P[], a=1,

1
as ||¢' —¢¥'|lc = 0, thanks to the minimization giving r ~ |¢’ — ¢'||%.

These moduli are strictly worse than those in (3.5) e.g. when ¢

W =b,a,b>0.2

1 1
law —ba |

la—b|a

la Ina—b Inb|
la—b||In [a—b]|

2Indeed lim, s =0 = limg .

by taking liminfs.

a,

for any ¢ > 0 and even for ¢ = 0t
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(2) Theorem 4.2 does not imply the local Lipschitz continuity in o € [1,2).
Indeed, let ¢ = 1 be nontrivial and ug be as above. Then the modu-
lus wo—p = inf,~0 E;fgfgﬁ’tpufoj’fpw

lima, g—yx ﬁ = +oo for all A € [1,2).2

is worse than any Lipschitz modulus since

6. CONTINUOUS DEPENDENCE IN THE CRITICAL AND SUBCRITICAL CASES

Since we can not use Theorem 4.2 any more, we start from Lemma 4.1 and
take advantage of the homogeneity of the fractional Laplacian. We thus use the
Kruzhkov type doubling of variables techniques introduced in [44] along with ideas
from [45]; see also [54, 25, 33, 39, 35, 2, 50, 21, 41, 4, 22| for other applications of
this technique to nonlocal equations. We recall that the idea is to consider v to
be a function of (z,t), u to be a function of (y, s), and use the approximate unit
@Y (x,t,y, s) in (4.1) as a test function. For brevity, we do not specify the variables
of u, v, and ¢“¥ when the context is clear. Finally, we recall that dw = dz dt dy ds.

6.1. A technical lemma. In order to adapt the ideas of [45] to the nonlocal case,
we need the following Kato type of inequality. The reader could skip this technical
subsection at the first reading.

Lemma 6.1. Let o € (0,2), ¢,¢ € R, 7,57 € R and I be a real interval with
a positive lower bound. Let u,v € LY (Qr), ¢ satisfy (1.5) and ¢" be the test
function in (4.1). Then

:/ZT/ZEIsgn(v(x,t)—U(yas))

e +elzl" 2 1) —p (uly +clzl" " 2,9) } — {p(v(z, 1) — (uly, s))}
|z|d+oz

-V (x,t,y, 5) dzdw
</, /| (vt 1) — gl )] utt = 9 & y+|}i(|§ll P2 9) 4z dus,

with h(z) := (¢|z|77t — c|z|"7Y) 2. In particular, if c = & and v = 7, then € < 0.

Proof. Note that £ is well-defined as “convolution-like integral of L!-functions.”
Indeed, ¢ (z,t,y,s) = 0,(t — s) pc(x — y), where 6, and p. are approximate units,

3If not, there are am, Bn — A and 7 — 7 € [0, +0c] such that lim —22=5n. < {60 and

‘an,—Bn‘
wa’ﬂ. n
an— ] = °OF
d|pan — g, (Z) d\uan Bs,1(2)
[ o +2) = w0l Py / Qbon — 5, (2)
|z]>7rn lom — B |z \<rn |an — Bnl

=:Ipn =:Jn

(M = cqV'M |ug|pv = 1 to simplify). By Fatou’s lemma liminf J2 > f\z\<r* |2]2 (+00) dz and
liminf In 2> f )5, lluo (- + 2) — uo ()l g1 IG4(A) — Ga(N) In|z]||z]~@=*dz. This is not possible

since these integrals can not be both finite at the same time.
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so that by Fubini,

/2T /IZIeI e

{o (wa+el 2 t) —p(uly +elz7' 2,9) | = {p(v) — p(w)}
dzdw
|Z|d+a
dz
2 (le()llr@r + lle@)i@r) Lier 2T < 400,
z|e
since u and v are L= N L', ¢ is WL with ¢(0) = 0, and inf I > 0.
Then by (2.4) and the nonnegativity of ¢,
= oy Loer?
7 /lzler
+ 7-1 1) — + y—1 , _ _
. |<p( zH el z0) — o (uly + el z9))| —le(v) ()]

|Z|d+a

-/ : /|| [ (0) — o(w)

S A= _ .y dz
AoV (@ + el 2ty el 2 8) — ) e dw
=0, (t—s){pe(z—y+(E|z|7 =1 —c|2[771) 2)—pe(z—y)}

the last line has been obtained by splitting the integral in two pieces and using the
change of variable (x + ¢|z[77 1 2,t,y + c|z|""1 2,5, —2) = (,t,y,s,2). The proof
is complete. ([

6.2. Proof of Theorem 3.1. During the proof we freeze the nonlinear diffusion
functions and use a sort of linearization procedure. The techniques could look a
little bit like the ones in Young measure theory and kinetic formulations [47, 11, 20].

Proof of Theorem 3.1.

1. Initial reduction. We first reduce the proof to the case where

(6.1) {”0 = o

¢’ and 1’ vanish outside I(ug) and take values in [A, A],

with I(ug) = (essinf ug, esssupug) and for some A > A > 0. Let us justify that we
can do this without loss of generality.

Since u takes its values in I(ug) by (2.6), we can redefine ¢ to be constant
outside this interval without changing the solutions of the initial-value problem
(1.1). Hence A could be taken as a Lipschitz constant of ¢ on I(ug). In a similar
way, we could also modify 1 outside I(ug) if v9 = up. The last assumption is no
restriction. Indeed, by (2.7),

[ = vlleqoriery < llu=wlleqorcy + lw=vlleqorey

<|luo—wvoll 11

for the entropy solution w of (3.1) with initial data wug; hence, (3.4) of Theorem 3.1
holds for v — v whenever it does for © — w. Finally, if A does not exist, we can
always consider sequences ¢, (&) := ¢(§) + % and ¥, (&) = ¥(&) + % for which it
does. The associated entropy solutions u,, and v,, respectively converge to v and v
in C([0,T]; L") by e.g. Theorem 4.2. Consequently, if we could prove (3.4) for
Uy — VUp, it would follow for u — v by going to the limit.

In the rest of the proof we always assume (6.1).
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2. Applying Kuznetsov. Let us use the entropy inequality (2.5) for v = v(z,t)
with k = u(y, s) fixed and ¢(z,t) := ¢%¥(z,t,y,s). By Remark 2.1 and an integra-
tion of (y, s) over Qr, we find that

/QZT

+ / ho(0) — ()| L2161, 9, )] () duw
Q

2
T

(|v —u| O + q4(v,u) - quﬁﬁ’”) dw

+ / sen(v — u) L[ (u(-, 1)](x) 6 du
Q

2
T
- / |’U(SC,T) 7u(y75)|¢ejy(x7Tayvs) dl'dde
RdXQT
[ (o)~ )] 6 (2.0, ddyds > 0.
RIXQr
Inserting this inequality into the Kuznetsov inequality (4.2), we obtain for all r, e >

Oand T >v >0,

(6.2)

Ju(-,T) = v T)llps <

C(d) |uo|Bv €+ 2 (mu(v) V m,(v))
g — v,u) - Ve¢©r dw

- anew Vo

2
T

=&

+ /Q () = @) £216° (g, (@) + ov) = plu)| L2167 (2, -, 9)](y) ) du

=:&5

+/ sgn(v —u) (L [p(v(-, 0)](x) = L [p(ul-, 5))](y)) 97" dw
Q

2
T

=:&3

where C(d) = C, from (4.2). During the proof, C(d) will denote various constant
depending only on d.

3. Estimates of &1 and &. A standard estimate shows that
(6.3) & < Tluolsv I1f = 9'lloo,

see e.g. [27, 48, 28]. Let us estimate &. By Taylor’s formula,

pe(z 4+ 2) — pe(x) — Vpe(x) - 2 = /01(1 —T)V3pc(x +712) 22dr
for all z, 2 € R?. Since p. € C°(R?), we infer that £[p.] € L*(R?) with
Iczlodlos <Gt [ [l [ e rojasara:
zl<r
= C(d,a, €) 7?7,
Moreover, by Definitions (2.1) and (4.1),

LI (ot y, 8)(x) = 0, — ) L [pe](x — y).
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By Fubini and the convolution like structure of the integral, it follows that
[ 160l 0) = b, ) £516° (.8 2)
T

< (el + (WL @r) Cld, aye) r*72,
since [0, = 1. In a similar way we can estimate the ¢-integral and conclude that
(6.4) Ey < C.r?™e,

From now on C, will denote various constants depending among other things on e,
but not on r,v. For later use we note that & — 0 as r,v | 0 and ¢ is fixed.

4. Estimate of £ — the linear case. We consider the case ¢’ = a and ¢’ = b
for a,b > 0. In this case

& = Gyl / / sgn(v — u) 9"
2 |z|>r

40 +2,0) =) b (uly +2,9) -
EEE

(6.5)
u) dz dw.

By the change of variables z — b z, we see that

b L [u(-,1))(z) = Gala) / . V(@ T;f%tl;fa(x,t) .

varbéz,t —v(x,t
:Gd(a)/ ( d-l-)oz ( )dz,
2|>b" %7 |2|

and similarly that

a L9 u(-, 8)](y) = Ga() /| . uly + ajzz',di)a— uly.s) |

It follows that

dz
53:Gd(a)/ / L
2 (avb)*ir<\z\<(aAb)*ir |z |dte

(6.6) +eale) / 2 /z><m>sw sen(v —u)

(U(:I: +ba 2, t) —uly +an 2, s)) — (v —u)
| |z]d+e

¢“Y dz dw
=831+ 3.9,

where &3 1 contains only the u-terms if @ > b, or only the v-terms in the other case.
In the u-case, e.g.,

U +aéz,s —U .,
53,1:Gd(04)/2 /7l o sgn(u — v) v |z|d+0‘> ¢ dz dw.
a ar|z|< ar

The estimates for £3 ;1 are similar in both cases, and we only detail the u-case.
As in the proof of Lemma 6.1, we use that

sen(u(y. s) = v(e,0)) (uly+a 2,8) — uly,s))

u(y+at z,) = o, b)| ~ uly, s) - v(, )],
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to deduce that

[uly + 0% 2,5) = v(@, )| — |u—v]
E31 < Gd(a)/2 / . N B oY dz dw
a” ar<|z|<bT ar

Gute) | 1=l

T
/ , . (¢E’”(z,t,y+aé z,s)—ngv”) |z| 79> dz dw.
a ar<|z|<b ar

=0, (t—5) (pe(z—y—a® 2)—pec(z—))

We continue as in the derivation of (6.4), and use a Taylor expansion with integral
remainder of p.. Since the first order term contains the factor

z
dz=0
d )
/a ar<| |<b™ ar |Z| to

we find an estimate similar to (6.4), namely

(6.7) &1 < Cc (lullzr@ry + IvllLin) 7
We emphasize that Ce can be chosen to be independent of a and b by (6.1) (more
precisely Ce = C(d, i, €, A, A); this will be important in the next step.

