
HAL Id: hal-00840749
https://hal.science/hal-00840749

Submitted on 3 Jul 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Cracks detection using active modal damping and
piezoelectric components

Baptiste Chomette, Amâncio Fernandes, Jean-Jacques Sinou

To cite this version:
Baptiste Chomette, Amâncio Fernandes, Jean-Jacques Sinou. Cracks detection using active modal
damping and piezoelectric components. Shock and Vibration, 2013, 20, pp.619-631. �10.3233/SAV-
130772�. �hal-00840749�

https://hal.science/hal-00840749
https://hal.archives-ouvertes.fr


Cra
ks dete
tion using a
tive modal damping and piezo-ele
tri
 
omponentsAuthors:B. Chomettea,b,∗, A. Fernandesa,b, J-J. Sinouc
a CNRS, UMR 7190, Institut d'Alembert, F-75005 Paris, Fran
e
b UPMC Université Paris 06, UMR 7190, Institut d'Alembert, F-75005 Paris, Fran
e
c Laboratoire de Tribologie et Dynamique des Systèmes UMR-CNRS 5513, É
ole Centrale de Lyon,F-69134 E
ully, Fran
e
Corresponding author: B. Chomette (baptiste.
homette�upm
.fr)Abstra
tThe dynami
s of a system and its safety 
an be 
onsiderably a�e
ted by the presen
e of 
ra
ks.Health monitoring strategies attra
t so a great deal of interest from industry. Cra
ks dete
tionmethods based on modal parameters variation are parti
ularly e�
ient in the 
ase of large 
ra
ksbut are di�
ult to implement in the 
ase of small 
ra
ks due to measurement di�
ulties in the
ase of small parameters variation. Therefore the present study proposes a new method to dete
tsmall 
ra
ks based on a
tive modal damping and piezoele
tri
 
omponents. This method usesthe a
tive damping variation identi�
ated with the Rational Fra
tion Polynomial algorithm asan indi
ator of 
ra
ks dete
tion. The e�
ien
y of the proposed method is demonstrated throughnumeri
al simulations 
orresponding to di�erent 
ra
k depth and lo
ations in the 
ase of a �niteelement model of a 
lamped-
lamped beam in
luding four piezoele
tri
 transdu
ers.
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1 Introdu
tionCra
ks 
an 
onsiderably modify the dynami
s of a system and a�e
t system safety in several indus-trial appli
ations. Cra
k modeling 
an be the �rst step of a health monitoring strategy. Cra
ks 
anbe modelled using several approa
hes [14℄, for example redu
tion in element sti�ness or pinned jointat 
ra
k lo
ation [19, 26℄. Rigid �nite element method 
an be used to model 
ra
ks with a set ofspring-damping elements of variable sti�ness as shown by Kulesza and Sawi
ki [20℄. The approa
h
an be �rst linear if the 
ra
k is supposed to be opened [12℄ and se
ond non linear if the 
ra
k breath-ing is taken into a

ount [2, 9, 24℄. Christides and Barr [10℄ shown that 
ra
ks 
an be modelled usingexponential sti�ness redu
tion in the 
ase of Euler Bernoulli beams. This model takes into a

ountthe se
ond moment of area redu
tion indu
ed by the 
ra
k. Sinha et al [31℄ proposed a simpli�edmodel for the lo
ation of 
ra
ks based on a triangular variation of the sti�ness in beam stru
turesusing measured vibration data. This approa
h based on a lo
al formulation of the �exibility permitsparti
ularly to in
lude the 
ra
k model in a �nite element model assuming that the sti�ness redu
tionall fall within a single element.One way to dete
t 
ra
ks on stru
tures is to employ modal testing in whi
h 
hanges in modal param-eters su
h as variations in frequen
ies and mode shapes are used to dete
t damage. A review basedon the dete
tion of stru
tural damage through 
hanges in frequen
ies was dis
ussed by Salawu [28℄.Moreover, Dilena and Morassi [11℄ proposed damage identi�
ation based on 
hanges in the nodesof mode shapes. They demonstrated that appropriate use of resonan
es and antiresonan
es 
an beused to avoid the non-uniqueness of damage lo
ation for symmetri
al beams. Faverjon and Sinou [12℄demonstrated that it is possible to dete
t the number of 
ra
ks in a beam and estimate both 
ra
kpositions and sizes despite the presen
e of noise levels. Cra
ks 
an also be dete
ted using observer[30℄ or using non linear phenomena in the 
ase of 
ra
ked beams submitted to for
ed vibrations [1℄or in the 
ase of 
ra
ked rotors [29℄.Piezoele
tri
 
