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Simultaneous local exact controllability of 1D bilinear
Schrodinger equations

Morgan MORANCEY®P!

“CMLS UMR 7640, Ecole Polytechnique, 91128 Palaiseau, FRANCE.
bCMLA UMR 8586, ENS Cachan, 61 avenue du Président Wilson, 94235 Cachan,
FRANCE.

Abstract

We consider N independent quantum particles, in an infinite square potential
well coupled to an external laser field. These particles are modelled by a system
of linear Schrédinger equations on a bounded interval. This is a bilinear control
system in which the state is the N-tuple of wave functions. The control is the
real amplitude of the laser field. For N = 1, Beauchard and Laurent proved
local exact controllability around the ground state in arbitrary time. We prove,
under an extra generic assumption, that their result does not hold in small time
if N > 2. Still, for N = 2, we prove that local controllability holds either
in arbitrary time up to a global phase or exactly up to a global delay. This
is proved using Coron’s return method. We also prove that for N > 3, local
controllability does not hold in small time even up to a global phase. Finally,
for N = 3, we prove that local controllability holds up to a global phase and a
global delay.

Keywords: bilinear control, Schrodinger equation, simultaneous control,
return method, non controllability.

1. Introduction

1.1. Main results
We consider a quantum particle in a one dimensional infinite square potential

well coupled to an external laser field. The evolution of the wave function 1 is
given by the following Schrédinger equation

Zat'l/) = _a:%mw - u(t)/u’(x)'lpa (tal') € (O,T) X (07 1)3 (1 1)

¥(t,0) =(t,1) =0, t€(0,T), '

where 1 € H3((0,1),R) is the dipolar moment and u : ¢t € (0,7) ~ R is the

amplitude of the laser field. This is a bilinear control system in which the state

1 lives on a sphere of L2((0,1),C). Similar systems have been studied by various
authors (see e.g. [6, 15, 38, 44]).
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We are interested in simultaneous controllability of system (1.1) and thus we
consider, for N € N*, the system

0 = =02, ¢7 —u(t)u(x)y?,  (t,x) € (0,7) % (0,1), j € {1,...,N},
WY (t,0) =17 (¢,1) =0, te(0,7),j€e{1,...,N}.
(1.2)
It is a simplified model for the evolution of NV identical and independent particles
submitted to a single external laser field where entanglement has been neglected.
This can be seen as a first step towards more sophisticated models.
Before going into details, let us set some notations. In this paper, (-,-) denotes
the usual scalar product on L2((0,1),C) i.e.

1
- / f(@)g(@)da
0

and S denotes the unit sphere of L2((0,1),C). We consider the operator A
defined by
D(A) := H* N H((0,1),C), Agp:= 92,0

Its eigenvalues and eigenvectors are
Ak = (km)2,  or(z) == V2sin(knz), VE e N*.

The family (pk)ren~ is an Hilbert basis of L2((0,1),C). The eigenstates are
defined by

Dp(t, ) = pp(x)e ™t (t,2) € RT x (0,1), k € N*.

Any N-tuple of eigenstates is solution of system (1.2) with control v = 0. Fi-
nally, we define the spaces

H{)((0,1),C) := D(A%/?), Vs >0,

1/2
(0) : (Z |k 79016 >

+oo
h*(N*,C) := {a = (ar)ren € CV 3 Y [Kax]? < +oo}

k=1

endowed with the norm

and

endowed with the norm

lal

+o0 1/2
hs ‘= (Z |k’sak|2> .
k=1

Our goal is to control simultaneously the particles modelled by (1.2) with initial
conditions

V(0,2) = pj(x), x€(0,1),j€{l,...,N}, (1.3)

locally around (<I>1, e <I>N) using a single control.



Remark 1.1. Before getting to controllability results, it has to be noticed that
for any control v € L((0,T),R), the associated solution of (1.2) satisfies

(W7 (8), 9" (1)) = (¥7(0),¥™(0)), vt e [0,T].

This invariant has to be taken into account since it imposes compatibility con-
ditions between targets and initial conditions.

The case N =1 of a single equation was studied, in this setting, in [6, Theorem
1] by Beauchard and Laurent. They proved exact controllability, in H, ?0), in
arbitrary time, locally around ®;. Their proof relies on the linear test, the
inverse mapping theorem and a regularizing effect. We prove that this result
cannot be extended to the case N = 2.

In the spirit of [6], we assume the following hypothesis.

Hypothesis 1.1. The dipolar moment y € H3((0,1),R) is such that there
exists ¢ > 0 satisfying

c
ﬁa
Remark 1.2. In the same way as in [6, Proposition 16], one may prove that
Hypothesis 1.1 holds generically in H3((0,1), R).

Using [6, Theorem 1], Hypothesis 1.1 implies that the j** equation of sys-
tem (1.2) is locally controllable in H(30) around @;.

[(epss )| > Vk e N*, Vje{l,...,N}.

Hypothesis 1.2. The dipolar moment u € H3((0,1),R) is such that

A= (o1, o) (1) @2, p2) — (pep2, p2) (1) @1, 1) # 0.

Remark 1.3. For example, u(x) := 2 satisfies both Hypothesis 1.1 and 1.2. Un-
fortunately, the case p(z) := x studied in [44] does not satisfy these hypotheses.
But, as in [6, Proposition 16], one may prove that Hypotheses 1.1 and 1.2 hold
simultaneously generically in H3((0,1),R).

Remark 1.4. Hypothesis 1.2 implies that there exists j € {1,2} such that
(Lej,pj) # 0. Without loss of generality, when Hypothesis 1.2 is assumed
to hold, one should consider that (ue1, 1) # 0.

Theorem 1.1. Let N = 2 and p € H3((0,1),R) be such that Hypothesis 1.2
hold. Let a € {—1,1} be defined by a := sign(A{up1,1)). There exists
T. > 0 and ¢ > 0 such that for any T < T, for every u € L*((0,T),R)
with ||ul|z2(0,7) < €, the solution of system (1.2)-(1.3) satisfies

(1(T), (1)) # (@1(T), (V1= 8% +ias) @5(T)) , ¥6 > 0.

Thus, under Hypothesis 1.2, simultaneous controllability does not hold for
(¥',4?) around (®1,®,) in small time with small controls. The smallness
assumption on the control is in L? norm. This prevents from extending [6,
Theorem 1] to the case N > 2. Notice that the proposed target that cannot be
reached satisfies the compatibility conditions of Remark 1.1.

However, when modelling a quantum particle, the global phase is physically
meaningless. Thus for any § € R and o', 42 € L?((0,1), C), the states e? (1!, ¢?)
and (¢1,1?) are physically equivalent. Working up to a global phase, we prove
the following theorem.



Theorem 1.2. Let N = 2. Let T > 0. Let u € H?*((0,1),C) satisfy Hy-
pothesis 1.1 and (1, ¢1) # (p2, p2). There exists § € R, g9 > 0 and a C*
map

r:0., — L*(0,7),R)

where

0., = { (W}, 43) € Hiy) ((0,1),C); (0}, 4}) = 84 and
2
2; 16} = e@5(T)l 3, < €0

such that for any (w}, w]%) € O.,, the solution of system (1.2) with initial con-
dition (1.3) and control uw = F(w},wi) satisfies

(W1 (T),v*(T)) = (5, vF).

Remark 1.5. Notice that, using Remark 1.1, the condition (7,[1},1/1’]?) = 0j=p IS

not restrictive. Indeed, as ¢7(0) = ©;, we can only reach targets satisfying such
an orthonormality condition.

Remark 1.6. The same theorem holds with initial conditions (i¢,%3) close
enough to (p1,¢2) in H(30) satisfying the constraints (¢}, v2) = <1/JJ1£,1/JJ2£> (see
Remark 4.1 in Section 4.2).

Working in time large enough we can drop the global phase and prove the
following theorem.

Theorem 1.3. Let N = 2. Let u € H?((0,1),C) satisfy Hypothesis 1.1 and
Aupr, 1) — {ppa, p2) # 0. There exists T* > 0 such that, for any T > 0, there
exists €9 > 0 and a C' map

I:0,1— L*(0,T* +T),R)
where

Oco,1 = {(1/)}71/)]%) € H(‘O’o)((ovl)’c)Z; <¢},¢lf) = 0j— and

(0)

2
>l = 25Dl <o}
Jj=1

such that for any (1/)},1/)?) € Og 1, the solution of system (1.2) with initial
condition (1.3) and control u = F(¢}, wfc) satisfies

(VT + 1), (T + 1)) = (¢}, 7).

Remark 1.7. Remark 1.6 is still valid in this case.

We now turn to the case N = 3. We prove that under an extra generic assump-
tion, Theorem 1.2 cannot be extended to three particles. Assume the following
hypothesis.



Hypothesis 1.3. The dipolar moment p € H3((0,1),R) is such that

B: = ((ups3,p3) — (2, p2)) (1) 01, 01)
+ ({1, 1) — (s, @3)) (1) 2, p2)
+ ((pepa, p2) — (pep1, 1)) ()3, 03) # 0.