5. Estimate of £35. Note that a,b are arbitrary reals such that (6.1) holds, i.e.
A>ab>A, and let ro > 7 > 0. Since A > 0 and r will be sent to zero, we

assume without loss of generality that r; > A_% r. In particular, 11 > (a AD) "= r
Then

3
Es0 = ZGd(Oé)/2 / sgn(v — u)
i=1 7 JIzlel

(v(m +ba z,t) —u(y +aa z,s)) —(v—u)
' |z|d+e

(6.8)

@Y dz dw

3
=: E E3.9.i,
i=1

where I) = (ry,400), I = (r1,72) and Is = ((a Ab)~a 7,77).
By adding and subtracting sgn(v—u) u(y+b= z, s) and using Lemma 6.1 with ¢ =
¢=ba and v =7 = 1, we find that

ba — B
E32: < Gd(a)/ / sgn(v — u) uly +be 2, S|) |d+1i(y +azs) =Y dz dw.
5 Jlzler o

By the BV-regularity of u, we then immediately deduce that

|z| dz
|Z|d+a'

1 1
&322 < Gala) |ulrro,r;5v) la~ — b |
ri<|z|<ra

Moreover, going back to the original variables aw 2+ z and bs z — 2, we find that

/ / sgn(v — u) uly |+|Z:QZ .5) @Y dz dw
7 J1z>re

u(y +z,s)
=a sgn(v — u) ————= ¢ dz dw,
/2 />aa [ | |d+
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and a similar formula for the b-term. Hence we find that

E3901 < Gy(a)(b—a / / sgn(v — u) uly —ZfaS) oY dz dw
2 J| \>(avb)a T | |

+ Ga(a) sgn(a —b) a/\b/ / ) e,
2 anb)a ro<|z|<( a\/b)a T2

where the integrands are the same. Since ¢" is an approximate unit,

Gd( ) la—b] _

E321 < C(d) ——= |lullz1(qr) D Ty %,

where C(d) = 2.5,.
It remains to estimate &2 3 in (6.8). By Lemma 6.1, with ¢ = as and é = ba

E323 < Gala / / v —u|0,(t —s)
(69) 2. J(anb)~ & r<|z|<r:
Ape(@ =y + h(2)) = pe(z —y)} 2[4 dz dw

with h(z) := (be — a=)z. After a Taylor expansion of p. with integral remainder,
we find that

€305 < Gl / / 1 /(1—7‘|v—u|9(t—s|z|da
2. J(anb)" @ r<lz|<r
“V2pe (x —y +7h(2)) - h(2)? d7 dz dw.

Remember that the integral of the first order term in z is zero by symmetry. By
a standard argument, |v — u| is BV in y as composition of a BV with a Lipschitz
function (cf. e.g. [11]). Hence, by an integration by parts with respect to y,

E323 < Gala / / / . /(1*T> ot —s) |27
7 J(anb)” @ r<|z|<ry

A [ Treo =4 7hE) ) - aT, o) — a0 )|
dr dzdxdtds.

We use the notation dV|v(z,t) — u(-, s)|(y) in case V,|v — u| is a measure. Then
|[Vylv — u|] < |Vu| in the sense of measures since y is the space variable of u. It
follows that

€323 < Calo ///H/ (1= 7)6,(t — s) |22 n(2) 2

. {/ Vpe (z — y + 7 (=) d] V(- s)|(y)} dr dzdz dt ds.

By Fubini* we 1ntegrate with respect to (z,t) before (y,s), and then we use that
h(z) = (b —a®)z and [|Vp| =1 [|Vp| = L4 (by (4.1)), to see that

T 1
Es05 < Gala) / / / (1— 1)z 4e
0 |z|<r:1 JO

(6.10) ~|h(z)|2|u(~,s)|BVdezds/ 0,|Vpe| dx dt
Qr
G 1 7,,2 «
< @) S s gy (aF 022

4applied for fixed s, so that d|Vu(-, s)|(y) dzdz dt is a tensor product of o-finite measures!
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6. FEstimate of &3 — conclusion in the linear case. By the estimates of 4 and 5,
(6.6), (6.8), etc., we can then conclude that

E3 < E31+E321+E320+E323
< Ce (llullr@ry + 0l @)

(e

1 la—0b] _,
+C(d) Gala) = |lullLr@ry =5 72
« aVb
(6.11)
1 1 |Z|dZ
+ |ulpio,m;5v) lae — b= i
r1<|z|<rsa |Z|

1 1 1.9 Tfﬁa
+ 5 lulnrpy) (@ —b7) T}’
for arbitrary ro > ry > Afé r. Note that the ﬁ—term has to be handled with care
since it could be large in the general case when ¢’ and 3’ can be degenerate.

We conclude the estimate of £5 by choosing the values of constants r; and 5. In
the critical case where o = 1, we take ry =T Al and ry, =1V %. Notice
that if |ug|py = 0, then ug = 0 as constant integrable function, and (3.4) reduces
to (2.6). In the sequel, we thus assume without loss of generality that |ug|py # 0.
Note then that +oo > r9 >r1 =T A1 > Afé r for r small enough (r | 0 in the
end). By easy computation and Lemma B.1 of the Appendix,
|z|dz
2|4+

la — 0] =Cla—>b|(Inry —Inry)

r1<|z|<rsa |

u 1
§C|a—b|{|1nT|+1u0Ll lnm+(—ln(avb))+}
Torey >t |uolBy

< c{(1+1mT] +Juol5) Er(u)) la—b|+|alna—b |},

where C' = C(d) and where Eq (ug) is defined in (3.3). We finally deduce from (6.11)
that, when a =1,

&3 < Ce (lullzr@ry + lvllzr@m) 7
|UO|BV

+C(d) {Jlu
( ) || ||L1(QT) HUOHLI |

(6.12) + (1+ [ InT| + Juol 5y Ei(uo)) ulpiorimv) la — b]

+ |U|L1(O,T;BV) |a lna — b In bl

1
+ T |u|L1(O,T;BV) (a — b>2 E},

a—b

for all TA1 > A™'r. To divide by ||ug||z1, we have assumed without loss of
generality that we are not in the case where |ug||,: = 0, for which (3.4) also
reduces to (2.6).

When « > 1, we simply choose 9 = +00 in (6.11) and we get

[e%

& < Cc (llullLr@ry + 0l 1@m)

1 1 1, 1 4
(6.13) +C(d) Ga(a) {a — Julso,7imv) la® — b3 |1}
2—«a

1 1 r
+ lulpio,7;5v) (a® _ba)QlT}’

2—«
for all r; > Afé T.

7. Estimate of Es - the general case via linearization. The idea is now to reduce to
the linear case in step 4 by freezing the “diffusion coefficients” ¢'(£) and ¢’ (£). To
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do so, we introduce the function

(614) Xg(g) = Sgn(b - a) 1(a/\b,avb) (6)5
for £,a,b € R. By (6.2), we then find that

= Gala) [ 2 / msgn(v )

v(z+z, t) u(y+z, s)
f’u(m t) f (y,s) dé’ ¢e,1/ dz dw

|z|d+oz

///

XEED©) v () — XA (©) ¢ (€)
| 2]+

(6.15)

oY d¢ dz dw.

Let us notice that this integral is well-defined, since e.g. [ |x%(£)|d¢ = |b— a| and,
¢’ and ¢’ are assumed bounded by (6.1).
For each 6 > 0, we define a regularized version of &5 as

£4(0) = Gala) | 2T /|| [ [ st

v(z+z,t) ’ u(y+z,s) !
e T 7 (€ O dC d€dzdu,

(6.16)

where the approximate unit ws(&) := %w (%), and

weCNLY(R), w>0, /w:l.