omponents are usually used in health monitoring systems 
oupling to a
tive 
ontrolstrategies su
h as a
tive 
ollo
ated 
ontrol [23℄, a
tive modal 
ontrol [7, 15℄ or passive strategies[4, 17℄. These strategies 
an be used in 
omplex appli
ations su
h as 
urved panels in a 
ar bodyas shown by Hurlebaus [18℄, using evaluated modal parameters [32℄ or in the 
ase of 3D me
hani
alstru
tures [16℄. There are more various �nite element approa
hes to model piezoele
tri
 
ompo-nents, using 3D-solid elements, plate or beam elements. Benjeddou [5℄ proposed a review of the2



di�erent piezoele
tri
 �nite elements, solid, shell, plate and beam. Sadilek and Zem
ik [27℄ proposeda one-dimensional beam element based on Euler-Bernoulli theory using a bilinear distribution of theele
tri
 �eld potential [13℄. This model permits parti
ularly to link one dimensional piezoele
tri
and 
ra
ks theory in order to develop health monitoring strategies.In the 
ase of 
ontrolled stru
tures or smart-stru
tures in
luding a
tuators, sensors and 
ontrol loop,
ra
ks 
an 
onsiderably modify the dynami
s of the 
ontrolled system. Chomette et al. [6℄ shownthat a
tive modal 
ontrol based on Linear Quadrati
 Algorithm is highly sensitive to the variationof boundary 
onditions and thus to stru
ture modi�
ation. They demonstrated that di�eren
es be-tween the 
ra
ked stru
ture and the modal model used in the 
ontroller based on the un
ra
kedstru
ture lead to 
ontrol performan
e de
rease. Chomette and Sinou [8℄ investigated the possibilityof dete
ting transversal 
ra
ks in 
ontrolled truss stru
tures using variation in the amplitude of the
ontrolled system frequen
y response fun
tion and shown that the 
ontrol performan
e variation 
anbe an indi
ator of transversal 
ra
k dete
tion.Therefore the present study proposes a new method to dete
t small 
ra
ks based on piezoele
tri
 
om-ponents and a
tive modal damping. Firstly the model of a 
ra
ked Euler-Bernoulli beam in
ludingpiezoele
tri
 elements is proposed. The main purpose of the 
ontrol system is here to dete
t 
ra
ks.Consequently, the 
ontrol algorithm is se
ondly designed in order to see small 
ra
ks. The noveltyof the proposed strategy is to applied a
tive 
ontrol to monitor the stru
ture behavior. Finally thee�
ien
y of the proposed method is demonstrated through numeri
al simulations 
orresponding todi�erent 
ra
k depths and lo
ations in the 
ase of the �nite element model of a 
lamped-
lampedbeam in
luding four piezoele
tri
 transdu
ers.2 Finite element modelingIn this se
tion the �nite element modeling of a multi-
ra
ked Euler Bernoulli beam in
luding piezo-ele
tri
 
omponents is proposed. Firstly the 
ra
k modeling extended on several elements and thepiezoele
tri
 modeling are detailed. Se
ondly the �nite element modeling of the 
omplete stru
turein
luding 
ra
ks and piezoele
tri
 elements is proposed.
3