Remark 1.8. Hypothesis 1.3 implies that there exist j, k € {1,2,3} such that
(g, 05) # (ok, pr). Without loss of generality, when Hypothesis 1.3 is as-
sumed to hold, one should consider that (up1,p1) # (ups2, P2).

Remark 1.9. Again, Hypotheses 1.1 and 1.3 hold simultaneously generically in
H?((0,1),R).
We prove the following theorem.

Theorem 1.4. Let N = 3 and p € H3((0,1),R) be such that Hypothesis 1.3

hold. Let B € {—1,1} be defined by B = sign(B({up2, p2) — (11, ¢1))). There
exists T, > 0 and € > 0 such that, for any T < T, for every u € L*((0,T),R)
with ||ul|L20,7) < €, the solution of system (1.2)-(1.8) satisfies for every d > 0
and v € R,

(WN(T),v*(T),*(T)) # €™ <<I>1(T), D,(T), (\/1 — 524 w(s) <I>3(T)) .

Thus, in small time, local exact controllability with small controls does not
hold for N > 3, even up to a global phase. The next statement ensures that it
holds up to a global phase and a global delay.

Theorem 1.5. Let N = 3. Let u € H3((0,1),C) satisfy Hypothesis 1.1 and
5{upr, p1) — 8{upa, w2 ) + 3{1ps, w3) # 0. There exists € R, T* > 0 such that,
for any T > 0, there exists ¢g > 0 and a C' map

I:0., 71— L*((0,T* +T),R)
where

OEO,T = {(lb}ﬂ/’)%a’lﬁ?) S H(30)((03 1)7((:)3; < ;aw’}:> = Oj=k and
3
S} = €005 (T) |, < 0}
j=1

such that for any (1/}}, 1/1/%, 1/)3}) € O.,.1, the solution of system (1.2) with initial
condition (1.3) and control uw = I‘(vj}}, ?,@/}?) satisfies

NI+ 1), 3T + 1), ™ (T + 1) = (U}, 9F,43).
Remark 1.10. Remark 1.6 is still valid in this case.

1.2. Heuristic

Contrarily to the case N = 1, the linearized system around a N-tuple of eigen-
states is not controllable when N > 2. Let us consider, for N = 2, the lineariza-
tion of system (1.2) around (®;, ®2)

10,V = —92, W —o(t)u(z)®;,  (t,z) € (0,T) x (0,1), j € {1,2},
T (t,0) = WI(t,1) =0, t € (0,7T), (1.4)
T (0,2) =0, z € (0,1).



For j = 1,2, straightforward computations lead to
v(T) = iz<u<pj7<pk>/ v(t)e' AV ALD(T). (1.5)
k=1 0
Thus, thanks to Hypothesis 1.1, we could, by solving a suitable moment problem,
control any direction (U7 (T'), ®4(T)), for k > 2 (with a slight abuse of notation
for the direction ®;, of the j** equation). Straightforward computations using

(1.5) lead to
(UH(T), ®o(T)) + (¥2(T), ®1(T)) = 0.

This comes from the linearization of the invariant (see Remark 1.1)

(W1 (1),0*(1) = (%o, %5), Ve (0,T),

and can be overcome (see Subsection 4.2). However, (1.5) also implies that

(112, 02) (WH(T), @1(T)) = (o1, o1 )(W*(T), @a(T)),

for any v € L((0,T),R). This is a strong obstacle to controllability and leads
to Theorem 1.1 (see Section 6).

In this situation, where a direction is lost at the first order, one can try to
recover it at the second order. This strategy was used for example by Cerpa and
Crépeau in [13] on a Korteweg De Vries equation and adapted on the considered
bilinear Schrodinger equation (1.1) by Beauchard and the author in [8]. Let, for

jed{l,2},

10,67 = —0%,67 —v(t)u(x)W — w(t)pu(x)®;, (t,z) € (0,T) x (0,1),
E(t,0) =& (t,1) =0, t € (0,7),
fj(O,x) = Ov T € (0,1)

The main idea of this strategy is to exploit a rotation phenomenon when the
control is turned off. However, as proved in [8, Lemma 4], there is no rotation
phenomenon on the diagonal directions (£7(T), ®;(T)) and this power series
expansion strategy cannot be applied to this situation.

Thus, the local exact controllability results in this article are proved using
Coron’s return method. This strategy, detailed in [23, Chapter 6], relies on
finding a reference trajectory of the non linear control system with suitable
origin and final positions such that the linearized system around this reference
trajectory is controllable. Then, the inverse mapping theorem allows to prove
local exact controllability.

As the Schrédinger equation is not time reversible, the design of the reference
trajectory (i1, Froee N f+Uref) is not straightforward. The reference control
Ures 1S designed in two steps. The first step is to impose restrictive conditions on
Ures ON an arbitrary time interval (0,¢) in order to ensure the controllability of
the linearized system. Then, u,.y is designed on (g, T*) such that the reference
trajectory at the final time coincides with the target. For example, to prove
Theorem 1.5, the reference trajectory is designed such that

(Ures (T7),07e (T7), 07 (T7)) = € (01, 02, 93). (1.6)



1.8. Structure of the article

This article is organized as follows. We recall, in Section 2, well posedness
results.

To emphasize the ideas developed in this article, we start by proving Theo-
rem 1.5. Section 3 is devoted to the construction of the reference trajectory. In
Subsection 4.1, we prove the controllability of the linearized system around the
reference trajectory. In Subsection 4.2, we conclude the return method thanks
to an inverse mapping argument.

In Section 5, we adapt the construction of the reference trajectory for two equa-
tions leading to Theorems 1.2 and 1.3.

Finally, Section 6 is devoted to non controllability results and the proofs of
Theorems 1.1 and 1.4.

1.4. A review of previous results

Let us recall some previous results about the controllability of Schrodinger
equations. In [3], Ball, Marsden and Slemrod proved a negative result for in-
finite dimensional bilinear control systems. The adaptation of this result to
Schrédinger equations, by Turinici [45], proves that the reachable set with L2
controls has an empty interior in SN H (20)( (0,1),C). Although this is a negative
result it does not prevent controllability in more regular spaces.

Actually, in [4], Beauchard proved local exact controllability in H” using
Nash-Moser theorem for a one dimensional model. The proof of this result was
simplified, by Beauchard and Laurent in [6], by exhibiting a regularizing effect
allowing to apply the classical inverse mapping theorem. In [5], Beauchard and
Coron also proved exact controllability between eigenstates for a particle in a
moving potential well.

Using stabilization techniques and Lyapunov functions, Nersesyan proved
in [42] that Beauchard and Laurent’s result holds globally in H3*¢. Other
stabilization results on similar models were obtained in [7, 9, 38, 40, 41] by
Mirrahimi, Beauchard, Nersesyan and the author.

Unlike exact controllability, approximate controllability results have been ob-
tained for Schrodinger equations on multidimensional domains. In [14], Cham-
brion, Mason, Sigalotti and Boscain proved approximate controllability in L2,
thanks to geometric technics on the Galerkin approximation both for the wave
function and density matrices. These results were extended to stronger norms
in [12] by Boussaid, Caponigro and Chambrion. Approximate controllability
in more regular spaces (containing H?3) were obtained by Nersesyan and Ner-
sisyan [43] using exact controllability in infinite time. Approximate controllabil-
ity has also been obtained by Ervedoza and Puel in [26] on a model of trapped
ions.

Simultaneous exact controllability of quantum particles has been obtained
on a finite dimensional model in [46] by Turinici and Rabitz. Their model uses
specific orientation of the molecules and their proof relies on iterated Lie brack-
ets. In addition to the results of [14], simultaneous approximate controllability
was also studied in [15] by Chambrion and Sigalotti. They used controllability
of the Galerkin approximations for a model of different particles with the same
control operator and a model of identical particles with different control opera-
tors. These simultaneous approximate controllability results are valid regardless
of the number of particles considered.



Finally, let us give some details about the return method. This idea of de-
signing a reference trajectory such that the linearized system is controllable was
developed by Coron in [18] for a stabilization problem. It was then success-
fully used to prove exact controllability for various systems : Euler equations
in [19, 28, 30] by Coron and Glass, Navier-Stokes equations in [17, 20, 24, 27]
by Coron, Fursikov, Imanuvilov, Chapouly and Guerrero, Biirgers equations in
[16, 32, 34] by Horsin, Glass, Guerrero and Chapouly and many other models
such as [21, 25, 29, 31]. This method was also used for a bilinear Schrédinger
equation in [4] by Beauchard.

The question of simultaneous exact controllability for linear PDE is already
present in the book [37] by Lions. He considered the case of two wave equations
with different boundary controls. This was later extended to other systems by
Avdonin, Tucsnak, Moran and Kapitonov in [1, 2, 35].

To conclude, the question of impossibility of certain motions in small time,
at stake in this article, for bilinear Schrédinger equations was studied in [8, 22]
by Coron, Beauchard and the author.

2. Well posedness

First, we recall the well posedness of the considered Schrodinger equation
with a source term which proof is in [6, Proposition 2]. Consider

iatw(ta JJ) = _aizv'(/)(t7x) - U(t)ﬂ(m)w(t,m) - f(t,l‘), (t’x) € (O7T) X (Oa 1)7
Y(t,0) =1(t,1) =0, te(0,7),
(0,2) = o), re(0,1).

