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ON THE EVE PROPERTY FOR CSBP

Thomas DUQUESNE, Cyril LABBE *

March 15, 2014

Abstract

We consider the population model associated to continuous state branching processes and we are
interested in the so-called Eve property that asserts the existence of an ancestor with an overwhelming
progeny at large times, and more generally, in the possible behaviours of the frequencies among the
population at large times. In this paper, we classify all the possible behaviours according to the
branching mechanism of the continuous state branching process.
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1 Introduction

Continuous State Branching Processes (CSBP for short) have been introduced by Jirina [18] and Lam-
perti [23, 24, 25]. They are the scaling limits of Galton-Watson processes: see Grimvall [15] and Helland
[16] for general functional limit theorems. They represent the random evolution of the size of a continu-
ous population. Namely, if Z = (Z;);c(0,o0) i @ CSBP, the population at time ¢ can be represented as the
interval [0, Z;]. In this paper, we focus on the following question: as t — 0o, does the population concen-
trate on the progeny of a single ancestor e € [0, Zp] ? If this holds true, then we say that the population
has an Eve. More generally, we discuss the asymptotic frequencies of settlers. A more formal definition
is given further in the introduction.

The Eve terminology was first introduced by Bertoin and Le Gall [5] for the generalised Fleming-Viot
process. Tribe [33] addressed a very similar question for super-Brownian motion with quadratic branch-
ing mechanism, while in Theorem 6.1 [10] Donnelly and Kurtz gave a particle system interpretation of
the Eve property. In the CSBP setting, the question has been raised for a general branching mechanism
in [22]. Let us mention that Grey [14] and Bingham [7] introduced martingale techniques to study the
asymptotic behaviours of CSBP under certain assumptions on the branching mechanism: to answer the
above question in specific cases, we extend their results using slightly different tools. For related issues,
we also refer to Bertoin, Fontbona and Martinez [3], Bertoin [2] and Abraham and Delmas [1].

Before stating the main result of the present paper, we briefly recall basic properties of CSBP, whose
proofs can be found in Silverstein [32], Bingham [7], Le Gall [26] or Kyprianou [20]. CSBP are [0, oo]-
Feller processes whose only two absorbing states are 0 and oo and whose transition kernels (py(x, - ); t€
[0,00), z €0, 00]) satisfy the so-called branching property:

Vo, 2’ € [0,00], Vt € [0,00), pilx, ) xp(2, ) =pi(z+2', ). (1)
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Here, * stands for the convolution product of measures. We do not consider CSBP that jump to oo
on a single jump. Since the two absorbing points 0 and oo belong to the state-space, the transition
kernels are true probability measures on [0, co] and they are characterised by their branching mechanism
U : [0,00) — R as follows: for any ¢, A, z € [0, 00),

/ pe(x, dy) exp(—Ay) = exp(— zu(t,\)) , )
[0,00)

where u( -, ) is a [0, co)-valued function that satisfies dyu (£, \) = — ¥ (u(t, A)) and w(0,\) = A. For
short, we write CSBP(V, x) for continuous state branching process with branching mechanism ¥ and
initial value x. The branching mechanism W is necessarily of the following Lévy-Khintchine form:

YA€ [0,00), T\ =al+ BN+ / m(dr) (67” —1+Arlgcqy), 3)
(0,00)

where a € R, >0 and 7 is a Borel measure on (0, co) such that f(O,oo)(l A 72) m(dr) < oo. We recall
that a CSBP with branching mechanism W is a time-changed spectrally positive Lévy process whose
Laplace exponent is W: see for instance Lamperti [23] and Caballero, Lambert and Uribe Bravo [9].
Consequently, the sample paths of a cadlag CSBP have no negative jump. Moreover, a CSBP has infinite
variation sample paths iff the corresponding Lévy process has infinite variation sample paths, which is
equivalent to the following assumption:

(Infinite variation) B8>0 or /(0 1)T'7T(d7“) =00 . %)
Therefore, the finite variation cases correspond to the following assumption:
(Finite variation) B8=0 and /(0 1)T’7T(d’l“) < 00. 5)
In the finite variation cases, W can be rewritten as follows:
VA €[0,00), T(N\) =DA —/ m(dr) (1 —e™), where D:=a+ /r w(dr) . (6)
(0,00) (0,1)

In these cases, note that D = limy_, o, U(\)/A.

We shall always avoid the cases of deterministic CSBP that correspond to linear branching mecha-
nisms. Namely, we shall always assume that either 3 > 0 or m # 0.

Since W is convex, it has a right derivative at 0, that is possibly equal to —oco. Furthermore, ¥ has at
most two roots. We introduce the following notation:

U'(0+) == )\lirélJr ATMU(N) € [—00,00) and 7y =sup{A€[0,00): U(N)<0}. (7)

Note that v >0 iff ¥/(0+) <0, and that v = oo iff —V is the Laplace exponent of a subordinator.
We next discuss basic properties of the function u defined by (2). The Markov property for CSBP
entails

Vt,s,A\€[0,00), u(t+s,\)=u(t,u(s,\)) and O (t,\)=—T(u(t,\)), u(0,A)=A. (8)

If A € (0,00), then u( -, \) is the unique solution of (8). If A = ~, then wu(-,~y) is constant to 7. An
easy argument derived from (8) entails the following: if A >~ (resp. A <), then u( -, \) is decreasing
(resp. increasing). Then, by an easy change of variable, (8) implies

A du
vt € [0,00), YA € (0,00)\{7}, / du ©
u(t,\



For any = € [0, 00|, we denote by [P, the canonical law of CSBP(¥, ) on the Skorohod space of
cadlag [0, oo]-valued functions that is denoted by ([0, 00), [0, 00]). We denote by Z = (Zt)ic[o,)
the canonical process on D([0, 00), [0, 00]). As ¢t — oo, a CSBP either converges to co or to 0. More
precisely,

Vz € (0,00), e 7= Px(tliglo Z¢=0)=1- Px(tliglo Zy = 00) . (10)

If U/(04) > 0 (resp. ¥'(0+) = 0), then v = 0 and the CSBP gets extinct: ¥ is said to be sub-critical
(resp. critical). If ¥'(0+) <0, then v >0 and the CSBP has a positive probability to tend to co: W is said
to be super-critical.

Let us briefly discuss absorption: let (y and (-, be the times of absorption in resp. 0 and co. Namely:

Cozinf{t>0 22y or Zy— :0}, Coozinf{t>0 tZiorZy_ = oo} and (=(y A (sos (11)

with the usual convention: inf () = oco. We call ¢ the time of absorption. The integral equation (9) easily
implies the following:

d
(Conservative W) Vo €]0,00), Pyl <0)=0 <= / T . (12)
o+ (W(r))-
Here (- )_ stands for the negative part function. If ¥ is non-conservative, namely if

(Non-conservative W) /0+ ﬁ < o0, (13)

then, ¥/(0+)=—oo and for any ¢, z € (0, 00), Py ({0 >t) =exp(—xk(t)), where r(t) :=limy_,o4 u(t, \)
satisfies Om(t) dr/(¥(r))— =t. Note that s : (0,00) — (0, ) is one-to-one and increasing. Thus, PP,-
a.s. limy_ o0 Z; = 00 iff (o < 00 and in this case, limy_,¢__ Z; = co. Namely, the process reaches oo
continuously.

The integral equation (9) also implies the following:

o
d
(Persistent U) Ve € [0,00), Pu((p<o0)=0 <= / \I](T) = . (14)
r
If U allows extinction in finite time, namely if
. > dr
(Non-persistent ) < 00, (15)
W (r)

it necessarily implies that W satisfies (4), namely that W is of infinite variation type. In this case, for any
t,x € (0,00), Py (Cop <t)=exp(—axv(t)) where v(t) :=limy_, oo u(t, \) satisfies f;(i)dr/\lf(r) =t. Note
that v : (0, 00) — (7, 00) is one-to-one and decreasing. Thus, P,-a.s. lim;_, o Z; =0 iff {y < oc.

The previous arguments allow to define u for negative times. Namely, for all ¢ € (0,00), set
k(t) = limy o4 u(t, A) and v(t) = limy_ o, u(t,\). As already mentioned, () is positive if ¥ is
non-conservative and null otherwise and v(t) is finite if W is non-persistent and infinite otherwise.
Then, observe that u(t, -) : (0,00) — (k(t),v(t)) is increasing and one-to-one. We denote by
u(—t, -) : (k(t),v(t)) — (0, 00) the reciprocal function. It is plain that (9) extends to negative times.
Then, observe that dyu(—t, \) = W(u(—t, \)) and that (8) extends to negative times as soon as it makes
sense.

Let us give here the precise definition of the Eve property. To that end, we fix z € (0, c0) and denote
by %(]0, z]) the Borel subsets of [0, z]. We also denote by . ([0, x]) the set of positive Borel-measures



on [0,z] and by .#1([0,z]) the set of Borel probability measures. Let us think of m; € .#1([0, z]),
t € [0,00), as the frequency distributions of a continuous population whose set of ancestors is [0, z]
and that evolves through time t. Namely for any Borel set B C [0, z], m(B) is the frequency of the
individuals at time ¢ whose ancestors belong to B. The relevant convergence mode is the fotal variation
norm:

VM,VG%l([O’x])’ H:u - V”var = Sup{ |M(A)_V(A)| ) A€ %’([O,SC]) } :

Here, it is natural to assume that ¢ — m; is cadlag in total variation norm. The Eve property can be
defined as follows.

Definition 1.1 We denote by ¢ the Lebesgue measure on R (or its restriction to [0, z] according to the
context). Let t € (0, 00) — my € .4 (]0, z]) be cadlag with respect to ||-||var and assume that there exists
Moo € #1([0, z]) such that limy_, o ||m¢ — Moo ||var = 0, Where

Moo = al + me({y})éy . (16)

yes

Here, a is called the dust, S is a countable subset of [0, x| that is the set of settlers and for any y € S,
meo({y}) is the asymprotic frequency of the settler y.

If @ = 0, then we say that the population m := (mt)tE(O,oo) has no dust (although m; may have a
diffuse part at any finite time ¢). If @ =0 and if .S reduces to a single point e, then mq, = d. and the
population mm is said to have an Eve that is e. Furthermore, if there exists o € (0, 00) such that m; = Je,
for any ¢ > t(, then we say that the population has an Eve in finite time. O

The following theorem asserts the existence of a regular version of the frequency distributions asso-
ciated with a CSBP.

Theorem 1 Let z € (0,00). Let ¥ be a branching mechanism of the form (3). We assume that V is
not linear. Then, there exists a probability space (2, %, P) on which the two following processes are

defined.
(a) Z = (Zt)telo,00) is a cadlag CSBP (¥, x).

(b) M = (My)sejo,00) is @ A1([0, z])-valued process that is ||-||var-cadlag on (0, o) such that

VB € #([0,z]), P-as. lim My(B) =z "4(B).
t—0-+

The processes Z and M satisfy the following property: for any Borel partition By, . .., By, of [0, x] there
exist n independent cadlag CSBP(W), ZW ... Z"M), with initial values {(B1), ..., {(By,), such that

Vke{l,...,n}, Vte[0,0), M(By) =2"/z, (17)

where C stands for the time of absorption of Z.

We call M the frequency distribution process of a CSBP(V, z). If U is of finite variation type, then
M is ||-||var-right continous at time 0, which is not the case if ¥ is of infinite variation type as explained
in Section 2.3. The strong regularity of M requires specific arguments: in the infinite variation cases, we
need a decomposition of CSBP into Poisson clusters, which is the purpose of Theorem 3 in Section 2.2.
(see this section for more details and comments).

The main result of the paper concerns the asymptotic behaviour of M on the following three events.



e A := {( < oo} that is the event of absorption. Note that P(A) > 0 iff W either satisfies (13) or
(15), namely iff W is either non-conservative or non-persistent.

e B:={(=o00; limy_,o, Z; =00} that is the event of explosion in infinite time. Note that P(B) >0
iff W satisfies (12) and ¥’(0+) € [—00, 0), namely iff W is conservative and super-critical.

o C:={(=00; limy_,~ Z; =0} that is the event of extinction in infinite time. Note that P(C) >0
iff U satisfies (14) and vy < co.