2.1 Cra
k modelingChristides and Barr [10℄ shown that the e�e
t of a 
ra
k in a 
ontinuous re
tangular beam 
an be
onsidered using an exponential variation of the �exural sti�ness EI where E is the Young modulusand I the se
ond moment of area. This sti�ness redu
tion 
an be approximated by a triangularredu
tion for the 
ra
ked element as explained by Sinha et al. [31℄ in order to in
lude the redu
tionin a �nite element model. If the sti�ness redu
tion extends over more than one element the proposedapproa
h have to be extended on several elements as shown in Fig. 1. Thus the sti�ness redu
tion
an be written in lo
al 
oordinates for the pth element of length ℓe

EI± (xe, p) = EI0 ±
E (I0 − Ic)

ℓc

(

xe + (p− 1) ℓe − x±c
)

, (1)where E, b, ep and I0 are the Young modulus, the weigth, the depth and the se
ond moment of areaof the un
ra
ked beam respe
tively. ec and Ic are the 
ra
k depth and the se
ond moment of areaof the 
ra
ked beam respe
tively. + and − de�ne the left and right part of the 
ra
k as shown inFig. 1. xc, x+c and x−c are the 
ra
k lo
ation and the a�e
ted sti�ness lo
ation in global 
oordinatesrespe
tively. The a�e
ted sti�ness zone is de�ned so that
x+c − x−c = 2 ℓc, (2)where ℓc = 1.5 ep is the length of the a�e
ted sti�ness based on experimental data [14℄. The sti�nessmatri
es are obtained using the standard integration based on the variation in �exural rigidity

EI± (xe, p)K±

e,crack =

∫ ℓe

0
EI± (xe, p)N′′

e
T (xe)N′′

e (xe) dxe (3)where the shape fun
tions Ne are those for a standard Euler-Bernoulli element beam. Finally, theelement sti�ness matrix in
luding a 
ra
k 
an be written using the p parameter
K±

e,crack = Ke −Kc±e (p) , (4)4



with
Kc±e (p) = ±

E (I0 − Ic)

ℓc
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
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



(5)
where Xc = x±c − p ℓe and −Kc±e (p) is the sti�ness redu
tion indu
ed by the 
ra
k on the pth elementand Ke the element sti�ness matrix of an un
ra
ked element.Using this modeling, 
ra
k lo
ation is independant of the mesh and the mesh size 
an be modi�ed totake into a

ount other physi
al 
oupling like ele
trome
hani
al 
oupling using piezoele
tri
 elements.Due to the dete
tion method based on linear 
ontrol, the 
ra
k is supposed to be open and thebreathing 
ra
k is not taken into a

ount.[Fig. 1 about here.℄2.2 Piezoele
tri
 �nite element modelingThe �nite element modeling of a stru
ture in
luding piezoele
tri
 elements [5, 22, 27℄ 
an be written















Muuü+Kcc
uuu+Kuφφ = FKφuu+Kφφφ = Q , (6)whereMuu,Kcc

uu,Kuφ = KT
φu andKφφ are the mass, the short-
ir
uit sti�ness, the ele
trome
hani
al
oupling and the diele
tri
 matrix respe
tively. u, φ, F andQ are the me
hani
al displa
ement ve
torand ele
tri
al potential, the for
e and the ele
tri
al 
harge ve
tor respe
tively. The generalizedele
trome
hani
al 
oupling 
oe�
ient kℓ is de�ned [17℄ for the ℓth mode as

k2ℓ =
ω2
coℓ

− ω2
ccℓ

ω2
coℓ

, (7)where ωcoℓ and ωccℓ are the ℓth pulsations with open and short 
ir
uited ele
trodes respe
tively. Thegeneralized ele
trome
hani
al 
oupling 
oe�
ient is used to 
hara
terize piezoele
tri
 a
tuators andsensors e�
ien
y in the 
ontrol algorithm. 5



2.3 Model of the 
omplete beamThe �nite element model of the 
omplete beam in
luding multi-
ra
ks and piezoele
tri
 elementspermits to take into a

ount 
ra
ks in the generalized ele
trome
hani
al 
oupling 
oe�
ient. It 
anbe written using equations (4) and (6)