For each (,& € R, let Q¢(C) := [ ws(¢ — w)dw — [°

that

o ws(§ — w) dw, and note

v(erzt)
[ Qe -gac= [T a0 ac= 0t + 2.0) - 0ctote ).
z,t

Moreover, sgn(v—u) = sgn (Qe(v) — Q¢ (u)) since Q¢ (+) is increasing, and since ¢(+)
is smooth and vanishes at zero, Q¢(u) and Q¢(v) have similar boundedness, inte-
grability, and regularity properties as u and v. It follows that

&3(9)
~Gala) [ [ : / sgn (Qe(v) — Qe(u)) 6

YO Qv +2,1) = (v)) — () (Qe(uly +2,5) = Qe(w)) 4 ge

|Z|d+o¢

This integrand has similar form and properties as the one in (6.5) for fixed ¢!
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We continue in the critical case when aw = 1. We argue as in step 4 with a = ¢’(&)
and b = ¢’ (£). By (6.12) we get that for all TA1 > A~ 7,

£5(0) < / Ce (1)l @ry + 12 @)1 (r) 7 de

+0@) [ {I0eluen [P 166 - w(6)

+ (1 +|InT| + uol 51 E1(u0)) [Qe ()| r10,1:8v) |¢'(€) — ¢ (€)]
+ Q¢ (u)| L1 0,7:8v) [¢'(€) In@' (&) —'(€) Iny' (€]

+T 10610z (1(6) — V() 1 | de

<Cor [ 19011 @ + 19611 0r) de

|u0|BV ’ ’
d)JA — o
s o) {a B i )

+ (1 + I T+ [uolpy Ei(uo)) Blle" — ']l
+Bll¢' Ing’ — ¢ Iny/||o

1
+TBlle —v'|% <},
with A = f ||Q£(U)||L1(QT) d¢, B = f |Q§(u>|L1(O,T;BV) d¢, and

l¢" = ' |loc = esssup |@" — ']

uo

The supremum above can be taken only on I(ug), since ¢’ and ¢’ are assumed
to vanish outside this interval by (6.1). Note also that C. = C(d,a,¢, A, A) can
be chosen independent of ¢’(£) and ¢’(£) as discussed below (6.7). A standard
argument, see Appendix A, then reveals that

(6.17) / 192 @)@ A€ = lullron,
(6.18) /|Q£(U)|L1(0,T;Bv)d§ = |ulpr0,1;BV)s

and hence that A < T ||ug||z: and B < T |ug|pv by (2.6).
By standard computations given in Appendix A,

1 li =
(6.19) i &3(0) = &s,

and it follows after going to the limit in the estimate above, that

53 S CCT
+ (@) {T Biwo) e = ¢/l
(6.20) + T (1+ I T) fuolav [l = v'oc

+ T o sy ¢ Ing' — & oo
1
+ T2 uolov [l = ¥/I1% <}

foral TA1>A"'r when o = 1.
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When « > 1, similar arguments using (6.13) show that for all r; > A= T,

E3 < Cer®™™

(6.21) + O { ZEE T fuo sy [|(#)F = (@)% oo}

8. Conclusion. We have to insert the estimates of the three preceding steps into
(6.2). Let us begin by the case where a = 1. By (6.3), (6.4) and (6.20),

[u(-T) =v(-,T)|Lr < 2 (mu(v) Vm,(v)) + Cer
+ T |uolpv If" — ¢'lloo

+0(@) {fuolov ¢

+ T Ei(uo) [l¢" — ¢[00
+T 1+ [InT]) uolsv [|¢" — ¥ [loo
+ Tluolpv [|¢" In¢" — " In9'||

1
+ T uolo ! % 2},

for all r,e > 0 and T > v > 0 such that T A1 > A~'r. We complete the proof by
sending r and v to zero, and taking € =T ||¢’ — ¢/ || co-
When o > 1, we find using (6.21) that

u(T) = v T < 2(mu(v) vV my(v)) + Cer®®
+ T |uolsv |f" = 9'll

+0(@) {fuolov ¢

Gila 1 1 —a
+ S8 1y @)~ @) E e

Ga(a) nt nL 2 rfia
ZA\T) s _ > a

+ S8 gl () — )72, B,
for all e > 0, T > v > 0 and r > A_i r. We conclude by choosing ¢

T% |[(¢')= — ()% ||so and 1 = T'=. The proof of Theorem 3.1 is complete. O

Remark 6.2. (1) From the proof, we find that C' < C(d) (1 + C;%(O‘l) + GQ%(;“))
in (3.4) when a > 1. By (2.2), lim42 C(d, @) is finite and only depends on
d.

(2) In particular, C < C(d) (1 + %@1) + GQ%(;“)) when a > 1 also in (3.6).
6.3. Proof of Theorem 3.8. Here no linearization procedure is needed since ¢ =
1. The new difficulty comes from the fact that the two Lévy measures are different.
A key idea is to change variables to work with only one measure.

Proof of Theorem 3.8. We argue as in the preceding proof with u = u® and v = u?,
ie. (uog, f,) = (vo,9,v). To simplify references to similar computations, we still
use the letters v and v for a while.

1. Applying Kuznetsov, initial estimates. As in step 1 in the proof of Theorem 3.1,
we apply Lemma 4.1 and estimate the £,-terms. We obtain estimates similar to
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(6.2), and (6.4), and conclude that for all a, 3 € (0,2), r,e >0 and T > v > 0,
|u(-, T) —v(-, )| s
< C(d) |uo| By € + 2 (My (V) V my(v) + Ce (r>=% +1278)

(6.22) + /Q sgn(v —u) (L7 [p(v(-,))](z) — L2 p(u(:, 5))](y)) 7" dw.

2
T

=:&3

The new r?~#-term comes from the new £?-term in the estimate corresponding to
&,. Note that the terms in & only involve one function ¢, but different «, 5. Most
of the remaining proof consists in estimating &s.

2. Change of variables and first estimate of £3. We perform several changes of
variables to move the differences between £" and £%7 from the Lévy measure
to the z-translations. This is similar in spirit to what we did in the preceding
proof to obtain (6.6). First we let Z = 2| ~1z (y > 0), and note that dZ =
72407 =D 425 so that || 74P dz = v |37 A7 d3. Take y = 5 = \/%, and

check that —d — 8y =—d — a8 and

L7 [p(v(-, )] (x) = Ga(B) Vﬂ/

—1
|z|>778

p (v(@+ ]2 2, 1) — p(v(=, 1))

|Z|d+m dz.

Then we use the change of variable z — (Gd(ﬁ)'yg)ﬁ z and get that

‘Cﬁyr[w(v("t))](z) B /|z|>m - (,U(x - |Z::T;+\j£) - ('D(U(x’t)) dz,

where cg := (Gd(ﬁ)vg)% >0 and rg := (Gd(ﬁ)vg)_ﬁ 775 > 0. Similar compu-
tations for u show that

ﬁ”wwosmwr:/

[z|>7a

Pl (y+ cal2P 1 2,5)) — pluly. ) |
|Z|d+\/m ’

where 7, := \/g, Co 1= (Gd(a)%l)é and 7o := (Gg4(a) %Y)fx/%ﬂ e’ . Hence

c / / dz
3 = e T————
d++/
2 JraArg<|z|<raVrg |Z| +tvap

+ / / sgn(v — u)
2 J|z|>raVrg

e (v +esla7 2 t) — o (uly +ca 27" 2,5)) } = {p(v) — ()}
|z|d+VaB

- @Y dz dw
=: 831+ &32,

where the integrand of £3; only contains either u-terms or v-terms. As in the
preceding proof, cf. (6.6) and (6.7), we find that

(623) 5311 S CCOT(1>,

SIndeed, dz = F(z)dz for F(z) = |det (D (|z|771*1 z))| and
D(z" "l = (=) B r@at 2 Tl Id
Hence F is positive, F(Az) = \)\|d(”71’1) F(z) for all A € R, and radial since
F(Re)=l|det (7' —1)Re(Re)' + RRY)| = |det (R((v™! —1)ee’ +1d)R")| =~"1,

for all orthogonal matrices R € R and column vectors e of the canonical basis.
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where 0,.(1) = max,—q,5(ra Vrg)2?7" VP - 0 asr | 0 and «, B are fixed.
Most of the remaining proof consists in estimating &3 2. Before continuing, let
us list the following properties that will be needed: for any d € N and A € (0, 2),

hma,ﬁ—)/\ Ya = hma,ﬁ—)/\ B = 15

lima, sx €a = lima gx c5 = Ga(A)¥ >0,

: [va—=v8l _ 1
hma,ﬁ%A =B — X7
lca—csl

limsup,, g_, TJa—p] < too.

(6.24)

In particular, the limsup is a constant of the form C' = C(d,\) (note also that
this limsup is in fact a limit but this is will not be needed). These properties are
immediate consequences of (2.2).

3. PFirst estimate of £32. We introduce parameters rp > r; > 0. Notice that
r1 > 1o V rg for sufficiently small r (r | 0 in the next step). Let us define

532—25372,1: Z/Z /|EI sgn(v — u)

R (v(m +egla" 7 2 t) — o (uly + ca |27 2 8)) } — {o(v) — p(u)}
|z|d+VaB

- @Y dz dw

for I = (r2,4+00), I = (rl,rg) and I3 = (ro Vrg,r1). An application of Lemma 6.1
with ¢ = ¢ = cg and v = 7 = 73, shows that

€39, < / / sgn(v — u) ¢¥
|z|€T;

<p( u(y +cg 2|61 2, s)) (u(y+ca|z|7“_1z,s))
' |2|d+VaB

(6.25)
dz dw.

We now estimate these terms.
Let us begin with €3 2 1. Going back to the original variables, ¢, [2[7 1z + 2,

@ (u(y + ca|2[™7" 2,5))
sgn(v —u Y dz dw
/2 / R L

2 ||>Ca z

Let us continue by assuming that c, 73° > cgry’.

similar one for the 5-term, we then find that

By the above identity and a

E32.1

G G
</ /| ety ) Q;ﬁfﬁ - |Zf§f3) dzdu

e, dzdw
+Gals) [ / o S W) Py 29 6 [T
T B T2 aTa

By (1.5) and (2.6), lo(u)llL1(@r) < M [luo||zr for M =T esssup;(,,) |#'[, and then
by Fubini,

E3,2,1

< M o] {/
|z|>ca r3®

dz
dz + Ga(B) / _dz
cg ’I‘;B<‘Z‘<Ca o |Z|d+ﬁ
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Doing the same reasoning when ¢, 73> < 575" and taking the maximum, we finally
get

Ga(B) Galo)

2|48 [ofdte

E301 <M ||U0||L1/

By
21> (ca r3*)A(ca ")

(6.26) dz
+000) M ol o, [ i
o=a,f |z|€co{ca T3 ,cp T2B} | |

where C(d) = max|g ) G4 is finite by (2.2) and from now on co{a,b} designs the
interval (a Ab,a VD).

