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Since their introduction in [12], Hawkes processes have been applied to a wide

range of research areas, from seismology in the original work by Hawkes, to credit
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2 AYMEN JEDIDI AND FREDERIC ABERGEL

risk [11], financial contagion [2] and more recently market microstructure mod-
elling [3, 4, 5, 19, 20, 21].

In market microstructure, and particularly order book modelling, the relevance
of these processes comes at least from two empirical properties of the order flow

of market and limit orders at the microscopic level:

(1) Time clustering: order arrivals are highly clustered in time.
(2) Mutual dependence: order flow exhibit non-negligible cross-dependences.
For instance, as documented in [19], market orders excite limit orders and

vice versda.

At the microscopic level, point process-based microstructure models capture by
construction the intrinsic discreteness of prices and volumes. A question of interest
in this context is the microscopic to macroscopic transition in the price dynamics.
This strand of research has attracted a lot of interest of late [1, 3, 4, 5, 8,9, 14, 21].

In this note, we cast a Hawkes process-based order book model into a markovian
setting, and using techniques from the theory of Markov chains and stochastic
stability [16], show that the order book is stable and leads to a diffusive price limit

at large time scales.

Outline. Section 2 is a distillation of some mathematical results about Hawkes
processes and Markov chains stochastic stability. Section 3 contains three auxiliary
stability results which, apart from their own interest, are useful to prove the stability
of the order book; and section 4, the main contribution of this note, is an application

to a particular order book model.

Notations. The following notations appear frequently throughout this note, and
we recall them here for reference:

e (X,): discrete-time process,
e (X(?)): continuous-time process,
o Ixl=37 |xil,

e [1,p] =1{1,2,...p}.
2. PRELIMINARY REMARKS

We collect in this section several definitions and results that are useful for the

rest of this note. The presentation is rather informal.
2.1. Point Processes.

Definition 2.1 (Point process). A point process is an increasing sequence (T;)nen

of positive random variables defined on a measurable space (Q, F ,P).
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We will restrict our attention to processes that are nonexplosive, that is, for
which lim, . T, = oo. To each realization (7},) corresponds a counting function
(N(?))ser+ defined by

N@) =nifte[T,, Tys1l,n=0. ey

(N(1)) is a right continuous step function with jumps of size 1 and carries the same
information as the sequence (7},), so that (N(¢)) is also called a point process.

Definition 2.2 (Multivariate point process). A multivariate point process (or marked
point process) is a point process (T,,) for which a random variable X,, is associated
to each T,. The variables X, take their values in a measurable space (E, E).

We will restrict our attention to the case where £ = {1,..., M}, m € N*. For
eachm € {1,..., M}, we can define the counting processes
N™(t) = > KT, < DIX, = i). )
n>1

We also call the process
N@ = N'®),....,N" (@)
a multivariate point process.

Definition 2.3 (Intensity of a point process). A point process (N(t))er+ can be
completely characterized by its (conditional) intensity function, A(t), defined as

A(0) = lim PN +u)— Nu) = 1|77,]’

—0 u

3)

where F; is the history of the process up to time t, that is, the specification of all
points in [0, t]. Intuitively

PIN(t+u) - Nw) = 1|F] = A@) u+ o(u), 4)
PIN(t+u)—Nu) =0F] = 1-A0u+ o), &)

P[NGE+u)— Nuw) > 1|F] = o). (6)

This is naturally extended to the multivariate case by setting for eachm € {1, ..., M}
(e = i BN+ 0 = N7 = 1177 -

u—0 u

2.2. Hawkes Processes.

2.2.1. Hawkes Process.
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Definition 2.4. A Hawkes process (N(1))ier, IS a point process whose intensity is
specified by

t
AN =pu+a f e PEIVAN(S) =y + a Z e PU=s), (8)
0

0<s;<t

for a triplet (u, @, B) of positive real numbers".

The process thus defined is self-excited: it has a base intensity u, plus exponen-
tially decaying shocks due to previous jumps. The parameter @ characterizes the
scale of the excitation and g, its decay in time.

Proposition 2.1. The process X(t) = (N(¢), A(t)) is Markov.