Theorem 2 We assume that ¥V is a non-linear branching mechanism. Let x € (0,00) and let M and Z
be as in Theorem 1. Then, P-a.s. imy_, o || My — Mo ||var =0, where My, is of the form (16). Moreover,
the following holds true P-almost surely.

(i) On the event A = {( <oco}, M has an Eve in finite time.
(ii) On the event B = {(=00; limy_,o, Z; =00}

(ii-a) If V' (0+)=—o0, then M has an Eve;

(ii-b) If W'(04) € (—00,0) and v < oo, there is no dust and M has finitely many settlers whose
number, under P (- |B), is distributed as a Poisson r.v. with mean x~y conditionned to be non
zero;

(ii-c) If W' (0+) € (—00,0) and v = oo, there is no dust and M has infinitely many settlers that
form a dense subset of |0, x].

(iii) On the event C' = {( =00} limy_, o Z; =0}

(iii-a) If VU is of infinite variation type, then M has an Eve;
(iii-b) If U is of finite variation type, then the following holds true:

(iii-b-1) If w((0,1)) < oo, then there is dust and M has finitely many settlers whose number,
under P(-|C), is distributed as a Poisson r.v. with mean 3 f(o 00) e w(dr);

(iii-b-2) If w((0,1)) = oo and f(071) m(dr)rlogl/r < oo, then there is dust and there are in-
finitely many settlers that form a dense subset of [0, x|;

(iii-b-3) Iff(o,l) m(dr)rlog1/r = oo, then there is no dust and there are infinitely many settlers
that form a dense subset of [0, x|.

First observe that the theorem covers all the possible cases, except the deterministic ones that are trivial.
On the absorption event A={( < oo}, the result is easy to explain: the descendent population of a single
ancestor either explodes strictly before the others, or gets extinct strictly after the others, and there is an
Eve in finite time.

The cases where there is no Eve — namely, Theorem 2 (ii-b), (ii-c) and (iii-b) — are simple to explain:
the size of the descendent populations of the ancestors grow or decrease in the same (deterministic) scale
and the limiting measure is that of a normalised subordinator as specified in Proposition 3.1, Lemma 3.2,
Proposition 3.3, Lemma 3.4, and also in the proof Section 3.2. Let us mention that in Theorem 2 (iii-b1)
and (iii-b2), the dust of M., comes only from the dust of the My, ¢t € (0,00): it is not due to limiting
aggregations of atoms of the measures M; as t — oo.

Theorem 2 (ii-a) and (iii-a) are the main motivation of the paper: in these cases, the descendent
populations of the ancestors grow or decrease in distinct scales and one dominates the others, which
implies the Eve property in infinite time. This is the case of the Neveu branching mechanism W(\) =



Alog A, that is related to the Bolthausen-Sznitman coalescent: see Bolthausen and Sznitman [8], and
Bertoin and Le Gall [4].

Let us first make some comments in connection with the Galton-Watson processes. The asymp-
totic behaviours displayed in Theorem 2 (ii) find their counterparts at the discrete level: the results
of Seneta [30, 31] and Heyde [17] implicitly entail that the Eve property is verified by a supercritical
Galton-Watson process on the event of explosion iff the mean is infinite. However neither the extinction
nor the dust find relevant counterparts at the discrete level so that Theorem 2 (i) and (iii) are specific to
the continuous setting.

CSBP present many similarities with generalised Fleming-Viot processes, see for instance the mono-
graph of Etheridge [13]: however for this class of measure-valued processes Bertoin and Le Gall [5]
proved that the population has an Eve without assumption on the parameter of the model (the measure A
which is the counterpart of the branching mechanism W). We also mention that when the CSBP has an
Eve, one can define a recursive sequence of Eves on which the residual populations concentrate, see [22].
Observe that this property is no longer true for generalised Fleming-Viot processes, see [21].

The paper is organized as follows. In Section 2.1, we gather several basic properties and estimates on
CSBP that are needed for the construction of the cluster measure done in Section 2.2. These preliminary
results are also used to provide a regular version of M which is the purpose of Section 2.3. Section 3 is
devoted to the proof of Theorem 2: in Section 3.1 we state specific results on Grey martingales associated
with CSBP in the cases where Grey martingales evolve in comparable deterministic scales: these results
entail Theorem 2 (ii-b), (ii-c) and (iii-b), as explained in Section 3.2. Section 3.3 is devoted to the proof
of Theorem 2 (ii-a) and (iii-a): these cases are more difficult to handle and the proof is divided into
several steps; in particular it relies on Lemma 3.9, whose proof is postponed to Section 3.3.4.

2 Construction of M.

2.1 Preliminary estimates on CSBP.

Recall that we assume that W is not linear: namely, either 3 > 0 or 7 # 0. The branching property (1)
entails that for any ¢ € (0,00), u(t, -) is the Laplace exponent of a subordinator. Namely, it is of the
following form:

u(t,A) = k(t) + d(t)A + /(0 ;/t(dr)(l — e_)‘r) , A€ 0,00), (18)

where k(t) = limy_,o4 u(t, A), d(t) € [0,00) and f(O,oo)(l A1) v(dr) < oo. Since ¥ is not linear, we
easily get v, #0. As already mentioned in the introduction if W is conservative, x(t) =0 for any ¢ and if
U is non-conservative, then « : (0,00) — (0,y) is increasing and one-to-one. To avoid to distinguish
these cases, we extend v on (0, 00| by setting v4({oo}) := (). Thus, (18) can be rewritten as follows:
u(t, \)=d(t)\ + f(o,oo} ve(dr) (1 — e~™), with the usual convention exp(—oc)=0. Recall from (6) the
definition of D.

Lemma 2.1 Lett € (0,00). Then d(t) >0 iff W is of finite variation type. In this case, d(t)=e P where
D is defined in (6).

Proof First note that d(t) =lim)_ oo A~ !u(t, \). An elementary computation implies that

u(t),\)\) = exp </Ot(93 logu(s,)\)ds) = exp(—/(j%ds) . (19)

6



If U satisfies (15), then recall that lim)_, o, u(t, A) < co. Thus, in this case, d(¢) = 0. Next assume that
U satisfies (14). Then, limy_,~, u(t, A) = co. Note that U(\)/\ increases to oo in the infinite variation
cases and that it increases to the finite quantity D in the finite variation cases, which implies the desired
result by monotone convergence in the last member of (19). |

Recall that for any x € [0, 0o], P, stands for the law on D([0, 00), [0, o0]) of a CSBP(V, ) and recall
that Z stands for the canonical process. It is easy to deduce from (1) the following monotone property:

Vte[0,00), Vy€[0,00), Vz,2’ €]0,00] such that z < ', P, (Zt > y) < Py (Zt > y). (20)
Lemma 2.2 Assume that V is not linear. Then, for all t,x,y € (0,00), P, (Zt > y) > 0.

Proof Let (Sz),c[0,00) be a subordinator with Laplace exponent u(t, - ) that is defined on an auxiliary
probability space (€2,.7,P). Thus S, under P has the same law as Z; under P,. Since v; # 0, there
is 79 € (0, 00) such that v4((rg,00)) > 0. Consequently, N := #{z € [0,z] : AS, > r¢} is a Poisson
r.v. with non-zero mean zvy((rg, 00)). Then, for any n such that nro >y we get P,(Z; >y) =P(S, >
y)>P(N > n)>0, which completes the proof. [

The following lemmas are used in Section 2.2 for the construction of the cluster measure.

Lemma 2.3 Assume that V is of infinite variation type. Then, for any t, s € (0, ),

Viys(dr) = /(OVS(]dx) P, (2, € dr; 2, > 0) . (21)
Proof Let v be the measure on the right side of (21). Then, for all A € (0, c0), (2) and (8) imply that
/(Ou(?lr)(l—e_)‘r) _ /(Oysgdx) (1—e ™ 0N) = u(s, u(t,\) = u(s+t,\) = /(oytJ]FS(dr)(l_e_)\r)'

By letting A\ go to 0, this implies that v({co}) = v445({c0}). By differentiating in A\, we also get
f(O,oo) v(dr)re ™ = f(O,oo) Viys(dr)re 7. Since Laplace transform of finite measures is injective,
this entails that v and v ¢ coincide on (0, c0) which completes the proof. [ |

Lemma 2.4 Assume that V is of infinite variation type. Then, for all € € (0,1) and all s,t € (0,00) such
that s <t,

/(O vs(da) Py (Zi—s > &) = v¢((e, 00]) € (0,00). (22)

700]

Proof The equality follows from (21). Next observe that v4((g,00]) < L [ (0.00) (LA T) v (dr) < oo
Since v does not vanish on (0, c0), Lemma 2.2 entails that the first member is strictly positive. |

We shall need the following simple result in the construction of M in Section 2.3.
Lemma 2.5 Forall a,y€ (0,00), lim, 04 P(Z, >y) =0 and lim, o+ Pr(supbe[oﬂ} Zy>y)=0.

Proof First note that P,.(Z, > 1) < (1—e ) 'E,[1—e %/¥] = (1—e 1)1 (1 — e "¥®1/¥)) 5 (0 as
r — 0, which implies the first limit. Let us prove the second limit: if v = oo, then Z is non-decreasing
and the second limit is derived from the first one. We next assume that v < co, and we claim that there
exist 6, C' € (0, 1) that only depend on a and y such that

Vz €[y, 00), Vb€ [0,a], py(2[0,0y]) <C. (23)



Let us prove (23). We specify 6 € (0, 1) further. By (20), py(z, [0,0y]) < pp(y, [0,0y]) =P ( p < 0y).
By an elementary inequality, for all A € (0,00), Py (Zy < 0y) < exp(yON)Eylexp(—AZp)] = exp(yO\ —
yu(b, X)). We take A=~+1. Thus, u(-, v+1) is decreasing and pj(z, [0, 6y]) <exp(y9( 1)~y (a, 1)).

We choose § = U(?«/ﬂfﬁ) Then, (23) holds true with C' =exp(—yf(y + 1)).

We next set T'=inf{t € [0, 00) : Z; >y}, with the convention inf = oco. Thus {supc( 4 2o >y} =
{T'<a}. Let 6 and C as in (23). First note that P,.(T'<a) <P,(Z, > 0y)+P,(T <a;Z, <6y). Then, by
the strong Markov property at 7" and (23), we get

]PT‘(TS a; Zg < Hy) = Er[l{Tga} PafT(ZT, [0, Hy])] < CPT(T < a) .
Thus, P, (supyejo q Zo>y) < (1-C)~ 'P,(2,>60y) — 0as r — 0, which completes the proof. [
We next state a more precise inequality that is used in the construction of the cluster measure of CSBP.

Lemma 2.6 We assume that V is not linear. Then, for any €,n € (0, 1) and for any ty € (0,00), there
exists a € (0,to/4) such that

Vo el0,n], Vbe[0,a], Vee[+to, to], P$<sup Zy > 2n; Ze > 5) < QIP’JC(Zb >n; Ze > 8). (24)

t€[0,b]

Proof Since V is not linear, v; # 0. If v =00, the corresponding CSBP has increasing sample paths and
the lemma obviously holds true. So we assume that v < oco. We first claim the following.

Y,y to, t1 €(0,00) with t; < to, inf P,(z; >y) > 0. (25)

te(ty,tgl

Let us prove (25). Suppose that there is a sequence s,, € [t1,to] such that lim,,_, P,(Zs, > y) = 0.
Without loss of generality, we can assume that lim,,_,~, s, =t. Since u(-,\) is continuous, Zs, — Z;
in law under P, and the Portmanteau Theorem implies that P,.(Z; > y) < liminf,, o Py(Zs, >y) = 0,
which contradicts Lemma 2.2 since ¢ > 0.