Next, by (1.5) and (2.6), [p(u)|z1(0,7;8v) < M |ug|py. Hence by integrating
first with respect to y in (6.25), we find that
dz

©20)  Eona < Mpuolpy [ Jealel® —eple|

r1<|z|<rs

Finally, by Lemma 6.1

W I L CRL LK

Al =y ) ol — )}

with h(z) := (cg|2|7# 7! — ¢ |2|7=71) 2. This estimate is similar to (6.9), but with
a new displacement, new functions ¢(u) and ¢(v), and the new power v/a 3. By
arguing as before, we find that

5323_ 1—T ) 274 F [1(2)]? e (u(-, 5)) | py dT dzds,

|z
instead of (6.10). Since |g0(u)|L1(07T;BV) < M |ug|pv, we get that

|<ry

1 2 dz
2 E < C(d) M |u —/ cg |z —cq |27 ———.
(6.28) 3,2,3 (d) M [uo|Bv c \z\<r1| 5 |z| |27 |2[d+vaB

4. The general estimate. Let us resume the preceding estimates. By (6.22), (6.23),
(626), (627), (628) and the fact that 53 = 5311 + 837211 + 837212 + 837213, we have
proved that for all o, 8 € (0,2), e >0, T >v >0, 73 > 71 > 0 and r > 0 small
enough,
[u® (-, T) =P (-, T) |1
<2 (my (V) Vmy(v)) + Ce (r*~ + PB4 0r(1))
+ C(d) |u0|BV €

Gd ﬂ Gd o
+M||u0||L1/ d(HZ — d(ﬂz dz
|2]>(ca T3 A(cp37) |2| |2|
dz
+ C(d) M |Juo|| 2 max/ —_—
B |z|€co{ca BT;ﬂ} |z|d+a
dz
FMpuoloy [ e ol = e lal | —
r1<|z|<ra |z|d+ @b

1 2 dz
+ Cd) M [uo|py / e |27 — e |2Po P —2
€ J)zj<m |z|d+vers

Now, we pass to the limit as 7, v | 0, thanks to (6.23). Next, we replace the L'-norm
at time T by the C([0,T]; L')-norm, which can be done without loss of generality
since ¢ ||¢']lco < T ¢ |l = M, for all t < T. Finally, we replace € by €|a — 5],
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which can also be done since ¢ is arbitrary. We deduce that for all a, 8 € (0,2),
€e>0,and ro > 11 >0,

flu® *uﬂHC([o,T];Ll)
< C(d) luolpv € |a — B

Ga(B)  Gala)
+M|\u0||L1/ 3 318~ Toldre dz
|2]>(ca 73%)A(cpmy") |2| |2|
=:J;
dz
+ C(d) M ||uo|| 12 max/ vs, Ta[Fe
(6.29) 7= Jlzlecotea r* cara”}
=:Js
dz
FMluolay [ lealol = el —
r1<|z[<r2 “ |z|d+ b
=:J3
C(d) M |ug|py 1 2 dz
+ cg |z —co 2|7 —— .
€ |a_6| ‘Z‘<T1|ﬁ| | 06| | | |Z|d+ /aﬁ
=:J4
The rest of proof consists in estimating limsup, 5, ﬁ (t=1,...,4). We will

use the letter C' to denote various constants C' = C(d, \).

5. The case A € (1,2). We first let 7o — 400 so that (co73%) A (cgr9”) — +00,
since all these coefficients are positive (cf. step 2). We get at the limit

(6.30) Ji=Jo=0
and J3 = |ca |2|787%% — ¢ |2| 79777 | dz, with 04 = V& B — 74 and op :

vap—9s.
Let us estimate J3. We recognize a term of the same form than in (5.2) with the
new “locally Lipschitz” coefficients cq, cg and powers o, 03. Arguing as before,

dz
J3 < e — Cg| max / Toidre + (ca V 05)/ ||Z|7d70'a _ |Z|7dfaﬁ‘dz7
[z|>71 |Z| 2>

0=04,083

\ [>ry

:js
where J; < 54| +28a |- — 5| 11 By (6.24),
;% p P
lim sup <C (r;™ A4+ 1,,<1) +C limsup L L
a,B-A Ia—ﬁl N af-A o= B op
§6’7"i7X ifA>1 -
= ~3
where a Taylor expansion with integral remainder shows that
z -0 orry T 1nr ry
nglimsup 5] ‘/ . 1’ dT‘SCr%_)‘(l—i—HnrlD,
a,B—) Oé

with o, := 704 + (1 — T) o3. We deduce the following estimate:

(6.31) lim sup ——

<Cri- A1+ Inry
a oA |Oé*ﬂ| 1 ( | |)

Let us notice that this estimate fails when A = 1, because 04,08 -+ A —1 =0 as
a, 8 — 1.
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Let us now estimate J;. By adding and subtracting terms,

1 |ca$clg|2/ 2 dz
Ja<g ) T 2 £ 12" —r s -
2 g |Oéfﬂ| |z|<ry |Z|d+ af

=:J4 4+
By expanding the squares and integrating,
27a—Vap 2v5—Vap Ya+ys—Vap )
"1 ™ "1

Jix =S, + +2
s d<2%—\/a6 29 —vapB Yoty —vap

By (6.24), the limit of Jy 4 is easy to compute and we get

. Jy 222 : Jy—
lim sup <Cr + C limsup ——= .
a,B—A |a - 6| ! a,B—) (CY - 6)2
—_———
::j4y,

We estimate Jy _ by multiplying and dividing by (7o — 7v5)? and changing the
variables by a := v, — @ and b:=y3 — —VZ‘B We get

_ 2
Js,— < limsup (%‘77@)
a,B—A |a - 6|

1 T%a T%b 27"‘1”'1)
imsup ——— | 2 4 L ,
o Ja—o2 \2a T 20 a+b

where ¢ := 1 — 4 > 0 is the limit of a,b as o, 8 — A. By (6.24) and the estimation
of the last limit in Lemma B.2(ii) in appendix,

j4,_ < Cr%_A (1+ In? r1).
We conclude that

(6.32) lim sup S < Crf*A (1+ In?ry).
a,B—A |Oé - ﬂ|
Note that this estimate works even if A = 1.

We are now ready to conclude the proof and show (3.8) when A € (1,2). Recall
that we estimate Lip,, (u; A) using (6.29) with 7o = +o00. The limsups of the terms
on the right-hand side are estimated by (6.30), (6.31) and (6.32). We get for all
e>0and r; >0,

222
Lip, (u; A) < C'|ug|y {6+M (T%)\ (1+|Inr])+ rle (1 + In? T1)> } )

We complete the proof by taking e = M> (1 + |In M|) and r; = Mx.

6. The case A\ = 1. We have to estimate again J; in (6.29) (¢ = 1,...,4). This
time, we do not let ro9 — 4o0.

For Jp, we recognize again a term of the form (5.2) and we argue in the same way
to estimate it. The only difference is that the fixed cutting parameter 7 is replaced
by a moving one (cq 79°)A(cgry”). But, by (6.24) it follows that lim, g—y1(ca 79% ) A
(cpry”) = Ga(1) ry with G4(1) > 0, and we leave it to the reader to verify that this
is sufficient to extend the proof of (5.3) to the current case. Now, this estimate
becomes

Ji

(6.33) limsup o= 7| < C(Gd(l)rg)_1 (14 |In(Gq(1) re)]) < Cr{l (14 |Inrsgl).
a,f—1 -
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For Js, we use that

1 _
Jo = S; max — ‘(ca r3*) "7 — (cp T;B> |
o=, O
=S4 max |cary® —cg r2ﬂ|/ TCoT (1—7)cp r;m)_a_l dr.
o=a,f
By (6.24) and a simple passage to the limit under the integral sign,

. |a7"2afcﬁrgﬂ|
limsup ——— < C'r; 2 limsup ——2— 22 |
a,f—1 |CY—6| 2 a,f—1 |CY—6|

To estimate the last limit, we write
lca ™ — ¢ 73" < |ea — el (r3™ v 73°) 4 (ca V cg) |rg® — 137,

where |r3® — 15" | = |ya — v5| | InTs] fo r3 2= 47 Hence, again by (6.24),

(6.34) lim sup ——

<Cr;y*(1+|lnr
B |Otfﬂ| 2 ( | |)

We have to do again the estimate of Js, since the preceding one (6.31) fails.

Js < lea — cs] e — %
CHh — C max z|l'" ———
K “ s o=a,B ri<|z|<ra |Z|d+ ap

dz
+ (ca V c8) / oo — Jops] — 2
“ ri<|z|<ra |z]dHVe

::jg

so that by (6.24) and a simple passage to the limit under the integral sign,

6.35 lim su <C(|Inri|+|Inrs|) + C limsu .
( ) a,ﬁ—)lp |Oé—ﬁ| (| 1| | 2|) aﬁ—)lp |a_6|

To estimate J3, we first assume that a, B ;é 1, so that Ya—Vap=(1—a)va#0

and v3 — v/a B # 0. Hence, J3 = f -+ [{?...) in polar coordinates, and
pleVaB g r7ﬂ‘m—1
1

Js < Sq - -
2 e—var  var
By Lemma B.2(i) in the appendix,

J3 <28y Ve — 8] max II_la)%(l Voo O"8) In?r;.
By sending a or 8 — 1, we see that this inequality holds also when « or § = 1.
Hence, by (6.24) and (6.35),

(6.36) lim sup

1P 2 —5| C(|Inry| vVIn®ry + |Inrg| V In? ).
a,B—

Finally, for Jy, we use (6.32) which is still valid and we are ready to show (3.8) in
the critical case. By (6.29), (6.33), (6.34), (6.36) and (6.32), we have for all € > 0,
and ro > 11 > 0,

Lipa(u; 1) S C |UO|BV €
+C M Jug|lpr ryt (14 [Inrsl)
+ C M |up|py (| Inr] Vin?r + [1n 75 VIn? ry)

+CM|u0|BV%1(1+1n2T1).
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We complete the proof by taking e = M (14 |InM|), 1 =M A1, ra=1V m,

‘uU|BV
and noting that |lug||zr < |uo|py if 2 = 1. .

7. PROOF OF THEOREM 3.3

This section is devoted to the proof of Theorem 3.3. Let us first recall the notions
of entropy solutions of (1.6) and (1.7) introduced in [44, 16]. For (1.7), we use an
equivalent definition introduced in [40].

Definition 7.1 (Entropy solutions). Let ug € L= N LY(R?) and (1.4)~(1.5) hold.
Let w € L>®(Qr) N L>(0,T;LY).

