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ANALYTICAL APPROXIMATIONS OF LOCAL-HESTON VOLATILITY MODEL
AND ERROR ANALYSIS*

R. BOMPIS! AND E. GOBET#

Abstract. This paper consists in providing and mathematically analyzing the expansion of an option price
(with bounded Lipschitz payoff) for model combining local and stochastic volatility. The local volatility part has a
general form, with appropriate growth and boundedness assumptions. For the stochastic part, we choose a square
root process, which is widely used for modeling the behavior of the variance process (Heston model). We rigorously
establish tight error estimates of our expansions, using Malliavin calculus, which requires a careful treatment because
of the lack of weak differentiability of the model; this error analysis is interesting on its own. Moreover, in the
particular case of Call-Put options, we also provide expansions of the Black-Scholes implied volatility which allows
to obtain very simple and rapid formulas in comparison to the Monte Carlo approach while maintaining a very
competitive accuracy.
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1. Introduction.
> Formulation of the problem. We aim at providing analytical approximations of

E[h(X7)] (1.1)

for a bounded Lipschitz function h : R — R, a fixed maturity 7' > 0, where X is modeling the
log-price of an asset, which dynamics are

1
dX; = o(t, X))/ VidW; — 5oQ(t,Xt)tht, Xo =10 €R, (1.2)
dV; = oudt + &4/ VidB,, Vo =1 > 0, (1.3)

(W, B); = pydt,

where (W, By)o<i<r is a two-dimensional correlated Brownian motion defined on a filtered prob-
ability space (2, F, (Ft)o<i<7,P) with the usual assumptions on the filtration. This problem is
motivated by option pricing: in this framework, asset and option prices are forward prices or
equivalently, interest-rates and dividends are set to 0. In the model (1.2)-(1.3), o(.,.) is the time-
dependent local volatility function, (V;).c[0,r7 is a square root process (a.k.a. CIR process), which
models the stochastic variance; the non-negative drift (ay)¢, the non-negative volatility of volatility
(&): and the correlation (p;): are bounded measurable functions of time. Because the stochastic
variance (1.3) is of the Heston form, we call this model local-Heston volatility model. Actually, our
parametrization is equivalent to the usual "mean-reverting" form dv, = (ar — /itf/t)dt + & mdBt
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(with deterministic (r;);) and dX, = o(t, X;)/VidW, — 102(t, Xy)V;dt: indeed by setting V; =
Vi exp(f(;5 ksds), observe that (X, V) solves a system of the form (1.2)-(1.3) with straightforward
modifications of 0, &, @. Our parametrization is more convenient for the subsequent analysis.

Models combining local and stochastic volatilities have emerged in the last decade to offer
more flexibility in the skew and smile management: see for instance the well-known SABR model
by Hagan etal. | |, the CEV-Heston model studied by Forde and Pogudin | ]. In view
of the rather general form (1.2)-(1.3), the pricing (and thus the model calibration) is challenging,
in particular because of the lack of closed-form formulas and because PDE or Monte-Carlo based
numerical methods are too much time-consuming for real-time uses. In this work, we address this
issue by deriving an expansion formula for E [h(Xr)] within the family of correlated local-Heston
model. We do not argue that this is the best model to fit market data, nevertheless this is very
popular among practitioners since it has the flavor to encompass the local volatility model and the
Heston one. For works related to calibration, see | ]. The interest of this work is not only
the expansion formula but also the rigorous treatment of error estimates, an issue which is often
not handled in the literature (sometimes computations are formal). In our case of square root
process (little smooth), Lipschitz payoffs and pointwise ellipticity of local volatility, we develop
a strategy of proof which is interesting on its own. The reader could argue that by smoothing
data, expanding the modified E [A(X7)] at a given order and then passing to the limit w.r.t. the
smoothing parameter, we could avoid these technicalities. This may be incorrect: for instance in
[ |, this strategy applied to non-smooth data leads to a loss of theoretical accuracy (see
the error estimates in [ , Theorem 3 and Lemma 1] in the context of call- option pricing).
Even worse, in [ | about Backward Stochastic Differential Equations, the authors prove that
the irregularity in the coefficients may discard any possibility of expansion at a given order. With
these examples in mind, we believe that proving rigorous error estimates when coefficients/functions
are not smooth is a serious mathematical issue which can not be avoided and which, once done,
brings confidence in the derived expansion and sheds light on the needed assumptions.

> Methodology. We follow the proxy approach initiated in [ ], by employing Malliavin

calculus to compute expansion terms and to derive tight error estimates as a function of the most

important model and payoff parameters (non-asymptotic error analysis). Inspired by | ,
], we choose the following Gaussian proxy:

(1.4)

dXF = o(t, mo) /o dW; — S0 (t, zo)vedt,  X{ = o,
v = Vg + fot asds.

Such an approximation can be justified if the volatility of volatility £ is small (thus V; = v;) and if
one of the two following situations holds, both justifying o(t, X;) = o(t, z¢): i) the local volatility
function o(¢, -) has small variations; ii) the local part of the diffusion component is small (i.e. ||
small), which implies X; = . Besides we expect to have even more accurate approximations
for small maturities (leading to X; = ¢ and V; = vy, t € [0,T]). These features are encoded in
the error bounds of Theorems 2.4, 4.2 and 4.4, that read as multi-parameter error estimates. The
above assumptions are rather realistic in practice, or nonetheless they define a domain of validity
of our approximations.

In spite of the inspiration by | |, the mathematical analysis of error estimates must be
quite different since the model (1.2)-(1.3) is not smooth enough in the Malliavin sense (because of
the CIR process, see | , ). We briefly explain how we overcome this major problem, the
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arguments are interesting on their own and could be transposed to other studies: we use Malliavin
calculus for a suitably perturbed payoff hs and a suitably perturbed random variable X7, this is
inspired by | | but in a different context. Let us consider the Gaussian regularization hs(x) :=
E [h(x 4+ 6W7)] for an independent Brownian motion W and a small parameter ¢ > 0 (fixed later);

we use the splitting-noise property hs(z) = E [hé/ﬂ(a: + 5W%)] Write the decomposition

E [h(X7)] ~ E [hs(X7)] ~ E [he(X7)] +E [h5(X7)(Xr — X7)] + ..

i) Since h is Lipschitz, the first approximation is easily justified if J is small enough and if
X7 and X7 are close enough in LP-sense.
ii) The last expectation is computed (up to an error) using the techniques of | ,
|, and although cumbersome, the computations may be considered now as stan-
dard and yield the existence of explicit coefficients (Cy)y such that

E [h5(X5)(Xr — X7)] = > CudbE [he(XF + )] [a=o + error

k
= Z CrOkE [h(X%D + )] |o=0 + other error.
k

iii) The tough part of the analysis is related to the global error control, which enlightens the
right choice of § and X . To account for non-smooth payoffs we use an integration by parts
formula, which relies on the non-degeneracy of the interpolated random variable X?* :=
AX7+(1-N)XE (for any fixed A €]0, 1[). Note that this excludes to take X1 = X7 that is
not sufficiently Malliavin differentiable. Alternatively, we select a X, € D> which on the
one hand, is close enough to X7 in P, and which, on the other hand, is such that X* is non-
degenerate with high probability under the sole assumption fOT o(t, xg)?vedt > 0 (which we
call (H,,) and which reads as a pointwise ellipticity assumption). The non-degeneracy of
X on a subset of €2 is not sufficient for an integration-by-parts formula for E [8’; hs(X )‘)Y}
(Y is an arbitrary random variable): but due to the splitting-noise property, the above
expectation is equal to E [Blgjh&/ﬂ(XA + 6W%)Y}, moreover X* + 5W% is uniformly
non-degenerate, with nice estimates provided that ¢ is not too small.

The precise tuning of § and the construction of X7 are detailed in Section 3. The final approxi-
mation formula (Theorem 2.4) takes the form of an explicit Gaussian representation

E[h(X7)] =E [M(XF)] + > ChdiE [W(XT + 2)] =0 + error.
k

where the above derivatives write as Greeks within the Gaussian model.

To summarize, the main strengths of our work are fourfold: (1) explicit expansions for bounded
Lipschitz payoffs and for the implied volatility, (2) allowing time-dependent parameters and asset-
volatility correlation, (3) non-asymptotic error analysis (dependence of error with respect to multi-
parameters) under a local non-degeneracy condition (H,), (4) rigorous error analysis taking into
account that V' has a non-smooth coefficient.

> Comparison with the literature. In the two last decades, numerous papers have been devoted
to the analytical approximation of financial models. For an overview, see | , , |
among others. Here, we mention the works that are the most related to our setting, and we
emphasize the main differences compared to our works (keeping in mind the above main features).
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Firstly, some authors focus on small maturity asymptotics and use geodesic tools to compute
the main expansion terms: see | , , | where short maturity implied volatility
approximations are obtained. First expansion terms are derived for general local and stochastic
volatilities models in | | but under the assumptions of null correlation and under rather strong
hypotheses of the volatility coefficients (excluding the CIR process). The asymptotic expansion of
the density function in the SABR model is investigated in | |. Similar results are derived using
PDE (parametrix, adjoint expansion) and Fourier arguments by Pascucci etal. | | for general
time-independent local-Heston volatility models, however the error analysis is not handled; exten-
sions to general stochastic volatility models are performed in | | under stronger smoothness
assumptions (excluding the CIR process) and uniform ellipticity conditions (stronger than in our
setting, where we assume only that the initial volatility is not 0 and the correlation is arbitrary in
[—1,1]). Observe that our non-degeneracy pointwise condition (#,) does not imply that the law
of X7 has a density or that related PDEs have solution in the classical sense, which illustrates the
difference with the setting of | ]

Secondly, regarding long maturity asymptotics, Forde and Pogudin in | | study the cases
of SABR and CEV-Heston models in different strike regimes, but mainly assuming null-correlation.

Thirdly, the homogenization/multiscales approach by Fouque etal. | | is developed in
[ | to perform an asymptotic expansion w.r.t. a fast mean reversion parameter of the CIR
volatility, in a model of type (1.2)-(1.3) with time-independent parameters. So far, the aforemen-
tioned works (except | ]) assume time-independent parameters.

Fourthly, following the asymptotic expansion method of Watanabe, Takahashi and co-authors
provide in a series of works small noise approximations of financial models (see [ ] about
general stochastic volatility models): however, their results can not apply to the current local-
Heston volatility model since it is not smooth in Malliavin sense.

> Qutline of the paper. The paper is organized as follows. In Section 2 we state a third order
price approximation formula with error bounds (Theorem 2.4), which is the main result. Section
3 is devoted to the proof, which constitutes the technical core of the paper, interesting on its
own. For the sake of clarity, we first give an outline of the proof, in a rather heuristic way,
to highlight the main steps, the major difficulties and to sketch arguments to overcome them.
The explicit calculus of the expansion coefficients is postponed to Appendix B. In Section 4 we
apply our expansion formula to the particular case of Call/Put payoffs to derive implied volatility
expansions with local volatility frozen at spot and at mid-point (between strike and spot). Results
are stated in Theorems 4.2 and 4.4. Section 5 gathers numerical experiments illustrating the
approximation formula accuracy, taking as a benchmark the Monte Carlo method. In Appendix,
we give intermediate and complementary results.