—~

(2.1)

Proposition 2.1. Let u € H*((0,1),R), T > 0, v € H{p (0,1), u € L*((0,7), R)
and f € L*((0,T),H®> N H}). There exists a unique weak solution of (2.1),
i.e. a function 1 € CO([O,T],H(?’O)) such that the following equality holds in
H{,((0,1),C) for every t € [0, T,

vlt) =+ [ eI ulrpn(r) + f(ldr.

0

Moreover, for every R > 0, there exists C = C(T,u,R) > 0 such that, if
llull 20,1y < R, then this weak solution satisfies

lelloogo.ry 3, < € (1ol

8 s+ Hf||L2((o,T),H3nH3))-

If f =0, then
[¥®)llz20,1) = IYollz2(0,0),  VE € [0,T].
3. Construction of the reference trajectory for three equations

The goal of this section is the design of the following family of reference trajec-
tories to prove Theorem 1.5.



Theorem 3.1. Let N = 3. Let p € H3((0,1),C) satisfy Hypothesis 1.1 and
5(pp1, 1) — 8(upe, p2) + 3{ues, ws3) # 0. Let T1 > 0 be arbitrary, ¢ € (0,17)

and €1 € (5,¢). There exist 7 > 0, C > 0 such that for every n € (0,7), there
exist T > Ty, 0" € R and u)!,, € L*((0,T"),R) with
[ ¢l L2 0.0y < Cnp (3.1)

such that the associated solution (1[1%](,77/}%]@, Tef) of (1.2)-(1.3) satisfies

(a2 (1), ¥y 0k (e1) = (pepr, 1)+,
(2 (e1), 020 (€)= (pepa, ), (32)
(2 (1), Wik (e1)) = (s, @3),

<.L“/’i£f (6)7 1/’&@7} (€)> = <,U(,01, §01>a
(2 (), 20 (€)) = (e, p2) +m, (3.3)
(4 (e), it (€)) = (ueps, ),

)

and
(Vb (T, 20 (T, 2 (T)) = " (p1, 02, 03). (3.4)

Remark 3.1. For any T' > 0, u;’ef is extended by zero on (T",7" + T). Thus,
there exists C' > 0 such that, ||U:]ef”L2(O,T"+T) < Cn, (3.2), (3.3) are satisfied
and

(W (T + T), 2 (T + T), 20 (T + 1)) = e (21(T), B2 (T), 05(T)).

Remark 3.2. The choice of a parameter 7 sufficiently small together with con-
ditions (3.2) and (3.3) will be used in Section 4.1 to prove the controllability of
the linearized system around the reference trajectory. The control u;, 7 will be
designed on (0,7}) and extended by zero on (T1,T").

The proof of Theorem 3.1 is divided in two steps : the construction of w , on
(0,¢) to prove (3.2) and (3.3) and then, the construction on (g, 7}) to prove (3 4).
This is what is detailed in the next subsections.

3.1. Construction on (0,¢)

Let u, ;=0o0n [0, 5). We prove the following proposition.

Proposition 3.1. Let u € H?((0,1),C) satisfy Hypothesis 1.1. There erists
n* >0 and a C' map

I: (0,n7*) — L? ((%,s) ,R),

such that T(0) = 0 and for any n € (0,7*), the solution (v ref’wref7¢ref) of

system (1.2) with control u),, = ['(n) and initial conditions Y (5) = @5(5),
for j =1,2,3, satisfies (3.2) and (3.3).



Proof of Proposition 3.1 : Using Proposition 2.1, it comes that the map
©: L*(5,¢),R) — R3 x R3
u = (61(w),62(w)

where

O1(u) := ((/M/)j(fl)awj(gl» - <M¢jv¢j>)j:1,2,3’
and

Ga(u) i= (1 (€),7()) — (3 91)),_y 0y
is well defined, C", satisfies ©(0) = 0 and

46(0)-0 = (2R (£1). B5(21))) 1 - CRUTI ), 25)), <)
(3.5)
where (', W2, ¥3) is the solution of (1.4) on the time interval (§,¢) with con-
trol v and initial conditions ¥/ (%, ) = 0. Let us prove that dé(O) is surjective;
then the inverse mapping theorem will give the conclusion.

Let v = (v;)1<j<6 € R® and K > 4. By Proposition Al (see the appendix),
there exist v1 € L*((5,€1),R) and vy € L?((e1,¢),R) such that

€1 .
/ () Or AL =0, V€ N\{K}, V1< j <3,

2

€1 i P AK—Aj)EL A .
[ uena = S g
§ 2i{up;, Prc)
£
/ vy ()AL =0, Yk e N*\{K}, V1 <j <3,
€1

ei(AK—)\j)E ei()\K—Aj)El’yj

€ .
[ el mar - D34

‘ - — . V1<j<3.
- 2i{ppg, px)?  2i{pp;, px)? /

Notice that the moments associated to redundant frequencies in the previous
moment problem are all set to the same value and, as K > 4, the frequencies
A —A; for 1 < j < 3 are distinct. Let v € L? (%,5) be defined by v; on (%,51)
and by vy on (e1,¢). Straightforward computations lead to d(:)(O).v =.

|

3.2. Construction on (g,T})
For any j € N*, let P; be the orthogonal projection of L?((0,1),C) onto
Spanc(pk, k > j+1) ie.

—+oo

Pi@) = Y (¥, 0k)0k

k=j+1
The goal of this subsection is the proof of the following proposition.

Proposition 3.2. Let 0 < Ty < Ty. Let u € H3((0,1),C) satisfy Hypothesis 1.1
and 5{up1, 1) — 8{pa, 2) + 3{ups, p3) # 0. There exist § > 0 and a C*-map

fTU,Tf : (’N)(s’TO — LQ((To,Tf),R)

10



with
Os., = 4 (¥4, ¢85, ¥8) € (SN H{,(0,1))° Elwo 5(To)llws, <6 ¢,

such that T, 7, (21(To), ®2(Tp), ©3(Tp)) = 0 and, if (v, v3,¢3) € Opy s, the
solution (w1,¢2,w3) of system (1.2) with initial conditions 7 (T, ") = 1%, for
7 =1,2,3, and control u := f‘TO’Tf (1/)(1)71#8, @[JS’) satisfies
PN (Ty)) = P2 ($*(Ty)) = Ps(v*(Ty)) =0, (3.6)
S((H(Ty), @1(Ty))° (W2(Ty), @2(Tf)>8<¢3(Tf)7@3(Tf)>3)) =0. (3.7)

Remark 3.3. The conditions (3.6) and (3.7) will be used in the next subsection
to prove (3.4). Equation (3.7) will be used to define the global phase 6.

Proof of Proposition 3.2 : Let us define the following space

Xl = {(¢17¢27¢3) S H?O)(((L 1)7(:)37 <¢]7§0k> = 07 for 1 S k S] S 3} .
We consider the following end-point map

0,1)* — H}

Or,1r, : L*((To, Ty),R) x H} (©

) 1(0,1)? x X1 xR,

defined by
6T(),Tf (U,¢é7¢8a¢3) = (7/)677/)(2»7#3, Pl (wl(Tf))7P2(w2(Tf))a’PS(ws(Tf)),
3( <¢1(Tf)v‘1)1(Tf)>5<w2(Tf)a¢2(Tf)>8<¢3(Tf)a¢’3(Tf)>3))

where (91, 12,93) is the solution of (1.2) with initial condition 7 (Tp,-) = v},
and control u. Thus, we have

Or,.1, (0, P1(Tp), ®2(Tp), P3(Ty)) = (P1(To), P2(To), P3(T0), 0,0,0,0).

Proposition 3.2 is proved by application of the inverse mapping theorem to
Or,,1; at the point (0, ®1(Ty), P2(To), P3(Th))-

Using the same arguments as in [6, Proposition 3], it comes that O, 7, is a C"!
map and that

dOr, 1, (0, @1 (Tp), ®2(Tp), @3(Tp)).- (v, T, U2, T3)
=(‘I’(1)a U3, W5, Pr(VH(Ty)), P (V2(Ty)), Ps(0(Ty)),
5S((UN(Ty), @1(Ty))) — 8I((W3(Ty), @2(Ty))) + 3S((W*(T}), <I>3(Tf)>)),

where (U1, 2 ¥3) is the solution of (1.4) on the time interval (Tp,Ty) with

control v and initial conditions W7 (Tp, -) = 7,

It remains to prove that dOr, r, (0, <I>1(T0),<I>2(T0),<I>3(TO)) : L2((To, Ty), R) x
(0)(0 1)3 — H?o) (0,1)2 x X; x R admits a continuous right inverse.
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Let (\I/é,\?%,\llg) € H?O)(O,l)?’, (¢},¢J%,¢i’;) € X; and r € R. Straightforward
computations lead to

, = ‘ Ty ,
wm=20%%%»www¢/wwwwwﬁww
k=1 To

Finding v € L*((Ty, T¥), R) such that
P (W (Ty)) =4}, Vje{1,2,3},
S(5(WH(Ty), @1(Ty)) — 8(W*(Ty), ®2(Ty)) + 3(W*(Ty), ®3(Ty))) =1,

is equivalent to solving the following trigonometric moment, Vj = 1,2,3, Vk >
j+1

Ty ) ) ,
/T U(t)el(/\k*)\j)tdt = m(@/}?“ CI)k(Tf)> — <\I/g)7 q)k(TO)>)7
i 7 3.8
/Tf ’U(t)dt: T_%(5<\I/(1)7‘I)1(T0)> _8<\II%7@2(T0)>+3<\Ilqu)3(T0)>) ( )
To 5(upr, 1) — 8(ups2, pa) + 3{ups, a) '

Using Proposition A1l and the hypotheses on , this ends the proof of Proposi-
tion 3.2. |

3.8. Proof of Theorem 8.1

Let 6 > 0 be the radius defined in Proposition 3.2 with Ty = € and Ty = T3.
For n > 0 we define the following control

0 for ¢t € (0, %),
UQef(t) = L'(n) fort € (g,s), (3.9)
Tor (0,04(€), Y20k (), ¥k (e))  for t € (e,Th),

where I' and T are defined respectively in Proposition 3.1 and 3.2. We prove
that, for 1 small enough, this control satisfies the conditions of Theorem 3.1.