We next claim the following: for any 7, § € (0, 1), there exists a € (0, co) such that
Vx €[2n,00), Vs€(0,al, P, (2, <n) <é. (26)

Let us prove (26). We fix z € [2n,00). Let a € (0,00) that is specified later. For any s € [0, a], the
Markov inequality entails for any A € (0, 00)

P,(Z < 1) < ME, [ef,\zs] — Mru(s\) < o= M2n0-u(s ) @7)
We now take A >~. Then, u( -, \) is decreasing and we get
—An 4 2n(A—u(s,\)) < —An+ QU/OS\II(u(b, A)db < =An+2na¥(N). (28)
Thenset A = v+ 1—n~'logé and a = (v + 1)/(2¥())), which entails (26) by (28) and (27).
We now complete the proof of the lemma. We first fix €, 7€ (0, 1) and ¢y € (0, c0) and then we set

5 1 infte[%toﬂfo] Pay (Zt > E)
2 Supte[ito,to]ﬂbn (Zt > 6)




By (25), 6 > 0. Let a € (0, o) be such that (26) holds true. We then fix = € [0,7], b € [0,a] and
c€ [%to, to] and we introduce the stopping time 7' = inf{t €[0, 00) : Z; > 2n}. Then,

A= ]P’x<sup Zy >2n; Ze > 5) :]P’x(TS b; ZC>€) §P$(Zb> n; ZC>€) + B, (29)

s€[0,b]

where B := P, (T <b;Zy <n;Ze> e) is bounded as follows: by the Markov property at time b and
by (20), we first get

B < Ex[Lir<p;z,<n) P2, (Ze—p > €)] < Py(Ze—p>€) Ex[lirch,z,<m]-
Recall that p;(z, dy) =P, (Z; € dy) stands for the transition kernels of Z. The strong Markov property at
time 7" then entails
Eo[Lir<p:z,<n] = Ee[Lir<y) po-r(2r, [0,m])].
Next observe that Py-a.s. b—T < a and Z7 > 27, which implies p,_7(Z7, [0,7]) < & by (26). Thus,

B < (5]P’n(chb>€) Ew [1{T§b}:| .

Since ¢ —b € [4to, to], we get G Py (Ze—p > €) < §infye(yy 1) Poy(2e > €), by definition of &. Next,
observe that
P, -a.s. on {T < b}, t [ilnf ]PQn (Zt>€) < pc_T(2n, (e, oo]) < pC_T(ZT, (e, oo]),
€lftoto
where we use (20) in the last inequality. Thus, by the strong Markov property at time 7" and the previous
inequalities, we finally get

B < 3B [Liray pe-r(2r, (5,00]) ] = 3P (T < b; Ze>e) = 54,
which implies the desired result by (29). |

We end the section by a coupling of finite variation CSBP. To that end, let us briefly recall that CSBP
are time-changed Lévy processes via Lamperti transform: let X = (Xt)te[o,oo) be a cadlag Lévy process
without negative jump that is defined on the probability space (€2, F,P). We assume that Xg =z €
(0,00) and that E[exp(—AX;)]=exp(—zA + t¥(A)). We then set

s d
7 =inf {t€[0,00) : X; =0}, Lt:T/\inf{se[O,T):/fr>t} and Z, = X1,, (30)
0 T

with the conventions inf () = co and X, = 0o. Then, (Z;);c(0,0) is @ CSBP(¥, z). See [9] for more
details. Recall from (6) the definition of D.

Lemma 2.7 Assume that VU is of finite variation type and that D is strictly positive. Let (Zt)te[o,oo) be a
CSBP(V, x) defined on a probability space (0, F,P). For any A € [0,00), set U*(\) := ¥(A) — DA
Then, there exists (Z} );c(0,00), @ CSBP(V*, x) on (2, F, P) such that
P-as. Vte[0,00), sup Z; <Z.
s€[0,t]
Proof Without loss of generality, we assume that there exists a Lévy process X defined on (2, F, P)
such that Z is derived from X by the Lamperti time-change (30). We then set X;" = X;+ Dt thatis a
subordinator with Laplace exponent —W* and with initial value z. Since D is positive, we have X; < X[
for all ¢ € [0,00). Observe that 7" = co. Let L* and Z* be derived from X* as L and Z are derived

from X in (30). Then, Z* is a CSBP(¥*, x) and observe that L} > L;. Since X* is non-decreasing,
zZf :Xz; > th > X1, = Z;, which easily implies the desired result since Z* is non-decreasing. [ |



2.2 The cluster measure of CSBP with infinite variation.

Recall that D([0, 00), [0, 00]) stands for the space of [0, co]-valued cadlag functions. Recall that Z stands
for the canonical process. For any ¢ € [0, c0), we denote by .%; the canonical filtration. Recall from (11)
the definition of the times of absorption (p, (» and (. Also recall from the beginning of Section 2.1 the
definition of the measure v; on (0, 0o].

Theorem 3 Let U be of infinite variation type. Then, there exists a unique o-finite measure Ny on
D(]0, 00), [0, 00]) that satisfies the following properties.

(a) Ny-a.e. Zo =0and ¢ > 0.
(b) v (dr) =Nyg (Ztedr; Zy > 0),f0r any t € (0,00).

(¢) Ny [F(Z./\t) G(Ziy.); 2 > 0] = Ny [F(Z./\t) Ez, [G]; Z¢ > O],for any nonnegative function-
als F,G and for any t € (0,00).

The measure Ny is called the cluster measure of CSBP(W).

Comment 2.1 The existence of Ny - sometimes called Kuznetsov measure, see [19] - is not really new:
for sub-critical ¥, Ny can be derived from the excursion measure of the height process of the Lévy trees
and the corresponding super-processes as introduced in [11]. See also Dynkin and Kuznetsov [12] for a
different approach on super-processes. We also point out articles of Li [27, 28, 29] on the construction
of this measure when ¥/(0+) # —oo. Here, we provide a brief and self-contained proof of the existence
of the cluster measure for CSBP that works in all cases. U

Proof The only technical point to clear is (a): namely, the right-continuity at time 0. For any s, ¢ € (0, 00)
such that s <t and for any € € (0, 1), we define a measure Q7 . on ([0, 00), [0, 00]) by setting

1
Qi F]= m/(o VT(dw) Ey[F(Z(. ), )3 Ze-s>€], (1)

for any functional F'. By Lemma 2.4, (31) makes sense and it defines a probability measure on the space
D(]0, 00), [0, o0]). The Markov property for CSBP and Lemma 2.4 easily imply that for any s <so <t,

Qi [F(Zopr )] = m /( ) ;To<dw) Eo[F(2); Ze—so>€ ], (32)

We first prove that for ¢ and € fixed, the laws Qf . are tight as s — 0. By (32), it is clear that we only need
to control the paths in a neighbourhood of time 0. By a standard criterion for Skorohod topology (see for
instance Theorem 16.8 [6] p. 175), the laws Q); . are tight as s — 0 if the following claim holds true: for
any 1,0 € (0, 1), there exists a1 € (0, ) such that

Vse (0, a1l, Qt( sup Z > 2n) <5, 33)

[0,a1]

To prove (33), we first prove that for any 7, d € (0, 1), there exists ag € (0,t) such that

¥s,be (0,aq) such that s < b, Qi (z,>n) < 30 (34)
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Proof of (34). Recall that 1j; o (y) < C(1—e™¥), for any y € [0,00], where C' = (1—e~!)~!. Fix
1,0€(0,1) and s,b€ (0, t) such that s <b. Then, (32), with b= s, implies that

1 C 1
Q. (Zy>n) < CQ;.(1- e %) = 7/ vp(dz) (1 —e ") Pyp(Zy_p>e)
fellozm) < CQLA-) = o Jos @ e )
C? / 1
< vp(dz) (1 —e ), [1 — e %0
o)) Jo 4 e T B }
02 / _1 1
< — vp(dz) (1 — e ") (1 — e t=02)) = f(b).
neadl) Jo @ e )
By developping the product in the integral of the last right member of the inequality, we get
C? 1 1 1 1
f) = m(u(b, 5)Fult, 2) — u(b, S tu(t=b, g))) — 0,
We then define ag such that supye (g q0] f(0) < %5, which implies (34). O

Proof of (33). We fixn,d€(0,1). Let a€ (0, £¢) such that (24) in Lemma 2.6 holds true with to=t. Let
ag as in (34). We next set a; =a/Aag. We fix s € (0, a1] and we then get the following inequalities:

Qie( sup Z > 2n> < Qi(Zs>n) + Qfﬁ( sup Z > 2n; Zs < n,)
[0,a1] [0,a1]
1
0+ 7/ us(dx)PJC( sup Z > 2n; Zt_8>€>
( [

<
Vt((e’ OO]) 0,7n] 0,a1—s]

Wl =

1 2
< —5—{—7/113 d2)Py(Za,—s > 1 Zi_s>¢
37 (e, 00]) (o,n}( )P= (2 ' )

1
< §5+2Q§,e(za1 >77) <o

Here we use (34) in the second line, (24) in the third line and (34) in the fourth one. ]

We have proved that for ¢, fixed, the laws @} . are tight as s — 0. Let @ stand for a possible
limiting law. By a simple argument, ); . has no fixed jump at time sy and basic continuity results entail
that (32) holds true with () - instead of ()} ., which fixes the finite-dimensional marginal laws of Q.
on (0,00). Next observe that for 1,4 € (0,1) and a1 € (0, £¢) as in (33), the set {sup(g 4,)Z> 27} is an
open set of D([0, 00), [0, oc]). Then, by (33) and the Portmanteau Theorem, Q¢ - (sup( q,)Z > 21) < 4.
This easily implies that Qs .-a.s. Zg = 0, which completely fixes the finite-dimensional marginal laws of
Q- on [0, 00). This proves that there is only one limiting distribution and Qi — Qreinlawas s — 0.

We next set Ny . = 14((g,00]) Qre. We easily get Ny o — Ny oo = Ny (-5 Z; € (g,€']), for any
0<e<e <1.Fixegp € (0,1), p € N, that decreases to 0. We define a measure N; by setting

Ne=Nigy+ > Nicpo (5 Ze€(Epaigp)) = Nigg + O Negpy —Nie,
p=>0 p=>0

By the first equality, N; is a well-defined o-finite measure; the second equality shows that the definition
of N; does not depend on the sequence (¢,)peN, Which implies Ny (- ; Z; > €) = 14((e, 00]) Qyc, for
any € € (0,1). Consequently, we get N, — Ny = Ny(-; Zy = 0), for any ¢’ > ¢ > 0. Fix t, € (0,1),
q € N, that decreases to 0. We define Ny by setting

Ny =Nig + > Negor (- 526, =0) = Neg + Y Ny, =N,

q=0 q=0

11



The first equality shows that Ny is a well-defined measure and the second one that its definition does not
depend on the sequence (%,),en, Which implies

Vee(0,1), Vt € (0,00), Nu(-;2>¢e)=u((e,0]) Qe - (35)

This easily entails that for any nonnegative functional F’

vVt € (0,00), Ny [F(Zt+.); Zt>0] :/ v(de)E,[F . (36)
(0,00

Recall that  is the time of absorption in {0, 00}. Since Ny, ., (¢ =0) =0, we get Ng(¢ =0) =0 and
thus, N ({0}) =0, where 0 stands for the null function. Set A, ; = {Z;, >¢,}. Then, Ny (A, ) <oo by
(35). Since ([0, 00), [0, 00]) ={0} U, ;51 Ap,g» Nw is sigma-finite. Properties (b) and (c) are easily
derived from (36), (35) and standard limit-procedures: the details are left to the reader. [ |

2.3 Proof of Theorem 1.
2.3.1 Poisson decomposition of CSBP.

From now on, we fix ({2,.%, P), a probability space on which are defined all the random variables that
we mention, unless the contrary is explicitly specified. We also fix x € (0, c0) and we recall that ¢ stands
for the Lebesgue measure on R or on [0, z], according to the context.