2. Main Result.
2.1. Notations and definitions.

> Extremes of deterministic functions. For measurable and bounded functions f : [0,7] — R and

g:[0,T] xR — R, we define finf :=ess inf fi, foup :=ess sup fi, |gloc :=ess sup |g(¢,2)]|.
t€[0,T] t€[0,T] te[0,T],z€R

> Differentiation and integration. We denote by Cg°(R), the space of real-valued infinitely dif-

ferentiable functions, bounded with bounded derivatives. For a sufficiently smooth function ¢ :

[0,T] x R — R, we write: wt(l)(:v) = 9',9(t,z). When considering the spatial point g, we often
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use the notations ¥, = ¥ (xo) and z/;ﬁi) = 7Ei)(aco) whenever unambiguous.
DEFINITION 2.1. The integral operator w” and its n-times iteration are defined as follows:
for any integrable functions l,1y,--- 1, and any t € [0,T],

T
w)f ;:/ ldu and  w(ly, 1)L = wlhw(s, - 1)DE.
t

DEFINITION 2.2. For h : R — R a payoff function with exponential growth, the i-th Greek
for XX and h is defined" by

gr == 0LE [h(XF +2)] |, (2.1)

=0"
Given appropriate smoothness assumptions on h, one has GI = E [h(i)(Xﬁ)] .
> Assumptions on o(.) and (V})i<r.

(H1,): o(.) is a bounded measurable function of (¢,z) € [0,7] x R and three times continuously

differentiable w.r.t. x with bounded derivatives. Set

Mi(o) = max [0,:0(.) oo and Mo(o) = max [9,:0(.) o
In addition, we assume the pointwise ellipticity condition fOT o?v;dt > 0 where we recall
oy = o(t,xo).

(P): « and & are measurable, bounded on [0, 7] and positive, with &,¢ > 0 and 2(5%)inf > 1.
Because there exists a unique process (V;)i<r satisfying the SDE (1.3), (H.,) guarantees the
existence and the uniqueness of a solution for (1.2), considering generalized stochastic integration
w.r.t. semi-martingales (see | , Theorem 6 p. 249]). Remind (see | , Lemma 4.2]) that
(P) implies that P(Vt € [0,T] : V; > 0) = 1. Additionally, the asset price process is a martingale,
which is proved in Appendix A.

PROPOSITION 2.3. Under (Hz,) and (P), (eX*)o<i<r is a martingale.
This property will be used in Subsection 2.3 and Section 4.

> Assumptions on the payoff function. For realistic interesting applications in finance, we consider
the space Lipy(R) of Lipschitz bounded functions h, i.e. satisfying

h(y) — h(x)

Ch, :=sup |h(z)] < 400, Ly = sup
y—x

z€R z#y,(z,y) ER?

< +o0. (2.2)

This space includes the classical Put payoff function z — (K — e*); with strike K. Relaxing
the boundedness assumption may lead to ill-posedness problems since the model (1.2)-(1.3) may
be such that E [(e*7)P] = +oo for some p > 1 (see [ ]). Nevertheless, our approximation
formula extends to the Call payoff owing to the Call/Put relation (valid in view of Proposition
2.3): E[(eXT — K)y] =e*™ — K+ E[(K — eX7)4].

> Generic constants and upper bounds. We keep the same notation c for all non-negative constants
depending on: universal constants, on a number p > 1 arising in LP estimates, in a non decreasing
way on &gup, Mo(o), Mi(0), T, %, vo, 1/v9 and agyp. We frequently use the short notation
A <. B for positive A which mea;ls that A < ¢B for a generic constant c¢. Similarly "A = O(B)"
means that |A| < ¢B for a generic constant c.

> Miscellaneous. The LP-norm (p > 1) of a random variable is denoted by ||.||,.

Lwell-defined, even if h is not smooth, as soon as the variance fOT afvt dt of the Gaussian random variable X%)
is positive, i.e. our assumption (Hgz,)-
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2.2. Third order approximation price formula. We state the main result of the paper:
THEOREM 2.4 (3rd order approximation price formula). Assume (Hy,) and (P). Then for
any h € Lipy(R), we have:

6
E[h(X7)] =E [W(X7)] + > 1i7G!" + Errors p, (2.3)
i=1
where:
— Ci,T _ Cé,T . C(:ls,T . CzlL,T _Cls
T 2 4 2 LT
_ 30y Chr 5Chy 0Ly (CLp?  Cis
=T 2 2 1 2 8 2
s s s s ls
5 ls ls 5,T 6,T
4 2 2 2 4’
3(01 )2 Cs Cs Cs
o oot _eCt. 1,7 . Yer G
13,17 1,7 3,T 4T 1 + 9 9 9
30, 3CY, 5CE, o 3C¢,  Ci,C
o2 2 2 T g g
13(Ct )2 Cs Cs
nar = Chp +3Chp + ( 817T) + o+ O
3Cls Cls Cls
+ O+ T+ o+ o Gl ety
3(C{,T)2 (Cis,T)2 50{,ch,T
BT T T T T T
(Cir)?  (Cip)?  CiaCip
e, T = 9 + S + 9 )
and:
Ci,T = w(o?v,00 M), CZT = w(o?v, (6M)? + oo )v),
Cl = w(o®v, 0%, ((6M)? + oo ))T, Chr=w(o®v,00Mv,00W0)T,
Cir= w(pﬁdv o) Cs p = w(pov, péo,a?),
O?f,T - W(£2U )ga
Ol = wlpéov, o0 V)T, Clty = w(ptov, oo, 00,
Ol = w(o®, pov, a0 V)T, Oty = w(pgow, o, 00 u)d,
C’éfT = w(ptov,o0Mv, )T, C’é‘fT = w(o?v, ptoWu, o).
Then the approximation error is estimated as follows:
EI‘I‘OI‘37h = O(Lh|o—‘00[ sup + Ml( )(MO(J) + gsup)z]Tz)' (24)

The notations C!, C*, C'* refer to the dependency of the coefficients w.r.t. the local volatility
only, to the stochastic one, or to both (see explanations in Subsection 2.3).

We make several additional remarks. Firstly, note that contrary to | , Theorem 2.2],
we do not assume anymore that the correlation is bounded away from —1 and 1. This is a nice
improvement.
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Secondly, the error bound (2.4) justifies the label of third order approximation formula because
using the notation M = max(Mo(0), &up), we readily have Errorsy, = O((MVT)*). Besides,
making reference to the introduction, we retrieve that if |o|oc = 0 or max(Mi(o),&up) = 0 or
T = 0, the approximation formula (2.3) is exact (the model and the proxy coincide and the C
coefficients vanish). Obviously if L, = 0 (i.e. constant h), the error and sensitivities are equal to

Zero.
Thirdly, if one prefers to restrict to a second order approximation, it simply writes:

P l Lon  3.n h s gy gy

E [h(X7)] =E [h(X$)] + Cl 1 S0 =59 +05| +Cir |- 5+

+ O(Lpo]oo[€2,, + M1(0)(Mo(0) + Eup)]T'2).

We let the reader verify that the additional corrective terms of the expansion (2.3) are bounded
(up to generic constants) by Ly |o]oc [€2,, + M1(0)(Mo(0) +§Sup)]T% using standard upper bounds
for the derivatives of the Gaussian density and for the neglected coefficients C" ;..

2.3. Corollaries.
> Particular cases of pure local volatility model and pure Heston model.

a) When &, is equal to zero, the coefficients C° and C'* are null: then we exactly retrieve
the expansion of the pure local volatility model proposed in | ]. The terms C! therefore
read as purely local volatility contributions.

b) If My (o) = 0 (case of pure Heston model), all the coefficients C! and C'* are equal to zero:
we can retrieve the expansion derived in | |, by taking into account our parametrization of
V and by transforming the sensitivities w.r.t. the total variance in | , Theorem 2.2] into
sensitivities w.r.t. the log-spot.

c) Finally we interpret the coefficients C'* as a contribution related to the mixture of both the
local and stochastic parts of the volatility. All these terms notably depend on the correlation. In
case of independent W and B, all the coefficients are equal to 0 except the C! terms and s p-

> Applications to Call payoff function. One can directly apply this theorem for the Put payoff
function h(x) = (K —e®). The reader should remark that the above expansion formula is exact for
the particular payoff function h(z) = exp(z): indeed E [h(X7)] = E [h(X])] = ngp(') = e® and

the sum of the corrective terms is equal to zero, Z?:1 ﬁi,Tngp(') = e¥o E?:1 Mi,r = 0. Therefore
the expansion remains valid for the Call payoff function h(z) = (e* — K ), although h ¢ Lip,(R),
and furthermore, the Call/Put parity relationship (valid owing to Proposition 2.3) is preserved

within these approximations.

3. Error analysis.

3.1. Outline of the proof. To relate the initial process (1.2)-(1.3) to the proxy process (1.4),
we introduce a two-dimensional parameterized process given by:

1
dX{ =o(t,nX] + (1 — n)xo)y/ V{"dW; — 502(t,77Xt" + (1 =n)zo)V,"dt, X = zo, (3.1)
dV," =audt + n&\/V,"d By, V! = v, (3.2)

where 7 is an interpolation parameter lying in the range [0, 1], so that on the one hand for n = 1,
X! = X; and V;! = V,, and on the other hand for n = 0, X = X/ and V;? = v;. This param-
eterization is a tricky interpolation between models, which goal is to derive successive corrective
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processes in order to obtain a tractable explicit approximation formula. In addition (P) implies
that Vn € [0,1], P(Vt € [0,T]: V;7 > 0) =1 (see | , Lemma 4.2]).

We define the stochastic volatility process:

DEFINITION 3.1. A} = /V;7, ¥t € [0,T7], ¥ € [0,1].

In addition, we introduce (A¢)¢cjo,7] defined for any ¢ € [0,77] by:

A = AT \f i = v0+/a8ds. (3.3)

We present here a sketch of proof in order to fix the main ideas and to highlight the main difficulties.
The strategy of approximation has been globally explained in introduction.

> 1st step. We construct corrective processes to approximate X7 in LP. Consider the parameter-
ized process defined in (3.1)-(3.2). We recall that the Gaussian proxy process (X7 );ejo,r] defined
in (1.4) is obtained by setting 7 = 0. The following corrective processes (X ¢)ieo,1-(Vi,t)te[o,1)-
(Ait)tejo,r) for @ € {1,2} are obtained by a formal i-times differentiation of (3.1)-(3.2) w.r.t. 7
and by taking 1 = 0 thereafter. For the first corrective processes, we obtain:

AX1 4 =[(XF = 20)o VA + Ay yoi) (AW — o \dt), X0 =0, (3.4)
Vi, = / ¢ dB., (3.5)
0
Vit
Ay, =2t .
BTV (3.6)

The second corrective processes are:
dXo ={M[(XF = 20)%0 ) +2X1 107 + 2(X] = 20) Ay 1otV H (AW, — oy Aedt) (3.7)

v
+ {A2s00dW, — [(X] = 20)Vigo Vo + (X = 20)* (o) 00 + 20?)dt}, Xa0 =0

t Vls
Vo = / e1tmaB,, (3.8)
0 s

A Vo Ve
2t = 3
2 A0

(3.9)

Under (Hs,), these corrective processes (X; :)ico,1)-(Vi,t)re[o,m-(Ai,¢)eejo,r) for i € {1,2} are well
defined.

> 2nd step. We compute the corrective terms. To start with, assume that h € C;°(R) and
perform a third order Taylor expansion for the function i at © = Xp around =z = lef :

E [h(Xr)] =E [i(X])] + & [k (X)) (Xr — XF)] + 2B [n® (XF) (Xr — XFY]

1 2
1—
+E | Cr = X [ 090+t - Xﬁ))(;)dn} (3.10)
0
=E [h(XF)] + E [hO(XF) X1 7] + E [h(l)(XP)X;T} + 5B [B®(XF)X2 ] + Brrorsy,,
(3.11)
2 X
Errors, =E | hO(XF) (X7 — Y 220)| + [h(z)(XT)(XT ~ XF - Xu2)(Xr = X + Xu7)|
J!