Proof. From a straightforward calculation, we have for any 7, > 1,

5}
A) = pu+a f e PRI GN(s) (10)
0
5l 5]
= u+a f e PR=IAN(s) + f e PRI gN(s) (11)
0 131
15}
= P -+ [ P ans), (12)
1

so that, in order to compute A(;), we only need to know A(t;) and {N(?) : t; <t < tr}
- the information contained in {N(¢), A(t) : 0 < t < t;} is irrelevant. Hence

PI(N(12), A(12)) € AN(), A1) = 1 € [0, 11]}] = P [(N(12), A12)) € AIN(#1), A(t1)],
(13)
for any measurable set A ¢ N X R*, and X is Markov. O

2.2.2. Multivariate Hawkes Process.

Definition 2.5. We say that N = (N L. .. ,NM ) is a multivariate Hawkes process

when

M t
A0 = ph + ) o f e Pril=IgNI(s). (14)
=1 0

Proposition 2.2. Let Yii(t) = @;j fot e Bill=9gdNIi(s), 1<i,j<M, and Y(f) =
{Y"j(t)}ls,-’jsM. The process X(t) = (N(¢t), Y(t)) is Markov.

A more general definition would have

Al) =+ f[ o(t — s)ds, )
0

with an unspecified kernel ¢ > 0. But we only consider exponentially decaying kernels in this note.
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Proof. Lett, > t;. Since

. X 1) .
Y™ (ty) = e_ﬂmj(tz_tl)Ym](tl) + f e_ﬂmj(tz_s)dN](S)’ (15)

n
and
M .
(1) = o + Y Y (02), (16)
j=1

J
the law of (N(%p), Y(t2)) conditional on {(N(?),Y(¢)) : 0 < t < t;} is the same as

when conditioning on (N(#1), Y(¢1)) only—the information contained in {(N(?), Y (¢)) :
0 <t < 11} is irrelevant, and X is Markov. O

2.2.3. Stationarity.

Definition 2.6. A point process is stationary when for every r € N* and all bounded
Borel subsets Ay, ..., A, of the real line, the joint distribution of

{(N(A1 +1),....,N(A, + 1)}

does not depend on t.
In [13], Hawkes and Oakes show that:

Proposition 2.3. If
a
- <1 (17)
B

then there exists a (unique) stationary point process (N(t)), whose intensity is spec-
ified as in definition 2.4.

Brémaud and Massoulié generalize this to the multivariate case in [7]:

Proposition 2.4. Let the matrix A be defined by
ajj

—, 1<i,j<M. (18)
Bij

A,’j =

If
p(A) <1
then there exists a (unique) multivariate point process N(t) = (N'(¢),...,N™(t))
whose intensity is specified as in definition 2.5.
p(A) is the spectral radius of the matrix A, that is, its largest eigenvalue.

2.3. The embedded discrete-time Hawkes process. Throughout this note, we
will mostly work with processes sampled in discrete time. We show in this sec-
tion how to construct a discrete-time version (X},),cn out of a multivariate Hawkes
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process X (1) = (N(1), Y(t))ier+, where Y is defined by
t
YU(t) = oy f ePil=IaNI(s),  1<i,j<M, (19)
0

as in proposition 2.2.
First denote by (7,),>1 the jump times of the process (and set Ty = 0), and

Xn = X(Ty) = (N(Tn), Y(Tn)), (20)

and define E, = E(T,) € {1,..., M} as the mark of the process. The value of
E, indicates which component of N(¢) has jumped at time 7,. We also define the

waiting times (7,),>1 between two successive jumps as
Tn = Int+l — Tn- (21)

Given that (N, Y,) = (£,y), (Nn+1, Yae1) is generated as follows: Set

o1 M
Tpel = MIN(T, 5.5 Tyyy) (22)

where, conditional on (N, Y,) = (£,y), the distribution of 7! ,..., 7™ is that
of independent positive random variables whose marginal distributions are deter-
mined by hazard rates