Muuü+ (Kcc
uu −Kcrack)u+Kuφφ = FKφuu+Kφφφ = Q , (8)where Kcrack is the 
ra
k sti�ness matrix after assembling the di�erent beam elements of sti�nessK±

e,crack.3 Modal ControlModal 
ontrol is usually applied to redu
e stru
tural vibration in targeting the 
ontrol energy onlyon the modes of interest and permits to redu
e the a
tuators and sensors number [15℄. The 
ontrolalgorithm is designed here in order to dete
t small 
ra
ks. The Linear Quadrati
 Gaussian (LQG)algorithm is 
hosen in this appli
ation to target the 
ontrol only on the mode of interest with theweighting matrix in order to see the modal in�uen
e of the 
ra
ks. The LQG algorithm is based ona linear model of the stru
ture.3.1 Linear systemThe linear 
ontrol [23℄ is based on a linear model whi
h 
an be des
ribed in the state form by














ẋ = Ax+Bu∗ +Wwy = Cx , u∗ = −Gx̂, (9)where A is the dynami
al system matrix, B and C are the a
tuator and sensor matri
es respe
tivelyand W is the ex
itation matrix. x is the state ve
tor in modal 
oordinates. y = t(y1 y2) is theoutput ve
tor detailed here in the 
ase of two sensors. u∗ = t(u∗1 u∗2) is the optimal 
ontrol solutionof the Linear Quadrati
 Regulator problem, detailed here in the 
ase of two a
tuators and 
al
ulatedusing the estimated state x̂ and the gain matrix G. w is the ex
itation applied on the beam and
hoosen to be unitary in this study. In pra
ti
al appli
ations, a white noise ex
itation 
an be appliedusing the piezoele
tri
 a
tuators. The state matri
es 
an be written for n modes, 2 a
tuators and 26



sensorsA =







0n,n Idn,n
−diag

(

ωℓ
2
)

−diag (2ξℓωℓ)






,B =







0n,1 0n,1
Π

a1 Π
a2






,W =







0n,1
Π

w






,C =







Π
c1 01,n

Π
c2 01,n ,x =







q̇q ,(10)with ℓ = {1, n}, where q is the modal displa
ement ve
tor, ωℓ and ξℓ are the natural frequen
ies anddamping respe
tively. Π
ai , Πci and Π

w are the ith a
tuator, ith sensor and disturban
e ve
tors inthe modal basis respe
tively (i = {1, 2}). In the 
ase of piezoele
tri
 a
tuators and sensors, the ℓthele
trome
hani
al 
oupling ve
tor 
omposants 
orresponding to the ith a
tuator 
an be written [6℄
(

Πai
ℓ

)2
=

(

kaiℓ
)2

Cai
p (ωccℓ)

2

1−
(

kaiℓ
)2 , (11)where a indi
ates a
tuator. k is the ele
trome
hani
al 
oupling 
oe�
ient and Cp the piezoele
tri

omponent 
apa
ity. The piezoele
tri
 
omponent whose ele
trome
hani
al 
oupling 
oe�
ient k is
al
ulated using the equation (7), is modelled with open ele
trodes and all the other 
omponents aremodelled with short 
ir
uited ele
trodes so that the only piezoele
tri
 e�e
t is due to the 
onsidered
omponent.3.2 Transfer fun
tions in open and 
losed loopThe transfer fun
tion of the un
ontrolled (open-loop) system Hol 
an be written using equation (9)for one sensor of response y1 asHol (jω) =

y1
w

= Cs (jω Id−As)
−1Ws, (12)where (As,Bs,Cs,Ws) is the state model that represents the stru
ture in the numeri
al simulations.Frequen
ies and damping variation indu
ed by the 
ra
ks are taken into a

ount in the matrix As.Mode shapes and ele
trome
hani
al 
oupling 
oe�
ient variation indu
ed by the 
ra
ks are taken intoa

ount in the Bs, Cs andWs matri
es. The transfer fun
tion of the system 
ontrolled (
losed-loop)Hcl 
an be written for one sensor asHcl (jω) =

y1
w

= Cs

(

jω Id−

(As −BsG(jω Id−
(Am −BmG− LCm

)