(1) w is an entropy solution of (1.6) if, for all k € R and all nonnegative ¢ €
C&(R? x [0,7)),

/ (|u — k| Owd + qr(u, k) - Vo —sgn(u — k) p(u) gb) dz dt

+ [ unle) = bl o(,0) e > 0.
Rd

(2) w is an entropy solution of (1.7) if,
(a) ¢(u) € L*(0, T HY),
(b) and for all k € R and all nonnegative ¢ € C°(R? x [0,T)),

| (1= H1910 -+ a5 k) - V6 + ola) = ()] A6) dadl

+ [ unle) — bl 6(,0) e > 0.
R4

To prove Theorem 3.3, we need to establish some technical lemmas. Let us begin
by a compactness result.

Lemma 7.1. Let ug € L™ N LY(R?), (1.4)~(1.5) hold, and for each o € (0,2), let
u® be the unique entropy solution to (1.1). Then, there exist u,w € L®(Qr) N
C([0,T); LY) such that u = limaou® and w = limaau®, up to subsequences,
in C([0,T); LL.) and almost everywhere in Q.

Proof. We only do the proof for w, the proof for u being similar. Let us consider a
sequence o, T2 and let us define E := {u*"} . We will show that F is relatively
compact in C([0,T]; L ). First we take a sequence {u3}, C L= N L' N BV(RY)
that converges to ug in L'(R%), and let E,, denote the family {u2m},, of entropy
solutions to (1.1) with o = a,, and u{ as initial data. We begin by showing that
E, is relatively compact in C ([0, T]; Li,.).

The family E, is equicontinuous in C([0,T]; L') by Corollary 3.6, and Re-
mark 6.2(2). For each t € [0,T], {u®"(-,t)}m is relatively compact in L (R%)
by the L' N BV-bound (2.6) and Helly’s theorem. By the Arzela-Ascoli theorem,
E,, is relatively compact in C([0,7]; L{,.) for any n € N.

The relative compactness of E, and thus the existence of w € C([0,T]; Li,.), is
now a consequence of the L!-contraction principle since

(7.1) sup [[u®™ —up™[lco ;1) < lluo —ugllzr — 0 as n — 4o,
meN
Taking a subsequence if necessary, we can assume that u®m converges to w in
C([0,T7; Li,.) and almost everywhere in Q7. In particular, by the a priori estimate

(2.6), we infer that w € L*°(Qr). To prove that w € C([0,T]; L), we observe
that E is equicontinuous in C([0, T']; L) by the triangle inequality, the convergence
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estimate (7.1), and the equicontinuity of E,. Hence, for any R > 0, m € N, and
t,s €[0,T],

[(w(-t) —w(s 8) Liz<rll e
< lum (e t) —u (- 8)| 2

+ [[(w(, ) = u* (1) Ljgj<rllr + [[(w* (-, 8) —w(-, 8) Lz <rllr
< o(1) + 2 [[(w —u*) 1z <rlleqo,r);Ly),

where 0(1) — 0 as |t — s| — 0 uniformly in R and m. We then conclude that
[(w(t) =w(-8))ller < o(1) as |t —s[ =0

by first sending m — 400 and then R — 400 using Fatou’s lemma. (I

Let us now verify that these limits satisfy the entropy inequalities of the preceding
definition.

Lemma 7.2. Under the assumptions of Lemma 7.1, u and w satisfy the entropy
inequalities of Definition 7.1(1) and (2b) respectively.

In the proof we need the following lemma:

Lemma 7.3. A functionu € L*(Q7)NL>(0,T; L") is an entropy solution of (1.1)
(cf. Definition 2.1) if and only if for all convexr n € CY(R), all r > 0 and all
nonnegative ¢ € C°(R? x [0,T)),

/ (n(U) O + qf(u) - w) dzdt

T

(72) b [ () £200)+ 0/ £ ()] 0) ddt
+ [ ntua(a)) o, 0)da =0,

where qf(u) == [0/ (1) g'(r) A7 (for g = [, ).

This result is well-known for (local) conservation laws, see e.g. [36, p. 27]. Be-
cause of the presence of the discontinuous sign function in the Kruzhkov formulation
(2.5), any proof will be more technical than in the local case and we therefore pro-
vide one in Appendix C.

Proof of Lemma 7.2. We begin with the proof for w which is easier.

1. Entropy inequalities for w. Using the definition of L% and £%" in (2.1), we send
r — o0 in the entropy inequality (2.5) and find that

[ (1 = Koo+ ar(u k) - 96 — [o(u®) - 0] (-2)¥6) dr e
(7.3) T
+/ o (z) — k| 6(z,0) dz > 0.
]Rd
Since (=A)2¢ =F ! (|27 |*F¢) and —A¢p = F ' (|27 - | F¢), by Plancherel
(7.4) —(=N)%¢p = N¢ in L*(Qr) as at 2.

To get the entropy inequalities of Definition 7.1(2b), we must pass to the limit
in (7.3). This is straightforward for the local terms due to Lemma 7.1 and (2.6).
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For the nonlocal term, we first observe that

~ [ ety — el (-2) e

T

— [ {letw) — el = o)1} {26 - 86— (-2)F o} daat

T

—sq(u)
< / a(u®) Apdz dt + q(u™)]| L2 (gm 156 + (~2)F 8l 12(0r)-

By (7.4), the second term tends to zero since [|q(u®)||2(q,) is bounded indepen-
dently of a. The boundedness follows from (2.6) and an (L', L>)-interpolation
argument since g € VV&)COO (R) and ¢(0) = 0. By the C([0,T]; L{,.)-convergence of
u® (up to a subsequence), the first term converges as a1 2 to

/ lo(w) — (k)| Ap dz dt.

This completes the proof for w.

2. Entropy inequalities for u. Let us fix » > 0 for the duration of this proof and
start from the entropy inequalities (7.2), written for convex and C'-entropies 7.
There is again no difficulty to pass to the limit as o | 0 in the local terms of
(7.2). For the first nonlocal term, we use that £¥[¢] — 0 uniformly on Q. This
is readily seen from (2.1) and (2.2). Let us also notice that g}, defined just below

(7.2), satisfies ¢’ € Wi, (R) and ¢’}(0) = 0. Hence

/ qg(uo‘) L ¢ dzdt — 0,

T

since ¢/1(u®) is bounded in C([0, T]; L'). For the remaining nonlocal term, we split
the integral and get

/ o (u®) £ ()] ¢ dar dt

dZ ! [0 «
SGd(“)/MW/QT”(“ ) p(u) pda dt

=:1
Ga(a)
+C 252 e leqoryn ol o,
——
=:J
where C' is an L*-bound on n’(u®). Notice that for all fixed r, lim, oI = 1 and
lim, o J = 0 by (2.2). Since 7’ is continuous, we can pass to the limit as « | 0 in
the inequality above, thanks to (2.6), the almost everywhere convergence of u* (up
to a subsequence), and the dominated convergence theorem.
The limit in (7.2) then implies that

| (102104 g30) - Vo~ /() ) 8) ot + [ o)) 6(s,0) do > 0

T R4

for all convex C'-entropies 1 and fluxes ¢} (u) = o 7' (7) f'()dr. It is then classical

to get the desired Kruzhkov entropy inequalities of Definition 7.1(1) from these
inequalities, see e.g. the if part of the proof in Appendix C. O

To prove that w satisfies (2a) of Definition 7.1, we need to derive an H 2 -estimate
on u®. In the sequel, H?% (R%) denotes the fractional Sobolev space of u € L?*(R?)
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such that [[g.. (ul@)—u)® 4 dy < 400. The H?2-semi-norm can be defined in

[e—y[TFe
both the following equivalent ways:

s _ Gala) (u(z) — u(y))? _ o | |2
(7.5) |u|H% = //RM 7 — g+ dzdy = /]Rd |27 & | Ful® dE.

The H%-norm is defined as HuHiI% = flull3. + |u|iI% The equality in (7.5) is
standard, cf. e.g. [1]. In the sequel, the knowledge of the precise constants will
be important to get estimates uniform in « 1 2. For the sake of completeness, we
therefore provide a short computation of them in Appendix C.

Lemma 7.4. Let a € (0,2), ug € L>® N LY(RY), (1.4)~(1.5) hold, and u® be the
unique entropy solution to (1.1). Then

/Rd@(u( D)o+ o) g s < [ Blao(e)) o

where ®(u fo o(T)dr for all u € R.
Remark 7.5. Note that ® is nonnegative, convex, and 0 at 0.
Proof. We can take n = ® in (7.2), since it is C! and convex by (1.5). Using also

Lemma 7.3 and the continuity of u® in time with values in L' (R%), as in Remark 2.1,
we find that for all ¢ € C2°(RIF1),

/ﬁ (@@ﬁ)@w&+q?@ﬂ)~v¢)dzdt

o) [ (B £+ () £ p(u) 0) dade
+ /]Rd O (up(x)) ¢p(z,0)dz > /]Rd O (u(x,T)) ¢(z,T) d.

Then take ¢(z,t) = yr(z), where R > 0 and g is an approximation of 1j,<p
such that v € C2(RY), {yr}r=0 is bounded in W2 (R?), v — 1 in W2 (RY)
as R — +oo. It is obvious that the V- and £&-terms in (7.6) vanish as R — 400,
since qg e WL(R) and q;I)(O) =0 for g = f,¢. For the £L*"-term, a standard

loc

computation shows that for all u,v € L%(R%) and r > 0,

(7.7)

—/ u LY [v] da

= —Gala // x+2d)+ ()dzdz
ol |2|d+e
_ Ga(a) // (@) v(z) —2Y dr dy // W) drdy
2 |[z—y[>r |:C - y|d+a |x— y|>7‘ |£L' - y|d+a
dz dy (//‘ dz dy
- u(x)v g
//|z—y|>7‘ ( ( ) |1' - y|d+a |z— y|>7‘ ) |£L' - y|d+a

—u(y)) (v(@) —v(y))
//z y|>r |1'7y|d+a dedy.
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Hence, by the dominated convergence theorem,

/ (™) L2 [ip(u®)] e i it
Qr

_ GdT(a)/OT //y> (p(u®(z, 1)) — p(u(y, 1))

(o (2, ) 1r(@) — P(u (1) 1R W) #

Ga(a) [T (p(u” (2, 1) —p(u® (1)
~ 2 /0 //|z—y|>r d dydt

lx —y|d+e

dt

as R — 4o00. Going to the limit in (7.6), we then find that
/ O (u*(z,T)) dx
Rd
T o B a 2
LGl [T ) e O g g
2 0 |z—y|>r

|z — y|dte

< /]Rd D(ug(z)) da.