M

(1) = o+ Yy 20,1 <m< M. (23)
j=1
Then set
Epi1 = argmini<msmTy, s (24)
Npor =@ 88+ 1,0, 6M), (25)
and
Y = e Pt 4 oMI(E, . = ). (26)

2.4. Drift of a discrete-time Markov process.

Definition 2.7. The drift operator D is defined to act on any nonnegative measur-
able function V by

DV(x) = E[V(Xy41) — VX)IX, = x]. (27)
We will also use the notation
PV(x) = E[V(Xu+DIX = x], (28)

hence
DV(x) =PV(x)— V(x). (29)
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As will become clear in the next section, the importance of this operator stems
from the existence of criteria based on the drift to establish properties of the pro-
cess. It can be interpreted as the analogue for a process of the derivative for a
function’.

2.5. A digression on stochastic stability. Let (X,,),c be a Markov process on a
sate space S and (Q"),en- its transition probability function, that is

Q"(x,A) =P[X, € AlXo = x], (30)

for x € S and A a measurable subset of S.

2.5.1. Ergodicity of a Markov process. Ergodicity is a strong form of “stability”:
To quote [16], it means that “there is an invariant regime described by a measure
7 such that if the process starts in this regime (that is, if Xy has distribution rt) then
it remains in the regime. And moreover if the process starts in some other regime,
then it converges in a strong probabilistic sense with  as a limiting distribution.”

Formally, a (aperiodic, irreducible) Markov process is ergodic if an invariant®
probability measure m exists and

lim [|Q"(x,.) = ()] = 0,Yx € S, (32)
n—00
where ||.|| designates for a signed measure v the total variation norm* defined as

VIl := sup [v(f)l= sup v(A)— inf v(A). (34)
fi f|€1 AEBFS) AeB(S)
In (34), B(S) is the Borel o-field generated by S, and for a measurable function f

on S, v(f) := [ fdv.

2.5.2. V-uniform ergodicity. We say that a Markov process is V-uniformly ergodic
if there exists a coercive® function V > 1, an invariant distribution 7, and constants

2ct. Dynkyn’s formula or its discrete-time formulation.
3That is, satisfying the invariance equations

n(A) = fﬂ(dx)Q(x,A), A e B(S). (31)
S

41f the state space S is countable (this is not the case for (X(#), Y(z)) of proposition 2.2.), the conver-
gence in total variation norm implies the more familiar pointwise convergence

lim |Q"(x,y) = 7(y)| = 0,Yx,y € S. (33)

SThat is, a function such that V(x) — oo as [x| — oco. The condition V > 1 is of course arbitrary and
1 can be replaced by any positive constant.
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0 < r < 1, and R < o such that
10"(x,.) =7 < RFV(x),x€S. (35)

This is a strong form of ergodicity (note the geometric rate of convergence), and
it can be characterized in terms of the drift operator 9. Indeed, it is shown in [16,
17] that it is equivalent to the existence of a coercive function V (the “Lyapunov
test function”) such that

DV(x) < =K V(x) + Krlo(x) (Geometric drift condition.) (36)

for some positive constants K and K5, and C ¢ S a compact set. (Theorem 16.0.1
in [16].) Condition (36) is equivalent to

PV(x) < 6V(x) + K3lo(x) (37)

for some 0 < 0 < 1. Intuitively, it says that the larger V(X,,) the stronger X is pulled
back towards the center of the state space S.

Interestingly, it is possible to develop central limit theorems for functionals of
V-uniformly ergodic Markov processes. This will be used to show that the price
process in a stable Hawkes process-based order book model is asymptotically dif-

fusive. Before that, we need the following auxiliary results.

3. AUXILIARY RESULTS

3.1. V—uniform ergodicity of the intensity of a Hawkes process. Let (N(t), A(?));cr+
be a Hawkes process with parameters (u, @, 8), and (N, 4,)nen its embedded discrete-
time process as constructed in section 2.3.

Proposition 3.1. If a < 3, then the process (A,)nen is V—uniformly ergodic, with
V() = e, (38)
and 7y a suitably chosen positive number.