)−1LCs

)

)−1Ws, (13)
7



where (Am,Bm,Cm) is the state model used by the Luenberger observer [21℄ to evaluate the stateve
tor. G and L are the Linear Quadrati
 gain (LQ) and the observer gain of the Linear Quadrati
Gaussian algorithm (LQG) [3℄ respe
tively.3.3 Gain 
al
ulation to dete
t 
ra
ksIn the 
ase of small 
ra
ks the frequen
y shift indu
ed by the sti�ness redu
tion 
annot be easilymeasured. The proposed method 
onsists in studying the dynami
 of the 
losed loop system and tomodify the 
ontrol gain G in order to dete
t the 
ra
ks. The gain G is obtained using the quadrati

riterion [23℄
J =

∫

∞

0
x(t)T Q x(t)dt (14)where Q is the 
lassi
al weighting matrix. It 
an be written for n modesQ =







Qsup 0n,n0n,n Qinf






. (15)The prin
iple of the method is to design a little robust 
ontroller highly sensitive to the stru
turemodi�
ations. Therefore, the 
ontroller performan
e must be high and the robustness low. In thisstudy, only the even modes are weighted using the Q matrix so that a frequen
y shift and anele
trome
hani
al 
oupling 
oe�
ient variation indu
e a slip of the 
ontroller e�e
ts on the evenmodes. In the 
ase of un
ra
ked stru
tures only the weighted modes are highly a
tively dampedusing Qsup and Qinf and there is no e�e
t on the odd modes. Weighting 
oe�
ient are arbitrarily
hosen to target the 
ontrol only on the wanted modes. In this study, three ponderations (Q1,Q2 and Q3) of the LQG 
ontroller are tested and the maximal weighting matrix Q3 is de�ned sothat Qsup = diag (1 1e15 1 1e17 1) and Qinf = diag (1 1 1 1 1). In the 
ase of 
ra
ked stru
tures,the stru
tural modi�
ations indu
ed by the 
ra
ks modify the 
ontroller dynami
s and indu
e somea
tive damping on the odd modes whereas the damping of the even modes de
reases.4 Numeri
al resultsThe 
lamped-
lamped beam studied (length Lp = 200mm, thi
kness ep = 3mm and width bp =

20mm) presented in Fig. 2 in
ludes two piezoele
tri
 a
tuators and two piezoele
tri
 
olo
atedsensors (length Las = 20mm, thi
kness eas = 0.2mm and width bas = 20mm) lo
ated 
losed to8



the both 
lamping and made in PZT-5H whose me
hani
al and ele
trome
hani
al properties 
an befound in table 1. [Table 1 about here.℄Numeri
al simulations of se
tion 4 are based on the open (without 
ontrol) and 
losed (with 
ontrol)loop transfer fun
tion between the ex
itation and the �rst piezoele
tri
 sensor of the 
ra
ked stru
-ture. Modal parameters of the un
ra
ked un
ontrolled beam identi�ed using the Rational Fra
tionPolynomial (RFP) algorithm [25℄ applied to the Frequen
y Response Fun
tion of the �nite elementmodel are detailed in table 2. [Table 2 about here.℄Two 
ra
k lo
ation 
ases are studied to demonstrate the robustness of the dete
tion method. In the�rst 
ase three 
ra
ks are lo
ated on xc1 = 2.4 mm, xc2 = 1mm and xc3 = 17.6mm. In the se
ond
ase two 
ra
ks are lo
ated at xc1 = 6mm and xc2 = 14mm. The 
ra
k depth µ =
ec
ep