We first briefly recall Palm formula for Poisson point measures: let £ be a Polish space equipped
with its Borel sigma-field &. Let A, € &, n € N, be a partition of £. We denote by ///ME) the set of
point measures m on £ such that m(A,) < oo for any n € N; we equip .#},(£) with the sigma-field
generated by the applications m — m(A), where A ranges in £. Let N'=3",_; d., be a Poisson point
measure on ' whose intensity measure u satisfies p(A,) < oo for every n € N. We shall refer to the
following as the Palm formula: for any measurable F' : E'x #(E) — [0, 00),

E[ZF(zi,N—cSZi)] - /E,u(dz)E[F(z,N)] . (37)

el

If one applies twice this formula, then we get for any measurable F' : £ x E' X 4y (E) — [0, 00),

E[;e:IF(zi,zj,N—ézi—ézj)] = /E,u(dz) /Eu(dz')E[F(z,z',./\/)] ) (38)
i#]

We next introduce the Poisson point measures that are used to define the population associated with a
CSBP.

Infinite variation cases. We assume that U is of infinite variation type. Let
P = 8,20 (39)
el

be a Poisson point measure on [0, z]xID([0, 00), [0, oo]), with intensity 1/ ,)(y)¢(dy)Ny (dZ), where Ny
is the cluster measure associated with U as specified in Theorem 3. Then, for any ¢ € (0, 00), we define
the following random point measures on [0, x|:

Zy=> Zj0, and Zy_ =) Z 6, . (40)

i€l icl
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We also set Zy = £(- N[0, z]). O

Finite variation cases. We assume that W is of finite variation type and not linear. Recall from (6) the
definition of D. Let

2= Z O 17.23) S

jed
be a Poisson point measure on [0, z] x [0, 00) x D(]0, 00), [0, o0]), whose intensity measure is

140, (4)0(dy) e~ P dt) /( TP,

where P, is the canonical law of a CSBP(V, ) and 7 is the Lévy measure of W. Then, for any ¢ € (0, 00),
we define the following random measures on [0, z|:

the_Dtg( N[0, x])—kz 1{tj§t}zg—tj 5xjv 2 :e_Dte( -nJo, x])"i_z 1{tj§t}zgt—tj)75xj' (42)
jedJ jeJ
We also set Zy = £(- N[0, z]). O

In both cases, for any ¢ € [0,00) and any B € #([0,z]), Z,(B) and Z;_(B) are [0, co]-valued
#-measurable random variables. The finite dimensional marginals of (Z;(B));c(0,o) are those of a
CSBP(¥, ¢(B)): in the infinite variation cases, it is a simple consequence of Theorem 3 (c); in the finite
variation cases, it comes from direct computations: we leave the details to the reader. Moreover, if
By, ..., By are disjoint Borel subsets of [0, z], note that the processes (Z;(Bk))ic[0,00)> 1 <k <n are
independent. To simplify notation, we also set

vt e [07 OO), Zt = Zt([ovm]) ’ (43)

that has the finite dimensional marginals of a CSBP(W, x).

2.3.2 Regularity of Z.

Since we deal with possibly infinite measures, we introduce the following specific notions. We fix a
metric d on [0, oo] that generates its topology. For any positive Borel measures p and v on [0, x|, we
define their variation distance by setting

dyar(p,v) = sup d(u(B),v(B)) . (44)

Be#([0,x])

The following proposition deals with the regularity of Z on (0, c0), which is sufficient for our purpose.
The regularity at time 0 is briefly discussed later.

Proposition 2.8 Let Z be as in (40) or (42). Then,

P-a.s. Vt € (0,00), hl_i)rngdvar(ZHh,Zt) =0 and hl_i)r(r)1+ dvar (Zi—n, Z4=) = 0. (45)

Proof We first prove the infinite variation cases. We proceed by approximation. Let us fix so € (0, 00).
For any ¢ € (0, 1), we set

Vt € (0,00), 2= Z 1{Z§0>5} Zi Oy
i€l
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Note that #{i € I : ZL >e} is a Poisson r.v. with mean xNy (Zy, > €) = avs,((e, 00]) < 0o. Therefore,
Z°¢ is a finite sum of weighted Dirac masses whose weights are cadlag [0, oo]-valued processes. Then,
by an easy argument, P-a.s. Z° is dy,,-cadlag on (0, 00).

For any v € [0, o0], then set ¢(v) =sup{d(y, z); y < z < y+v}, which is well-defined, bounded,
non-decreasing and such that lim,_,o@(v) = 0. For any ¢ > & > 0, observe that Zf' = Z; +
>ier Lz e(er ]y %t Ou,- Then, we fix T' € (0,00), we set ¥, := 37,0/ Lizi c(er o]y 254 and we
get

sup  dar (25, Z5) < p(Vire)  where  Vio = sup Y7°.
t€lsg,50+7] te[0,7]
Note that Y€ is a cadlag CSBP(¥). The exponential formula for Poisson point measures and Theorem
3 (b) imply for any A € (0, c0),

—%logE[exp (—)\Yode)] = / Vs (dr) (1 — e*)‘r) < )\/VSO(dT)T —0.
(

(¢ 0,e] e=0

For any 7 € (0,00), it easily implies lim. o sup./¢ (g P(Yod8 > n) = 0. Next, note that r —
Py (supyepo,r) Z¢ > 1) is non-decreasing and recall that lim, o4 P (sup,ejo 71 Zt > 1) = 0, by Lemma
2.5. This limit, combined with the previous argument, entails that lim._,o sup./¢(o ¢ E[¢(Vzre)] = 0.

Therefore, we can find g, € (0, 1), pEN, that decreases to O such that > - o E[p(Vz,,, ¢,)] <00, and
there exists €2 € .7 such that P(Q) =1 and such that R, := >~ ¢(V,,1,) — 0asp— o0, on
Qp. We then work determininistically on §2y: by the previous arguments, for all Borel subsets B of [0, z],
for all t € (sg, so + T') and for all ¢ > p, we get d(Z;*(B), 2;"(B)) < R, and d(Z;*(B), Z,”(B)) <
R,, since d is a distance on [0,00]. Since ¢ > sy, the monotone convergence for sums entails that
limy 00 Z;*(B) = Z4(B) and lim,_,, Z;*(B) = 2Z;_(B). By the continuity of the distance d, for all
B, all t € (sg,00) and all p € N, we get d(Z;(B), 2,"(B)) < R, and d(Z,_(B), Z,”(B)) < R,. This
easily implies that Z is dy,,-cadlag on (sg, so + 7T') since the processes Z°7 are also dy,,-cadlag on the
same interval. This completes the proof in the infinite variation cases since sg can be taken arbitrarily
small and T arbitrarily large.

We next consider the finite variation cases: we fix so € (0,00) and for any € € (0, 1), we set

vt € (0,50, 2= Z 1{tj§t7z{)>e} Zi—tj Og;
jeJ

Since #{j € J : t; < so, Z > ¢} is a Poisson r.v. with mean z 7((e, o0]) ) Jo e Pldt < oo, Z°, as a
process indexed by [0, o], is a finite sum of weighted Dirac masses whose weights are cadlag [0, col-
valued processes on [0, sp]: by an easy argument, it is dy,,-cadlag on [0, sg]. Next observe that for any

e>e'>0,20 =ZF + 3¢ Ly <t e o Z{_, 0x;. Thus,

sup dvar (27, Z27) < @(Vzy.) where V. := Z 1{tj§so,z{;e(e'7e}} sup Z] .

t€[0,s0] jeJ t€[0,s0]

The exponential formula for Poisson point measures then implies for any A € (0, o),

—%logE[eXp )\VE c / —bt dt/ — e SUP(0,5] 2
(e 6]

We now use Lemma 2.7: if D € (0, 00), we set ¥*(\) = W(A) — DX and if D € (—o0, 0], we simply take
U* = W, Denote by u* the function derived from ¥* as u is derived from ¥ by (9). As a consequence
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of Lemma 2.7, we get E,.[1 — e SUP(O,50] 1 <1 —e " (0N Thus,
S0
—+logE[exp (~AVz)] < /0 e Pl at /( w(}dr) (1—ere(s0)
ele

< soeDsou*(so,)\)/w(dr)r — 0.

(0,{;‘] e—0

This easily entails lim. o sup./c(oo E[p(Vzc)] = 0. We then argue as in the infinite variation cases:
there exists a sequence ¢, € (0,1), p € N, that decreases to 0 and there exists y € .# with P(Qy) =1,
such that R, := > - ©(Ve,i1,e,) — 0as p— oo, on Q. We work determininistically on Qo: we set
Z} = Zi—e PY(- N[0, x]), that is the purely atomic part of Z;. Then, for all B, for all ¢ € [0, 5] and for
all peN, d(2;(B), 2,”(B)) < R, and d(Z;_(B), Z," (B)) < R,. This implies that P-a.s. Z* is dyy-
cadlag on [0, so], by the same arguments as in the infinite variation cases. Clearly, a similar result holds
true for Z on [0, sg], which completes the proof of Proposition 2.8, since sy can be chosen arbitrarily

large. |

Note that in the finite variation cases, Z is dy,-right continuous at 0. In the infinite variation cases,
this cannot be so: indeed, set B = [0, xz]\{z;; i € I'}, then Z;(B) =0 for any ¢ € (0, 00) but Zy(B) =
¢(B)=x. However, we have the following lemma.

Lemma 2.9 Assume that V is of infinite variation type. Let Z be defined on (2, %, P) by (40). Then

VB e A([0,z]), P-as. t£%1+ Z(B) = {(B).

This implies that P-a.s. Z; — Zy weakly as t — 0+.

Proof Since (Z¢(B));e[0,00) has the finite dimensional marginal laws of a CSBP(V, £(B)), it admits a
modification Y = (Y})4c[0,00) that is cadlag on [0, 0o). By Proposition 2.8, observe that Z. (B) is cadlag
on (0, 00). Therefore, P-a.s. Y and Z. (B) coincide on (0, o), which implies the lemma. |

2.3.3 Proof of Theorem 1 and of Theorem 2 (7).

Recall the notation Z, = Z,([0, z]). By Proposition 2.8, Z is cadlag on (0, c0) and by arguing as in
Lemma 2.9, without loss of generality, we can assume that Z is right continuous at time 0: it is therefore
a cadlag CSBP(W, ). Recall from (11) the definition of the absorption times (j, (o and ¢ of Z. We first
set

~ Z(B)

vVt € [0,¢), VB € A([0,z]), M(B) = 7 (46)
t

Observe that M has the desired regularity on [0, () by Proposition 2.8 and Lemma 2.9. Moreover M
satisfies property (17). It only remains to define M for the times ¢ > ( on the event {{ <oo}.