Proof. If 1, = T,+1 — T, be the waiting time between two successive jumps of
(X(1)). There holds, for ¢’ € [T,, T,11l,

A7) = Ay + (A — p)e P, (39)
The hazard rate associated to 7, conditional on 4,, = 1 € R*, is
h(t) := u+ (A — e ™, (40)
and the p.d.f. of 7, is

A—

£ = b b1 = (o (1= e ) =7 0=, o
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Let

V() = 42)

be a Lyapunov test function with y > 0 an arbitrary parameter. Then,

E [V (/ln+l) Mn = /l]

Hence,
PV(A)
V()

+

fo V) f()dt 43)

foo V(,u +(A- ,u)e_ﬁt + a/) (y + (1 - ,u)e_ﬁt) e—pt—%‘(l_e—ﬁr)dt
0

f e 50) (1 1 (= pye ) =T Mgy,
0

6_7/1 E [V (/ll’l+1) |/1n — /1] (44)
f =TI (1 1 (L= pye ) o= et
0
vy f‘“’ oY+ DA =Pyt 5,
0

(1 = 1) f oY+ U=~ Brart g, 45)
0

Using lemma A.1, we get

where

Then

PV [
vy e’ ,Uf((7’+18)(/1 #),,3,#)
1
. ew(/l—u)I((7+E)(ﬂ—u),ﬁ,ﬁ+u), (46)
Iabe) = f " pmatt-eay, )
0
im —PV(/D = 0+ e
LT fo+ D
= = (48)

1+vy8
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and
DV . PV
im = lim —— -
-0 V() -0 V()
ya
= ¢ -1
1+v6
ye _ | —
il Sl (49)
1+
A Taylor expansion in y around 0 yields
V(@
lim DV(;)) = Y@ ~p)+ o), (50)

which has the sign of @ — . Finally, if @ < £, one can choose y > 0, 1gp € R} and
k > 0 such that YA > A
DV £ —kV(), (51

and the V-uniform ergodicity of (4,) follows. O

3.2. V—uniform ergodicity of the intensity of a multivariate Hawkes process.
Consider now a multivariate setting. Let X(¢) = (N(¢), Y(¢)) be a M-variate Hawkes
process with parameters

p= ) (52)
a = (@;j)1<i,j<M> (53)
and
B = Bid<i,j<m- (54)
Define also
Amax = Max{a@;j}i<ij<m € Ry, (55)
and

5

IBmin = min{ﬂij}lsi,jsM € Ri, ﬁmax = max{ﬂij}lsi,jsM € R+- (56)

We recall that Y(¢) = (Y¥), <i,j<m 1s defined by

!
YU(t) = @y f e PisdN(s). (57)
0
As in the monovariate case, let (N,) and (Y,,) be the discrete time processes
N, = N(T,),
andY, = Y(T),)), (58)

sampled at the jump times (7)) of (X). We have the following stability result for
(Yn).
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Proposition 3.2. If
M(Imax 1 Mamax

Bmax < 1, (59)
ﬁmm
then the intensity of a multivariate Hawkes process is V-uniformly ergodic, with
V(y) = e’ ZiskisM y“, (60)

and vy a suitably chosen positive number.

Proof. As in the monovariate case, let

V(y) = e¥ Ziskism yk" (61)
Define the hazard rates
hi(t) = i + Z Byl 1 <i< M, (62)
j=1
and
M
h(t) = > hi(o). (63)

We first note that, conditional on 7,41 = ¢, the probability that the next jump is on
N, iefl,...,M},is
. ()
P[En+1 =Yy =y, The1 = t] h(l) (64)

We have then

foo 721<k1<M( Prllyy+II=ay, l)h ©) x h(t)e™ fo h(s)ds ;g

E[V¥ui)lYn = y] ho)

M

B it Bt — 1—e Buit

f § e)/zk lakl+yzl<k,<Me Ykl i+ § Yije Bijt Zk 1 Mk Di<ki<m(l—e )
Jj=1

Ykl

Bu dt.

(65)
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Dividing by V(y) and rearranging the terms we get

M M
PV(y) foo Moy S (L )(1=e Pty e
— e’yzkzl a’“ey 1<k lsM Y’ e Vi Ui + yiie Bijt dt
V() 0 ; l ; !