The proof is complete by sending r | 0 and using the monotone convergence theo-
rem. O

From this energy type of estimate, we have the following result:
Lemma 7.6. Under the assumptions of Lemma 7.1, p(w) € L*(0,T; H').

Proof. Recall first that by (2.6) and a (L', L>)-interpolation argument, {u*} e (0,2)
is bounded in L?(0,T;L?). Using in addition the preceding lemma, we find a
constant C' such that for all « € (0, 2),

||(10(ua)HL2(O,T;H%) S C.
Using the Fourier formula in (7.5),
| g iFaupagar<c
Qr

(recall that F is the Fourier transform in space). Now we use the following inequal-
ities: for all 1 < 8 < o and all £ € R?,

A+ 127gf) <A+ 2mg)’ <A+ 2mg)* <27 (1 +[27El*).
We deduce that

t/ (1+[27€)%) | Fo(u®)|?dedt < 2071 C.
Qr
Going back to the integral formula in (7.5),

G T o at B a ;t 2 a—
et eyt 252 [ [ EENEA BT 4rgyar < 20

By Fatou’s lemma, applied for o 1 2 with fixed g,

lo)a .z + 252 /OT [ e 0 4,4, < o

|z — y|d+h
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Finally, Fatou’s lemma applied to the Fourier formula shows that

2(72h%gﬁ/m(L+DW§WHJ¢@@Fd§m

T
> [ (4 zreP) o) ddt
Qr
The proof is complete. O
We end by the proof of Theorem 3.3.

Proof of Theorem 3.3. Let u,w € L>=(Q7r)NC([0,T]; L') be defined in Lemma 7.1.
By previous lemmas, they are entropy solutions of (1.6) and (1.7), respectively.
By uniqueness (cf. [44, 16, 40]), the whole sequences converge and the proof is
complete. (I

8. OPTIMAL EXAMPLE

In this last section, we exhibit an example of an equation for which Theorems 3.1
and 3.8 are optimal. Note that the modulus in f is the same than in [27, 48]. This
modulus is optimal for linear fluxes, i.e. for equations of the form d;u+ F - Vu =0
where F' € R?. This is readily seen by the formula u(x,t) = ug(x —t F). Here,
we focus on the new fractional diffusion term. The proofs work for a = 2 and
our example is also optimal for the results in [24]. Let us finally mention that this
example is motivated by Remark 2.1 of [33] and similar remarks in [37, 35, 2].

Let us consider, for every « € [0,2] and v, a > 0,

A sy =
(8.1) Ot o )2?4Q
u(z,0) =y1lo(y " ),
where @ := [~1,1]¢. This is (1.1) with ug as above, f = 0 and ¢’ = a. Notice that

|uol| 1 = 24 v4+1,

(8.2) luo| gy = d24~4, _
Exuw::d2d7d(1+fﬂn%Y)17>m (i=1,2),
where E;(ug) is defined in (3.3).

8.1. Optimality of Theorem 3.1. Let us fix « € [0, 2] and let us use the notation
u =: uq. Given T' > 0 and other parameters b, ¢ > 0, we define

lam — b=, a>1,
Wa—b =4 |a Ina — b Inb|, a=1,
|a — b, a<l,
T, a>1,
or =T |InT], a=1,
T’ « < 1’
7, a>1,
oy =< 7% In, a=1,
ydtl-ea a <1

We also introduce the best Lipschitz constant of a — u, at a = ¢:

||Ua - UbHC([o T);LY)
Lip,(u;c) := limsu =
pt,a( ) a,b—>cp |a - b|
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Theorem 3.1 and (8.2) imply that the function a > 0 — u, € C([0,T]; L) is
continuous at a = 0 and locally Lipschitz continuous for a > 0 with for all ¢ > 0,
ua — upllcqoryrr) = O(wa—s) asa,blo,
Lip,(u;c) = O(or) asT |0,
Lip,(u;c) = O(0) asy — o0,
while all the respective remaining parameters are fixed. The result below states
that these estimates are optimal.

Proposition 8.1. Let a € [0,2] and ¢ > 0.

llwa —usl| L1
c(o, T;LY) > 0
Wa—b

(i) For all T,~v >0, liminf, 40

Lip,, (u;c)
Hee () 0,

Lip,, (u;c)
Heelie) ),

(i) For all v > 0, liminfp g
(iii) For all T >0, liminf, |

Remark 8.2. This result shows that the modulus of continuity in ¢ — ¢ derived
in (3.5) is optimal for linear diffusion functions. It also shows that the T- and

lwolln _y 4 o

up-dependencies of this modulus are optimal in the limits 7" ] 0 or Tolny

(recall that llwoll 1 v by (8.2)).

|uo| BV

8.2. Optimality of Theorem 3.8. Let us now use the notation v =: u® to em-
phasize the dependence on a. Given X € (0,2), we define

M>|InM|, A>1,

Gy =< M In®> M, A=1,
M, A<,
74, A>1,
Gy =1 % In? v, A=1,

YA In Ay, A<,
where M :=T a. We also consider the best Lipschitz constant of o +— u® at « = A
defined in (3.7). Then, Theorem 3.8 and (8.2) imply that for all A € (0,2),
Lip,(u;A) = O(6n) as M |0,
Lip,(u; A) = O(6,) asy — +o0,
while all the respective remaining parameters are fixed. The result below states
that these estimates are optimal.

Proposition 8.3. Let T,a >0, M =T a, and X € (0,2). There exist Mo, vyo > 0

such that:
(i) For all 4o >~ > 0, liminfy o Llpg](;;k) > 0.

(ii) For all My > M > 0, liminf,_, Lipéi(“;)‘) > 0.

S
Remark 8.4. This result shows that the M- and ug-dependencies in (3.8) are optimal
at the limits M = T [|¢/|| oo | 0 or L2olet s 4 o0

|u0‘BV
8.3. Proofs.
Proof of Proposition 8.1. Let us prove each items in order.

1. Item (i). Let us first assume that T'=~ = 1. The general case will follow from
a rescaling argument given at the end of the proof. Let us define

(8.3) £q :z/Qua(:c,l)d:c—/Qub(x,l)dx.
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Since [|ug — uplleoay;21) = lual(-s1) — up(-, 1)[|z1 > |Eg], it suffices to show that
liminf, p10 18ol 0. Tt is well-known that Ug(x,t) = F~ (e tel2™I%) & 1g(z). A

Wa—b

short computation shows that

o = /.7:_1(6_“‘2”'|a — e_b|2”'|a) (1g x1g) dz

— /(e—a|2ﬂ'f\“ _ e—b\2ﬂ'£|a‘) (]:1Q)2 df

(8.4) _ 2d /(efa\g\“ _ e*b\f\a) ﬁsin(‘?(&) d¢
i=1

wd

wd

d 1 d
- / / (b—a) |g|* e~ TorCmmIDE T sine? (&) dr de,
0 i=1

where & =: (&1,...,&4) and sinc(§;) := s‘z—fl To get the third line, we have used

the formula Flg(¢§) = Hle % and the change of variable 27 ¢ — & We
now give separate arguments for the cases « < 1, a =1, and o > 1.

a. The case o < 1. This is obvious since 0 < [ [£]* H';:l sinc?(&;) d€ < +oo0.

b. The case a > 1. Note that |{|* < d¥~! Zle |&]*. Hence, by (8.4),

1

(8.5) 1Eql > Ia,b// la — b||&1|* e=d" " (Tat A=) gine2(g)) dr dg;
0

where

2d d a—1 @
I,y =— —d (aVd) €] i1y e2 ;) dé.
b= Z_I_IQ/S sine”(§;) d§

Since e=4" " (@VVI&I" 5 1 asa,b | 0,

2d—1 d

— 1;[2 / sinc?(&;) d&; > 0,

for all a,b > 0 sufficiently small. Hence, assuming e.g. that a > b, we get

(8.6) Iy > Co =

€al = Co / aley o 2em " alal" sin?(¢1) de
(87) =:1,
— Co/b|§1|a‘2 e~ 4 TGN gin?(g)) d;.

Before continuing, notice that this estimate is valid for o = 1; this is will be useful
later. Let us continue the case a@ > 1 by changing variables,

I, = a= / |€1]>2 e~d* M al” sinQ((fé &1)d&.
Doing the same for the b-integral and adding and subtracting term,
€l = Co (a% — b7) / G2 e O sin? (a7 61) dgy
(88) + Co b= / |€1]%72 emd" T lal” {51112(a_i &) —sin®(b™= «El)} d&

=:Cy(a= —ba) I, + Cobo I
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By a Taylor expansion and an integration by parts,

1
_ _ _ga—1 [e%
[ fozt e e
0

=:f(&1)
-2 sin (a;}T 51) cos (a;le 51) d¢; dr

_sm(2 aa . §1

1

1| < (a= — b*)

p\H

< ;b be

1) cos anl) dé; dri,

1
2

where ao., := 7as 4+ (1 — 7)b= and f is integrable when a > 1. We deduce
that Coba Iy = (a> —ba ) o(1) as a,b | 0, since for fixed 7, cos (2a;% ) converges
to its zero mean value in L*®-weak-+. By a similar argument sin?(a~% -) also
weakly-x converges to its positive mean value m and hence

Jm fi = 7”/%¢*2—“ ©1"ag > 0.