Let us first assume that P({y < co) > 0, which can only happen if U satisfies (15). Note that in this
case, W is of infinite variation type. Now recall & from (39) and Z from (40). Thus, (y = sup;¢; C(i],
where ¢} stands for the extinction time of Z’. Then, P({y <t) = exp(—2Ny({p >1t)). Thus, Ny ({o >
t) = v(t), that is the function defined right after (15) which satisfies f:(j) dr/¥(r) = t. Since v is C*,
the law (restricted to (0, 00)) of the extinction time (p under Ny is diffuse. This implies that P-a.s. on
{Co < 00} there exists a unique ig € I such that (; = Cé“. Then, we set & = sup{¢} ; i € I\{io}},
e = x;, and we get M; = d, for any ¢t € (£p, (o). Thus, on the event {(y < oo} and for any ¢ > (, we set
M, = 6o and M has the desired regularity on the event {(y < co}. An easy argument on Poisson point
measures entails that conditional on {(y < oo}, e is uniformly distributed on [0, z].
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Let us next assume that P ((,, < o0) > 0, which can only happen if ¥ satisfies (13). We first consider
the infinite variation cases: note that (., =inf;c; ¢, where (?_ stands for the explosion time of Z*. Then,
P((oo > 1) = exp(—aNy (oo <t)). Thus, Ny (e <t) = k(t) that is the function defined right after
(13) which satisfies foﬁ(t) dr/(¥(r))_ = t. Since k is O, the law (restricted to (0, c0)) of the explosion
time (o, under Ny is diffuse. This implies that P-a.s. on {(, < oo} there exists a unique i1 € I such
that (o = (’L. Then, on {(s < 0o}, we set e = x;, and M; = &, for any t > (... Then, we get
limy ¢ — || My — de||var = 0 and an easy argument on Poisson point measures entails that conditional on
{Co0o <00}, e is uniformly distributed on [0, z]. This completes the proof when W is of infinite variation
type. In the finite variation cases, we argue in the same way: namely, by simple computations, one shows
that for any ¢ € (0,00), #{j € J : t; < t,2]_, =00} is a Poisson r.v. with mean zx(t); it is therefore
finite and the times of explosion of the population have diffuse laws: this proves that the descendent
population of exactly one ancestor explodes strictly before the others, and it implies the desired result in
the finite variation cases: the details are left to the reader. |

Remark 2.1 Note that the above construction of M entails Theorem 2 (7). ]

3 Proof of Theorem 2.

3.1 Results on Grey martingales.

We briefly discuss the limiting laws of Grey martingales (see [14]) associated with CSBP that are in-
volved in describing the asymptotic frequencies of the settlers. Recall from (40) and (42) the definition
of Z;: for any y fixed, t — Z([0, y]) is a CSBP(¥, y) and for any ¢ fixed, y — Z;([0, y]) is a subordi-
nator. Let 6 € (0,00) and y € (0, x]. We assume that u(—t, 6) is well-defined for any ¢ € (0, 00): namely,
we assume that k() < 6 < v(t), for all ¢ € (0,00). Recall that (8) extends to negative times. There-
fore, t — exp(—u(—t,0)Z(]0,y])) is a [0, 1]-valued martingale that a.s. converges to a limit in [0, 1]
denoted by exp(—Wyg ), where Wyg is a [0, oo]-valued random variable. Since y+—— u(—t, ) Z;([0,y]) is
a subordinator, y—> Wj is a (possibly killed) subordinator. We denote by ¢y its Laplace exponent that
has therefore the general Lévy-Khintchine form:

VA€ [0’ OO)’ ¢9()‘) =Ko + d9>‘ +/ Q@(d?")(l - eiAT) )
(0,00)
where kg, dp € [0, 00) and | (0,00) (1Ar) pg(dr) < oco. Note that ¢p(1) = 6, by definition. We first consider
the behaviour of CSBP when they tend to oc.

Proposition 3.1 We assume that U is not linear and that V' (0+) € (—o0,0), which implies that U is
conservative and v € (0,00]. Let 6 € (0,7). Then, u(—t,0) is well-defined for all t € (0,00) and
limy 00 u(—t,0) = 0. For any 6’ € (0,~) and any y € (0, x], we then get P-a.s.

0 o ‘ , O dx
W, = Rge W, where Rgp = exp (\I’ (04) /W> ) 47)
W is a conservative subordinator without drift: namely kg = dy = 0. Moreover,
log A
VA€ (0,00), ¢a(A) = U(m, 9) and  09((0,00)) = . (48)

Thus, if v < oo, W9 is a compound Poisson process with jump-rate v and jump-law %Q@ whose Laplace

transform is \ — 1 — %u(_l%(é‘ﬂ, 0).
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Proof Let < (0,7)andte (0,00). Note that v(¢) > and since W is conservative, (t) =0. Thus, for all
t€(0,00), u(—t,0) is well-defined. Note that ¥ is negative on (0, ), then, by (9), lim;_,oc u(—%,6)=0
and limy_, u(t, #) =+, even if y = co. Next, observe that

75((__25,)) = exp </;d)\ Oy log(u(—t,)\))) = exp <//6\IISE(__;’)\))\)) \I/d(i\)) . 49)

This entails (47) since limy_,o W(A)/A = U'(0+). Thus, ¢p(1/Reg) = ¢gr(1) = ¢'. Then, take
0" = u(t,0): by (9), it implies that ¢y(e~Y (OH)?) = w(t,0), for any ¢ € R, which proves the formula for
g in (48). Next observe that kg = limy_, ¢g(A) = lim; ;oo u(—t,0) = 0. Namely, W is conservative.
Also note that limy_, oo ¢g(A) = limy_,oo u(t,0) = «y. Thus, if v < 0o, dg = 0 and the last part of the
proposition holds true.

We next assume that v = co. Then, —W is the Laplace exponent of a conservative subordinator and
we are in the finite variation cases. We set A(t) := log(e¥ OH)u(t,0)) and we observe that log dy =
limy o0 A(t), by taking A\ = =¥ (0F)% in (48). An easy comptutation using (8) entails

A(t) —logh = /0(\11’(0+)+85 10gu(sv9))d3:/0(\p/(0+)_m

_ t/J(\I/’(O%—)—% )ds .

Recall that lim)_,, U(\)/A = D. Then, for any s € (0, 1],

Jim qﬂ(o+)—% — V(04)-D = — /(0700) ra(dr) <0,

since 7 # 0. This implies that lim;,~, A(t) = —oc and thus dy = 0. [ |
We complete this result by the following lemma.

Lemma 3.2 We assume that W is not linear and that V' (0+) € (—o0, 0), which implies W is conservative
and ~ € (0, 00]. Let 0 € (0, 7). Then, u(—t,0) is well-defined for all t € (0, 00) and lim;_, o u(—t,0) = 0.
Moreover, there exists a cadlag subordinator W° whose initial value is 0 and whose Laplace exponent

is ¢g as defined by (48) such that

P-as. Yye[0,z], lim u(—t,0)2(]0,y]) = Wye and tlim u(—t,0)Z:({y}) = AWye,

—00

where AWj stands for the jump of W0 at y.

Proof We first assume that W is of finite variation type. Fix ¢,s9 € (0,00). Recall from (41) the
definition of 2 and observe that ZjeJ l{tj§5072%>6}6($j7tj7zj) = ZlgngN 5(Xn,Tn,Z<"))’ where N is
a Poisson r.v. with mean C' := xD (1 —e %07 ((¢,00)) and conditionally given N, the variables
X, T, Z™ 1 <n <N are independent: the X,, are uniformly distributed on [0, z], the law of T}, is
(1—6_D80)_1D€_Dt1[0750] (t)0(dt) and the processes Z(™) are distributed as CSBP(¥) whose entrance
law is 7((g,00)) "1z o) (r)m(dr). When D = 0, one should replace (1 — e~ ?*)D~! by ¢ in the last
two expressions. We next observe that u(—t, e)zt@Tn =u(—t—Tp),u(=Ty, 6))Zt(f)Tn — V, exists as
t — oo and by Proposition 3.1,

S0
E[e ] =_—1 /( m(dr)E[e”"u-1n0 V] =zC ! /0 dte_Dt/( ﬂ(c)ir)e_m"(—tﬁ)()‘) (50)
€ £,00

m(@oo) f Loy
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As e — 0 and syp — oo, this proves that there exists {9 € .# such that P(€) = 1 and on €, for any
J € J, limyoou(—t,0)Zi({x;}) = limy_oo u(—t,H)ZLtj =: Aj exists in [0,00). Then, on €, for
any y € [0, x|, we set ng =2 et Loy (zj)A; and we take W9 as the null process on Q\. Clearly,

W7 is a cadlag subordinator whose initial value is 0. We next prove that its Laplace exponent is ¢g. To
that end fix y € (0, z]; by (50)

Bl (3 1y o)) = Bl (3 5 st

jeJ 1<n<N

e eXp /dte Dt/ 1 — e_r(bu( t@)(A)))

Lete — O and sy — oo to get

——logE —)\W /dt e—Dt/ 1 _e —Thy(— te)()\))
0,00
- [a dte*Dt(D% ) = Wb (V) o1
Then, we set g(t) := e Plg,_ ). By (48) and (8), g(t) = e Ptu(—t,pg(N)). Thus, dig(t) =

£,0) (A
e PHW (g, 9)(N) = Doy(—1.0) ()\)) and to compute (51), we need to specify the limit of g as ¢ tends
to oo: since hmlHOO u(—t, pg(N)) =0,

W(u(~t,60(\))) , o
W—LaN) P oe YN D= /@,oo()d) <0

Oy logg(t) =

which easily implies that limy_,oc g(f) = 0 and by (51), we get E[exp(—AW[)] = exp(—ygg(N)).
Namely, the Laplace exponent of W is ¢j.

From Proposition 3.1, for any y € [0, z], we get P-a.s. limy o u(—t,0)24([0, y]) =: W, where the
random variable Wé has the same law as Wj . Next observe that

u(—t, Q)Zt([07 y]) = u(_t7 9)67Dty + Z 1{:vj§y}u(_ta Q)Zt({x]}) :
JjeJ

Recall from above that lim;_,o e~ ( t,0) = 0. Thus, by Fatou for sums, we get P-a.s. W’ >
>ics Yaj<pp By = Wyg , which implies W) = Wyg Then, there exists {21 € .# such that P(Q;) =1
and on 1, for any ¢€ QN [0, z, limy_ o0 u(—t,6)24([0,¢q]) = qu.

We next work deterministically on Q5 =g N €2;. First observe thatif y ¢ {x;;j€J}, Z,({y}) = 0.
Thus, by definition of W7, for any y € [0, 2], we get limy oo u(—t,0) Z,({y}) = AW/. Moreover, for
any y € [0,z) and any ¢ € Q N [0, z] such that ¢ > y, we get

W2 < liminfu(—t,0)2([0,y]) < limsupu(—t,8)Z([0,y]) < WY,
v t—o0 t—o00 1
the first equality being a consequence of Fatou. Since W is right continuous, by letting ¢ go to y in the
previous inequality we get limy;_,~ u(—t,0)2.(]0,y]) = Wye for any y € [0, z] on 22, which completes
the proof of the lemma when W is of finite variation type.

When WV is of infinite variation type the proof follows the same lines. Fix £,s9 € (0,00), recall
from (39) the definition of & and recall the Markov property in Theorem 3 (¢). Then observe that
Y icr Lz >e}0(a; 20 . ) =2_1<n<n O(x,,,z(m)> Where N is a Poisson random variable with mean C':=
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x Ng(Zs, > €) and, conditionally on N, the variables X,,, Z ("), 1 <n < N, are independent: X, is
uniformly distributed on [0, z] and the processes Z (") are CSBP(¥) whose entrance law is given by
Ny (Zs, € dr|Zs, > ). Then, note that u(—t Q)Z(") = u(—(t — so),u(—so,G))Z(f) — V}, exists

t—s t—s
as t — oo and by Proposition 3.1, E[exp(—AV,,)] = 10\1\1,(exp(—gbu(_smg)()\)ZSO)|ZSO >0€). By letting
e and s go to 0, this proves that there exists {2y € .% such that P(2y) = 1 and on Qg, for any i € I,
limy o0 u(—t,0)Z;({x;}) = limy_soo u(—t,0)Z% =: A; exists in [0, 00). Then, on g, for any y € [0, x],
we set W = 3. 1jo,,1(2:)A; and we take W as the null process on 2\Q. Clearly, W* is a cadlag
subordinator whose initial value is 0 and we prove that its Laplace exponent is ¢y as follows. First note

that
E{GXP(_)‘Zl{migy;zgox}Ai)} = E[exp(—)\ Z l{Xngy}Vn)]

iel 1<n<N
= oxp (= yNu (Lgyyoe) (1 = @00 WE0) ) ) (52)
By (48) and (8), we get N\p( 1 — e~ Pul=s0.0) )‘)ZSO) ¢g(\). Then, by letting £, sp — 0 in (52), we get

E[exp(—AW,)] = exp(—yep(A)). We next proceed exactly as in the finite variation cases to complete
the proof of the lemma. |

We next consider the behaviour of finite variation sub-critical CSBP.