Jj=0



ANALYTICAL APPROXIMATIONS OF LOCAL-HESTON VOLATILITY MODEL 9

+E {(XT - X7)? /0 OCXE 4+ n(Xr - Xﬁ))%dn : (3.12)

with the convention X% = X% = X 7. Then we transform the terms E [h() (X2) X, 7], E {h(l) (XF)Xer
and 3E [h(? (Xf)XiT] into a weighted sum of sensitivities, yielding the sum in (2.3). To achieve
this transformation, we apply a key lemma which proof is postponed to Appendix B:

LEMMA 3.2. Let ¢ be a C°(R) function and (f): be a measurable and bounded deterministic
function. Let N > 1 be fized, and consider measurable and bounded deterministic functionst — [, ;
fori=1,...,N. Then, using the convention AW = dt, dW} = dW; and dW? = dB;, for any
(I1,...,In) € {0,1,2}" we have:

T T tn to
E w(/ ftth)/ lMtN/ zN_LtN_l.../ L AW/ deN AWy
0 0 0 0

T
= w(ll, Ceey )Tﬁ#iﬁiztg%E [ (/ ftth + l') 0, (313)
0 z=
Uit if I, = 0,
where 1l ; 1= felit if I, =1,

ol if Iy = 2.
Details of the complete derivation of the corrective terms appearing in (2.3) is given in Ap-

pendix B. Remind that these sensitivities are well defined even if h is not smooth.
> 3rd step: error analysis. Last but not least, one has to estimate the residual terms. In the
smooth case for h, owing to (3.10), it is sufficient to estimate the LP norms of the residual processes
1
Xr— ZXLKH for i € {1,2} and there is no other difficulties in order to conclude. Under the sole
j=0
assumption that A € Lipy,(R), the previous decomposition doesn’t apply (because of h(?) and h(®).
To get rid off the derivatives of h, a natural idea is first to smooth h, second to employ Malliavin
integration by parts formulas, and then to take the smoothing parameter to 0. But this strategy
applied to the representation (3.10) fails because the random variable XX + n(Xr — X£) does not
belong to the space D> for 1 # 0: indeed, the coefficient function of the square root model does
not satisfy the standard assumptions. Malliavin differentiability is studied by hand in | | up
to the second order.
To overcome these difficulties, the trick is twofold:
1. we replace X7 by the smooth random variable (in Malliavin sense) XX + X7 7+ % close
to Xp in LP,
2. we apply a Gaussian regularization to h, giving a new payoff hs (defined later in (3.32))
which will support the Malliavin calculus computations (inspired by | D-
Therefore E [h(X7)] is approximated by E [hs(X7)] which can be decomposed as follows (with
similar arguments as (3.12)):

X 2 X 2
B s (X)) =B [ (XF + 0+ 230 8 - 3000 [ - i
j=0 0 §=0
X 1
—E [hs(Xf)] +E [hé”(X%’)(XLT + 22t )} + 5E [n? (XF) X} 1| + Errora n,.

(3.14)
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2

2
X;
Errors, =E | (X7 — Y =27 / hsY(( §
0

=0 gt =0
X2
—|—2E h(2)(XT)(X1TX2T+ ZT)]
X X
#0220 [ OoUNO00p axr + X2Ta] (3.15

Observe that the equations (3.11) and (3.14) are the same (up to the modification of h into hs)
but the representations of error (3.12) and (3.15) differ. The latter will be that to use in our
analysis with Malliavin calculus. As h € Lipy,(R), the first term of (3.15) involving only hgl) can
be handled directly. Integration by parts from Malliavin calculus should be applied to the two last
terms of (3.15), which contain higher derivatives of hs with the random variables XX, X7 7 and
X, 1 belonging to D>, but XX + n( X22’T) suffers from degeneracy (in the Malliavin sense)
for n # 0. This is where Gaussian regularization plays an important role: it allows to integrate
by parts w.r.t. the random variable XL + n(
degenerate. Details are explained in Subsection 3.3.

>T) + Gaussian r.v., which is now non

The complete analysis of the error estimate (2.4) is given in the following subsection, along
several steps:
1. LP norms estimates of the residuals processes,
2. small Gaussian noise perturbation to smooth the function h,
3. careful use of Malliavin integration by parts formulas to achieve the proof.

3.2. Approximation of X, V, A and error estimates.

Approximation of V, A and related error estimates.
DEFINITION 3.3. Assume (P). We introduce for i € {0,1,2} the A-residual processes defined
by (t € [0,T7)

where by convention Ao = A\ and the corrective processes (A1, A2) are defined in (3.6)-(3.9). By
replacing A by V, we define similarly the V -residual processes using the notation RV .
PROPOSITION 3.4. Assume (P). Then for any p > 1, we have:

\/U»O < Ainf < )\sup < v/ Vo + Tasup; (316)

up Aol <e (EsupVT)', Vi € {1,2}, (3.17)
tel0,T
up ||R t\|p <e (&upVT)™, Vi€ {0,1,2}. (3.18)
telo

Proof. (3.16) is obvious in view of (3.3). The proofs of (3.17) and (3.18) can be found in
[ , Propositions 4.6, 4.7 and 4.8] replacing in the quoted paper « by 0 and k6; by ay. O
COROLLARY 3.5. Assume (P). Then for any p > 1 we have

v < Ving < Vsup <vg + Tasup7 (319)
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sup. \|vt\|p< 1+ vg, (3.20)
tel0,T

sup. |\V » <c(GaupVT)?, Vi€ {1,2}, (3.21)
tel0,T

sup ||R I, SeléupVT)™Y, Vi€ {0,1,2}. (3.22)
t€[0,T]

Proof. The proofs of (3.19) and (3.20) are easy. The inequality (3.21) is readily obtained
thanks to (3.5), (3.8) and (3.17). The proof of (3.22) is available in | , Corollary 4.9]. O

Approximation of X and related error estimates.
DEFINITION 3.6. Assume (Hy,). We introduce for i € {0,1,2} the X-residual processes
defined by (t € [0,T])

Ri(t = Xt —

=0

where by convention Xo, = X{ = X[/ and the corrective processes (X1, Xs) are defined in (3.4)-
(3.7). When writing a Taylor expansion of o,(.) at x = X, around x = xo, we denote by R, »(X;)
the n'* Taylor residual:

Rno(Xe) = 00(X2) Z t xo o, (3.23)
=0

Replacing o by o?, we use the similar notation R, ,2(X¢).
Let p > 2, standard computations involving Burkholder-Davis-Gundy and Holder inequalities
yield:

t
16, = ol <t [ flon(Xo) v/ Tlds + - 1/||o DVillds
0
t t
gct%*\avgo/ E [V ds+t”’1|a\§§/ E[VP]ds <. (lo|VT)P,  (3.24)

0 0
where we have applied the estimate (3.20) at the last inequality. Observe that the above estimate
is valid also for p € [1,2) by using ||.|[, < ||.|lq for p < ¢.

We now aim at handling X-residual processes, and the next results are intermediate steps.
LEMMA 3.7. Assume (Hy,) and (P). For any p > 1:

sup. IIXP—xoll <e ol VT, (3.25)

te[0,T

i i 1
S[ISI;]IIXMIP e [0]oo[€lup + M1 (0)(Mo(0) + Eaup) 1T
te(o,

, Vie{1,2}. (3.26)

Proof. Tt is enough to prove the inequalities for p > 2: thus, now consider such a p. The proof
of (3.25) is similar to (3.24). For (3.26) ¢ = 1: starting from (3.4), the same computations as before
give:

1X1llp <c Mi()VT (L + Mo(o)VT) sup [|X] — ol

te[0,T
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+ |0|oe VT (1 + Mo(0)V'T) sup ] Vaellp-

tel0,T

We conclude using (3.25) and (3.21). For (3.26) i = 2, one has from (3.7):

[1Xe.ellp <cMi(0)VT (1 + Mo(o)VT)( sup ||(ti_z0)2||p+ts[%pT]||X1,t||p)+
€10,

t€[0,T]

+ 0] V(1 + Mo(0)VT) VT sup ||V,
te[0,T7] t€[0,T]

+ My (VT (1 + Mo(o)VT) sup [|X] = wollzp sup [[Vill2p-
te[0,T] te[0,T]
We conclude using (3.25), (3.26) ¢ = 1 and (3.21). O
The following Lemma provides the explicit equations solved by the X-residual processes, in a

form appropriate for tight LP estimates.
LEMMA 3.8. Assume (Hy,) and (P). One has:

1
ARG, =[MRo.o(Xy) + o0 (Xo)RY JdW, — 5[vtRO,[,z (X¢) + o7 (X Ry, Jdt, Ry =0, (3.27)
AR, =\eR1o(Xe) + A1 tRo o (X2) + 00(X)RE, + Aot RE, AW,
1
= SRy g2 (Xe) + Vi Ro o2 (Xe) + 07 (X RY, + 2ui010t Y R Jdt, Ry =0, (3.28)
A2 r (2)

ngft :[)\tRQ,J(Xt) + Al,tRl’g'(Xt) RO U(Xt) + O't(Xt)RQ t + AtO't(l)R + )\t R (Xt + XtP—ZfL'o)

V2t

1
+ A1 tat RO t]th [’Uth o2 (Xt) + ‘/1 tRl o2 (Xt) RQ o2 (Xt) + Oy (Xt)RQ t + 2’Ut0'750'§ )Rl 't

+ ()2 + of U)R (X 4 X —210) + 2V1 000 ROt]dt R¥y=0. (3.29)

Proof. The verification of these identities is tedious but without mathematical difficulties. For
convenience, we detail some computations. To obtain (3.27), start from (1.2)-(1.3) and (1.4) and
write:

1
AR, =[oy (XA — oA ]dW, — [at (X)V; — o2v,]dt

=[Ai(0e(Xe) — 00) + 00 (Xe) (Ae — A)]| AW, — 1[”t(0t (Xs) = 07) + 07 (Xe) (Vi — vy dt
=[\Roo(X1) + 00(X;) Ry JAW, — %[vtRO,Uz (X:) + 07 (X4) Ry Jdt
Similarly for (3.28), using (3.27) and (3.4), we get:
dR{, =dR{, — dX1,
=[\Ro,o(Xt) + 00 (X)) RY: AW, — %[utRO,c,z (X¢) + 07 (X4) Ry Jdt
—[(XP = 20)0 A + Ao (AW} — opAedt)
=\ Ro0 (X0) + A eRo,o (X0) + 0u(XOREJAW, — 5[0 R 02 (X) + VaeRo, 02 (Xe) + 07 (X RY it
—(XF = 20)o N\ (AW, — o\ d)
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:[AtR170'(Xt) + Al,tR()’o'(Xt) + O—t(Xt)R{\’t + )\tUiEI)RSft]th
1
— i[UtRLOQ (Xt) + Vl_’tRO70.2 (Xt) + U?(Xt)RYt + QUtUtO'gl)Rg(:t]dt
Now consider (3.29). Start from (3.28)-(3.7) and write:
1
ARy, =dR{, — 5dX2,
:P\tRl,n(Xt) + Al,tRO7g'(Xt) + O—t(Xt)th + )\thl)Rét]th
1
— i[UtRLOJ (Xt) —+ Vl_’tRO70.2 (Xt) —+ UE(Xt)RY,t —+ Q’UtO'tO'gl)Réft]dt
—1{A (XF = 20)20'® + 20 X1 )+ 2(XF = 20)Ar0M VAW, — oy \dt
5 LN t Oy 7o) 1,t0¢ } t — opAedt)