We thus conclude the result from (8.8).

c. The case a« = 1. We restart from (8.7) assuming again that a > b, a,b small.
This time we cut I, into three pieces.

[a:/ _|_/ +/
1<|é1]<a™? |€1]<1 |€1]>a1

We do the same for the b-integral and we get
ol = o [ alea eIl sin?(6)) dey
1<|é1]|<a—t

— CO/ ble |t et lal sin?(g)) dgy
<|éx]<b—1

vall [ e[ )wal [ o))
[€1]<1 [&1]<1 |€1]>a—1 |€1]>b—1

The last two terms are O(a—b) = (bInb—a lna) o(1) as a,b | 0. To show this, we
follow line by line the arguments of a and b respectively, noting that all integrals
are well-defined because of the new domains of integration. Let now I denote the
remaining term. Recalling that a > b,

I= CO/ |7t (ae 18 —bem? I8l sin® (&) déy
<l|é1|<a=?

_CO/ bl&a|™ e 10 sin® (&) déy
a=1<|&|<bt

=: Il + 12.
Note that

ws%/ bl dey
“I<]gl<dt

=2Cpb(lna—1Ind) <2Ch(a—>b) = (blnb—alna)o(l)
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as a,b ] 0. Hence it remains to show that lim infa > (. Since

I
b275% bInb—alna

1
ae @8l _peblal = (g — b)/ {1—(ra+(1=1)b)|&|} e-Tetd-mV Gl qr
0

1 1
S £~ (a—10b) forall |§1|§a7,
- for all [&] <a™l,

o

we find that

et .
hzCo -y [ el
%<|§1|<a2

Cpe!
> 20

> —(a—b)/ &) e
4 2 51 cleg] <oyt

2

To get the last line, we have used that since sin*(-) > 1 on E := [Z, 3| 4+ 7 Z, with
R\E=FE+7%,
[ laltsieaa = [l s e
SE<]e< b e 2
=:g(l&1])
1
(89) =5/ g(lea]) dés
En{3F<|&l}

1
>5[ stahas.
2 <[&1]

by translation and since g is nonincreasing. It follows that
L >Co(b—a)na+ O(a—b)>Co(blnb—alna)+ (blnb—alna)o(l)

as a,b | 0, where Cy = f—g > 0. Here we have used that blna > b Inb, and since
blnb— alna > 0 for small a > b > 0, the proof of (i) is complete under the
assumption that 7' =~ = 1.

For general T,y > 0 fixed, the result follows from rescaling. Let w(x,t) :=
vy tu(yx,Tt) and note that

{wt + Ty a(-A)2w =0,
w(z,0) = 1g(z).

Set p =T~ % and w =: w,, to emphasize the dependence on the new “nonlin-
earity” pa. Then by the results of the T'= v = 1 case above,

Wy — W .
lim inf | na ubHC([OJ],Ll)
a,bl0 Wya—pb

>0,

where w._. is defined on page 35. By a simple change of variables,
e — wolleqo,mcy =7 lwua — waslleqoagzy),
and since wyq—pub ~ wa—p as a,b | 0 (p is fixed!), (i) holds for any 7',y > 0.

2. Item (ii). Let us adapt the preceding arguments. We only give the proof for the
case 7 = 1 and ¢ = 1, noting that the general result then easily follows from the
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rescaling w(z,t) =y tu(yz,y*c1t). We have
fQ Ug(z, T)dx — fQ up(x, T) dx

Lip,(u;1) > lim

a,b—1 a—>b
2d e T o
(8.10) == [Tl e 7 T ] sinc?(&) de,
1=1

thanks to (8.4) written for time 7. At this stage, the case a < 1 follows from a
direct passage to the limit. For the other ones, we argue as in (8.5)—(8.6), and find
that there exists Cy > 0 such that for all sufficiently small T',

Lip,, (u; 1) > CO/T|§1|O‘ e~ T TGN gine2(¢y) dé;

=:1
It remains to prove that liminfp g é > 0. The case a > 1 follows, as before, from

the change of variable T £, — &, and the L>®-weak-+ convergence of sin (T~ -).
For the o = 1 case, we again split I into three parts,

[:/ +/ +/
1<|&r|<T ! [€1]<1 [&1]|>T 1

As in case (i), the two last terms are O(T) = T'|InT|o(1) as T | 0, and the
remaining integral can be bounded below as in (8.9) by

OO/ TI6|71de, > CoT|InT|+T|InT|o(1) asT O,
Sx g |<T !

where Cy > 0 is another constant independent of T small enough. The proof is
complete.

3. Item (iii). We assume that 7' = ¢ = 1, and note that the general case follows
from the rescaling w(z,t) = u(Ti cw x,Tt). We start as in the preceding case,
considering this time integrals on v @ in (8.3). Arguing as in (8.4) by replacing Q
by v @, we find that

5VQ:/ ua(x,l)dx—/ up(z, 1) de
7R 7R

2¢ ! T
_ _d72d+1// (bia)|§|oze—(‘ra+(1—r)b) 1€] HSinC2(’y§i)de§,
7T 0

i=1
and hence

Lip,(u;1) > lim

a,b—1|a —

£ 2d d
=19 ' = ﬁv2d+l/|§|aei|§l Hsinc2(7§i)d§_
i=1

After changing variables v £ — &, we then get that

, 2d B e e T
Lip, (1) = =9 [97 g 74" [T sine 6 e
i=1
This is the same expression as in (8.10) with v~ in place of T'. Note that
A+ UT‘ =0,
T=y—

according to the definitions of o and o, on page 35, and hence by the proof of (ii)

Lip¢(u;1)
o

we have that liminf,_, > 0. The proof of (iii) is complete. O
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Remark 8.5. In the proof of Corollary 3.6, a rescaling in time transformed the con-
tinuous dependence estimate (3.4) into the time continuity estimate (3.6). Hence,
we leave it to the reader to verify that the same rescaling allows us to prove that
(8.1) is also an example for which Corollary 3.6 is optimal.

Proof of Proposition 8.3. We adapt the arguments of the proof of Proposition 8.1(i).

1. Item (i). To avoid confusion with the proof of (ii) below, we denote the fixed
parameter v by 4. We consider the new difference

&g ::/ uo‘(z,T)d:c—/ uP (z,T) dz
g 5

with moving powers o, 8 € (0,2) and time T'. We let M = T a and argue as in (8.4)
to see that

24 _ M M IEPA T . 2e
_ —’72d+1/(€ M €] —e M €] )HSIHCQ(’Yfi)df

d
i=1
2¢ _,, !
=7 [ (6= tnjep ar ey
d

e MlglTeTtTme Hsian(ﬁ &) drdg,
i=1

so that

2d A
(8.11)  Lip,(u; \) > Fwﬂ\/(ln 1) M [¢[* e MIE] il;[lsmc%gi)dg :

=:I

To complete the proof, we must show that liminfs o ;—i'{ > 0.

a. The case A < 1. Now

M0

I d
lim 57 = [ (nle) o [Lsine*(3 6 e = 1.

Since sinc(0) # 0, limy o Iy = 400, and we see that (i) holds for 4 small enough.

a1’ +f‘£‘>1.... The first
integral is of order O(M) = &y 0(1) as M | 0, by a direct passage to the limit.
Arguing as in the preceding proof (cf. (8.5)—(8.6)), the last integral can be bounded
from below by

/ (In|&]) Mg P 2e MG gn2(5¢)dg = J,
[€1]>1

In the other two cases we split I in two, I = f‘

up to some positive multiplicative constant Cy independent of M small enough.
Note that Cj will also depend on 4 > 0 which is constant in this proof. Hence it
suffices to show that liminfs o &—{W > 0.

b. The case A > 1. By the change of variables M~ & — &,

J=M* &) & P2 e 8l sin2(M—3 5¢))dg
l&1|>M X
1> Ry

— AT MR (lnM)/ e ? e Gin2(M % 56 déy.
|&x|>MX
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It is clear that the first term is O(M*) = M> [In M| o(1) as M | 0, and that the
second one has the expected behavior due to L°°-weak-+ convergence arguments.

c. The case A = 1. We write J = f\§1|>M*1 ---+f1<‘£1‘<M,1 .... The first term

O(M |In M|) = M (In®> M) o(1) as M | 0 by the change of variables argument of
the A > 1 case. For the remaining term, we argue as in (8.9), using this time that
51112( -} is bounded below by Lon 471 E. Taking N so large that the new function

g (defined below) is nonincreasing on ((4 N +1) 571, +00), we get a lower bound
of the form

/ (In|&1)) M [& ]~ e MGl sin® (5 &) d&
<Jerl<M-1

>e ' M (In |&]) [61] 7! Ljgjepr—r sin®(3 &) A&y
AR (1€11)
=:9(&1
1
e _
2 M (In|&|)[&]~" d&
(AN+1) T 5 1<ley <M1
o1

TM1112M+M(1n?M)0(1) as M ] 0.

The proof of (i) is now complete.

2. Item (ii). To avoid confusion with the preceding proof, we denote the fixed
parameter M =T a by M. Then, by (8.11),

d oo
(812)  Lipg(uid) = 5 31 |24 [(nfe)) ¢ e [Lsine? (60 a6

=:1
and it suffices to show that liminf,_,; —l}j‘ > 0.
Y

a. The case A > 1. Since In|¢| has different signs inside and outside the unit
ball, we split the integral I in two,

]:/ +/ o= I + L.
lgl<1 1€1>1

By the inequality |In ]| [¢]} < d*! 2?21 |In|&]]1&]> for |€] < 1 and the change
of variables v &; — &; for j # ¢, we find that

d d
|| gdk—w?dﬂz/ [In|&]] &1 T ] sine?(v &) d€
i—1 Yl =1
g 1n|s|||s B
~lad | o LI IS sinc? (&) d¢;
> / [T [ sine*(&5) ce,

[€i]<1 j#i

|11
ST <

Here we also have used that sin®(y¢&;) < 1. It follows that lim SUD, s 4 oo

C(d, ), a constant that does not depend on M.
_ Let us now see that I is the dominant term provided that the fixed parameter
M is chosen sufficiently small. We have

- d
I > 4?4 / (& ]) & e ™ 1€ T sinc? (&) de,

i=1
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and then, letting &, := (£1,77 1 &, ...,7 71 &) and changing variables v &; — &; for
i # 1, we find that

~ 5N d
I >~? / {(1n|51|> [3Tfame / e Mi&] Hsinc%si)d@...dsd}sin%&)d&.