Proposition 3.3 Let U be a branching mechanism of finite variation type such that W' (0+) € [0, c0).
Then, W is conservative and persistent, D € (0,00), and for all §,t € (0,00), u(—t,8) is well-defined
and limy_, o u(—t,0) =o0. For any 6,0' € (0,0), and any y € (0, x], we also get P-a.s.

WO = Spg W  where Spg = exp (D / Gﬂ) (53)
Y 010 Wy 6016 : ETeN A
W is a conservative subordinator. Namely, kg = 0. Moreover,
log A
VA€ (0,00), dp(N) =u(—=5=.0) and 05((0,00)) = ((0,0))/D. (54)
The subordinator W has a positive drift iff f 0,1) m(dr)rlog1/r < oco. In this case,
*/ D 1
log dy = logh — ————)d\.
B do =108 /9 <\If(>\) A) (53)

Proof Since VU is conservative and persistent, (¢) =0 and v(t) = oo and u(—t, 8) is well-defined for
any 6 € (0,00). Moreover, (9) implies lim; o u(—t,6) = oo and lim; o u(t,6) = 0. Recall that
limy oo U(N\)/A = D. Then, (49) entails (53). We then argue as in the proof of Proposition 3.1 to prove
that ¢g(e~P?) = u(t, ) for any t € R, which entails the first part of (54). Thus, kg = limy_,o ¢g(A\) =
lim; o0 u(t, ) = 0 and W is conservative.

We next compute the value of dy. To that end, we set B(t) = log(e~P'u(—t,6)) and we observe
that log dp = lim;_,o B(t), by taking A = ¢ in (54). By an easy computation using (8), we get

log 0 — B(1) :/_ids(D 1 0, log u(s, 0)) :/Otds (- %) :/f&i%% _ %) (56)

Now recall that D — \~1W(A = J0.00) T(dr)(1 — e ") /. Thus,
log 0 — B(t) (dr) i (dr) e
og—t:/wr/ _ 7'('7“/ =:1. 57)
(0,00) Jo AU(A) = Ji0,00) o AU(N)
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Now observe that A — A~1W()) is increasing and tends to D as A\ — oo. Thus, %J <I< —)J

0
(0
where \
X 1—e X1 —eH
J::/w(dr)/d)\iz/w(dr)r/d,u .
(0,00) /8 A 0,00)  Jor I

Clearly, J < oo iff | ©0.1) m(dr)rlog1l/r < oo, which entails the last point of the proposition. By an
easy computation, (56) implies (55).

It remains to prove the second equality in (54). First assume that dg = 0. This implies that
7((0,00)) = oo and the first part of (54) entails 0 ((0,00)) = limy—00 Pg(N) = limy_yo0 u(—t,0) = o0,
which proves the second part of (54) in this case. We next assume that dg > 0. We set C(t) =
u(—t,0) — dgeP*. Thus, 0g((0,00)) = lim;_,o, C(t). By (56), we get

e (a2 1Y) (L L
Wt 0) T e D) eXp( /u(dig()wm A)) t=roc /u(d?ﬁ()w» %)

Then, C(t) ~t00 F(u(—t,0)) where F(z) = z [° (g5 — 3)dA. We then set p(A) = DX — ¥())
and we observe that limy o, ¢p(A) = 7((0,00)). Thus,

_ [T [T plap)e m((0,00)) [ dp _ m((0,00))
Fle)= /x )‘\Il()‘)d)\_/l M\P(wu)dﬂ s—od D /1 12 D

which implies the second part of (54). [ |
We complete this result by the following lemma.

Lemma 3.4 Let U be a branching mechanism of finite variation type such that W' (0+) € [0, 00). Then,
U is conservative and persistent, D € (0,00), and for all 0,t € (0,00), u(—t,0) is well-defined and
limy_, oo u(—t, ) = 0o. Moreover, there exists a cadlag subordinator WY whose initial value is 0 and
whose Laplace exponent is ¢g as defined by (54) such that

P-as. Yy e [0,z], lim u(—t,0)Z([0,y]) = Wj and tlim u(—t,0)Z:({y}) = AWy‘g,
—00

t—o00

where AWj stands for the jump of W0 at y.

Proof The proof Lemma 3.2 works verbatim, except that in (51)

/Oi;te_Dt (Dou(—t0)(N) = ¥(du(-16)(N)) = ¢a(A) — dgA ,

which is easy to prove since e Ptpg(eP!\) — dgX ast — oo. [ |

3.2 Proof of Theorem 2 (ii-b), (ii-c) and (iii-b).

We now consider the cases where there is no Eve property. Recall that z € (0, 00) is fixed and that ¢
stands for Lebesgue measure on R or on [0, z] according to the context. Recall that ¥ is not linear and
recall the notation Z; := Z,(]0, z]). We first need the following elementary lemma.

Lemma 3.5 For any t € (0, 00], let my € My ([0, z]) be of the form my = ail+3 ", g mi({y})dy, where

S is a fixed countable subset of |0, x] and a; € [0, 00). We assume that for any y € S, lim;_,oo m({y}) =
Moo ({y}) and im0 a1 = ao. Then, 1imy o0 |[ms — Moo ||var =0.

20



Proof For all € € (0, 00), there is S. C S, finite and such that 3 ¢\ g Moo({y}) <e. Then, for any
AcCl0,z]

mi(A)=meo(A)| < @ lar—aco| + Y Ime({y}) —mec({y})| + D me({y}) + > moc({u})
YES, yeS\ S yeS\Se

zlay—ace| + ) [mi({y}) —moe ({y})| + 1=arz = mi({y}) +e.

YES, yESe

IN

Thus,

limsup sup [m;(A)—meo(A)| < 1—aoez —» mo({y}) +e=c+ > mu({y}) <2,
tmoo Ac(0a] yeSe YES\Se

which implies the desired result. |

Proof of Theorem 2 (ii-b) and (ii-c). Recall that B = {{ = 0o ; lim;_,~ Z; = 00}. We assume that
T'(0+) € (—0o0, 0), which implies « € (0, oo] and that W is conservative. Let § € (0,~) and let W9 be a
cadlag subordinator as in Lemma 3.2. Recall that its Laplace exponent is ¢y as defined by (48). It is easy
to prove that P-a.s. 11y0-0y =15. We now work a.s. on B: it makes sense to set Moo (dr) = dw? /w?
that does not depend on ¢ as proved by (47) in Proposition 3.1. Note that M = al + 3, - Mi({y})d,
either with a; = 0 and S = {x;; i € I} if U is of infinite variation type, or with a; = e~"*/Z; and
S = {x;; j € J}if ¥ is of finite variation type. Next note that {y € [0, ] : AWyg >0} C S and
since W9 has no drift, we get M, = >_yes Moo({y}) 6. Then, Lemma 3.2 easily entails that a.s. on
B, for any y € S, limy_,oo M;({y}) = Moo ({y}). Next, recall from the proof of Proposition 3.1 that
limy o0 u(—t, 0)e™P! =dy =0, which implies that lim; ., a; =0. Then, Lemma 3.5 entails that a.s. on
B, hmt%ooHMt - Moouvar =0.

If v < oo, then Proposition 3.1 entails that T/ is a compound Poisson process: in this case and
on B, there are finitely many settlers and conditionally on B, the number of settlers is distributed as a
Poisson r.v. with parameter z conditionned to be non zero, which completes the proof of Theorem 2
(ii-b). If y= o0, then the same proposition shows that W has a dense set of jumps. Therefore, a.s. on B
there are a dense countable set of settlers, which completes the proof of Theorem 2 (ii-c). In both cases,
the asymptotic frequencies are described by Proposition 3.1 and Lemma 3.2 |

Proof of Theorem 2 (iii-b). Recall that C' = {¢ =00 ; lim;_,~ Z; =0}. We assume that ¥ is of finite
variation type, which implies that W is persistent. Also recall that P(C) = e™7* > 0. Thus, we also
assume that v < co. Then, observe that Z under P(-|C) is distributed as the process derived from
the finite variation sub-critical branching mechanism W(- + «). So, without loss of generality, we can
assume that W is of finite variation and sub-critical, namely W’(0+) € [0, c0), which implies that U is
conservative and D € (0, c0).

Let 6 € (0,00) and let W? be a cadlag subordinator as in Lemma 3.4 whose Laplace exponent ¢y
is defined by (54). Since W is conservative and persistent, it makes sense to set M (dr) = dW? /WY
that does not depend on ¢ as proved by (53) in Proposition 3.3. Note that M; = a:l + >, s Mi({y})
where a; = e P"/Z; and S = {z;; j € J}, and observe that {y € [0,z] : AW/ >0} C S. Recall that
dp stands for the (possibly null) drift of W?. Then, we get My, = anof + > yes Moo ({y}) 6y, where
oo = dg/W?. By Lemma 3.4, as. for any y € S, limy_,oo M;({y}) = Moo ({y}) and recall from the
proof of Proposition 3.1 that lim; o u(—t, 0)e™P! = dy, which implies that lim; ,o, a; = aso. Then,
Lemma 3.5 entails that a.s. lim;_,o0 || My — Moo ||var = 0.
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If 7((0,1)) < oo, then 7((0,00)) < oo and f(071) m(dr)rlog1l/r < co. Proposition 3.3 entails that
W has a drift part and finitely many jumps in [0, z]: there is dust and finitely many settlers. More
precisely, conditionally given C', the number of settlers is distributed as a Poisson r.v. with parameter
= 000 € " 7(dr) since e~ 7(dr) is the Lévy measure of (- + ~y). This proves Theorem 2 (iii-b1).
If 7((0,1)) = oo and fo 3 7(dr) rlog1/r < oo, Proposition 3.3 entails that W has a drift part and
a dense set of jumps in [0 :r:] thus, a.s. on C, there is dust and infinitely many settlers. This proves
Theorem 2 (iii-b2). Similarly, if f(071) 7(dr) rlog1/r=o0, Proposition 3.3 entails that a.s. on C, there is
no dust and there are infinitely many settlers, which proves Theorem 2 (iii-b3). In all cases, conditionally
on C, the asymptotic frequencies are described thanks to Proposition 3.3 and Lemma 3.4 applied to the
branching mechanism W(- + ). [

3.3 Proof of Theorem 2 (ii-a) and (iii-a).
3.3.1 Preliminary lemmas.

Recall that z € (0, 00) is fixed and recall that . ([0, z|) stands for the set of Borel probability measures
on [0, z]. We first recall (without proof) the following result — quite standard — on weak convergence in

A1 ([0, z]).

Lemma 3.6 Foranyt € [0,00), let my € #,([0, z]) be such that for all g€ QN [0, z], limy_, o m4([0, ¢])
exists. Then, there exists mq, € #1([0, x]) such that limy_, o, my = my, with respect to the topology of
the weak convergence.

Recall the definition of (M});c(o,o0) from Theorem 1 and Section 2.3.

Lemma 3.7 We assume that V is not linear and conservative. Then, there exists a random probability
measure My, on [0, x| such that P-a.s. limy_, oo My = My, with respect to the topology of the weak
convergence.

Proof By Lemma 3.6, it is sufficient to prove that for any ¢ € Q N [0, z], P-a.s. lim;_,, M;([0, ¢]) exists.
To that end, we use a martingale argument: for any ¢ € [0, 00), we denote by ¥, the sigma-field generated
by the r.v. Z4([0,¢]) and Z,((g,x]), where s ranges in [0,¢]. Recall that Z; = Z.([0,q]) + Z:((q, z])
and that (Z24([0, q]))se[0,00) and (Z¢((q ]))se[0,00) are two independent conservative CSBP(V). Then,
forany A\, u € (0,00) and any ¢, s € [0, 00)

E[exp (—pZe4s((0, ) = AZits) | 4] = exp (—uls, A1) Zi((0, q]) —u(s, \) Z:((q, 2]))

By differentiating in p = 0, we get

El(z,, .50 Ze+5(10,a]) € M+ | 4] = 117,50y Z4((0,4]) e N7 Dyu (s, A) - (58)

By continuity in A, (58) holds true P-a.s. for all A € [0,00). We integrate (58) in A: note that for any

€ (0,00), I(z) = [;7dN e "5NV2 0yu (s, \) = 2~ 1(1—e7*(®)?) if ¥ is non-persistent (here v is the
function defined right after (15)) and I(z)=z""1 if W is persistent. In both cases, I(z) <z~! and thus we
get

Zt+s [0

s Z
E[L(z,, 501 Mers(0,4)) |9] = B[l1z,,.0, 2500 | 4] < 17,50, 252

= 17,50y M([0, ).