varies from 0to 1

4
. [Fig. 2 about here.℄The 
ontrol loop presented in Fig. 3 in
ludes a LQG 
ontroller based on a Luenberger observer. Fre-quen
y Response Fun
tions (FRF) are measured between the ex
itation w and the �rst piezoele
tri
sensor. u∗ is the optimal 
ontrol 
al
ulated using the LQ gain G, u∗1 and u∗2 are the 
ontrol 
om-posants applied on the a
tuators 1 and 2. y is the output ve
tor where y1 and y2 are the 
omposantsof the sensors 1 and 2. The model (As,Bs,Cs,Ws) represents the multi-
ra
ked beam in
luding tenmodes and (Am,Bm,Cm) is the model of the un
ra
ked stru
ture in
luding �ve modes used by theLuenberger observer to re
onstru
t the state ve
tor x̂.[Fig. 3 about here.℄The study fo
usses on the �rst fourth modes. Three ponderations (Q1, Q2 and Q3) of the LQG
ontroller are tested in the two 
ases in order to show the proposed method e�
ien
y, with Q3 >>Q2 >> Q1.4.1 First 
ase: three 
ra
ksIn this �rst 
ase three 
ra
ks are lo
ated on xc1 = 2.4mm, xc2 = 1mm and xc3 = 17.6mm. A�rst study is 
arried out to show the in�uen
e of the 
ra
k depth on the ele
trome
hani
al 
oupling9




oe�
ient. Indeed, the piezoele
tri
 a
tuators are here lo
ated in the se
tion where the sti�nessis a�e
ted by the �rst and fourth 
ra
k. This �rst study permits to know if the ele
trome
hani
al
oupling 
oe�
ient of the a
tuators and 
onsequently the Bs and Cs matri
es of the 
ontroller area�e
ted or not. The 
oupling 
oe�
ient is 
al
ulated for several lo
ations of one piezoele
tri
 pat
hon the beam from xas = 0mm to xas = 180mm, where xas de�nes the left 
orner 
oordinate of thepat
h, and for a 
ra
k depth from µ = 0 to µ = 1/4. The evolution of the 
oupling 
oe�
ient ispresented in Fig. 4(a) to 4(d). In these �gures, the lo
ation of the piezoele
tri
 
omponent 
hangesalong the beam to look into all the se
tions of the stru
ture where the sti�ness is a�e
ted by the
ra
ks. The ex
itation appli
ation point is 
onstant. In the data shown in Fig. 5 to 8, the piezo-ele
tri
 
omponents and the for
e ve
tor lo
ation are 
onstants. There is a large variation of the
oupling 
oe�
ient for the �rst and third mode when the pat
h is above the se
ond 
ra
k. Thereis a large variation of the 
oupling 
oe�
ient for the fourth mode when the pat
h is above the �rstor third 
ra
k. There is a very small modi�
ation for the se
ond mode. These modi�
ations willbe taken into a

ount in the 
losed loop system dynami
s 
al
ulation parti
ularly in the Bs andCs matri
es whi
h in
lude the 
oupling 
oe�
ient. In 
losed loop, frequen
y and ele
trome
hani
al
oupling 
oe�
ient shift indu
e some di�eren
es between the state model of the 
ontroller and thereal stru
ture (As 6= Am, Bs 6= Bm and Cs 6= Cm). These di�eren
es 
an modify the 
losed loopstru
ture dynami
s and 
onsequently indu
e some performan
e variations.[Fig. 4 about here.℄Frequen
y response fun
tions of the un
ontrolled and 
ontrolled beam for three ponderations Q1,Q2 and Q3 are shown in Fig. 5(a), 5(b) and 5(
) for the �rst mode, in Fig. 5(d), 5(e) and 5(f)for the se
ond mode, in Fig. 5(g), 5(h) and 5(i) for the third mode and in Fig. 5(j), 5(k) and5(l) for the fourth mode. It 
an be observed that the presen
e of 
ra
ks de
rease the frequen
ies ofea
h mode. Moreover, in
reasing the 
ra
k size de
rease modal frequen
ies. For the un
ontrolledbeam, the frequen
y variation indu
ed by the 
ra
k depth variation from µ = 1/16 to µ = 1/4,usually measured to dete
t 
ra
ks, is about -0.8 to -3.8% for the �rst mode, 0 to -0.2% for these
ond mode, -0.5 to -2.3% for the third mode and -0.4 to -1.7% for the fourth mode. Howeover,due to the small depth of ea
h 
ra
ks, dete
tion of the presen
e of 
ra
ks based on the evolution ofnatural frequen
ies appears to be not e�
ient. Identi�ed frequen
y and damping for three weightingmatri
es are presented in Fig. 6(a), 6(b), 6(
) and 6(d) for the �rst fourth modes. The modalstru
tural damping variation in less than 1% for the four modes. The damping variation for the10