Proof of Theorem 3.1 : The proof is decomposed into two parts. First, we
prove that there exists 77 > 0 such that for n € (0,7), u;, 7 is well defined, satis-

fies [|u;) l[z2(0,7,) < Cn and the conditions (3.2), (3.3) are satisfied. Then, we

prove the existence of 7" > 0 and 0" € R such that if 7 is extended by 0 on
(T1,T"), the condition (3.4) is satisfied.

First step : u,),; is well defined.
Using Proposition 3.1, the control u;'ef is well defined on (0,¢) as soon as n €

(0,m*). Moreover, using Lipschitz property of I, there exists C(n*) > 0 such
that

luresllL2(s.e) = T = TO)lL2(5,6) < Cn™)n-
Thanks to Proposition 2.1, there exists C(e) > 0 such that if ||u|[z2(0,) < 1,
the associated solution of (1.2)-(1.3) satisfies

169~ @)l < C@lullzzs, for j=1,2,3.

12



Thus, using Proposition 3.2, if C(e)C'(n*)n < %, we get that for j =1,2,3,

; 6
12— )y, < 5.

Thus, u", s is well defined on (0,71). Moreover, there exists C(5) > 0 such that

1] L2 e my)
= ||Temy (Vr04(e), 20 (E), W2 () — Ty (R1(2), @a(e), @5(e)) |2 (e

<CO)> @ - ®;)(e)llms,,

Finally, choosing

5 1
77<min<77*7 w0 *>a
3C(e)C(n*)" Cn)
implies that ||u:zef\|Lz(0,T1) < Cn. Here and throughout this paper C' denotes

a positive constant that may vary each time it appears. Thanks to Proposi-
tion 3.1, it comes that (3.2) and (3.3) hold.

Second step : We prove the existence of a final time 77 > 0 and a global
phase 6" € R such that (3.4) holds.
Proposition 3.2, implies

J

II(TY) =Y _(WI(T), @(T1))0k(Th), Vj=1,2,3, (3.10)
k=1

S (Wb (Th), @1(T1))> (W24 (Th), Bo(Th))S (Wi h(Th), 3(T1))?) = 0. (3.11)

Using the invariant of the system, <wref,wref) = §,=k, for j,k € {1,2,3}, this
leads to the existence of 67, 67,07 € (—m, 7] such that

() = e 0T, Wi=1,2,3,
Using (3.11), it comes that
sin (5607 — 864 + 303) = 0.
Using Proposition 2.1, it comes that, up to a choice of a smaller 7,
507 — 867 + 367 = 0. (3.12)

Recall that A\, = k272, Let T" and 6" be such that 77 > T} and

g7 —gn 2
=1 2 |=Z
/\2—)\1 |:7T:|’
Ao A
on = o 07 |2
sy wl Sl vens wic A S
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This choice leads to
07 + M T" — 0" =0 [27],
0 + XoT" — 0" = 0 [27].

Then, using the definitions of T and 0" together with (3.12) we get

- - e e o

)\ *Al )\QfAl
(567 — 8607 + 3064) [27]
[27].

Finally, if we extend u?,ef by 0 on (71,T"), we have that (wT,ef,zlzT,ef, zbwf) i
solution of (1.2)-(1.3) with control /[, ; and satisfies for j € {1,2,3}

01 + X\sT" — 0" = 07 +

1
3
0

, (07T —ig"
WIIH(T) = e 0T s — e

This ends the proof of Theorem 3.1.

4. Proof of Theorem 1.5

This section is dedicated to the proof of Theorem 1.5 which is done in the case
T = 0, the extension to the general case being straightforward. The proof is
divided in two parts. In Subsection 4.1, the functional settmg is spec1ﬁed and we
prove the controllability of the hnearlzed system around (wmf, wmf, wTef, Tef)

10U = —92 Wi — uzef(t)u(x)\llj’" —o®)p(@)y,  (tx) € (0,77) x (0,1),
WI(t,0) = WPt 1) = 0, t € (0,T7),
WIn(0,z) =0, z € (0,1),
(4.1)
when 7 is small enough. In Subsection 4.2, we conclude the proof of Theorem 1.5
using the inverse mapping theorem.

4.1. Controllability of the linearized system
For any t > 0, let

x7 = {(6",6% 6%) € Hiy ((0,1),C)%s R, 035 (6) = 0, for j =1,2,3

and (7, f(1)) = — (9%, 75 (1), for (k) = (2,1), (3.1),(3,2)}.
(4.2)
The following proposition holds.

Pr0p051t10n 4.1. There exists 7 € (0,7) such that, for any n € (0,7), if
T, u Tef and (wref,wref,wref) are defined as in Theorem 3.1, there erists a
continuous linear map
L. X, - L*(0,T"),R)
(W Y593 = v

14



such that for any (1/)},1/1?,1/}?) € X%n, the solution (W11 W21 W31 of sys-
tem (4.1) with control v = L"(w},w?,d)?) satisfies

(WhI(T7), W20, W) = (}, 93, 63).

Before proving Proposition 4.1 we set some notations. For any n € (0,7), for
any t € (0,77), let U"(¢t) be the propagator of the following system

i) = =02, —wl (@),  (t,x) € (0,T7) x (0,1),
P(t,0) = 1p(t,1) =0, t € (0,77, (4.3)
(0, 2) = 4°(0, z), r € (0,1),

Le. UM(t)yY = (t). We will work in the Hilbert basis (®](¢) := U (¢)¢k ) pen
of L?((0,1),C). Notice that for j =1,2,3, @7 =% As the proof of Proposi-
tion 4.1 is quite long and technical, let us detail the different steps. Let

Z:={(,k)e{1,2,3} xN"; k>j+1}U{(3,3)}.

The first step consists in proving the controllability of the components
(WI(Ty), ®1(Ty)) for (j,k) € Z, for any Ty > 0 and n sufficiently small, as
stated in Lemma 4.1. First, we prove that these components are controllable
when 17 = 0 : it corresponds to solving a trigonometric moment problem with
an infinite asymptotic gap between successive frequencies. Then, we extend the
controllability of these components to small values of 77, by an argument of close
linear maps.

In the second step (Lemmas 4.2 and 4.3), using Riesz basis and biorthogonal
family arguments, we prove that we can also control the two diagonal directions
(WI1(Ty), @] (Ty)) for j = 1,2. This would not have been possible directly in the
first step. Indeed for i = 0, the three directions (/" (Ty), ®](Ty)) for j = 1,2,3
are associated to the same frequency in the moment problem. But for n > 0,
the construction of the reference trajectory (and more precisely conditions (3.2)
and (3.3)) will allow to control those two directions.

Finally, in the third step, due to the conditions imposed in the definition of
X/ (in (4.2)) the remaining directions (Ui @) for 1 < k < j are automati-
cally controlled.

Proof of Proposition 4.1 :
The map L" will be designed on (0,77) and extended by 0 on (77,7"), where
T is as in Theorem 3.1. Let

Vo 1= {(dl,dz,d3) € h*(N*,C)*; & =0, if (j,k) ¢ T and R(d3) = 0} :

Let R : T — N be the rearrangement such that, if w,, := A\ —A; with n = R(j, k),
the sequence (wy,)nen is increasing. Notice that 0 = R(3,3).

First step of the proof of Proposition 4.1 : we prove that the directions
(UI1(Ty), ®](Ty)) for (j,k) € T are controllable in any positive time T} for n
small enough.

Let

dh = (01, 9% 4°) € X%f — (d;?(z/)),d;;’(tp)?d;?(i/))) € Vo,

15



where for j = 1,2, 3,
&) = (7, BUTY)),  if (j,k) €T,
dél;],k;(w) L= 07 lf (.]a ) gI

The next lemma ensures the controllability of the directions (U7 (Ty), @] (Ty))
for (j,k) € T.

Lemma 4.1. Let Ty > 0 and
F" . L2((07Tf),R) — Vo
v = dp, (U(Ty))

where ¥ := (\Ill,\lfz,\l':‘) is the solution of (4.1) with control v. There exists
7 =7(Ty) € (0,7) such that, for any n € (0,7), the map F" has a continuous
right inverse

F7 Vg — L2((0,Ty), R).