Then, t — 177,501 M:([0, g]) is a nonnegative super-martingale: it almost surely converges and Lemma
3.6 applies on the event {(yp =o00}. Since we already proved that M has an Eve on the event {(y < co},
the proof is complete. |
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For any v € [0,1) and any ¢ € (0, 00|, we set
R;'(v) =inf {y € [0,2] : My([0,9]) > v} . (59)

Let U,V : Q — [0,1) be two independent uniform r.v. that are also independent of the Poisson point
measures & and 2. Then, for any ¢, s € (0, oc], the conditional law of (R; ' (U), R;*(V)) given & and
2 is M;® M. Moreover, Lemma 3.7 and standard arguments entail

P-as. lim R, ' (U) = R (U) and lim R;7Y(V) = R(V). (60)

t—o00 t—o0

For any t € (0, c0), we recall the definition of the function v(t) = lim)_, o u(¢, A) that is infinite if U is
persistent and finite if W is non-persistent. Recall that u(—t, ) : (k(t),v(t)) — (0,00) is the reciprocal
function of u(¢, -). It is increasing and one-to-one, which implies that lim A—o(t) u(—t,\) = 0.

Lemma 3.8 Let us assume that V is conservative. Then, for all t,0 € (0,00) and all s € [0, 00),

oz, v(t) IRICATDES (u(—t,w)—u(s,0))
B[ oy, (17 “)]:952/0 dw ¥ (w)e Tt w)) =, 6D

where (- ) stands for the positive part function.

Proof We first prove the lemma when W is of infinite variation type. Recall from (39) the definition of
& and observe that the jumps of the distribution function of the random measure M, are given by the
collection Z{/ Y, -, ZF,i € I. Recall that R, ! stands for the inverse of this distribution function. If i € I
(resp. j € I)is the index of the jump in which R, ! (U) (resp. R;.},(V)) falls then { R, ' (U) # R\, (V)}
is the event where 7 and j are distinct. Consequently on the event {Z;; >0} we get,

7i 77

E[lRflU R (v ‘,@]: E . . t‘t+8 . .

B OF R V) ijel (Zi+Z{+ 2 ken iy 28) (Zhgs + 20 s+ 2 ken gy Zhvs)
i#j

Hence,

Zf; Z{Jrs (1 —e? (Z§+S+Z{+S+Zkel\{i,j} Z§+s) )

_e_GZt+S)

S BT e iy Z6) (Zh s H 2 s ke gi jy Zevs)
i#£]

B[L o wyzr oy (1

t+s

To simplify notation, we denote by A the left member in (61). By applying formula (38), we get

l{zt+s+zé+s+2t+s>0}zt ZzltJrs
(Zt + Zp + Z1)(Ziys + Ziy o + Ziss)

(1 _ 69(2t+s+zg+s+Zt+S))]

A= z? / Ny (dz) / Ny (dZ') E

For any A1, Ay € (0, 00), we then set
B(M\,Xo) = / Ny (dz) / Ny (dz') E {ztzéﬂefhWZHZJe**2<2t+s+zi+s+zt+s>]
= Ny (Zte*MZt*)\QZHs) Ny (Zt+se*)\12t*)\22t+s) E [e*AIZt*)\QZt-ks]
Recall that Ny (1 — e=*?t) = u(t, \) and recall Theorem 3 (c). Then, we first get

Ny (Zge M2 22204s) = Ny (Z,e~ M Fuls22)20) = 90y (8, Mg +u(s, \a)).
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By the same argument we get

Ny (Z e~ B2 OnoNy (1 — e NP 2Z) = ) Ny (1 — e~ Matulsdo))z)

= O\u(s,\2) 8,\u(t, A1 +u(s, )\2))

This implies that
B(A1, Aa) = Oyuls, Aa) (Orul(t, A\ +uls, Ag)) ) et ArtulsA2) (62)

An easy argument then entails that

A= 562/ / dX\1dAy (B()\l, )\2)—B(>\1, )\2—|—9)) .
0 J0

Set C(0) := a2 [ [7° B(A1, Ad240) dA1d);. The previous equality shows that A = C/(0) — C(6). We
recall that v( ) = limy_ 00 u(s, A) and let us compute C'(#). To that end we use the changes of variable
y = u(s,Ao+0) and A = A\ + y to get

C(Q) = /d)\l/ dy 8>\u t, )\1+y))26—xu(t,>\1+y).
u(s,0)

A1+v(s) 9
= 22 / d\ dX (Dyu(t, N))" e =ubA),
A1tu(s,0)

Recall from (9) that O\u(t, \) = V(u(t,A))/¥(A) and note that W(\) = W(u(—t,u(t,\))). Then, by
the change of variable w = u(t, \), we get

u(t, )\1+v (s)
— 1_2/ dAl/ \I’(U}) eIV
u(t, )\1+u(s 9 ( t ’U)))

Thus,
A = CO) - —x2/ d)\l/u(t)\lJrus@ U (w) R 1) N
u(t,A) U (u(—t, w))
- mQ/O dw/o A 1{U(M1)Swgu(t,xﬁu(s,e))}%e‘w
_ 2 /Ov(wd - u(—t, w)— qj(zt:(—_t:u?j)—)u(s,a))+’

which is the desired result in the infinite variation cases.

The proof in the finite variation cases is similar except that Z and M are derived from the Poisson
point measure 2 defined by (41). Note that ¥ is persistent. We moreover assume it to be conservative:
thus, Z; € (0,00), for any ¢ € [0,00). Let A stand for the left member in (61). Then, A = A; + Ao
where

1 j ] —0Z s . —Dbt 07145
AlizE{m Zl{tht}Zi—tj (Zt‘f's_]‘{tjgt‘i‘s}zi-i-s—tj)(1_6 e )]7 AQ._E{MZ—t(l—e e )]

jeJ

Ay corresponds to the event where U falls on a jump of R, while A5 deals with the event where it falls
on the dust. The latter gives

Ay = xeDt/oj)\E[eAZt_eAZtGZsH} _ xeDt/O;)\ (e—mu(m) _ efmu(t, )\Jru(sﬂ))).
0 0

24



We next observe that Ay = [ [ dA1d)o (B()\l, A2) — B(A1, A + 9)), where for any A1, A € (0, o0)
we have set

B()‘h )\2) = E[e_)\lzt_/\ﬂt“z 1{tj§t}zg—tj (xe_D(H_S) + Z 1{tk§t+s}zf+s—tk>]

jeJ keJ\{j}
E[Zt—I—s -\ Z¢ *)\2Zt+s / Dbdb/ Zi_pe —MZ— b~ AoZiys— b] (63)
0,00)

Here we apply Palm formula to derive the second line from the first one. The first expectation in (63)
yields
E [ZtJrse*)‘the*)‘QZ‘“] = Oyu(s, Ao)Oru(t, A + u(s, Ag)) z e TulbArtuls:A2),

The second term of the product in (63) gives

/ ~Phb / (dr) Oau (t—b, Ay +u(s, Ap)) re~ (7P AFu(s:A2)
0,00

— x/OeDbdba)\u (t—b, M\ +u(s,A2)) (D =V (u(t—b, A\ +u(s, A2))))
= :c((?,\u (t, \1+u(s,\2)) — e*Dt>

Here, to derive the second line from the first one, we use [~ w(dr)re —A = D — ¥'()\). To derive
the third one from the second one, we use the identity dyu (t,\) = —W(\)~td;u(t, \) and we do an
integration by part. Recall B(\1, A2) from (62). By the previous computations we get

B\, \2) = 22B(A1, A2) — 220\u(s, Aa)dau(t, A + u(s, Ag))e ™ Plemmult-AtulsAz))
Recall that we already proved that 22 fooo fooo dA1d)\g (B (A1, A2)—B(A1, A2 +9)) equals the right member
of (61). So, to complete the proof, we set

F(0) == / / dA1 dXo Ozu(s, Ay + 0) Byu(t, A + u(s, Ay + 0)) e Plerult Aitulsra+6))
0 Jo

and calculations similar as in the infinite variation case yield 2%(F(0) — F'(f)) = — Ay, which entails
the desired result in the finite variation cases. |

To complete the proof of Theorem 2, we need the following technical lemma whose proof is postponed.

Lemma 3.9 We assume that V is not linear. Then, P-a.s. for all y € [0, x|, lim;_, M;({y}) exists.

3.3.2 Proof of Theorem 2 (ii-a).

We temporarily admit Lemma 3.9. We assume that >0 and that W is conservative. To simplify notation,
we denote by {Z — oo} the event {lim; ., Z; = co}. Recall from (39) and (41) the definition of the
Poisson point measures & and 2. For any ¢ € (0, c0), we define the following:

Py = Z @iz ) and 9 = Z 1{tjét}é(xj,tj,z?m,tj)) : (64)
el jeJ
We then define ¢, as the sigma-field generated either by &7, if U is of infinite variation type, or by 2, if

U is of finite variation type. The Markov property (see Lemma 3.10) applied to the process (Z;,t > 0)
in the filtration &, ¢t > 0 yields

P(R,Y(U) # R \(V); Z—00) =E[1;, (U#RHS(V)}(l_WZHS)]
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By Lemma 3.8 and the identity u(s,~y) = -, we then get

B B v(t) o WL W) — (u(=t,w)—~)
P(R;\(U) # Rp\(V)5 Z—00) = o2 /0 duw W (w)e e
We set e =R }(V). Using the Portmanteau theorem as s — oo on the law of the pair (R, ' (U), R\ (V)

with the complement of the closed set {(y, %) : y € [0, 2]}, we get P(R; ' (U) #e; Z — 00) < A(t). But
now observe that E[l{Rt-l(U#e;Z_)OO} | 2, V] = (1 — My({e}))1{z—00}- Thus,

E[(1 - Mi({fe})1{z00)] < A(1) (65)
We next prove that lim;_,, A(t) = 0. First note that for all w € (0,7), w < v(t) and u(—t,w) < 7,
moreover u(—t,w)] 0 as t1oo. Since ¥/ (0+)=—00, A\/¥(A)10 as A, 0. This implies that

e ’Yw weixwu(—t,w)—(u(—t,w)—’Y)Jr_xQ Ww W) e u(-t, w)
IR ey R R e R =

If v = oo, then, this proves lim; ,o, A(t) = 0. Let us assume that v < oo: for all w € (v,v(t)),
u(—t,w) >y and we get

) v(t) v u(—t,w)—(u(—t,w)—'y)+_ ) o(t) o v
ulc/7 dw ¥ (w)e St w) —xA dw ¥ (w) e Tt o) (66)

0.