1 Vs
— §{A2,t0tth — (X} = 20)W1, tagl)at +(xF - xo)Q(agl))zvt + ﬁa?}dt}

2
A2t

=[\eR1o(Xe) + Ao Roo (Xe) + —22 Ry o (X)) + 00(X0)RY , + MotV RE AW,

1
— = [veRy 52(X¢) + Vit Ry o2 (Xt) +

B 2(Xt) + O'tz(Xt)RQ)t + 2Ut0't0'7£ )th]dt
1 P2 (2) P _ (1)
5 {)\t(Xt x0)40y ) +2(X; — xo)A1 40y }(th — o Adt)
1
+ 5[ = 20)VasoVon + (X = 0)?(03)Purlae
A2 ¢ (1) (2)
:[AtR270'(Xt) -|— A.l,tR()’o'(Xt) RO U(Xt) -|— Ut(Xt)Rz t -|— )\tUt R -|— )\t RO t(Xt -|— X —2%0)]th

V2 ot

1
—5[%32,02(&)+v1,tRo,Ua<X> 5 Ro.02(X0) + o} (X0)RY, 4 vi((0]))? +a<2>at>Ro,t<Xt+Xt ~2i)

1
+ QUtUtat(l)th]dt - (XP —x0)A1, th (th — o dt) + 5 (ti - xo)VLtat(l)atdt

A (2)
2! Roo (Xe) + 00 (X)) RS, + Mot VR, + A 7o R()t(Xt"_XtP_zxo)

V2t

=[ARo,o(Xt) + A1 1Ry o (Xy) +

1
—+ A1 tat RO t]th [’UtRQ o2 (Xt) + ‘/17tR1)02 (Xt) RQ o2 (Xt) =+ Ut (Xt)RQ it + 2’Ut0't0'§ )Rl it

o (o)) + ol Ut)Ro,t(Xt‘FXtP—MO)+2V1,t0t0t RO,t]

]

Another intermediate result is the estimates of R, ,(X;) and R,, ,2(X;). In view of (Hz,),
we have |R,, »(X:)| <. | Xt — xo|" ™' Mi(0) and |R, ,2(Xt)| <. |Xi — zo|" T Mo(c) M (o) for
n =0,1,2. Combined with (3.24), this readily gives Vp > 1 and Vj € {0, 1, 2}:

sup [|Rj.q (Xo)ll, <c (JolaVT) ' Mi(o), sup ||y 02 (X0l < (|0 V) Mo(0) M (o).
te[0,T] te[0,T]
(3.30)

We are now in a position to estimate the residuals processes, by taking advantage of the explicit
representation of Lemma 3.8.

PROPOSITION 3.9. Assume that (Hz,) and (P) hold. Then for any p > 1, we have:

Sup IR \| C|U|OO{§$;1+M1(U)(M0(U)+§sup)j}T%+1, Vj € {0,1,2}. (3.31)

tel0,T
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Proof. As before, it is enough to consider p > 2. We begin with Réft. Starting from (3.27) and
using standard inequalities, it readily follows:

1Rl <eVT[sup [[Ro.o (Xl + [olecsup [ RG] | + T[sup [|Ro.o2 (X0l + |ofZsup |[Ry, | ]
p t<T t<T p t<T t<T p

We conclude using (3.30)-(3.18)-(3.22). Similarly for R, given in (3.28), we obtain:
IR, <cVT{sup ||Ryo (Xo)l, + sup ||AseRo.o (Xo)ll, + lolocsup [|RE,]]) + Mi(o)sup [ R, }
p t<T t<T t<T p t<T p
+T{sup ||Ry 02 (X, + sup|[Vi,eRoo2 (Xe)ll, + lof3esup [[RY|| + [oecMu(o)sup || RG] }-
t<T t<T t<T p t<T p
Then, by plugging in the above upper bound the estimates (3.17)-(3.18)-(3.21)-(3.22)-(3.30)-(3.31)

i = 0, we complete the proof of (3.31) for i = 1. Finally for Ry, starting from (3.29), we readily
have:

IR ]| <eVT{sup||Ra,o (Xi)l|, + sup[|A1 iRy o(X0)|], + sup||AsRoq(Xi)l|, + |ofeosup [[RS,|
p t<T t<T t<T t<T p
+ My(o)sup [|RY, ||+ Mi(o)sup || Ry, (Xy + X —2w0)[| + Mi(o)sup||ArRol| }
t<T p t<T p t<T p
+ T{sup || Ry,02(X,)||, + sup |[Vi,eR102(Xo)|| + sup |[Va,Roo2(Xo)|| + |o|2sup ||RS,|
t<T Pooy<r Py p t<T p

+ |olse My (o)sup [|RY,[| + Mi(o)Mo(o)sup || Ry, (X; + X[ =220)[| + |o|scMi(o)sup Vi Ro,|| }-
t<T p t<T p t<T p

The proof is completed as before using (3.17)-(3.18)-(3.21)-(3.22)-(3.30)-(3.31) ¢ = 0 and 1. O

3.3. Regularization of the function h by adding a small noise perturbation. As
explained in Subsection 3.1, in order to compensate the lack of smoothness of the payoff function h
and to overcome some problems of degeneracy in the Malliavin sense, we introduce an extra scalar
Brownian motion W independent of W and B. Let h be a bounded payoff, then define:

hs(z) =E [h(z + §Wr)] (3.32)

for a small parameter § > 0. Clearly the function hs is of class C;°(R) thanks to the smooth
Gaussian density and remarkably we notice that

hs(z) = E [h5 e+ 5W%)} . (3.33)

In addition h € Lipyp(R) = hs € Lipp(R) and we have Cp,; < Cj, and Ly, < Lj, (remind (2.2)). The
next lemma quantifies the error in terms of § induced by considering hs instead of h in expectations
and sensitivities appearing in Theorem 2.4.

LEMMA 3.10. Let 6 > 0. Assume that h € Lipp(R) and that (Hs,) is satisfied. Then we have:

|E[h(X7)] — E[hs(X7)] | + |E [R(XF)] — E [hs(XF)] | <cLndVT,
SVT

(fy o2vdt)i/?’

|02.E [M(XF + 2)] |s=0 — OLE [hs(XT + )] [o=o| <cLn Vi>1.
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Proof. The first estimate directly follows from the Lipschitz property of h. For the second one,
write:

(y—x)2

e 2 [§ oFvpat

\/ 27 fOT oludt

fOT oZvdt

h(y — 5

E [hts(X; —|—.13)] = /R]E dy,

+ 5WT)]

to obtain:

OLE [MXT + 2)] a0 — O%E [hs(XT + )] |a=0

(y—=)2

T o T 9 ST o %0 dt

vedt — vedt . 2 [ oFvgdt

:/E [h(y_fw‘;’f+5WT)_h(y_f(W‘;2?)1 I G

R \/ 27 fOT o?vdt

Then we easily complete the proof using again that h is Lipschitz and standard upper bounds for
the derivatives of the Gaussian density. O

dy.
z=0

K2

In view of the magnitudes of the coefficients C{T, C;r and CffT defined in Theorem 2.4,

Lemma 3.10 readily yields

6
|Errors | =|E [M(X7)] — E [R(X])] — Z 0i.7G! |

<[E[h(Xr)) — B [hs(Xr)] | + |E [hs(XD)] - E [h(XE)] |
6
+ Z |n,»7T|]g{L — gf5| + ‘EI‘I‘OI‘37}L5| <. Lp VT + |Error3,h5|.
i=1
Assume now without loss of generality that &, 7# 0 (valid under (P)). We may prove the
advertised error estimate (2.4) provided that we choose

6 = [olool€up + Ma(0)(Mo(0) + &oup)®] T2 (3.34)
and that, for such a 9, we show
|Errorg py| <e Li|o|oo[€3y + Mi(0)(Mo(0) + Eup) T (3.35)

This is the purpose of the next subsection, where we will consider the representation (3.15) for
Errors p;.

3.4. Malliavin integration by part formula and proof of estimate (3.35). We write
W, = fot psdBs + fot Vv 1— pgdBj- where (Bf‘)ogth is a Brownian motion independent of B; and
we consider the calculus of stochastic variations w.r.t. the three-dimensional Brownian motion
(B, B+, W), the Malliavin derivative operator w.r.t. B, B+ and W being respectively denoted
by D(.) = (Di(.), D?(.), D}(.))tepo,r]- For the second derivatives, we use the obvious notation
(D*"(.))sefo,r for i,j € {1,2,3} and so on for the higher derivatives. We freely adopt the
notations of | ] for the Sobolev space D*? associated to the norm ||| p-
In the following lemma, we provide estimates of the Malliavin derivatives of X/, X 1,+ and Xo ¢ for
te€0,77.

LEMMA 3.11. Assume that (Hy,) and (P) hold. Then, ¥Vt € [0,T], XF, X1.4, Xo.4, Vi, and
Vo, € D¥°°. Moreover, we have the following estimates, ¥p > 1, uniformly in q,r,s,t € [0,T):

DX, +1IDEX] (], <e [0, (3.36)
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|[DIA,, +|\D Vaill, <c &apT 2 5 Vn€ {1,2}, (3.37)
IIDantII + ||D2 b e |oloo €y + Ma(0)(Mo(0) + &ap)"'ITE, Vn e {1,2}  (3.38)
2

| <C gsup7 (3.39)
Z HD;:@X , <c |‘7|00[ ;lup +M1(U)(MO( )+§sup)n I]T , Vn € {1 2} (3~4O)

i,5€{1,2}
> 1D Xl <e loloo € + Mi(0)(Mo(0) + Esup)]. (3.41)

i,7,k€{1,2}

Proof. All the 5 variables are clearly in D3> because they are defined as iteration and smooth
composition of Wiener integrals (see (1.4)-(3.4)-(3.7)-(3.5)-(3.8)). Then the calculus of the deriva-
tives and the LP-estimates is classical and is left to the reader. In particular, all the derivatives
w.r.t. the third Brownian motion W are null as well as the derivatives of V3 ¢, A1+, Vo and Aoy
w.or.t. B, O

We now state the crucial result related to integration by parts formulas which is proved later.

PROPOSITION 3.12. Assume (Hy,) and (P). For anyn € [0, 1], we define the random variable

Gl := XE +n( X2y L §Woyje. Leti € {2,3}, for any Y in DI~1%°, there exist random
variables Y; ;, € Np>1LP such that
(2) (1)
E[Yh{) 5G] =E [Yi,h$) 5G] (3.42)

where, for any p > 1,

(i—1)

T
s [¥inlly < ¥l / o2undt) (3.43)

n€elo

We are now in a position to achieve the proof of (3.35). Consider Errorsj, explicitly written
n (3.15). The first term of (3.15) is easily handled using (3.31) j = 2, in addition we notice

that |h((51/)\[|0o < Ly. For the second term of (3.15), use (3.33) and apply Proposition 3.12 with

Y =X1rXor+ 2 L: thus using (3.26)-(3.38), we obtain:

E

X2
hD (XF) (X0 Xe, Z’T>H=\E [h&) H@Y]| = [E [ s(Er0]|
T
SullYlha( | wotdt) V2 <, Lulolucléhy + Mi(0)(Ma(o) + 1T
0

The last term of (3.15) is handled similarly; apply Proposition 3.12 with Y = (X1 7 + Xz, T) and
use (3.26)-(3.38)-(3.40)-(3.41) to obtain the announced result. To summarize, the proof of Theorem
2.4 is now complete provided that we establish Proposition 3.12, which is done in the following
subsection.