Proof of Lemma 4.1 : Straightforward computations lead to

W) Ty)) =1 [ o iy 0. BN for R €T, ()
Let us define
(2 (1), 20(0)

) = , for (j,k) € Z and n = R(j, k), 4.5
R TEE -4 I
and f7. (t) := fil(t), for n € N*. We consider the following map
Jm: L*((0,7%),C) — ?(7,C)
Ty
t) f(t)dt
N RGO

Notice that fO(t) = e™n* with w, = A\ — A for any n = R(j,k) € N. Thus
(see Appendix A), JO is continuous with values in ¢?(Z,C). Moreover, J is an
isomorphism from Hy := Adhzz(o,1;) (Span{f); n € Z}) to (*(Z,C).
First step : we prove the existence of C' > 0 such that
17 = )W)l < Callellizryy, Vo€ LH(O.T),C).  (46)

Let (j,k) € Z and n = R(j,k) € N and v € L?((0,7%),C). Using (4.4) and
(4.5), the triangular inequality and Hypothesis 1.1, we get

Ts 0 em _[(WO(Ty), @ (Ty))  (WP(Ty), ®U(TY))
/0 v(O)(fn = S ()t ‘ (1P, k) (1P, Pn)
< CF (|((W70 — W) (Ty), @i (Ty))| + [((U"(Ty) — U(Ty)) W (Ty), 1) |)

because (®] — @) (t) = (U"(t) — U°(t))pr (we denoted by = the L?((0,1),C)
adjoint operator). Thus,

170 = I @)l < €37 (1130 — W) (Tp)] 1, +

Jj=1

U (T7) = UT) W (Tl s, ). (47)
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Proposition 2.1 implies that
(250 — W) (Tp)] s,

< CH“;’ef(t)M‘I’j’o(t) +o(t)u( ;Zenf = @) Ol L2(0,7), H3NH)

< Cllw)o sl 2 0. V1|22 0,7) - (4.8)

*

Using unitarity, it comes that U"(Ty)* is the propagator at time T of system

i) = 03000 +ul f (Tr = thu(x)e,  (t,2) € (0,T%) x (0,1),
¥(t,0) = ¥(t, 1) = 0, t € (0,Tf).

Thus Proposition 2.1 may be applied again leading to

|@(T7) = U @) W (Tp)] |,

< Cluly  OpU° ()OI (Th)| L2 (0,1, ), 30082
<C HuZef||L2(O,Tf)||v||L2(0,Tf)‘ (4.9)

From inequalities (4.7), (4.8), (4.9) above and (3.1) we get the conclusion of the
first step.

Second step : conclusion.
Let /(T¢) := min {@ O_1||(JO)_1||Z(1HO e2)} where C is defined by (4.6) and let

n € (0,7(Tf)). We deduce from the first step that J” is an isomorphism from
. &
Hy to (2(Z,C). Let (d',d? d®) € V,. We define d,, := —=— for (j,k) €T
(s, i)

and n = R(j, k) € N, and d_,, := E, for n € N*. Then,

P (d d?,dP) = ()7 (d)

is the unique solution v in Hy of the equation F"(v) = (d',d?,d?). The unique-
ness implies that v is real valued. This ends the proof of Lemma 4.1.
|

Second step of the proof of Proposition 4.1 : Riesz basis and minimality.
To prove that we can also control the directions (¥77(T%), ®/(Ty)), for j = 1,2,
we will use the following lemmas.

Lemma 4.2. Let Ty > 0 and H" := AdhLz(o’Tf)(Span{f,’],n €Z}). Ifn<
7(Ty), then (f)nez is a Riesz basis of H".

Proof of Lemma 4.2 : Using [6, Proposition 19], it comes that (f7)nez is a
Riesz basis of H" if and only if there exists C7,Cy > 0 such that for any complex
sequence (ay,)nez with finite support

1/2 1/2
Cy <Z|an|2> <D anf] < Oy <Z|an|2> . (4.10)

L2(0,Ty)
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Lemma 4.1 together with [10, Theorem 1| imply the first inequality of (4.10).
Using again [10, Theorem 1], we get that the second inequality of (4.10) holds
if and only if, for any g € L*((0,7%),C)

T 5 1/2
(2 [ s ) < Callgllse.
nez 0

This is implied by the continuity of J°, the triangular inequality and (4.6). This
ends the proof of Lemma 4.2.
|

From now on, we consider 7 < min (7(§),7(71)) and n € (0, 7) fixed for all what
follows.

<M Jsmn jm>
Lemma 4.3. Let f]; := Nrefr Treflfor € {1,2}. The family = =
’ (s, ©5)

(fﬁ)nGZ U {fﬂl,f;Q} is minimal in L?((0,T1),C).

Proof of Lemma 4.3 : Assume that there exist (cp)nez € €%(Z,C) and ¢ 1,
c2,2 € C, not all being zero, such that

crfli+eanfla+ Y enfl =0, in L*((0,T1),C). (4.11)
ne”Z
Thus,
. €
Cl,lf{?,l + 6272][;7,2 + Z Cnf:z =0, in LZ((Oa 5)7((:)
nezL

As fg = f{?@ = f2n72 =1on (0, 5), then

%),

Cl,lfﬂl + CQ,Zf;Q + Cof(? = Cfgv on (Oa 9

where ¢ :=c¢; 1 + ¢2,2 + ¢o. Thus,

cff + ) enfl =0, inL*((0,5),C).

2
nez*

As n < 7(e/2), Lemma 4.2 with Ty = ¢/2 implies minimality of (f)nez in
L?((0,%),C). Thus,

c=0 and ¢,=0, VYneZ".
Then, equation (4.11) implies that,
cLlfﬂl +02’2f2"72 +cofg =0, on (0,T1). (4.12)
Finally, as ¢ = 0, conditions (3.2) and (3.3) in (4.12) lead to ¢11 = c22 = 0 and
then ¢y = 0. This is a contradiction, thus the family = is proved to be minimal

in L2((0,T}),C).
n
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The proof of Lemma 4.3 makes important use of the conditions (3.2) and (3.3)
from the construction of the reference trajectory. This is the main interest of the
construction of the reference trajectory : for n = 0, one gets f{),l = f§)2 = fJ.
Thus, one could not control simultaneously (¥7:°(1%),®;(Ty)) for j = 1,2,3.
In our setting, the minimal family property allows together with Lemma 4.1 to
conclude the proof of Proposition 4.1.

Third step of the proof of Proposition 4.1 : conclusion.
Using [6, Proposition 18], Lemma 4.3 implies that there exists a unique
biorthogonal family associated to = in Adhp2(om) (Span(E)) denoted by
{971,995, (91)nez}. This construction ensures that g7 ; and gJ , are real valued.
Let ¢y € X%n and 1/~)f = (eiA(T"*Tl)q/)ch’ eiA(T"*Tl)q/)]%’ eiA(T"*Tl)qu) As uref
is identically equal to 0 on (71,7T"), it comes that Qﬂf S X{H' The map L" is
defined by
L": ¢y € Xf, = v e L*((0,T"),R),

where v is defined on (0,7%) by

" —’U()—I—Z( wf’ ref( )>)_/0T1U0<) ()dt>gjj(>

(s, ©5)

with vy := el (dT1 (ﬂf)) and extended by 0 on (77,7"). Notice that L" is
linear and continuous and that as vo, g{ ; and gy , are real valued so is v.
Let (U1, W2 ¥3) be the solution of (4.1) with control v. Using the biorthogonal
properties, the definition of v9 and Lemma 4.1 with Ty = T; we get that

<\I/j(Tl)7 (I)Z(Tl» = <1/~);”7 (I)Z(Tl»’ V(], k) €U {(1’ 1)’ (27 2)}

We check that v also controls the remaining extra-diagonal terms. Straightfor-
ward computations give

(U*(1h), @{(Th)) = —(¥L(T1), ®3(Th))-
Yet, by definition of v and X%ﬂ

(UH(T), 0rf (TV) = (D}, @Y(T)) = —(9F, ®](T0)).

This leads to ~
(U(Ty), ®1(TY)) = W}%a@?(ﬂ»-

The same computations hold for (¥3(T1), ®7(T1)) and (¥3(T1), ®5(T1)). Thus,
as (®](T1))ken- is a Hilbert basis of L?((0,7}),C), it comes that

(UH(T1), U2(T1), U3(Th)) = (¥, 97, 9F).

As v is set to zero on (T1,T"), this ends the proof of Proposition 4.1. ]
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4.2. Controllability of the nonlinear system

In this subsection, we end the proof Theorem 1.5. First, using the inverse map-
ping theorem and Proposition 4.1, we prove in Proposition 4.2 that we can
control the projections associated to the space X{w, (see below for precise state-
ments and notations). Then, using the invariants of the system (see Remark 1.1)
we prove that it is sufficient to control those projections.