M M
Moo 1
= DI ((7 + —)ykz)  Budiskism's ) Kk
Bri 1<k,l<M =1

i=1
M

" M
Z e D=1 i Z Yij sz
Jj=1

i=1

+

n
((7 + [%M)ykz)lﬂ’[sn H(BY), o snr ; i + i j] ,
(66)
where
Tp@i,....apby,....bpc) = fo " et Mg (g7)
is defined in lemma A.2. The first term in the r.h.s of (66) vanishes when [y| — oo
by lemma A.2. Again using lemma A.2, as [y| — oo, V1 < i, j < M,

1
Brin Z1<ka<u(y + 5ok
1
Brin(Y + =) Yot <ki<ut Vi
(68)

IA

M
) ;(ﬁk1)15k,1SM;Zﬂk + Bij
Bri I<kIsM =1

1
Iyp ((()’ + =)k

IA

Hence, the second term in the r.h.s of (66) is bounded by

M ki
pranzer oL eManaxy

Brin¥ + 7~ Buiny + 5-)
And for large |y| we have

PV(y) B eM(lmaxy
V(y) h ﬁmin(y + ﬁ,ij)

In order to conclude the proof, it is enough to show that there exists a suitably

: (69)

chosen y > 0 such that

eMam(le
h(y)= ———— <L (70)
ﬁmin (7 + ﬁmax)
Minimizing & with respect to 7y, the minimum is reached at
1 1

*

Y

> 0. (71)

Maax  Biax
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and is equal to
Mamax 1 Momax

h(y*) = ﬁm—ine PBmax . (72)
Note that for y* to be positive (and V to be coercive) we need
Ay < ﬂ[rr‘l;x > (73)

which we assume. Finally if

M(},’max 1—- Mamax
e

[;m—in Bmax < 1, (74)

then (Y,,)nen i V—uniformly ergodic. O

Remark 3.1. Note that for M = 1 the condition is

a _ga

—e B <1, (75)
B
which is satisfied i.i.f.
@
— < 1. (76)
B

(x — x(1 — €¥) is strictly increasing from O to 1 on [0, 1]). We get the result in the

monovariate case.

Remark 3.2. A sufficient condition is

Umax < ﬂ;; (77)

Remark 3.3. The stability condition (74) is not sharp: it is too stringent on the
parameters «; ; and f; j, and we suspect the stationarity condition of proposition
2.4 to be sufficient for V-uniform ergodicty.

3.3. V-uniform ergodicity of a “birth-death” Hawkes process. Let (N(t), N2(1))
be a bivariate Hawkes process with intensities:

! !
N = m+an f ePUAN () + s f FEANNs),  (T8)
0 0

Aa(2)

! !
a2 + @2 f e PISAN (5) + ax f e PRSAN,(s), (79)
0 0
and define the queue (X(¢)) by

e X(t) —» X(t) + 1 when N(r) jumps. This happens with (infinitesimal)
probability A, (¢)dt.

e X(©) —» X(t) — 1 when N(¢) jumps and X(¢#) # 0. This happens with
probability A, (#)dt.
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e X(f) — X(¢r) — 1 with probability A3X(f)dt for a constant A3 > 0. This
corresponds to a proportional death rate, or in the context of order book
modelling, to a proportional cancellation rate.

We also denote by N3(¢) a counting process with intensity A3X(#) that jumps by 1
when X(#) jumps by -1 due to a “cancellation”.

The queue X(¢), albeit peculiar, is the building block of the order book model
we present in the next section: N; represents the flow of limit orders, N, that of
market orders and N3 cancellations.

The following result is the key to the proof of the stability of the order book.

Proposition 3.3. Provided ,,;, is large (specified precisely below), (X,,Y,) is V-

uniformly ergodic, where
V(x,y) = et Yiski<2 Y (80)

and w > 0andy > 0.