3.5. Proof of Proposition 3.12. XFX is a non degenerate random variable with Malliavin
covariance matrix equal to fOT o?vpdt > 0 thanks to (Hy,) but G7 = XE + n(X1r + 227) may
be degenerate for n > 0 and this is the second reason to have introduced the small perturbation
§WT/2. Consider the random variable G = G" + (5WT/2 defined in Proposition 3.12: clearly
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it belongs to D3°° (even to D°°° but higher regularity will not be used here). Its Malliavin
covariance matrix is invertible since

2 T
i T T T
Yay = Z/O (Dth)th+525 = ~am +52§ > 525 >0

Then in view of (3.34)-(3.36)-(3.38)-(3.40)-(3.41) it readily comes for i € {1,2} and any p > 1:
I(D*GY, D*GY, D*GY)||ip <clo|ooVT. (3.44)

Hence, applying | , Proposition 1.5.6 and Proposition 2.1.4] and using (3.44) we get the
existence of Y3, and Y3, such that for any ¢ € {2,3} and any p > 1:

1Yinllp <Yl 4 1 DG (3.45)

1
i 12p(2p+1)”7G [ty 1,2p(2p+1)
SCI|Y|‘z‘fl,er%(|O'|OO\/>)z 1H'YG1HZ 1,2p(2p+1)°

It remains to finely estimate the norms related to the inverse of the Malliavin covariance matrix
Yg7- First notice that using the definitions of G" and vyg» we have:

T T
YGgn :/ U?Utdt+772/ |Dt(
0 0
r / Xor
+2'I7/ O/ Ut (Pt; 1—,0?70)'Dt(X17T+ 2’ )dt
0

Therefore, from estimates (3.36)-(3.38), (H,) and (P), we easily obtain

Ty 12at

T
sup |[rgn — / ofudt]| <. |of (& + Mi(0))TH, (3.46)
n€(0,1] 0

for any p > 1. This intermediate estimate allows to prove the next lemma.
LEMMA 3.13. Assume (Hg,) and (P). Then (’yGZ;z)_1 € D?°° and we have for any p > 1:

T
sup (1) " lp <ol / o2udt) T, (3.47)
n€l0,1] 0
. T
sip S D) My <e(Ma(0) + Eup)( / oPudt) T, (3.48)

te[0,T7], n€l0,1] i€{1,2}

sup > D en Ml Sc[€§11p+/\/11(0)(/\/10(0)+£sup)](/0 ofvedt) ™l (3.49)

s,t€[0,T7], n€l0,1] i,5€{1,2}

Proof. For the sake of brevity, we only prove (3.47) and (3.48) because there is no extra
difficulties for (3.49). For (3.47), we have for any p > 1 and ¢ > 1:

E | (o) ] =B [0r60) a7 otwae] +E[06) gyt g7 sruad

T T Vodudt 1 [T -
< ((525)_”?’(/0 ofvdt — ygn > ‘fﬂ%) + (5/0 ofvdt) "
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T T
vatdtHZ + (/ afvtdt) P
0

T
<. (52T)—P(/ ofvedt) ™| |vem —/
0 0
T
< ( / o20,dt) "
0

where we have used the Markov inequality at the third line. Then choosing ¢ = 6p and using
(3.34)-(3.46), we readily obtain:

T T
(52T)—P(/ ouydt) || ygm —/ opudt|[] +1
0 0

)

T
)™l el [ ou™
X [(|0|00[§§up + M (o) (Mo(o) + €SUP)2]T2)_2(T|0|§o)_5(|‘7|<2>o[Esup + Ml(U)]T%)ﬁ + 1]

T
SC(/ ovydt) 1.
0

The inequality (3.48) is a straightforward consequence of | , Lemma 2.1.6], which writes
, Diyen "IDLG" D LG + D2GT DI G d.
Di(vgn) ' =— Ll = —2f° [DuG" Dy b ) vie{1,2},te0,7T).
fng 7@2

Then using (3.36)-(3.38)-(3.40)-(3.47) we readily get, Vp > 1,

T
sup [1D}(163) "Iy <e Tlou (M (o) + Gun)( | ouudt)
t€[0,7) 0
which leads to (3.48). O

Now plug (3.47)-(3.48)-(3.49) in (3.45) to complete the proof of (3.43) and thus Proposition
3.12.

4. Expansion formulas for the implied volatility. Now we have at hand an expansion
formula for the price E[h(X7)] (recall that we consider discounted asset so that risk-free rate
is set to 0) with an expansion which takes the form of Black-Scholes model price plus weighted
sensitivities, we are in a position to derive expansion formulas for the (Black-Scholes) implied
volatilities. Indeed we know that direct implied volatility expansions may be more accurate than
the corresponding price formulas, moreover they are usually simpler.

This derivation follows a more or less standard computational routine (see for instance | ,

|) by taking advantage of the relations between sensitivities w.r.t. the log-spot and those
w.r.t. volatility. Computations being quite standard (but tedious), we only state the approximation
formulas on implied volatilities without proof and we refer to | | for the full details.

Actually we provide two expansions of implied volatility, one when the local volatility is com-
puted at the log-spot x¢ (see Subsection 4.2), one when it is computed at the average point between
spot and strike, which is known to be more symmetric and accurate (see Subsection 4.3). Remind
that the asset price model is martingale, and as explained in Subsection 2.3, this allows to apply
our main theorem to the Call payoft h(z) = (¥ — K)4.

4.1. Notations.

Call options. We denote by Call(Sy, T, K) the price at time 0 of a Call option with spot Sy =
e, maturity T and strike K, written on the asset S = eX that is Call(Sy, T, K) = E [(eXT — K)+].
As usual, ATM (At The Money) Call refers to Sp ~ K, ITM (In The Money) to Sy > K, OTM
(Out The Money) to Sy < K.
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Black-Scholes Call price function. For the sake of completeness, we give the Black-Scholes
Call price function depending on log-spot x, total variance y and log-strike k:

CaHBS(Iv Y, k) = exN(dl (Iv Y, k)) - 6kN(d2(‘Ta Y, k)) (41)
where:
Ny = [ A N =
@=[ N W= e
-k 1
d1(337y,k) :x\/y +§\/§a d2<x7yak):d1(xayak>_\/?j'

In the following, ¢ = log(Sy) will represent the log-spot, k = log(K) the log-strike, 4,9 = (20 +
k)/2 = log(v/SoK) the mid-point between the log-spot and the log-strike, m = zg —k = log(So/K)
the log-moneyness. The value CallBS(ajo, fOT olvdt, k) =E [(eX§ — ek)Jr} equals Call(Sy, T, K) =
E [(eXT — K)@ when M (o) = &up = 0. For (z,T, k) given, the implied Black-Scholes volatility
of a price Call(e®, T, e*) is the unique non-negative volatility parameter o1(x, T, k) such that:

Call®® (z,0f (2, T, k)T, k) = Call(e”, T, k). (4.2)

Quadratic mean of the volatility on [0,7]. For any spatial point z € R, we denote by 7,
the quadratic mean on [0, 77 of (0¢(2)\/V¢)ie[o,r) defined by:

T, = “%/0 o2 (z)vdt. (4.3)

This notation is frequently used for the points xg and z4,4. When applied in g, we simply write
¢ if unambiguous.

4.2. Implied volatility expansions at spot. We introduce new corrective coeflicients useful
for the implied volatility expansions:
DEFINITION 4.1. Assume (Hy,). We define the following corrective coefficients:

Cir
45T’
o Cé,T Cé,T 3C(l5,T C;,T CQS,T Cir Csr 3(Cf,T)2
Wb =523Te T 45872 G573 T 85T | 25872 166T 45T | 85510
Cir  CPr 3CPr Chr  Chpr Cppr  (CLrCir)  3(CL1Cip)

Yoa, T =0 +

T T T RGT 25572 86T | 25872 95872 85372 26573
 Cip  Cip
et =" 55 g
_ s 3( sr)? B CéfT + C:lfT - CzlfT 7 C(las,T S(Ci,TCiT)
Tib,T 25372 | 85573 2537 25372 45372 15573
B Cil’),T B 30}1,T 46 CéhT . Csr Csr B 3(Cyr)? Cé?T + C:l{?T
2T TR s T Ghrs ' UGTTA T 95578 | 45578 4p7TA 557

3CEr  CPr  Cer  3(CirCir)
265T3 ~ 25573 25573 o't
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where (Of,T)1Si§4‘(CiS,T)1§iS3‘(C£,ST)1Si§6 are defined in Theorem 2.4 and C’é7T—C’é7T—C%fT are
defined by:

Céj =w(o?v, ((6M)? + 0@ ), 0?0)! C’é,T =w(o®v,00Mv, 00Mv, 0%0)T
C’%fT =w(ptov, o0, a?0)T.

Our first implied volatility expansion states that the implied volatility writes as a quadratic
function w.r.t. the log-moneyness m with coefficients defined by 7.
THEOREM 4.2 (3rd order expansion of the implied volatility). Assume (Hs,) and (P). We
have:

o1(wo, T, k) =Yoa, 1 + Yoo, + (Y1a,7 + Y16,7)M + Y2,7m> + ETTOY%,IO- (4.4)
In addition, for any Cy, >0 and any |m| < Cp|o|eVT, the error is estimated as
3
|Error§,$0| Sc |O-‘OO[§§up + Ml(a)(MO(O) + ESUP)2]T2 ’

where the generic constant depends in an increasing way of Cp, (but not m).

Several remarks and corollaries follow from the above result.
> Short maturity skew and smile behaviors. We analyse the behavior of the approximation
formula (4.4) at the money (i.e. m = 0) and for short maturity (i.e. T < 1). In view of (4.4) and
the various coefficients C!, C*, C'* and 7 (see Definition 4.1 and Theorem 2.4), assuming that o,

at(l) and Ut@) are continuous at ¢t = 0, we obtain the level, the slope and the curvature ATM:

lo1(z0, T, k)| k=20 = Yoa,T + Yob,7 = 00+/V0,
(1)
% VY PoSo 7 (4.5)
2 4\/1}0
2 1
a((J )\/UO N [U(() )]2\/”0 _ 5p(2)£(% + 58 (4 6)
3 3 .
3 6o Uogve 120008

Oklot(xo, T, k)] k=2 = — Via,7 — V16,7 & —Via, T <

Oz [o1(wo, T, k)] |kezo = 2727 =

where we have used |yoa,7 + Yoo,r — 7| + [Y16,7] <c T, and consequently neglected these terms
considered as maturity bias. We have several observations.

i) In case of null correlation, our approximation coincides with | , Theorem 4.1]. The slope
of ATM implied volatility depends on both the correlation and the slope of local volatility, which
are therefore interpreted as skew parameters. There might be a competition between 0(()1)
the calibration procedures.

and p in

ii) For pure local volatility models (i.e. &up = 0), we retrieve the results of | , Theorem
29).

iii) For pure Heston models (i.e. M;j(o) = 0), we recover the expansion given in | ,
Theorem 2.5]. In the case of zero correlation, the approximation formula (4.4) becomes for short
maturity:

Cir  Cir . Cig &ooT odueT &
T k)~aoc— A : J g — 0 " 1 : K
o010, T k) 2 0 — 3o0n = =5 + =5 N0 24\/%[ I 2400%%7”

We have retrieved that an uncorrelated Heston model induces symmetric smile w.r.t. the money-
ness. The implied volatility is smaller ATM and becomes larger ITM or OTM, the smile increasing
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with the volatility of volatility &y. If we consider a negative correlation, in view of (4.5) (the slope
becomes negative and increases in absolute value with |pg|) and (4.6) (the curvature is decreasing
until reaching zero for |pg| = 1/2/5 ~ 0.63, see | , Remark 2.1]), the center of the short matu-
rity smile is shifted to the right and the smile changes from a symmetric shape to a negative skew.
The converse is realized for a positive correlation.