We define
A: L2((0,T7),R) — X,

u = (P (T))j=1,2,3)
where (41,42, 1%) is the solution of (1.2)-(1.3) with control u and P is defined
by

Pi(¢7) : qs R((07, w2 (T7) 27 (1)
T RI(T)) 4 (WL (T7), ¢F)) (1),

k:l

Thanks to this definition, A takes value in X%n (defined in (4.2)) and A(u), ;) =

(0,0,0). As announced, we prove that we can control the projections ’P More
precisely, we prove the following proposition.

Proposition 4.2. There ezists § > 0 and a C'-map
T: Qs — L*((0,77),R),
with

3
Q5= (0}, 907, 9%) € Xfu 3 D WHms, <6

©)
j=1
such that T(0,0,0) = ufef and for any (7,2},7,/;]21,77/;?) € Qs, the solution of
system (1.2)-(1.8) with control u := T(Q;},Q/N)J%,?/N}?c) satisfies
(PL("(T™), Pa(*(T)), Ps(0*(T))) = (&}, 93, 9%).

Proof of Proposition 4.2 : This proposition is proved by application of the
inverse mapping theorem to A at the point w,, Iz Using the same arguments as
in [6, Proposition 3], it comes that A is C' and for any v € L?((0,T"),R),

dA (e p).0 = (Po(UH(T™)), Po(W3(TT)), P3(W(TT))),

where (07);_1 2 3 is the solution of system (4.1) with control v. Straightforward
computations lead to P;(¥4(T")) = W (T") and thus

dA( ref) (\I’ (Tn) \112(T77),\I/3(T77))
Proposition 4.1 proves that dA(u;!, ;) : L2((0,T7),R) — XIJ:T, admits a continu-

ous right inverse. This ends the proof of Proposition 4.2.
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Proof of Theorem 1.5 : Let £ > 0 and (1/1}, 1/1]%, 1/133) € H(P’O
that

,((0,1), C)3 be such
(W) = 6y and Y ([0 — G307 |, < €.
j=1

Let o R ~ R

(V5,93 0F) = (Pr(¥}), Pa(03), Pa(¥}))-
Let 4 be the radius defined in Proposition 4.2. There exists ¢9 > 0 such that
for any & € (0,e0), (¢}, 97, ¢}) € Qs and

R((F, ¢27(T7))) >0, Vj € {1,2,3}. (4.13)

Let u := T(z/;},z/;?,z/;?) Let (¢!,42,93) be the solution of system (1.2)-(1.3)
with control u. We prove that

(1 (), *(T"), 0 (T)) = (¥5, ¥F. ¥})-
Up to a reduction of gy, we can assume that
R((7(T7),27(T™)) >0, Vj € {1,2,3}. (4.14)
By definition of T and P; it comes that
DT = ROWGHT), Dy H TN T = p = RO (T (1),

Thanks to (4.13)-(4.14) and the fact that |[¢'(T")||z2 = [|¢]

|12, we get
T = . (4.15)
The equality Pa(12(T7)) = 1%% gives

ATT) = (2 (T7), 0 ST (T) = RO (T, 47 (T (T

= ¢F — W7, O (T TT) = ROWF, G2 (T (T).
(4.16)
Taking the scalar product of (4.16) with 1/)}, using (4.15) and the constraints

(W2(T), M (1)) = W?ﬂﬁ}) =0, it comes that

W)y STy (T, ) + RWP(T), 77 (T)) (i (T7), )

= (7, %, W T (T, ) + R((WF, 02 (D)) (2T, ¥)).
(4.17)
As [[02(T7)]| g2 = |[1)3]| 12, we also get

(2 (T, 2T 2+ R T7), 02H(T)))
= [(W2, Yr T2 + R((W3, 920 (T™)).

Straightforward computations prove that, up to an a priori reduction of &,
equalities (4.17) and (4.18) imply

R@T), $20(T)) = R((WF, 2HT)) (4.19)

(4.18)
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Then (4.17), imply (2(T7), =" (T7)) = wa%ﬁl’n (T)). Finally, using these

two last equalities in (4.16), we eofbtain !

YA = 2. (4.20)
Using Ps (3(T)) = @[NJ? and the exact same strategy we also get

(T = . (4.21)

Thus equalities (4.15), (4.20) and (4.21) end the proof of Theorem 1.5 with
T* :=T" and

I (¢3,9F,9%) = T(Pu(v}), P2(vF), Ps(vF)).
|

Remark 4.1. As mentioned in Remark 1.6, a slight change in the proof allows to
prove Theorem 1.5 for initial conditions (1, 12, 13) close enough to (1, 2, p3)
satisfying ' _

<¢67¢(I)€> = < ;qu[}];% Vi, k€ {17273}' (422)
To this aim, the inverse mapping theorem is applied at the point (u", £115 92, ©3)
to the map

A+ L2((0,T7),R) x (S 1 Hib) (0,1))° = (S 0 HE, (0,1)* x X,
defined by

A, 5,93, 08) = () j=1,2,3, Pj (7 (T"))j=1,2,3).-

The compatibility condition (4.22) will then lead to (4.17), the conclusion being
unchanged.

5. Controllability results for two equations

Theorem 1.5 leads to local exact controllability up to a global phase and a global
delay in the case N = 2. Actually the strategy we developed can be improved in
this case to obtain less restrictive results, namely Theorems 1.2 and 1.3. Here,
we only detail the construction of the reference trajectory, the application of
the return method being very similar to Section 4. Subsection 5.1 will imply
Theorem 1.2 and Subsection 5.2 will imply Theorem 1.3.
In all this section, we consider N = 2. Let T} > 0 and € € (0,7}). As in
Theorem 3.1, the reference control is designed in two steps.
Let u =0 on [0, §). Proposition 3.1 is replaced by the following proposition.
Proposition 5.1. There exists n* > 0 and a C' map

Do) - 22 ((54) ).
satisfying T'(0) = 0 such that for any n € (0,n*), the solution (wigp,wf,g}) of
system (1.2) with control u := T'(n) and initial conditions wic”f(%) = ®;(5) for
7 =1,2 satisfies

(1,25 (€), Yy lh(€)) = (epr, 1) + 1,
<N1/13é7} (e), ¢3’e7} (€)) = (up2, 2).
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As previously, this proposition will ensure controllability of the linearized
system around the reference trajectory. The proof is a simple adaptation of
Proposition 3.1 and is not detailed.

We now turn to two different constructions of reference trajectories on (g, T1),
to replace Proposition 3.2.

5.1. Controllability up to a global phase in arbitrary time : Theorem 1.2

Let T > 0 be arbitrary. Up to a reduction of £, we assume that 7' = T;. We
prove that there exists a global phase " > 0 and a control u/! ef ON (e,T) such

that the associated trajectory (wwf, 'Q[JTPf) of (1.2)-(1.3) satisfies Proposition 5.1,

(Wr(T), 07H(T)) = e (81(T), B(T)), (5.1)
and ||, ¢|[20.7) < Cn.
Proposition 3.2 is replaced by the following proposition which proof is a simple
adaptation of the one of Proposition 3.2 and is not detailed.
Proposition 5.2. There exists § > 0 and a C*-map
I:0s5 — L*((¢,T),R)

with
Os = ¢ (¥4, ¥3) € (SN H{p (0,1)) Zuwo g, <8¢,

such that f‘(@l(&:),@g(s)) =0 and, if (Y}, v3) € Oy, the solution (wl,zﬁz) of
system (1.2) with initial conditions Wi(e, ) = ), for j = 1,2, and control
U= 1"(1/)6, wg) satisfies

Pi(vN(T)) = Pa(v*(T)) =0, (5.2)
S((H(1). 22 (1) 3T, 82(T))) ) = 0. (53)
There exists 7j > 0 such that for 5 € (0,7), the control
0 for t € (0, %),
U)oy (t) = I'(n) for ¢ € (%,g), (5.4)

L)) fort € (e,T),

is well defined and satisfies [[u,),;||z2(0,m) < Cn, where I and T are defined
respectively in Proposition 5.1 and 5.2. Proposition 5.2 implies that
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Thus, using the invariant of the system, it comes that there exist 67, 67 € [0, 27)
such that

(Wrlp (D)0 2p (1)) = (e @1 (T), ™ @o(T)),
and
67 — 67 = 0 [27].
Finally, this implies that there exists " € R such that

(Wp (D), 074 (1)) = " (@1(T), 2a(T)).
Then, application of the return method along this trajectory as in Section 4
implies Theorem 1.2.

Remark 5.1. To investigate controllability properties up to a global phase, as
proposed in [39], one can introduce a fictitious control w in the following way

iatwj = _8£a;¢j - U(t)ﬂ(x)W - W(t)wj: (t7x) € (O7T) X (07 1)a .] € {1a2}7
¥ (t,0) = ¢ (t,1) =0, te(0,7), je{1,2}
Adapting the strategy of [6, Theorem 1], one can prove local controllability of
this system by linearization around the trajectory (&1, ®2,u = 0,w = 0). This
would lead to local controllability up to a global phase. However, in this case,
one would obtain for each target (w}, %20) close enough to (®1, ®5) a global phase
0= 9(1#}7 1/}?) such that there exists a control driving the solution of (1.2) from

(13) to (1}, v3).