Proof. As usual we write
PV(x,y)

< Ly BHityy, -
o2) ew+y(a“+a12)f e D2 (r+ g )= POyu—(ui+po)t /l3xt(u1 +ylle—ﬂ“z _l_ylze—ﬁlzt)dt
P 0

S LNy Bty _

" e—w+)’(azl+azz)f e lek,1g2(7+,;kl)(1 e P Dy — (1 +up)t ﬂm(ﬂz +y216—ﬁ21t +y22€_'322t)dt
0
—w * = T ickica v+ 7 (1= Py —(uy +pa2)t— A3 xt
+ e e “lIskis?VT Ry A3x dt
0
e 1 Bkl
— (eaH-J’((lllﬂllz)lul + ew+7(t121+022)ﬂ2 + e_’”/l3x)f e_zlsk,lsz()’*'m)(l—e B ')ykz—(}11+,u2)t—/13x’dt
0

+ ew+)’(&1 1+a21)

Z k.l 2() B )(1 e )}’kl (/-ll /JZ)I 113)61 ﬁllt
e shils ki dt
0

Y1

+ewtrlantan)y f e—Zlgk,lsz(?”rﬁ)(1_37[%)}’“_(/“+“2)t_/l3xr_’812tdt
0

+ e‘w+y(a12+azz)y21 f e_212&152(7*;%)(l_eiﬁkh)y“_(m+’u2)t_/l3xr_ﬁ2ﬂdt
0

+ e—w+y(a12+azz)y22 f e—Z1gk,lsz(7+;$Xl—fﬁkh)yk’_(”l+’“2)t_/13xr_ﬁ22tdt. (1)
0

As |x| + |y| = oo,
PV(x,y) <e @4 ;(ewﬂf(mwam) + e—w+7(0’12+022)). (82)
V(x,y) Bumin(y + ﬁriax)

This quantity can be made smaller than 1 if §8,,;, is large enough, hence the stated
result. =



STABILITY AND PRICE SCALING LIMIT OF A HAWKES PROCESS-BASED ORDER BOOK MODEI5

Remark 3.4. Intuitively, a large B corresponds to a short memory for the process
(Xn, Yn).

4. APPLICATION TO ORDER BOOK MODELLING

4.1. Model setup. We present a stylized order book model whose dynamics is
governed by Hawkes processes. A similar Poissonian order book model has been
already discussed at length in [1], so the description provided here is brief.

Assume that each side of the order book is fully described by a finite number of
limits K, ranging from 1 to K ticks away from the best available opposite quote.
We use the notation

X(1) = (a(); b(1) = (a1 (¥), . .., ak(D); b1 (D), . .., bk (1)), (83)
where a = (ay, ..., ak) designates the ask side of the order book and a; the number
of shares available i ticks away from the best opposite quote, and b = (by, ..., bk)

designates the bid side of the book.
Three types of events can happen:

e arrival of a new limit order;
e arrival of a new market order;

e cancellation of an already existing limit order.

Arrival of limit and market orders are described by four self- and mutually exciting

Hawkes processes:

e L*(¢): arrival of a limit order, with intensity AL ®);

e M*(¢): arrival of new market order, with intensity aM* (0.

Cancellations are modelled by a doubly stochastic Poisson process whose intensity

is proportional to the number of shares on each side of the order book, that is
257154, (84)

We denote by ¢ the size of any new incoming order, and the superscript “+” (re-

T3]

spectively ) refers to the ask (respectively bid) side of the book. Buy limit or-
ders L™(¢) arrive below the ask price PA(¢), and sell limit orders L*(¢) arrive above
the bid price P2(¢).

Once a limit order arrives, its position is chosen randomly between 1 and K.
Similarly, once a cancellation order arrives, the order to be cancelled is chosen
randomly among the outstanding orders.

Furthermore, we impose constant boundary conditions outside the moving frame

of size 2K: every time the moving frame leaves a price level, the number of shares
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& a; a3 ay

.
bg by by by by

FiGure 1. Order book dynamics: in this example, K = 9, ¢ = 1,
dw = 4, boo = —4. The shape of the order book is such that
a() = (0,0,0,0,1,3,5,4,2) and b(t) = (0,0,0,0,—1,0,-4,-5,-3).
The spread S(f) = 5 ticks. Assume that at time ¢ > ¢ a sell
market order dM~(¢) arrives, then a(f) = (0,0,0,0,0,0,1,3,5),
bty = (0,0,0,0,0,0,—4,-5,-3) and S(t') = 7. Assume instead
that at ¢ > ¢ a buy limit order dLj (') arrives one tick away from
the best opposite quote, then a(¥') = (1,3,5,4,2,4,4,4,4), b(t') =
(-1,0,0,0,-1,0,-4,-5,-3)and S(¢') = 1.

at that level is set to a, (or b, depending on the side of the book). The quantities
ds and by, represent two “reservoirs of liquidity”.