> Calibration issues for time independent parameters. Generally the local volatility func-
tion is completely determined by the level and slope parameters identified respectively with the
local volatility and its first derivative ATM. This is for instance the case of the CEV model (ex-
posed in (5.1)). For general local and stochastic volatility models, the level of the volatility can
be fixed throughout the local volatility function whereas the stochastic variance process can be
normalized with an initial value vy equal to 1. We have seen that for an uncorrelated local and
stochastic volatility model:

i) The level parameter of the local volatility is linked to the short time implied volatility ATM,
ii) The skew parameter of the local volatility is linked to the short time slope of the implied volatil-
ity ATM,

iii) Once the local volatility function is identified, the volatility of volatility parameter is linked to
the short time curvature of the implied volatility ATM.

These features allow us to suggest good surrogates for these three parameters in view of a cali-
bration procedure by simply estimate the market implied volatility curve for short maturity. But
we have observed that the correlation modifies the short term skew and it is well known that the
mean reversion parameter of a CIR process is in competition with the volatility of volatility. Thus
we can find models having different parameters but reproducing the same smile for one maturity
or several maturities, which cause problems for calibration.

4.3. Implied volatility expansions at mid-point. It has been observed in | ] through-
out numerical experiments that for the pure local volatility case, expansions with local volatility
function frozen at mid-point 4,y = (zo + k)/2 give better results. Actually this is a commonly
admitted fact and we aim at extending this idea to the current setting. First we introduce new
notations and definitions.
> Corrective coefficients frozen at mid-point. The coefficients C!, C*, C** and v were defined
in Theorem 2.4 and Definition 4.1 for the local volatility function o at log-spot xy. To consider
the same coefficients but with local volatility function frozen at point z (where z is generally equal
t0 Zaug O o), We use the notations ij(z), CiT(z),CffT(z) and ~; 7(2).

) and (H,) by replacing
o by T4y The generic constant in the further estimates will depend in an increasing way on
2

> New ellipticity assumption at z,,,. We define similarly (H

ZTavg

> Time reversal. For the coefficients Of,T(xavg)a we introduce the notation CN'iT(xmg) which

means that we have inverted the order of integration of the integrands. For example 5{7T(xavg) =

W(0(Tavg) oM (Tavg ), 02 (Tavg)v)d instead of Cl 1 (Tavg) = w(0* (Zavg), 0 (Zang) oM (Tawg)V)E .
DEFINITION 4.3. Assume (H,,. ). We define the following corrective coefficients:

Tavg
ﬂ-OCL,T(mCL’Ug) :’YOQ,T(xavg)a
71—Ol),T(:Eavg) :PYOb,T(xa'ug)y

6'i,T(mavg) - Ci,T(xavg) CiT(xm,g)
7Tla,T(mavg) = 253 2 - 253 T2 5

Zavg Tavg
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CPr(@avg) | Cr(Tavg)  Cr(Tavg) + C5r(Tavg) + Cor (Tavg)

7"'lb,T(ajavg) :Vlb,T(xavg) + 15 T 3G T - 353 T2 ,
_C:Z%,T(zavg) + C:l%,T@avg) 3(0411,T($avg) + Cfl,T(xavg)) C%,T(xavg) Cé,T(xavg)
2.1 (Tavg) = 255 1% - 255 T3 T 86, T | 453 T?
n 60é7T($avg) n OiT(xavg) I O?f,T(xavg) B S(Cls,T(xavg))2 n CéfT(xcwg) + Czl)fT(xavg)
Oty It 203,10 403, T° dai,,, T I
3Ci§T(xavg) Oé?T(xavg) OflfT(xavg) B 3(05,T015,T)($avg) . O{?T(xavg) _ Oé?T(xavg)
203,,, 1% 203, T7° 203 T° Tang 203,,, 1% 403, T?
n 3CzlsT(xavg) + Cé?T(xavg) + CélfT(xavg)
403, T? ’

where CL 1 (Zavg), Ok 1(Zavg), CEr(Tavg) and C§r(Tavg) are defined by:

Cé,T(xavg) :w(((a(l))2 + 00(2))(xavg)v)ga Oé,T(xavg) :w(a(xavg)a'(l)(xavg)vv U(xavg)a(l)(xavg)v)gv

Cél;?T(mavg) zw(pﬁa(l)(xwg)v, 02($avg))0T7 OslfT(xavg) ZW(U(xavg)U(l)(xavg)UvPga(xavg)v7‘72($avg))oT~

Then a tedious analysis about approximating the expansion (4.4) using z4,4 instead of z( leads
to the following result. Details are in | |
THEOREM 4.4 (3rd order expansion of the implied volatility at mid-point). Assume (Ha,),

(Hs,,.) and (P). We have:

Zavg

O'I(Z‘(), T7 k) :WOa,T(l‘avg) + 7"-OIJ,T(-/Ea'Ug) + (Trla,T(xavg) + 7le,T(xavg))"n

2 I
+ 72,7 (Tavg)m” + Errorg , (4.7)
where the corrective coefficients w are defined in Definition 4.3, and where Erroré Tany 1S estimated
as in Theorem 4.2.
5. Numerical experiments.

5.1. Model and benchmark. Here we give numerical examples of the accuracy of our im-
plied volatility approximation formula with local volatility at mid-point (see (4.7) in Theorem 4.4).
We consider a time-independent CEV-Heston model:

dS; =pSP\/ Y, dWy, Sy = e, (5.1)
dy’t :H(a - }/t)dt + v/ )/tgdBta 1/0 = Yo,
(W, B)¢ =pdt.

In our setting, it is related to local volatility function o(z) = ue(®~Y*. Using Proposition C.2 in
Appendix C, the implied volatility formula (4.7) writes explicitly:

B—1
B=1 = SoK) = R;T
10, T, k) ~p(So k) TV {1 -+ L0 8% !

(8= 1P (SoK) T (| (8K T
24 4

(5.2)

+
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P2£2T[3(RT)2 + Rs(ﬂz(SOK)ﬁilgT 7 i)} o szRg [i /‘Lz(SOK)BilﬂT]
72 320 2 48 12 o2 24 96
p€(B — Du(SoK) =" T Rs . RY¥ R:
+ ( ) é 0 [§1 + 1% (SoK)? 1UT(4872@ - 3721)}
S Lis1 2 g1 BT RY So
—_— [-2 —1 K (= — log(=2
2¢2 5\ 2 5 2
p2€2T 3(RsS RS S B—1 S,
=l <321@) -3 Og(fo)_%logrz(?o)
2¢2 S s\2 2 s
p°E R; 3(R1) 2,50 £ R3 2,50
__rs>  qt2 1 = 1 =
* MQ(SOK)5—163[12 Top o8 () + 2412(SoK) P17 (K)}’

where the coefficients v, R;, R3, R and R are defined in Proposition C.1. Note that if the
correlation is equal to zero, many terms vanish and the formula becomes very simple.

As a benchmark, we use Monte Carlo methods with a variance reduction technique. The simulated
random variable is (St — K)4 using an Euler scheme (see | , Section 3.4]) and in order
to reduce the statistical error, we use the Heston control variate (ST — K), — E [(S}! — K), |
where (S} )teo,7) follows (5.1) with 3 fixed at 1. The latter expectation is computed using the

Lewis formula | |. In | |, the authors have studied the numerical accuracy of price
approximations w.r.t. &, 6, ¢ and p in the context of Heston models whereas the influence of the
parameters S and p has been considered in details in | | in the case of pure local volatility

models. This is the reason why we decide to freeze at realistic values the set of model parameters
(with an important negative skew) and allow the maturity and the strike to vary in order to study
the global accuracy. In all the tests we use the values:

So=1, p=025 B=05 wvo=1 0=12 k=3 =15 p=—T0%, (5.3)

and we perform the Monte Carlo simulations with 107 sample paths and a time discretization
of 300 steps by year. Using the Heston control variate, this number of simulations allows to
obtain confidence intervals with a width reduced to a few bps? for a large range of strikes and
maturities. All the following computations are performed using C++ on a Intel(R) Core(TM) i5
CPU@2.40GHz with 4 GB of ram.

5.2. Accuracy of the implied volatility formula (4.7). In Tables 5.1, 5.2, 5.3, 5.4, 5.5
and 5.6 (corresponding to the maturities 6M, 1Y, 2Y, 3V, 5Y and 10Y") we give for various strikes
the Black-Scholes implied volatilities estimated by Monte Carlo (MC), the bounds of the 95%-
confidence interval of the Monte Carlo estimator (MC- and MC+) and the implied volatilities
given by the approximation formula (5.2) (AF(z4.g)). We use the parameters as in (5.3) and
the strikes are chosen to be approximately equal to Soe‘““/ﬁ where ¢ takes the value of various
quantiles of the standard Gaussian law (1%-5%-10%-20%-30%-40%-50%-60%-70%-80%-90%-95%-
99%) which allows to cover far ITM and far OTM options. For the sake of completeness, we report
the computational time to perform the Monte Carlo simulations (for the analytical approximations,
the evaluation is instantaneous).

Regarding the results, we see that our approximation formula (5.2) is very accurate, giving errors
on implied volatilities smaller than 20 bps for a large range of strikes and maturities. The results
for ATM options are truly excellent but we nevertheless observe inaccuracies for extreme strikes,

21 bp (basis point) is equal to 0.01%.
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especially for OTM options (however for such strikes the accuracy of the Monte Carlo estimates is
less good) and for short maturity. This asymmetry in the errors is probably due to the important
correlation. Higher errors for short maturities is a counterintuitive fact with our error estimate
(2.4). It was already observed in | | for Heston models and it may be explained by the
convergence of the stochastic variance to its stationary regime for long maturities whereas the
skew is very important for short maturities due to correlation. Thus we observe a maximal error
for the whole range of strikes and maturities of approximately 150 bps in Table 5.1 realized for
the maturity 6M and the extreme strike 1.50. For long maturities (3Y, 5Y and 10Y'), errors on
implied volatility are smaller than 15 bps if we except the largest strike for which the Monte Carlo
estimate is questionable (wide confidence interval). For instance we report ND in the tabulars
corresponding to the maturities 5Y and 10Y meaning that the corresponding prices are outside
the arbitrage bounds.

Last but not least, regarding the computational time, we observe that we need approximately
2m30s per month of the maturity for the Monte Carlo simulations (4h54m27s for the maturity
10Y!), whereas the whole set of implied volatilities is computed in less than 1 ms with the implied
volatility approximation formula. This is a very significant advantage allowing real-time pricing
and calibration procedures.

To conclude, our implied volatility approximation provides very good accuracy with real-time
computations and it is able to handle general time-dependent local volatility functions.

TaBLE 5.1
Implied Black Scholes volatilities (%) for the Monte Carlo simulations (execution time: 17m02s) and the
approzimation AF(xqvg) expressed as a function of strikes for T = 6M.

Strikes 0.65 0.75 0.80 0.85 090 095 1 1.06 1.10 1.20 1.25 1.35 1.50
MC 34.86 31.86 30.49 29.18 27.94 26.74 25.61 24.52 23.50 21.64 20.82 19.45 18.01
MC- 34.85 31.86 30.49 29.18 27.93 26.74 25.61 24.52 23.50 21.64 20.82 19.44 17.95

MC+ 34.87 31.87 30.49 29.18 27.94 26.75 25.61 24.53 23.50 21.64 20.83 19.46 18.07
AF(zqvg) 35.04 31.93 30.52 29.19 27.93 26.74 25.60 24.52 23.48 21.53 20.61 18.86 16.45

TABLE 5.2
Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time: 31mS33s) and the
approzimation AF(zqvg) expressed as a function of strikes for T =1Y.