ontrolled beam using the Q1 weighting matrix is about 18.6 to 33.8% for the �rst mode and 7.6 to12.6% for the third mode, 72 to 85% for the �rst mode and 51.1 to 65.9% for the third mode usingthe Q2 weighting matrix, 93.7 to 96.5% for the �rst mode and 81.0 to 91.9% for the third modeusing the Q3 weighting matrix. [Fig. 5 about here.℄[Fig. 6 about here.℄4.2 Se
ond 
ase: two 
ra
ksIn this se
ond 
ase two 
ra
ks are lo
ated at xc1 = 6mm and xc2 = 14mm. Frequen
y responsefun
tions of the un
ontrolled and 
ontrolled beam for three ponderations Q1, Q2 and Q3 are shownin Fig. 7(a), 7(b) and 7(
) for the �rst mode, in Fig. 7(d), 7(e) and 7(f) for the se
ond mode,in the Fig. 7(g), 7(h) and 7(i) for the third mode and in Fig. 7(j), 7(k) and 7(l) for the fourthmode. There is the same de
rease of the frequen
ies indu
ed by the 
ra
ks depend on the 
ra
kdepth. For the un
ontrolled beam, the frequen
y variation indu
ed by the 
ra
k depth variationfrom µ = 1/16 to µ = 1/4, usually measured to dete
t 
ra
ks, is about -0.1 to -0.5% for the �rstmode, -0.8 to -3.6% for the se
ond mode, -0.3 to -1.4% for the third mode and -0.1 to -0.4% forthe fourth mode. Consequently, the evolution of natural frequen
ies appears to be not e�
ient todete
t 
ra
ks. Identi�ed frequen
y and damping for three weighting matri
es are presented in Fig.8(a), 8(b), 8(
) and 8(d) for the �rst fourth modes. The modal stru
tural damping variation in lessthan 2% for the four modes. The damping variation for the 
ontrolled beam using the Q1 weightingmatrix is about 5.0 to 13.8% for the �rst mode and 5.2 to 13.5% for the third mode, 28.9 to 64.7%for the �rst mode and 38.6 to 64.3% for the third mode using the Q2 weighting matrix, 66.1 to 90.9%for the �rst mode and 68.7 to 90.7% for the third mode using the Q3 weighting matrix.[Fig. 7 about here.℄[Fig. 8 about here.℄[Fig. 9 about here.℄The index variation is summarized in Fig. 9. The dete
tion index based on frequen
y shift is
al
ulated using the formula 100 ×
fcracked − funcracked

fcracked
and based on a
tive modal damping using

100×
ξcracked − ξuncracked

ξcracked
. Where ξ denotes the identi�ed total damping, that is to say the stru
tural11



damping and the a
tive damping whose variation is the most important. In the two 
ases, 
ra
ksindu
e a small frequen
y variation that 
annot be experimentally measured and a very light stru
turaldamping variation. Using a
tive damping, the damping variation is highly in
reased proportionallyto the 
ra
k depth and indu
es a large amplitude variation of the 
ontrolled beam frequen
y responsefun
tion that 
an be easily measured. The 
ontrol is initially targeted on the se
ond and third modes.The modal parameters variation, frequen
y shift, modal damping and mode shapes variation, indu
esome di�eren
es between the state model used by the 
ontroller and the real stru
ture. These 
hangesmodify the 
ontroller behaviour and indu
e some a
tive damping on the �rst and third modes initiallyvery slightly 
ontrolled and are here used as an indi
ator of 
ra
ks presen
e. These results 
an bephysi
ally interpreted. The sti�ness of the 
ra
ked stru
ture is lower than the un
ra
ked ones. Thepiezoele
tri
 