There are two cases to consider: if W is persistent, then v(¢) = oo. Moreover, for all w € (v, 00), u(—t, w)
is well-defined and u(—t,w) 1 0o as t T oo, which implies that (66) tends to 0 as t — oco. If ¥ is non-
persistent, then v(¢) < co. Observe that lim;_,~, v(t) =~ and use (19) with A = u(—t,w) to prove that
w < u(—t,w) for any w € (,v(t)). Since ¥ increases, we get

v(t) v(t)
xZ/ dw U (w) e S < 7:{32/ dwe " —— 0.
~ U (u(—t,w)) . t—00
This completes the proof of lim;_,~, A(t) = 0.
By (65) and Lemma 3.9, we get P-a.s. on {Z — o0}, M;({e})— 1. Thus, it entails || M; —de||var —0
by Lemma 3.5, as ¢ — oo, which implies Theorem 2 (ii-a). |

3.3.3 Proof of Theorem 2 (iii-a).

We assume that U is persistent, of infinite variation type and such that v < oco. Observe that &2 under
P(-| limy_, Z; = 0) is a Poisson point measure associated with the branching mechanism W(- + )
that is sub-critical (and therefore conservative). So the proof of Theorem 2 (iii-a) reduces to the cases
of sub-critical persistent branching mechanisms and without loss of generality, we now assume that U is
s0. Thus, limy_,~ u(t,0) =v(t) = co. By letting € go to co in Lemma 3.8, we get

P(R;\(U) # RiL(V)) = 2 /OOO \I]“(—W)

(u(=t,w))
which does not depend on s. Then, set e = R;}(V). By the Portmanteau theorem as s — oo, we get

P(R; ' (U)#e) < B(t). Next observe that E[l{R;1(U#e} | #,V] =1— M;({e}). Therefore,

U(w)e ™™ dw =: B(t) ,

0<1-E[M({e})] < B(t) (67)

Since W is sub-critical and persistent for all w € (0, 00), u(—t, w) increases to oo as ¢t T co. Moreover,
since W is of infinite variation type, A\/W(\) decreases to 0 as A 1 oo, which implies that lim;_,~, B(t) =
0. By (67) and Lemma 3.9, we get P-a.s. My({e}) — 1, and thus || M; — de||var — 0 by Lemma 3.5, as
t — oo, which completes the proof of Theorem 2 (iii-a). |
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3.3.4 Proof of Lemma 3.9.

To complete the proof of Theorem 2, it only remains to prove Lemma 3.9. We shall proceed by approxi-
mation, in several steps. Recall the filtration &;,t > 0 introduced below (64).

Lemma 3.10 Assume that ¥V is conservative and not linear. Then, for all s,t, )\ € [0, 00)

P-a.s. E[e_AZ”S %] = e Us N2t

Proof We first consider the infinite variation cases. We fix sg, & € (0, 00). For any t € (9, 00), we set

D= Vg oaf¥e, 2, ad Zi=) Ly oZib,. (68)
iel i€l
Since ¢ > sg, and by monotone convergence for sums, lim._,o 27, ,([0,z]) = Z;45. Then, observe that
Zf, is independent from 2, — 2%, Thus, P-a.s. E[e *t+5|4] = lim._, E[e™ i+ (0aD)] g22>¢],
Next, note that &7;¢ is a Poisson point measure whose law is specified as follows. By Theorem 3
(b) and Lemma 2.4, first note that Ny (Zs, > ¢) = v, ((€, 00]) € (0, 00). Then, Qs,=Nu(-|Zs, >¢) is
a well-defined probability on D([0, 00), [0, oo]). Theorem 3 (c) easily entails that

Qso,a'a-s- Qso,a [ eiAZHS

Next, note that &7;¢ can be written as Zlgkgs 6(Xk7y»k/\t)’ where (X}, Yk), k>1,is ani.i.d. sequence of
[0, 2] xID(]0, 00), [0, oo])-valued r.v. whose law is :c_ll[O,x} (y)l(dy) Qs,.£(dZ) and where S is a Poisson
r.v. with mean zv,((g, 00]) that is independent from the (X}, Y*);~;. By an easy argument, we derive
from (69) that P-a.s. E[e~Zi+s((02])| p>¢] — ¢~u(s: )27 ((0.2]) which entails the desired result as e — 0.

Zope] = e usNE (69)

In the finite variation cases, we also proceed by approximation: for any € € (0, c0), we set

>e ) ) e __ ) J * _ —Dt
2 _Z 1{tj§t;z{)>e}5(xj 52 i) 2 _Z 1{tj§t;z{)>e}zt—tj5$j and  Z; = Zy —xe .
jeJ J jeJ

Then, note that lim._,o Z; ([0, z]) = Z/, , and observe that Z7__ is independent from 2, —2;°. Thus,
P-as. Ele 645 |4,] = lim,_,o E[e Z6+s(97])| 2>¢] Next, note that 27¢ is a Poisson point measure

that can be written as ) ;¢ 6(Xk T or) where (X, Tj, Y*)>1, is an i.i.d. sequence of [0, x] x
SRS Rt A (=T, =

[0,¢] x D([0, 00), [0, 0] )-valued r.v. whose law is x_ll[oﬂjl (y)l(dy) (1 — e~ PHY=1De=Ps¢(ds) Q.(dz)
where
1
Q:(2) == s /( () Be(a2)
and S is an independent Poisson r.v. with mean z(1—e~?*)D~!7((¢,00)). When D = 0, one should
replace (1—e~P*)D~! by ¢ in the last two expressions. Note that the Markov property applies under Q..
Namely, Q.-a.s. Qc[e *%+5|Z. n;] = &M% This implies P-a.s. the following

A1 o7l - 1 .7
E[e Ajer Vi <o, gimeBirety | o@?s] _ N ier Yy ooty _ —us NEE (0, (70)

Then, note that ), ;1 {t<t;<t +S’Zg>€}zg +s—t; is independent from 27¢. By the exponential formula

for Poisson point measures, we thus P-a.s. get

—logE [e—)\ ZjEJ 1{t<tj§t+s,z%>g}zz+s—tj ‘ gfe} _ xe_Dt/iia e—Da/ ﬂ_(dr)(l_e—ru(s—a,)\)). (71)
0 (g,00)
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As e —0, the right member of (71) tends to ze~ [ da e P*(Du(s—a, \)—V (u(s—a, \))) that is equal
to ze~Ptu(s, ) — xde P (s+%) by a simple integration by parts. This computation combined with (70)
and (71), implies

lim — log E[e 209D 27¢] = (s, \) lim Z£([0, 2]) + ze™Plu(s, A) — zre Pt
e—0 e—0

Namely, — log E[e *2i+s|%,] = u(s, \)(Z; + zePt) — Aze P+ = u(s, ) Z; — Awe= PG+ which
implies the desired result. u

Lemma 3.11 We assume that ¥V is conservative and non-linear. We fix sg,e € (0,00). For any t €
(s0,00), we define Z; as follows:
—If U is of infinite variation type, then Z; =), ; 1{220 >€}Zi5m.
— If ¥ is of finite variation type, then Z; = ZjeJ l{t.<30,zj >€}Zz—tj O
7350540
Recall the definition of the sigma-field ;. Then, for all t € (sg, 00), all 5,0 €0, 00) and all y € [0, z],

28 :([0.9])
Zits

—0Z,. . Z; ([0,9]) —u(s,
P-as  E[l{z, 50 (1= e ) |%] = Lzony =7 (1= 00%). @)
Proof We first consider the infinite variation cases. Note that in these cases, Z; is defined as in (68). Let
A€ (0, 00). Recall the notation Q, - =Ny - |Zs, >¢) from the proof of Lemma 3.10: by differentiating
(69), we get
Zoat] = 2o e BN 9y (s, N). (73)

“AZias
Qso,e'a-s Qso,e [ Ziy g€ 2t

Recall from (64), the definition of #7;. Let I be a bounded nonnegative measurable function on the space
of point measures on [0, z] xID([0, 00), [0, oc]). We then set A(A) = E[Zf, ([0, y]) e t+: F(2,)]. By
Palm formula (37), Lemma 3.10 and (73), we get

. )7t _ gk
A(}\) = E[Z 1{:1316[0,?;} ;Z§0>€}Zi+s e AZiys e )‘Zkef\{z} Ziys F1((5(mZ i ) + '@t_é(xi R ) ) }

el
y
= Vs ((€,09)) / dr | Qsy,(dZ) E [zmﬂzws e M F (8 2. )+ Pt ) ]
0
y
= (Oau(s, \)) Ve (2, 00)) /O dr [ Qs (dZ) E [zte*““*ﬂt e BN (5, 5, D) ]
= (Ovuls, \) B[Z{([0,y)e N F(2)].
By an easy argument, it implies that P-a.s. for all A€ (0, c0),

B[ Z;,,([0,y]) e |4 ] = Z7(0,y]) e N dyuls, A).

Thus, P-a.s. for all A\, 6 € (0, 00),

E[1(z,, 5012510, y])e e (1 — e ) [ 2] =
L7501 Z5 ([0,9]) (e OV 0hu(s, A) — e XD 03u(s, A+0)). (74)

When we integrate the first member of (74) in A on (0, c0), we get the first member of (72). Then, by an
easy change of variable, we get

VAo € [0,00), Vz € (0,00), / dX e N2 9y u(s, \) = %(efu(s’Ao)Z—e”(s)z), (75)
A

0
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where we recall that v(s) = limy_,~ u(s,\), which is infinite if ¥ is persistent and finite otherwise.
Since W is conservative, recall that x(s) = limy_,04 u(s,A) = 0. Thus, when we integrate the second
member of (74) in A on (0, c0), we obtain the second member of (72), which completes the proof of the
lemma in the infinite variation cases.

We next consider the finite variation cases. Note that the definition of Z¢ is slightly different from
the proof of Lemma 3.10. Recall from (64), the definition of ;. Let F' be a bounded nonnegative
measurable function on the space of point measures on [0, z]x [0, 00)xID([0, 00), [0, 00]). We set A(A\) =
E[Z;,,([0,y]) e *?t+s F(2;)]. By Palm formula (37) and Lemma 3.10 we get

j NZJ L —A 11 a2k _ge—D(t+s)
A(A):E[Z Liasel0) %tj§80§zé>€}zg+8—tj e ity oA Dken\ gy Hupstra Bipemy, g

jeJ

XF((S +o@t—5

/\(t,tj)) (xj 7tj 7ZJ. /\(tftj)) ) ]

/ da / dbe PP / m(dr)E, [E [ZHs,be_/\ZHs—be_)‘Zt“F( 8a,b.2. nopy) +2t) H

=dhul(s, )\)/ da / db e—Db / m(dr)E, [E [Zt,be_“(s’/\)zt—be_“(s’)‘)ztF( 8(ab.z. pirp) +2t) H
0 0 (g,00)

=0\u(s, VE[Z{ ([0, y]) e "N F(2,)].

({L’j ,tj,Zj

Then, we argue exactly as in the infinite variation cases. |

We now complete the proof of Lemma 3.9. If W is not conservative, then we have already proved
that on {(o < 00}, M has an Eve in finite time. Moreover, conditionally on {lim; ., Z; = 0}, M is
distributed as the frequency process of a CSBP(W (- + +)) that is sub-critical, and therefore conservative.
Thus, without loss of generality, we assume that W is conservative. In this case, Lemma 3.11 applies: we
fix sp, € € (0, 00) and we let 6 go to oo in (72); this implies that t — 1¢7,0y Zi ([ D isa super-martingale.
Then,

([0711}

P-as. YgeQnlo0,z], hm 1{Zt>0} =: R exists.
Then observe there exists a finite subset S, . := {X; < ... < Xy} C [0, ] such that a.s. for all
t € (s0,00), Z£([0,2]\Ssp,e) = 0. Then, for any 1 < k < N, there exists ¢,¢' € QNI0, z] such that
q<Xp< q’ and 1{Zt>0}Mt({Xk}) = 1{Zt>0}Zf((q, q’])/Zt —)RZ/ —RZ, as t—oo.

Now observe that if W is of infinite variation type, {z;; i € I} = |, ;,en S2-m 2-». Thus, on the
event {(p = oo} (no extinction in finite time), this entails that P-a.s. for all i € I, limy_, oo M;({x;})
exists. Moreover, for all y ¢ {x;; i€} and all ¢ € (0, 00), M;({y}) = 0. Finally, on {(p < oo}, we have
already proved that M has an Eve in finite time. This completes the proof of Lemma 3.9 when W is of
infinite variation type.

If W is finite variation type, note that {z;; j € J} = |, ,,eny Sm,2-n- Since there is no extinction
in finite time, we get that P-a.s. for all j € J, lim_,oc M;({x;}) exists, which completes the proof since
forall y¢{z;; jeJ} and all t € (0, 00), we have M ({y}) = 0. |
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