Our choice of a finite moving frame and constant boundary conditions has three
motivations: firstly, it assures that the order book does not become empty and that
P4, PB are always well defined. Secondly, it keeps the spread S = P4 — PP and the
increments of P4, P and P = (P* + P?)/2 bounded - this will be important when
addressing the scaling limit of the price. Thirdly, it makes the model markovian,
as we do not need to keep track of the price levels that have been visited by the
moving frame at some prior time.

Figure 1 is a schematic representation of the order book.
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4.2. Stability of the order book. We first specify the notations for the 4-variate
Hawkes process. We set

4
A1) = i+ ) aijePrdN(s), e [1,4], (85)
=1

and by convention the index 1 corresponds to L*, 2 to M*,3to L™ and 4 to M.

Proposition 4.1. Provided B, is large (specified precisely below), the order book
(X, Yy) is V-uniformly ergodic, where
K

Vix,y) = e Dimt XY Diskisa Y (86)

and w > 0 andy > 0.

Proof. We follow the same pattern as the proof of proposition 3.3, and only modify
it to account for the fact that the order book is formed from multiple queues, and
the role of the boundary conditions a., and be:

PV(X’ y) WG+Wac+y 24 075} <o Dk /<4(7+L)(1—ffﬁk"))’kl—zzfl lllJ—/l‘j+ fol xit : -1t
< ¢ b k=1 e =his Bri = =17k M1 +Zy1je itldt
0 -

V(x,y)

Jj=1
4

00
4 _ 1 N1 Bkt _v4 _CT K+
+ e—a)q+’yzk=1(lk2f e Zlgk,ls4(7+5k1)(l e )kl Z/\:lﬂkt A Zk=1xkt I~l2+ § yzje—ﬁzjt dt
0

- vk K
n e—wqf e—Z1sk.1g4(7+[%kl)(1—e_ﬁklt)ykz—Zizl#kl—/lc K, Xt {/16+ Z x,:}dt
0 k=1
+ similar terms for the bid side of the book

K
4 _ 4 _ +
— (ewq+waw+yzklak1ﬂl +e wq+wam+yzk:1ak2,u2 +e wq/?'C le-:]
k=1
0 1 y(1—gBhity, 4 Preall e
e_ lek,l£4(7+m)( —e ))kl_zk=1 Mit— Zk=1 X tdt
0

4
4
+ ewq+wuw+y Diiet Xkl Z Vi)
—

] 0

=

00 _ +
f e‘ZngJszt(V“'/%]d)(]—e ﬁk”)ykz—Zi:l =27 TE XZZ—Bl_jdt

4 ™)
- 4 - + LY (1= BKItyy, 54 —ACT YK g
+ e wqty Ypo) U2 E 2 f e Di<ki<a(y B )(1-e Wi — =1 Hk L= X 1P2j dt

j=1
+ similar terms for the bid side of the book.

87
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Again, as |x] + [y| — oo,
PV(x,y)

e M
V(x,y)

4
ﬁmin('y + ﬂ”lm

This quantity can be made smaller than 1 if 3, is large enough, and this concludes
the proof of the proposition. O

4.3. Large scale limit of the price process. Given the state (X,—1, Y,—1) of the
order book at time n — 1 and the event E,, the price increment at time n can be

determined. We define the sequence of random variables
M =Y X1, Yu-1, En), = ©(Zy, Zy-1), (89)
as the price increment at time 7, where
Zy = (X, Y). (90)

Y is a deterministic function giving the elementary “price-impact” of event E,, on
the order book at state X,,_;. Let u be the stationary distribution of (Z,), and M its

transition probability function. We are interested in the random sums

Pui= ) W= ) D2 Zi), 1)
k=1 k=1
where
My 1= 1 = Bulm] = @ = O - B, [0y, (92)

and the asymptotic behavior of the rescaled-centered price process

— P,
POy = (93)
Vi

as n goes to infinity.