Strikes 0.55 0.65 0.75 0.80 0.90 095 1 1.05 1.15 1.25 140 1.50 1.80
MC 36.36 33.49 31.01 29.89 27.85 26.91 26.02 25.17 23.61 22.22 20.43 19.44 17.32
MC- 36.34 33.48 31.01 29.89 27.84 26.90 26.01 25.17 23.61 22.22 20.43 19.43 17.16

MC+ 36.37 33.49 31.02 29.90 27.85 26.91 26.02 25.17 23.62 22.23 20.44 19.45 17.47
AF(zqvg) 36.56 33.58 31.05 29.92 27.85 26.90 26.00 25.15 23.57 22.12 20.16 18.97 15.83

Appendix A. Martingale property: proof of Proposition 2.3. The process (ext)ogtST
is a positive local martingale, thus a supermartingale and E [exf] < e* < +00. The announced
martingale property is proved if we show E [eXT] = e%o,

For n € N*, define the stopping time 7,, = inf{t € [0,7] : V; > n} (with the convention
Tn = 400 if the set is empty) and set

n 1
X" = o(t, X))V A AW, — 50*(t, X) (Vi An)dt, - X5 = . (A1)
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TaBLE 5.3
Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (exzecution time: 1h4{mlls) and the
approzimation AF(zqvg) expressed as a function of strikes for T = 2Y .

Strikes 0.45 055 0.65 0.75 085 090 1 1.10 1.20 1.35 1.55 1.80 2.30
MC 37.22 34.46 32.19 30.26 28.59 27.83 26.44 25.20 24.07 22.58 20.89 19.16 16.72
MC- 37.20 34.45 32.18 30.26 28.59 27.83 26.44 25.19 24.07 22.58 20.88 19.14 16.26

MC+ 37.24 34.47 32.20 30.27 28.60 27.84 26.45 25.20 24.08 22.59 20.89 19.18 17.05
AF(zqvg) 37.32 34.52 32.22 30.28 28.59 27.83 26.43 25.18 24.04 22.52 20.76 18.87 15.84

TABLE 5.4
Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time: 1h81m44s) and the
approzimation AF(zqvg) expressed as a function of strikes for T = 3Y.

Strikes 0.35 050 0.55 0.70 0.80 0.90 1 1.10 125 145 1.75 205 2.70
MC 39.08 34.73 33.59 30.74 29.19 27.84 26.65 25.57 24.16 22.55 20.57 18.97 16.32
MC- 39.04 34.71 33.58 30.74 29.19 27.84 26.64 25.57 24.15 22.54 20.55 18.94 15.58

MC+ 39.11 34.74 33.60 30.75 29.20 27.85 26.65 25.58 24.16 22.55 20.58 19.00 16.79
AF(2qvg) 39.13 34.76 33.62 30.76 29.20 27.85 26.65 25.58 24.15 22.52 20.49 18.82 15.97

By the monotone convergence theorem and the local property of stochastic integrals, we have

B*] = tm B[] = tm B[]

Because o(t, X;)y/V; A n is bounded in (t,w), we can define a new measure Q™ |z, = eX;n)_”UQ#T
under which

t t
W, B i= W= [ ols, XOVT A ds, B~ [ puas, X)V/Ve A ds)
0 0

is a two-dimensional Brownian motion with correlation (p;)o<i<r. It gives

E[e*"] =e"™ lim QT < 7,).

n—-+oo

The dynamics of V under Q™ writes
dV; = (Oét + pe&eo(t, Xt)\/vt\/m) dt + &/ VidB{™, Vo = o, (A-2)
and we aim at comparing it to the Stochastic Differential Equation (SDE in short)
V" = (a0 + [€locloloeVi™ ) at + €0 VB, VM = v, (A.3)

Observe that the drift coefficient of V(") dominates that of V: therefore, from usual arguments
used for comparing time-dependent SDEs (see Proposition | , Proposition 5.2.18|), we can
show Vt(n) > V; for any t € [0,7T] a.s.. Actually, the quoted reference deals with one-dimensional
SDEs, but the arguments apply in the same way to our model (X, V). Then it gives

Q™ (T <1,)> Q™ < sup Vt(n) < n) .
0<t<T
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TaBLE 5.5
Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time: 2h29m18s) and the
approzimation AF(zqvg) expressed as a function of strikes for T = 5Y.

Strikes 0.25 040 050 0.60 0.75 085 1 1.15 135 1.60 2.05 250 3.60
MC 41.27 36.15 33.81 31.93 29.68 28.44 26.86 25.52 24.01 22.45 20.25 18.53 15.59
MC- 41.21 36.12 33.79 31.91 29.67 28.43 26.85 25.51 24.01 22.45 20.23 18.48 ND

MC+ 41.33 36.18 33.82 31.94 29.69 28.45 26.86 25.53 24.02 22.46 20.27 18.57 16.76
AF(zqvg) 41.27 36.16 33.82 31.94 29.69 28.45 26.87 25.53 24.03 22.46 20.24 18.51 15.44

TaBLE 5.6
Implied Black-Scholes volatilities (%) for the Monte Carlo simulations (execution time: 4h54m27s) and the
approzimation AF(Tavg) expressed as a function of strikes for T = 10Y .

Strikes 0.15 0.25 0.35 050 0.65 080 1 1.20 150 195 2.75 3.65 6.30
MC 44.71 39.62 36.40 33.11 30.77 28.97 27.09 25.59 23.81 21.79 19.28 17.33 15.31
MC- 44.60 39.56 36.36 33.08 30.75 28.95 27.07 25.58 23.80 21.78 19.25 17.22 ND

MC+ 44.83 39.69 36.44 33.14 30.79 28.98 27.10 25.60 23.82 21.81 19.31 17.43 16.28
AF(zqvg) 44.69 39.63 36.41 33.12 30.78 28.98 27.10 25.61 23.83 21.81 19.28 17.30 13.70

The last probability is equal to Q (SUPogthVt < n) where V is the (strong) solution to (A.3)
with B instead of B(™. Since V is non explosive, the latter probability converges to 1 as n — +oc0.

The proof of Proposition 2.3 is complete.

Appendix B. Explicit computation of the corrective terms of Theorem 2.4. We give
the full derivation of the corrective terms in the approximation (2.3) of Theorem 2.4. We begin
with the proof of Lemma 3.2 and next we give the details of the computation of the corrective
terms.

B.1. Proof of Lemma 3.2. We proceed by induction, by using the next intermediate result:

LeEMMA B.1. Let (My)icpo,r) be a square integrable and predictable process, (ft)ieo,m be a
measurable and bounded deterministic function and ¢ € Cg°(R). Then, we have:

T T T T
E @(/ ftth)/ M dW;| =E w(”(/ ftth)/ feMdt |,
0 0 0 0

T T
E —E lsom( / FdWy) / ptftMtdt].
0 0

<P(/OT frdWy) /OT M;dB;

Proof. These equalities directly follow from the duality relationship of Malliavin calculus (see
Lemma 1.2.1 in | D. O

If N =1 and Iy = 0, there is nothing to prove. If N = 1 and Iy € {1,2}, Lemma 3.2 is a
particular case of Lemma B.1 (with deterministic M) noting that Vi € N,

T T
E sa@(/o [idWy)| = 8LE ga(/o fodW; + )

=0

Suppose that the formula (3.13) is true for a given N > 1 and let us prove it at order N + 1. Then
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write, directly if In+1 = 0 or with Lemma B.1 if Iy € {1,2},
[ T T tNt1 t2 I
E | ¢ / fedWy) / IN+1tnen / INty - - / o AW/ dWraw, N
0 0 0 0

. 1 T T/\ tN+1 tN to I I
=E QD( 1N+1#0)(/ ftth) / ZNJFLtNJrl / lN,tN / .. / ll,tlthll ... thli]\]dtNJrl
0 0 0 0 0

I . T T T _ tn to ; ,
=K QD( 1N+1#0)(/ ftth) / (ZN,tN / lN+1yst) / .. / ll,tlthll - thzifv s
0 0 tN 0 0

where at the last equality we have used the It6 integration by parts formula fo g Zydt = fO j; gsds)dZy,
valid for any continuous semi-martingale Z starting from 0 and any measurable and bounded de-
terministic function g. We easily conclude using the induction hypothesis at order N.

B.2. Calculus of the corrective terms. We recall our third order approximation:
X
E [n(XF)] +E [AO(XF)X1.r| +E [h(l)(XP) ;T} + SE [hO(XP)XE ]
We compute each corrective term separately, and pay attention to the different natures in these
corrections (pure local volatility, pure stochastic volatility and mixed local-stochastic one).

> Step 1: contribution with X; ;. From (3.4)-(3.5)-(3.6) we have

T t2 t2
O A o
Xy = / <gt2>xt2 / o1, A, (AW, — =2 tldtl) t2 / §t1>\t1dBt1>(th2—ot2)\t2dt2).
0 0 2/\t2 0
(B.1)

Then, apply repeatedly Lemma 3.2 to ¢(-) = h(l) (zo — fo o?vdt +-), fr = o4 to get (recalling
the definition (2.1) of sensitivities):

L[gh - ab, (B.2)

3 1
E | pY(XT) Xy r| =Crrlds — 505 + 5911+

where:

2

Ci’T = w(o, oc0Wv)T, Cp = w(pov,a?); .

> Step 2: contribution with X5 . In view of (3.7) and (3.6)-(3.9), we have:

Xor 1 (T P 2 (2)
9 75 )\t[(Xt — X ) + 2X O' ](th - O't>\tdt)
0

1 [T )
+ 7/ (ti - xo)VM—;\ (AW — 20, M dt)
0 t

1 T P 2 ‘/2 ,t 1 T ‘/12,t
- = (Xt — l‘o) ( ) ’Utdt —|— (th — O't)\tdt) - = 730}th.
0 4 0 )‘t 8 0 )‘t

Besides, the It formula combined with (1.4)-(3.4)-(3.5)-(3.6)-(3.9) yields

XP — 2 t ta A \
% :/ (/ Tty Aty (AW, — Utl 2l dt1)>0t2>\t2 (dW,, — Utz 227t gy 2)
0 0
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1 t
+ 5/ Utzl’l}tldtl, (B?))
0

t to )\
Xl,t :/ (/ Utl)\tl (thl — O-tl al dt ))O't2 At2 (thz O't2)\t2dt2)
0 0

+ / 2";2 / €0 M, ABy, ) (AW, — 0y M, dta), (B.4)
0 ta
(XtP - mO)VLt :/ (/ 551 )‘Slstl)atz/\tz (thz Ut?At? ——dt ) (B'5)
0 0

t to
O, A
+/ (/ Jtl)‘tl(thl _ t1 ty dtl))£s2)\32st2+/ gtlptlatlvtldtl,
0 0

t to
Vot :/ (/ fsl)\slstl)f\sz dBs,. (B.6)
0 0 52

Combining (B.1)-(B.3)-(B.4)-(B.5)-(B.6) with repeated applications of Lemma 3.2 yields (after
tedious but easy computations)

X 1 T2
{h(l (XE) ”] +ZE |[h®(XE) / Mafdt] (B.7)
2 8 0o Ut
5g g h h
:Cilab,T[g!ll - 26 + 72 - Il] +C2b,T[?2 - 71]
5Gh Gh . Gh Gh
+Clrloh - 2 oy - 9y ot 9E gy
s s (G 5Ghgh . (Gh
+(Coir + C) 5 — =5 + S+ O[5 — 41l
Gh Gh Gh gh
+Oéa,T[ G +¢Gh — *1] CQaT L +C3 [ L2
2 4 4
where
Céa,T :w(Uz (o (1)) )07 Céb,T :W(JQUvUU(Q)U)(:)Fv Céa,T = W(02U o’ v, (o (1)) )0,
Céb’T = w(o?,0%v,00@v)T, C’fl = w(o?v,006Wv, 06Wv)l, C5r = w(p€ov, péo,o HE,
CfT = w(pgov, 00(1))57 CQ T — W(ng"U,JQ’U,UJ(l))g;, CZlS?T - W(J v ng"U 00(1))3;;
CffT = w(ptov,o?,coMuv)l.