omponents are therefore more e�
ient and the ele
trome
hani
al 
oupling 
oe�
ient isin
reased. This variation is taken into a

ount in the Bs and Cs matri
es. Moreover, the frequen
yshift in
luded in the matrix As leads to disturb the modal 
ontrol in the mode targeting. And asthe 
ontrol gains are not updated, the 
ontroller dynami
s is 
hanged. The proposed method iswell adapted to dete
t small 
ra
ks in
reasing the weighting matri
es and 
onsequently the 
ontrolvoltage.5 Con
lusionIn this paper a new method to dete
t small 
ra
ks based on piezoele
tri
 
omponents and a
tivemodal damping is proposed. The originality of the proposed strategy is to exploit the fa
t thatmodal 
ontrol is little robust. The main purpose of the 
ontrol system is here to dete
t 
ra
ks.Consequently, the 
ontrol algorithm is designed in order to dete
t 
ra
ks and the weighting matrixis 
hosen only to this task. Some weighting matri
es 
an be tested by swit
hing the 
ontrollerbetween several values up to the 
ra
k dete
tion. As the robustness of the 
ontroller is inverselyproportional to the 
ontroller performan
es, the weighting 
oe�
ients must be in
rease in the 
aseof small 
ra
ks. This method does not a�e
t here the stru
ture stability be
ause the system ismore and more damped. In other appli
ations, the 
ra
k dete
tion 
ould indu
e some vibrationampli�
ation in state of damping but if the weighting matri
es are tested in
reasingly, 
ra
ks mustbe dete
ted before a too large ampli�
ation. Therefore, it 
an be applied to monitor the stru
turedynami
s and to dete
t 
ra
ks instead of redu
e vibration. The model of the un
ra
ked stru
ture,
ontained in the Luenberger observer permits to monitor the 
ra
ked stru
ture dynami
s. The mainadvantage of the use of a LQG 
ontroller to dete
t 
ra
ks is the possibility to use high 
ontrol voltage12



in the 
ase of small 
ra
k depth when the frequen
y shift 
annot be easily measured. The proposedmethod is validated with numeri
al simulation on a 
lamped-
lamped 
ra
ked beam in
luding fourpiezoele
tri
 transdu
ers linked by the LQG 
ontrol loop. This approa
h 
ould be extended to platesand more 
omplex industrial systems. Weighting matrix 
oe�
ients 
ould be optimize to dete
t small
ra
ks using a minimum of energy. Moreover, the proposed method 
an be easily implemented witha
tuators and sensors traditionally used to dete
t 
ra
ks with frequen
y shift by adding a 
ontrollerand an identi�
ation algorithm adapted to highly damped 
ontrolled systems.Referen
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Fig. 1: Triangular sti�ness redu
tion extended on several elements
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Fig. 2: Multi-
ra
ked 
omposite beam in 
ase 1 and 2
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Fig. 3: Controlled multi-
ra
ked 
omposite beam
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(d) Fourth modeFig. 4: Ele
trome
hani
al 
oupling 
oe�
ient for one piezoele
tri
 pat
h on the beam from xas =
0mm to xas = 180mm and for a 
ra
k depth from µ = 0 to µ = 1/4 (�: µ = 0, �: µ = 1/16, �:
µ = 1/8, �: µ = 3/16, �: µ = 1/4).
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al
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tive damping for the three ponderations (�: Q1, �: Q2, �: Q3) and two 
ra
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cE11 (GPa) cE22 cE33 cE12 cE13 e31 (C/m2) e33 ǫS33 (nF/m)127.2 127.2 117.4 802.1 846.7 -6.6 23.2 8.85Table 1: Elasti
, piezoele
tri
 and diele
tri
 
onstants of piezoele
tri
 materials
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Mode Frequen
y [Hz℄ Damping1 427.8 5.00×10−42 1148.5 5.00×10−43 2205.5 7.70×10−44 3590.4 1.18×10−3Table 2: Modal parameters of the un
ra
ked un
ontrolled beam
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