5.2. Ezact controllability up to a global delay : Theorem 1.3
We prove that there exists 77 > 0 and a control u:fef on (¢,T1) such that

if uzef is extended by 0 on (77,7"), the associated trajectory (wref,wref)
(1.2)-(1.3) satisfies Proposition 5.1,

(W (T, 4704 (T™) = (o1, 02), (5.5)

and ||, ;|| 20,07y < Cn.
Proposition 3.2 is replaced by the following proposition which proof is a simple
adaptation of the one of Proposition 3.2 and is not detailed.

Proposition 5.3. There ezists § > 0 and a C'-map
I':0s5 — L*((¢,T1),R)
with

(0)

2
Os = ¢ (¥4, ¥3) € (SN H{p (0,1)) Zuwo Mlegs <3,

such that f‘(@l(e),%(s)) = 0 and, if (W},v3) € O, the solution (¥t 9?) of
system (1.2) with initial conditions 7 (e, -)
w:=T (), Yd) satisfies

P1(v'(Th)) = P2 (¥*(T1)) =0, (5.6)
(1), 01(12) W2(T), 82(T1))) ) = 0. (5.7)

= 77[16; for 3 = 1,2, and control
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There exists 77 > 0 such that for n € (0,7), the control

0 for t € (0, g),
ulf(t) = I'(n) for t € (g,a), (5.8)

f(wiénf(g)7wfé7f(€)) fOI' te (€,T1),

is well defined and satisfies ||u:’ef|| r20,1) < Cn, where I and T are defined
respectively in Proposition 5.1 and 5.3. Proposition 5.3 implies the existence of
67, 65 € [0,27) such that
(W} (T0), G2 () = (671 1 (Th), e By (Th)),
4607 — 67 = 0[27].

Let T > T be such that
67 + \T" = 0[27]

Thus,
07 + XoT" = 4(07 + \T") = 0[27].

Finally, if we extend w,, ; by 0 on (71, T"), we have that (zbi’;}, 1/13’67}) is solution
of (1.2)-(1.3) with control u,/, ; and satisfies

i (0T LT
YT = TN g = )

Then, application of the return method along this trajectory as in Section 4
implies Theorem 1.3.

6. Non controllability results in small time

The goal of this section is the proof of Theorems 1.1 and 1.4.

6.1. Heuristic of non controllability

We adapt the strategy developed in [8] by Beauchard and the author in the case
N = 1. Using power series expansion, we consider
u =0+ ev,

) ) . 6.1
P =®; + eV 4280 4 0(e?), Vje{l,...,N} (6.1)

Here and in the following, we use the classical Landau notations. We say that
f = O (g) if there exist C' > 0 and a neighbourhood V(a) of a such that
T—ra

[l f(@)]| < Cllg(z)|| for z € V(a). We say that f = zz_)m(g) if for any § > 0 there
exists a neighbourhood V(a) of a such that ||f(z)|| < d]|g(x)]|| for x € V(a).
Considering (6.1), we define the following systems for j € {1,..., N},

10,V = 02, W —v(t)u(x)®;, (t,x) € (0,T) x (0,1),

W (t,0) = W (t,1) =0, te (0,7), (6.2)

W (0,2) =0, z € (0,1),
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and
1067 = 02,6 —v(Op(@)T, — wtu(@)®;,  (tz) € (0,T) x (0,1),

5]’ (ta 0) = gj (t7 1) =0, te (07 T)? (63)
¢(0,2) =0, z € (0,1).

We focus in this heuristic on the case N = 2. Let us try to reach
(61(1),03(T)) = (91(T), (V1= 82 + i) ®s(T) ), (6.4)

with § > 0 and « defined in Theorem 1.1 from (1/*(0),42(0)) = (¢1, p2). Con-
dition (6.4) imposes U1(T) =0 i.e.

T
veVp:= {v € L?((0,7),R); / v(t)e! MmN = 0, Yk € N*} .
0

Let us define the following quadratic forms, for j € {1,2}, associated to the
second order

Qr () : = S((E(T), 0,(T)))
T t +oo
= [ oo [ o) (Zwﬁ«pw%in(w (- ﬂ)) ard,

k=1

and
Qr(v) = (up1, 01)Qr,2(v) — (P2, 2)Qr 1 (V). (6.5)

The following proposition states that in time small enough, the quadratic form
Q7 has a sign on Vp.

Proposition 6.1. Assume that pu satisfies Hypothesis 1.2. Then, there exists
T, > 0 such that for any T € (0,Ty), for any v € Vp\{0},

AQr(v) <0,
where A € R* is defined in Hypothesis 1.2.

Proof of Proposition 6.1 : Let v € Vp and s : ¢t € (0,T) — ng(T)dT.
Performing integrations by part, we define a new quadratic form

T T t
Qs (5) =~ Posees) [ sterdes [ se) [ some-ridrdt = Qo).
0 0 0
(6.6)
where Rt 3520 (e — \j)2 (e, o) sin((Ar, — \j)t). As p € H3((0,1),R),
it comes that h; € C°(R,R). Thus, if we define

Or(s) = (up1, 1) Qr2(s) — (1p2, ¢2) Qr.1(8), (6.7)

we get that
T t
= = — 2 T —7)dT
Qr(v) = Or(s) = —Alls|2 + / s(t) / S()h(t - )drdt,
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with
h = (w1, @1)he — (upa, p2)hy € CO(R,R).

We can assume, without loss of generality, that A > 0. Thus, there exists
C = C(p) > 0 such that

Qr(v) < (- A+CT)|ls[7:- (6.8)

: A
We conclude the proof by choosing T\ < 5. i

Remark 6.1. This Proposition indicates that, in small time, there are targets
that cannot be reached. However, using the theory of Legendre form (see e.g.
[11, 33]), we can prove that Qr lacks coercivity in L?((0,7),R). This is why
we work directly with the quadratic form Q7 adapted to the auxiliary system
defined in Subsection 6.2 where the control is s and not v.

Remark 6.2. This strategy is only valid for small time and we do not know if
this quadratic form changes sign in time large enough on Vp. Following the
strategy of [8], this would imply local exact controllability in large time but it
is an open question.

6.2. Auziliary system
For j € {1,...,N} , we consider the function ¢/ defined by

W (t, @) = (¢, 2)e*DH®) with s(t) := /t u(T)dr. (6.9)
0

It is a weak solution of
i) = —02,07 —is(t) (20 (2)0, + p" (2)37) + ()4 (2)*¢,
P (t,0) =PI (t,1) = 0, (6.10)
$(0,) = ¢;.

Using Proposition 2.1 on (1.2) and (6.9), it follows that the following well posed-

ness result holds. In the following, the time derivative of s will be denoted by
5.

Proposition 6.2. Let u € H3((0,1),R), T >0, s € H*((0,7),R) with s(0) =
0. There exists a unique weak solution (*,...,¥N) e CO([0,T), H> N HHN of
system (6.10). Moreover, for every R > 0, there exists C = C(T, u, R) > 0 such
that, if ||8]| 220,y < R, then this weak solution satisfies for any j € {1,..., N},

\|1/’j||Loo((o,T),H3ﬂHé) < 0.

6.3. Non exact controllability in arbitrary time with N = 2.

In this subsection, we consider system (1.2) with N = 2 and prove Theo-
rem 1.1. This result is a corollary of the following theorem for the auxiliary
system.
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Theorem 6.1. Let u € H3((0,1),R) be such that Hypothesis 1.2 hold. Let
T, > 0 be as in Proposition 6.1 and o € {—1,1} as in Theorem 1.1. For any
T < T, there exists € > 0 such that for every s € H*((0,T),R) with s(0) = 0
and ||$]|r2 < e, the solution of system (6.10) satisfies

($1(T), v2(T)) # ( )eion (\/ - zaé) Oo(T w#) LV > 0,V0 € R.

Before getting into the proof of Theorem 6.1, we prove that it implies The-
orem 1.1.
Proof of Theorem 1.1 : Let T' < T, and € > 0 defined by Theorem 6.1. Let
u € L*((0,T),R) be such that |[u||r2(0,r) < e. Assume by contradiction that

($1(T), $*(T)) = (<1>1(T), (\/1 — 6% 4 z’aa) <I>2(T)) :

for some 0 > 0. Let s and ¥ be defined by (6.9). Then s(0) = 0, [|$][z2 < ¢
and 7 is solution of (6.10) and satisfies

(YN(T),9*(T)) = (cbl Ye—i(Mn (WJHM;) Oo(T ﬂ's(T)u) '

Thanks to Theorem 6.1, this is impossible.
|
Proof of Theorem 6.1 : Without loss of generality, we assume that A > 0.

First step : we prove that —Qr is coercive for T' < T,.
Using the same estimates as in (6.8) and the fact that T, < %, we get that there
exists C, > 0 such that for T' < T,

Qr(s) < —Cullsllzz,  VYs € L*((0,T),R). (6.11)

Second step : approximation of first and second order.
Using the first and second order approximation of (6.10), the following lemma
holds.

Lemma 6.1. Let T > 0 and p € H3((0,1),R). For all j € {1,...,N}

\%W(T),«w QT,J\ olls32) when [[3]]z2 =0,

S (T), (1)) = o(lIsllz2) when [13]|z2 = 0.