Here we handle the second term of (B.7) together with Xs 7 because the overall computations are
somewhat simpler (here it has the effect of removing the last contribution of Xs 7).
> Step 3: contribution with XIQ,T. Starting from (3.4) and applying the It6 formula we have:

1 T V1o
S Xir :/ Xa((XF = a0)of A+ 2 (AWs = ohd) (B.8)
0
I P 2 (1)y2 P (1) LTV 2
+ 5/ ((Xt — LU()) (Ut ) V¢ + (Xt — xO)VI,tUtUt )dt + g/ U’ o} dt,
0 0 t

(thj - CUO)Vl,tlthl
2,

t
Xl’t(XtP — ajo) :/ [(Xt]j — ,CCo)QU't(l))\tl —|— ](thl — Utl)\tldtl)
0
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t t
Op, A Vi
+/ Xl,tlatl)‘tl (thl - tl b ——dt ) / [(thj - x())atlat(ll)vtl + bt Ut21]dt17
0 0

2
(B.9)
r (1) Vi, o0 !
X14Vig :/0 (X[ = 2o)Vig o A, + ﬁ](thl — ot Ay dty) +/0 X186 A, By,
1
t
Vig, o
+ [ ol (X = au)oflu, + 4% e, (B.10)
t
‘/12,15 :2/ (/ ftl/\tldBtl)gtg)\tgdBtz —|—/ g?ll}tldtl. (Bll)
o Jo 0
From Lemma 3.2 and (B.9)-(B.3)-(B.5)-(B.1)-(1.4)-(3.5) it follows that
T
h(XE) / X1.4(XF = 20)oI N (AW, — oy \idt) (B.12)
0
13G7 Gh
:OEl)a,T[2gél — 66l + 5 L3¢l + 22 ] + C’4 r[Gh — 2G4 + GJ]
Ggh  5Gh gh s (Gh gh
(OloaT+ClobT)[ 26 45 +3Gi *f]+cf1, (S — G + 2]
136 36% G Gt 5GP G4
+Céb,T[gg_3gg+ 44_ 23 42]+CIOCT 26 45+g4_13]
3Gh Gh Ggh Gt
l _ 273 72 4 _ 73
+C4,T[g4 2 + ]+C [2 2]
where
C’é%T = w(o?v,0%v,00Mv, 006 Mv)], C’éb,T = w(o*,00Mv, 020,00 V)T
Ci%a,T = (.d(pfO'U, 0'21]7 027 O'O’(l)’U)g, Ci%b,T = w(a21}, ,0£O"U, o ,0'0'(1)’[})0 ’
C’if)qT = w(ptov,o?, 0%, 00 M),
Similarly, using Lemma 3.2 and (B.10)-(B.5)-(B.11)-(B.1), we have:
1 (2) P r Xl,t‘/l,to-t
51[*3 hH(XT5) ; T(th — o\ dt) (B.13)
gh 5Gh gh . (G h
(OlodT+CloeT)[26_T5+gil—z3]+cé [ ! 934‘72]
. .Gh Gh Ggh gh gh
+CZaT[ S _gh+ 4]+CS,T[Z4_73+I2]
s gh 5gh gh . gh gh h
+CiOfT[76*Ts+gZ*Z3]+C4bT[I6 %*f]
h h h
is 91 3G3 G2 gi G
+C6,T[2 1 +4]‘|‘ 2,T[4 4]7
where
CS,T = w(p{au péo, 02)(?7 C§ T = w(fgvv 02, 0'2)%17 CZa}T = w(pfov, §pvo, (727 02)(1;7

CVib,T = w(p£U07 027p60"l},02)(7;7 Céé = (ng’U,O'O'(l)’U,O'Q)g, CééT = U.J(O'2’U,p§0'(1)’l}7(72)(7;7
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2

1 1 NT 2 1 20\ T l 2 1 2\ T
Cl%d,T:W(P&TUvU UJU( )U#T )0 CmeT—W(Gr 'UanUUJU( )070' )0 » Cl%f,T:W(U v,oa( )Uapfo'vag )0 -

Then using again Lemma 3.2 and (B.3)-(B.5) it comes:

T
%E lh(Q)(X{f) / (X] = 20)*(0t") 0 + (XF —xo)vl,tata,ﬁ”)dt] (B.14)
0
Gy Gy s G Gi ., us G5
:Cflia,T[gAL Gh + 2]+C2aT = (CéT+C )[74_?]+Ci,T72'

Finally in view of (B.8), we sum the contributions (B.12)-(B.13)-(B.14) to obtain

2

(2)/ v P TVI,t 2
M(X7T) opdt

0o Ut

| 1
SE[n® (quf)XiT} — 2E (B.15)

13G4 364 gi}
4 2 4

:(QCslaa,T + C.tl)b )Ge — 3G +

+Cir20] _%‘*‘%H‘ 1[Gy —%—&-%]
(Cma T+ ClObT + chT + ClOdT + ClOe T+ ClOf T)[% - % +Gi - %g]
+Cor [94 Gy + g2]‘|‘03:/1[g4;1 g; +%]+C§7T[%—%]
+ (Cair+ iy %E - % 4 Gy e (935 G
+Clo 701 — G5 + gg] +Ci, Tg; +(Cr + C:lfT)[g; i?’ ]+ CiST%S.

>Step 4: some mathematical reductions. There are some relations between the expansion
coefficients. Namely, for any integrable functions fi, f2, g1, 92 : [0, 7] — R, we have

w(f17f2)oTW(g1,92)g = w(f1,f2791792) +W(f1,917927f2) +w(f1,91,f2792)

+w(gr, 92, f1, f2)5 + w91, f1, f2,92)5 +w(91, f1, 92, f2)5 - (B.16)
This relation is proved by standard integral manipulations. It gives:
(Cir)” . . (Cir)?
T’ =2Ci, 1+ Cip 1, T :2C€l)a,T + Cébja

1 s _ s ls ls ls ls ls
CirClr =Cloar + Cionr + Cider + Cloar + Cloe,r + Ciog 1

In addition we set C} , = C4, 1+ C4y, 1 and C§ p = C%, 1+ C%; ..

>Final step. Taking advantage of the above simplifications and summing up the different con-
tributions (B.2)-(B.7)-(B.15) of steps 1 — 2 — 3, we obtain the announced formula (2.3), gathering
the corrective terms according to the order of the Greeks.

Appendix C. Applications of the implied volatility expansion at mid-point for time-
independent local and stochastic volatility models with CIR-type variance. We specify
in this section the form of the implied volatility approximation at mid point when considering the
time-independent local and stochastic volatility model with CIR-type variance:

g Xt)\/Yt
2

dXt = U(Xt)\/g[dwt - ( dt]v XO = Zo,
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dY; = k(0 — Y3)dt + &/YidBy, Yo = vy,
d(W, B); = pdt.

Note that this model is equivalent to the time-dependent model (1.2)-(1.3) by setting V; = Y;e~t,
o(t,x) = o(x)e /2, ay = "'kl & = e"/?. Thus we can apply our different price and implied
volatility expansion theorems by considering in the various corrective coefficients C' (defined in
Theorem 2.4 and Definitions 4.1 and 4.3) the above time dependent functions. These coefficients
are obtained by simple iterated integrations of exponential functions. Using Mathematica, we
derive the following explicit expressions.

PROPOSITION C.1. For o(t,x) = o(x)e™ %, v; = v + 0(e" — 1), & = €eT and p; = p, one
has:

/OT vie "t dt =vT, L () :03(«’13)0(12)(x)62T2’
Cé,T(x) :UZ(:C)[(U(U)Q -;UU(Z)]@U)WTQ’ C:ls,T(:U) :Cé,T(x) = 04(33)[(0(1))2 200(2)}(“:)@3T3»
Ci’T(x) :‘74(‘”)(0(1)6)2(%)53T3, Cé’T(l‘) :06(1:)(0(12)312(30)641147
Cé,T(‘T) =[(c™M)? + 0o ](2)T, Cé,T(x) :w,
Cie) =G €5 ) =2 BT
3 nle) ~ETOIL Ot 2) =Cley ) = P @ VDRI
CéfT(x) :CéfT(x) = 0504($)U(;)($)Rl15T37 C:lfT(:E) Zcé‘fT(ﬂf) = C’slfT(SU) = p£04(33)0(;) <x)R123T3,
Clip(z) =Clp(z) = '05‘74($)0(;)($)R?T37
where
5 (o a)e—mT (;;4_ erT) o
Ri = (v — o) T2 8 g (e 2 1)
- o—rT (—3KT(KI’;/;;32) +6e°T — 6) . ee—mT (6enT(,.iB_T§) + 6KT +12) 7
—2kT (_ @ KT 26T _ —2kT KT 2KT oy
RS (0o 9)6 (—6e H:JJ::— 3e 3) L ot (12e +2163T3 (2kT — 3) 3)7
R :2I{§T3 {7277 (vg — 0) (vo(3 + 26T) — (5 + 2KT)) + 2¢ =T (6*(4 + KT(6 + £T))

— Qug(—2+ KT(4+ kT)) — 2v5) + 0* (4T — 13) + 40vy + vg },
S 3 — 4K —K
R} :W{ — e 2T vy — 0)% + e "1 (0%(—4 + KT(=2 + KT)) — Ovg(—2 + KT (=4 + £T)) — 26T3)
+ 602 (5 + KT (=4 + &T)) + 20vo(—2 + &T) + v] },

R = 25T (v — 0) (vo(3 + 2kT) — O(5 + 26T)) — 4" (vo — 26)?

3
28373 {e
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+ 6% (11 + 26T (—4 4 KT)) + 40v(—2 + KT) + v }.

We have in addition the relation: vT

RS T2 _ (R +RY+RYHT®
6

After some simplifications, we obtam the following expressions for the coefficients v and =7
defined in Definitions 4.1 and 4.3.
PROPOSITION C.2. For o(t,z) = o(x)e™ %, v; = v + 0(e" — 1), & = e and p, = p, one

has:
WOa,T(ﬂ«”o)

Ma, T(l“o)

’YOb,T(l”O)

Y1b, T(ﬂﬁo)

¥2,7(Z0)

Wla,T(xavg) - -

T1b T(xavg)

7T2,T(xavg)

[AE08]
[APOT]
[BBFO4]

[BG12]

[BGMO09]
[BGM10a]
[BGM10b]

[Bom13]

(a1 R

oW (x R;
_Uxo\f{_z(o) 123 2}

o(zg)  4o(xo)T

:U(xo)\/%{ﬂT[M _ (0(1))2(m0)(i+g2(3§0)6T

12 24 96 )]
p2£2T[3(RT>2 + RS(OQ(:L‘O)@T _ i)] _ §2TR§ [7 UQ(xO)ET]
72 320 2 48 12 v 24 96
pEa M (z0)T RS 0, . RY RS
-1 T(=2 4
+ = [8 + 0% (z0)v (485 32)]},
2¢2 S s 1 s ls
P E T 3(R > Ry, ptoW(z)T Ri  RE
=o(@o)Vo{ = 30 12 N TRy
oV D) (o)) PSR .
0) 60 (xo) 1202(z0)  02(x0)v3 12 16T 2402 (x)0° 7’
pER]
J(xavg)fmv
2 s s 1 s ls
p E T 3(Ry ) & ng'( )(xavg)T & R72
=0 (@aug) V{2~ (S5 30 12 7 (T6 ~ 215
Wt O @) (00 (@ag) P (RS B(RD) §°Rj
o (Tavg) { - 2 + o2 10 — 2 73}‘
24o(xavq) 1202 (2 gvg) 02(Tgpg)0° 12 160 2402%(240g)T
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