Proposition 4.2. In event time, the large-scale limit of the price process is a Brow-

nian motion. Formally, the series

o = Byl + 2 ) Euliig,] (94)
n=1
converges absolutely, and
P "= o B(r), (95)

where (B(t)) is a standard Brownian motion.

4 4 4
(ewq+waw+y D1 @k + e—wq+y Dt W2 + ewq+wbw+y k=143 + e—wq+y hIpan <11<4) )

(88)
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Proof. This is an application of the functional central limit theorem for (stationary
and ergodic) sequences of weakly dependent random variables with finite variance,
and is identical to the proof of theorem 6.1 in [1]. Firstly, we note that the variance
of the price increments 7, is finite since it is bounded by K + 1. Secondly, the

V-uniform ergodicity of (Z,) is equivalent to
IM"(z,.) = pOIl < Ro"V(2),n €N, (96)

for some R < co and p < 1. This implies thanks to theorem 16.1.5 in [16]° that for
any g, h such that Max(gz, hz) < V,k,n € N, and any initial condition z

[Be[8(Z)(Zn11)] = BLI8(ZIEA(Z)] < RO"[1 + p*V(2)], 97

where E,[.] means E[.|Zy = z]. This in turn implies
E.[A(Z)g(Zien)]l < R1p"[1 + p*V(2)] (98)

for some R < oo, where h=h- E,lh]l, g = g — Eulg]. By taking the expectation
over u on both sides of (98) and noting that E,[V(Z)] is finite by theorem 14.3.7
in [16], we get

[Bu[Z8(Zh(Ziwn)l < Rop” = p(n), k,n € N, (99)
Hence the stationary version of (Z,) satisfies a geometric mixing condition, and in

particular

Zp(n) < 0. (100)

Theorems 19.2 and 19.3 in [6] on functions of mixing processes allow us to con-
clude that -
ot = Eﬂ[ﬁg] + ZZEuU_Ioﬁn] (101)
n=1
is well-defined - the series in (101) converges absolutely - and coincides with the

asymptotic variance

1 n
lim ~B, | > (70| = . (102)
k=1
Moreover
PO =S oB(1), (103)

where (B(?)) is a standard Brownian motion. The convergence in (103) happens
in D[0, o), the space of R-valued cadlag functions, equipped with the Skorohod
topology. O

OWe refer to §16.1.2 “V-geometric mixing and V-uniform ergodicity” in [16] for more details.
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APPENDIX A. TECHNICAL LEMMAS

Lemma A.1. Let a, b, c > 0 be three positive real numbers. Then

Tabo) = [ ety
0
3 (—a)~¢/? —a ( c c )
= b, ¢ T(b) F(b’ a)l, (104)
(105)
where the Gamma function is defined for all complex numbers p such that R[p] > 0
as .
I'(p) = f Pt dt, (106)
0
and the incomplete Gamma function is defined for all p € C, R[p] > 0 and all
z€Cas .
I'(p,2) = f "l lar, (107)
Z
In particular, for allb > 0,¢ > 0
lim Z(a,b,c) =0, (108)
and |
lim a I(a,b,c) = B (109)

Proof. This representation and the limits can be obtained with a symbolic compu-
tation system such as Mathematica. O

Lemma A.2. More generally, if
Jp(alv Ay bl’ o, b[h C) — f e—al(l—e‘lnf)—-..—ap(l—e*bpl)_cfdt’ (1 10)
0

with a; > 0,b; > 0 Vi € [1, p], and ¢ > 0. Let

bmin = min{b;}<i<p. (I11)
Then
Ty b by < [Tt
= I(lal, byin, ©), (112)
whith

P
la| = Zai. (113)
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Hence

I,(a;b;c) < as la| » oo. (114)

biminlal ’
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