Proof of Lemma 6.1. Let j € {1,..., N}. As proved in [8, Proposition 3|, if
we define the first and second order approximations, W7 and &7, by

Wi (t,x) = W (t,x) + is(t)u(z)®;(t, ), (6.12)
and
& (t,w) =& (tx) +is(Oula) ¥ (1) — s(t)*' (2)°@; (¢, @), (6.13)
it comes that, when ||$||z2 — 0
|7 — &, — ‘i’jHLoo((o,T),Hg) = o(|s]|r2) (6.14)
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and _ o

7 — @5 — W7 — &L ((0,1),12) = o(|[s][72)- (6.15)
Straightforward computations using (6.12) imply S((7(T), ®;(T))) = 0. Thus,
from (6.14) we deduce

S (1), @5(T))| =[S — @5 = W)(T), 05(T)))| =

= 0
15112 —0

(llsllz2)-

Straightforward computations using (6.13) imply S((¢/(T), ®;(T))) = Qr(s).
Thus, from (6.15) we deduce
[SUH(T), @5(T))) = Qrj(s)| = [SUW — ;= BT — E)(T), @5(T)))
= o (llsllZ)-

181 L2—0

This ends the proof of Lemma 6.1. |

Third step : conclusion.
Let T < T,. Assume by contradiction, that Ve > 0, 3s. € H((0,T),R) with
$¢(0) = 0 and ||$c||rz < € such that the associated solution of (6.10) satisfies

(BH(T), PA(T)) = (@2(T)e®r, (/T= 87 + iad. ) Da(T)e'" "),
with d. > 0 and 6. € R. Notice that

6 — 0, 6. — 0.
e—0

e—0

Explicit computations lead to
S(BAT). 1(T) = {pr o1)0- + O (62),
and ~
S((W2(T), ®2(T)) = ade + /1 = 02(ppa, p2)0e + O (62).

Thus, it comes that

(1, 01)S((W2(T), 2(T))) — (pp2, 02)S((DL(T), 21(T)))
2
= a1, p1)0e — (11, o1) (P2, 902)\/%3_’_195 + E90(03).

Using Lemma 6.1 to estimate S((¢1(T), ®1(T))) and I(($2(T), ®o(T))) it
comes that
0. = EgO(HSEHLz)a 0 = EgO(HSSHLQ)'

Thus,

(11, 01)S((V2(T), ®o(T))) — (pep2, 02)S((WL(T), @1(T)))
= (1, p1)ade +Ego(||ss|\%2)~
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Finally, combining this with Lemma 6.1 and (6.11), we obtain

0 < afppr, p1)0e
= (o1, 01)S(2(T), ®2(T))) — (2, 02)S(DHT), @1(T))) + Ego(llsal\iz)
= Qr(se) + _o (llsllz2)

< —CullseliZa + o (llsell32).

This is impossible for ¢ sufficiently small. This ends the proof of Theorem 6.1.
|

6.4. Non exact controllability up to a global phase in arbitrary time with N = 3.

In this subsection, we consider system (1.2) with N = 3 and prove Theorem 1.4.
As previously, this result is a corollary of the following theorem for the auxiliary
system.

Theorem 6.2. Let u € H3((0,1),R) be such that Hypothesis 1.3 hold. Let
B € {—1,1} be defined as in Theorem 1.4. There exists T, > 0 and € > 0 such
that for any T < T, for every s € H((0,T),R) with s(0) = 0 and ||5||z> < ¢,
the solution of system (6.10) satisfies

(3 (T), G2T). 5 D)) # ¢ (2 (1), @a(T)e", (VI 07 +i68) @4(T)e™ )
for all 6 > 0, for all v,0 € R.

The proof is very close to the one of Theorem 6.1.

Proof of Theorem 6.2 : Without loss of generality, we can assume B > 0.
We consider the following quadratic form

Qr(s) : = ((ups, 03) — (pa, ©2)) Qra(s) + ((uep1, 01) — (s, 3)) Qr2(s)
+ ((up2, p2) — (p1, 1)) Qrs(s),

where Qr ; is defined as in (6.6). This is rewritten as

T ¢
Or(s) = —B||s||32 +/0 S(t)/0 s(T)h(t — 7)drdt,

with A € C°(R,R). Thus, there exists T} > 0, C, > 0 such that for all T' < T,
Qr(s) < —Cillsll72, Vs e L*((0,T),R).

Let T' < T, and assume, by contradiction, that Ve > 0, 3s. € H((0,T),R) with
3¢(0) = 0 and |[$||2 < € such that the associated solution of (6.10) satisfies

(DH(T), P2(T), P2(T)) = ™= (@1(T)e =", Bo(T)e<H, (\/1 — 62+iB5.) 3 (T)e'=1),
with v.,0. € R and 6. > 0. Notice that,

5. — 0, 0. — 0, e — 1.
e—0 e—0 e—0
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Straightforward computations and Lemma 6.1 to estimate the terms
S((W2(T), ®5(T))) lead to

0: = o (llscllz2), sin(ve) = o (llsellz2), 6 = o (Iscl[r2).  (6.16)
e—0 e—0 e—0
For the sake of clarity, let us denote

T(s2) = (s, 3) — (2, 02))S(DL(T), 21(T)))
+ ((pepr, 1) — (peps, 3) ) S((D2(T), @2(T)))

+ (2, 02) — (e, 1)) S((W2(T), 23(T))).
Using estimates (6.16), straightforward computations lead to
T(52) = B((upr. 02) — ppr. @) cos(ve)de + o (Ilself3a).
Finally, for e sufficiently small,

0 < B({p2, 2) — (1, 1)) cos(ve)de
=T(se) + _o (llselli=)
= Qr(se) + _o (Ilsllz2)

~CullsellZ + o (llsell3a).

IN

This is impossible and ends the proof of Theorem 6.2.

7. Conclusion, open problems and perspectives.

In this article, we have proved that the local exact controllability result of
Beauchard and Laurent for a single bilinear Schrédinger equation cannot be
adapted to a system of such equations with a single control. Thus, we developed
a strategy based on Coron’s return method to obtain controllability in arbitrary
time up to a global phase or exactly up to a global delay for two equations.
For three equations local controllability up to a global phase does not even
hold in small time with small controls. Thus, in this setting and under generic
assumptions no local controllability result can be proved in small time if N > 3.
Finally, the main result of this article is the construction of a reference trajectory
and application of the return method to prove local exact controllability up to
a global phase and a global delay around (®1, ®o, ®3).

However our non controllability strategy is only valid for small time and we do
not know if local exact controllability around the eigenstates (®1,®2) hold in
time large enough (for two equations or more). This would be the case if one
manages to prove that the global delay T™* can be designed to be the common
period of the eigenstates & i.e. T* = % This is an open problem. Moreover,
when Hypothesis 1.2 or 1.3 are not satisfied, we do not know if the considered
quadratic forms still have a sign. Thus, the question of non controllability
when these hypotheses do not hold is an open problem. The question of non
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controllability with large controls has not been addressed here since our strategy
relies on a second order approximation valid for small controls.

The question of controllability of four equations or more is also open. In fact,
each time we add an equation there is another diagonal coefficient (U7, ®;)
which is lost. We proved that we can recover this lost direction using either a
global phase or a global delay for N = 2 and both a global phase and a global
delay in the case N = 3. It seems that there is no other degree of freedom to
use to obtain controllability for N > 4. Moreover, there are other directions
than the diagonal ones with the same gap frequencies (e.g. A7 — A\ = Ag — \y).
Thus, for N > 4 one should consider a model with a potential that prevents
such resonances.

Acknowledgement. The author thanks K. Beauchard for having drawn his at-
tention to this problem and for fruitful discussions.

Appendix A. Moment problems
We define the following space
C2(N,C) == {(di)ren € *(N,C); dy € R} .

In this article, we use several times the following moment problem result.
Proposition Al. Let T>0. Let (wp)nen be the increasing sequence defined by
{wnsneNy={ ;= XN;;7€{l,2,3}, k>j+1and k=j=3}.

There exists a continuous linear map
L : 2(N,C) — L*((0,T),R),
such that for all d := (dp)nen € £2(N,C),

/ L(d)(t)e™ tdt = d,,, Vn €N.

Proof of Proposition Al : For n € N* let w_,, := —w,. Using [36, Theorems
9.1, 9.2|, it comes that for any finite interval I, there exists C1,C2 > 0, such

that all finite sums _
t) := Z et ¢, €C,
n

satisfy
Y el < [ 1707t < €2 3 el
n I n
This relies on Ingham inequality which holds true for any finite interval as
Ao = k272, Let T > 0 and Hy := Adhp2 o1 (Span{eiwn' in € Z}) Thus,
(€™n*), ez is a Riesz basis of Hy i.e.

Jo: Hy — EQ(Z,C)
T iwnt
— t)ern dt)
;o () fwetar)
is an isomorphism (see e.g. [6, Propositions 19, 20]). Let d € (}(N,C). We
define d := (dn)nez € ¢*(Z,C) by d, = dn, for n > 0 and d,, := d_y, fo
n < 0. The map £ is defined by £(d) := J; ' (d). The construction of d and the
isomorphism property ensure that £(d) is real valued.
]
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