=2

By L*°-weak-x convergence arguments, liminf,_, . —Qd > m I, where

m = /hsinQ(fl)dflH/sian(&)d& >0
0 i=2

and Iy == [(In]&]) |62 e M 161" dg; . Since limy; o Iy = +oo0, it suffices to fix
M > 0 small to get (ii) in the A > 1 case.

b. The case A < 1. We restart from (8.12), change the variables v£ — &, and
pass to the limit as v — 4o00. The result follows.

c. The case A =1. Let us rewrite [ in (8.12) as

1:72d+1/ ...+72d+1/ ...+72d+1/
YTl [€]>1 [g]<y—1t

::7.]1 ::Jz

By the arguments of the A\ < 1 case, the last integral is of order O(y? In~y) =
~? (In?7) o(1) as v — +oo. For Jy, we use that
l=df
f:|51|>ﬁ

< /
‘/I€I>1 U?:1{€:\§i|>ﬁ} Z

by symmetry of the I-integrand (cf. (8.12)). We then bound |In ||| €] e~ MIgl by
some constant C, change the variables y&; — &; for i # 1, get

& d&H / sine?(&;) dé;

and conclude that Jo = O(y%) = v (1n v) o(1) as v — +oo.
Since J; > 0, it remains to show that liminf, ,

|£1‘>f

| o] SdC’yd/

|1|>

Srfkes > 0. It will be

convenient to use the notation & := (&2,...,&4). By the change of variables v £ +— ¢
and the inequality £ &2 > |¢]71,

A1
>y /<|g|<7 o ) sin*(e) dg,

where f(£) := e~M H?:2 sinc?(&;). Let us restrict to the domain of integration

~{(@d s 5 <lal < vl ana @ < <o

where € > 0 is fixed and so small that A ¢ {1 < |¢|] <~} and Cp := minyg f(£) > 0.
Then,

In(y"1 €D . 5 .
hiz -G & d€.
1 " /€2<€<6/”<£1<2 Nermr A TR (1) dér de

Arguing as in (8.9),

—1
cclil<e Jaz <t vEoEE 16l
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V\ihere Co = % > 0. If v is large enough, then for all £ € A, y~1[¢] <471 (J&] +
|€]) < 1. We can then use that

(e (7 1+ 1))
S €] + 1]
and by integrating the right-hand side, we get

71 > Co vd/ In? <71 <5—” + |€|)) A
e2<|f|<e 4
- 1 " R
Gyt [ (i ) aé
e2<|€|<e

> 5'0 7% In?y + 4% (In®y) o(1) as y — +oo.

Here Cy is another positive constant independent of ~ large enough. The proof is
complete. O

APPENDIX A. PROOFS OF (6.17), (6.18) AND (6.19)

Proof of (6.17) and (6.18). Recall that {¢(-) is defined on page 21 and & in (6.14).
For A, we use that

/ 192 ()| () A€ = / /Q

— [ [ |0 [fwste - ¢)dgdwdtac = ful o,

For B, we consider {u,}, C C([0,T]; Wh!) converging to u in C([0,T]; L') and
such that [, [Vun| = [u[rio,r;8v). Then

// Ve ()] der it e
//Tw5(§un(x,t))|Vun(x,t)|dzdtd§/QT V),

T
/|Q§(U)|L1(0,T;Bv) dES// {Hg}rnf/ |VQ§(un)|dx} dtd¢
0 n—=Too JRd

< lim // |VQ¢ (un)| da dt d§ = |u[r1(0,7;8v)
Qr

n—-+oo

/ LD (¢) ws(€ — ¢)d¢| dedr de

so that

due to the lower semi-continuity of the BV -semi-norm with respect to the L!-norm
and to Fatou’s lemma.® (|

6For the reverse inequality, we use that, at all fixed time and for all ® € C}(R?, R%) such that
|| <1,

/\Qg(U)\BvdﬁszRd Q¢ (w) div® dz d¢

://Rd/Xg(g)w(;(f—{)div@dg“dxdf:/Rdudiwbdm,

and next we take the supremum with respect to ®.
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Proof of (6.19). Recall that & and £3(d) are defined in (6.2) and (6.16), respec-
tively. See also the original assumption (3.2) of the theorem, and the simplifying
assumption (6.1). First we define

(3

Fv(zatvya S,Z,&) = sgn(v - ’LL) W ¢E Y.

Let us recall that F), is integrable on Q% x {|z| > r} x R since [ |x%(¢)|d¢ = |b—al.
Hence, by Fubini the function

G = [ [ Rlatyszgdde
% |z|>r
is integrable with respect to £ € R. But, by (6.15), (6.16),

£ = Gala) / G (€) V() — Gul€) ¢ (€) e

and £3(0) = Ga(a) [ V(&) Gyrws(&) —¢'(§) Gurws(€) dE, where * is the convolution

product in R. Since ws is an approximate unit, the convolution products inside the

integral respectively converge to G, and G, in L'(R) as § | 0. Using in addition

that ¢’ and ¢’ are bounded by (6.1), lims o E3(5) = &5 . O
APPENDIX B. SOME TECHNICAL LEMMAS

Lemma B.1. For all a,b >0, |a —b| (—In(a Vb))t <|a—b|+|aIna—blnb|.

Proof. We assume without loss of generality that a V b = a and that a < e™! (the
result is trivial otherwise). Then

|a Ina —b1Ind| = /ba(l +In7)dr = —|a—b| — /ba(th) dr,
since 1 + In 7 is negative, and hence
la —b|+]alna—0blnbl > —|a—b| Ina,

since the logarithm is nondecreasing. This completes the proof. (|
Lemma B.2. For allz >0, a,b#0 and ¢ > 0,

(i) % - #{1‘ <la—b|(1Vz®Va) In’z,

(i) Tima e { 2o < oate 4w,
where C = C(c).

IZG IZb _ 2Ia+b

e T3 T Sum

Proof. (i) Let f(a) = % Observe that (Inx) fol 27%dr = f(a) by a Taylor
expansion of z% at a = 0. It then follows that by differentiating under the integral
sign that f'(a) = (In®z) fol 727 2dr and

f(a)f(b)(ab)/o f(ra+(1—r)bydr

11
= (a—b) (In*x) / / 7T Tor1=1) 47 4,
0o Jo

Since z7 (Tat(1=1)8) < ] \/ zaVb\/ 276 e find that
If(a) = f(B)] < la—b|(In®2) (1Vz*Va®),

and the proof of (i) is complete.
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(ii) Note that

2 2t 227 b(a+b)2?*+a(a+b)x?’ —dabaT

2a+2—bia—|—b7 2ab(a+0b)
b)2 b)2

(% —x (bax* —ax
2(a+1b) 2ab(a+b)

The first term satisfies [2% — 2°| < |a — b| (2% V 2°) | In z|. Moreover, by adding and

subtracting terms and the inequality @ < A? + B2, we find that the second
term is bounded by

(bx® —az’)? < = (a—b)* (2 +2°)2 + % (a+b)? (2% — ).

N =

The proof now follows from these two inequalities. O

ApPPENDIX C. PROOFS OF LEMMA 7.3 AND (7.5)

Proof of Lemma 7.3. The if part follows by approximating the Kruzhkov entropy
u +— |u — k| by smooth convex entropies u — 0, (u) := \/(u — k)2 +n=2 —n~L
The functions 0, (-) and 7/, (-) are locally uniformly bounded and converge pointwise
to | - —k| and the everywhere representative of its weak derivative given by (2.3).
Hence, if a function u = u(z,t) is bounded and such that n,(u) satisfies (7.2), we
can use the dominated convergence theorem to pass to the limit and find that |u— k]|
satisfies (2.5).

To prove the only if part, we note that we may approximate (locally uniformly)
any convex entropy 1 € C*(R) by a family of piecewise linear functions 7, of the
form

(C.1) u»—)ﬁ(u):a+bu+Zci|u—ki|

i=1

where a,b,k; € R, ¢; > 0, and m € N. See e.g. [36, p. 27] for a proof. We need
to refine this construction to ensure everywhere convergence of the derivatives 7.
Consider the everywhere defined representative of 7' defined by

m

(C.2) wes i (u) = b+ Y e sgn(u — k),

=1

where the sign function is everywhere defined by (2.3). Since 7’ is continuous, it
can be approximated uniformly on compact sets by piecewise constant functions of
the form (C.2). Take such a sequence {7}, },, that converges locally uniformly on R
and redefine {7, }, to be the primitives such that 7,(0) = n(0), i.e. functions of
the form (C.1). It follows that both 7, and 7/, converge locally uniformly towards
n and 7'

Consider next the entropy solution u = u(xz,t) of (1.1) and note that the left-
hand side of the entropy inequality (7.2) is linear with respect to 7, that (7.2) holds
with n(u) = a + bu since u is a weak (distributional) solution of (1.1), and that
(7.2) holds with n(u) = ¢; |u — k;| by the Kruzhkov inequality (2.5) since ¢; > 0.
The reader may then check that (7.2) also holds with n = 7 and the everywhere
representative of 7 given by (C.2).

Since u is bounded, we may use the dominated convergence theorem to pass to
the limit in (7.2) with n = 7, to find that (7.2) holds also for the 5 in the limit.
The proof is complete. O
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Proof of (7.5). Combining (1.2) and (2.1),

/|27T§|°‘|]:u|2d§:/ uF H(27 - |* Fu)de
R4 R?

= / uw(—A)2udz
Rd

= —lim w LY [u] de
rl0 JRd

Ga() (u(z) —u(y))?
=73 //]Rd PRI

thanks to (7.7) with v = u to get the last line. O
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