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WEAK ERROR IN NEGATIVE SOBOLEV SPACES FOR THE
STOCHASTIC HEAT EQUATION

OMAR ABOURA

ABSTRACT. In this paper, we make another step in the study of weak error of the sto-
chastic heat equation by considering norms as functional.

1. INTRODUCTION

Let (€2, F, P) a probability space and 7' > 0 a fixed time. (W (t)):>0 will be a cylindrical
Brownian motion on L?(0, 1). We consider the stochastic heat equation, written in abstract
form in L2(0,1): X(0) =0, for all t € [0,7] X (¢,0) = X(¢,1) = 0 and

1 &
dX(t) = === X (t)dt + dW (t). 1.1
(1) = 553 X (0t + AW (1) (1)
It is well know that this equation admits a unique weak solution (from the analytical point
of view).
Let N € N* and h := T'/N. Consider (t)o<k<n the uniform subdivision of [0, T"] defined
by tr := kh. We consider the implicit Euler scheme defined as follow:

1 d?
XN (tppr) = XN (tr) + hinN(tkH) + AW (k+ 1), (1.2)
where AW (k4 1) = W (tg1) — W(tk).
Let f : L?(0,1) — R be a functional. The stong error is the study of F |XN(T) — X(T)ﬁQ(0 L

The weak error is the study of |Ef (X™(T)) — Ef (X(T))| with respect to the time mesh
h.

In [6], A. Debussche considers a more general stochastic equation and a more general
functional than the one considered here. He obtains a weak error of order 1/2, which is
the double of that proved by [15] for the strong speed of convergence. The novelty of this
paper his to prove that for the square of the norm the weak error his better than 1/2 in
negative Sobolev spaces.

)

2. PRELIMINARIES AND MAIN RESULT

Notations. We collect here some of the notations used through the paper. < .,. >r2(g )
is the inner product in L?(0,1), H$(0,1) is the Sobolev space of functions f in L?(0,1)
vanishing in 0 and 1 with first derivatives in L?(0, 1), H?(0, 1) is the Sobolev space of func-
tions f in L?(0,1) with first and second derivatives in L?(0,1). Finally, for m = 1,2, ...,
let (e () = v2sin(mmz) and A, = 3(7m)? denote the eigenfunction and eigenvalues of
—A with Dirichlet boundary conditions on (0, 1).
An L%(0,1)-valued stochastic process (X(t))sepo,r) is said to be a solution of (1.1) if:
X(0) =0 and for all g € H}(0,1) N H?(0,1) we have
t 1 d2
< X(t),9 >12001)= /0 < X(s), 529 >r200,1) ds+ < W(t),9 >r2(0,1) -
1
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It is well know that (1.1) admits a unique solution: see [4]. Then (e, )m>1 is a complete
orthonormal basis of L?(0,1).  If we denote by A\, := 2(wm)%, Wy, (t) :== (W(t), em)
and X, (t) denote the solution of the evolution equation: Xy, (0) =0 and for ¢ > 0:

dXAm (t) = —)\mX)\m (t)dt + dW)\m (t)

Then the processes (Xy,,(.)),,>; are independent and X (t) = > -, Xy (t)en, for all
t>0. - -
A sequence of L%(0,1)-valued (XN(tk))k:o___N is said to be a solution of (1.2) if:

XN(tg) =0 and for all k =0,...,N — 1 and for all g € H}(0,1) N H2(0,1) we have

1 d?
< XN (tha1), 9 >r20= < XN (tr), g >1200.1) +h < XN (trta), 3 gg29 > 120

+ <AW(k+1),9 >r200,1) -
It is well know that (1.2) has a unique solution and there exists a constant C' > 0,
independent of N, such that E |X™(T) — X(T)‘ig(o = Ch? where h = T/N. Now if

we denote by (Xivm (tk))kzo __y the solution of: Xi\in (top) =0 and for k=0,...,N -1

X3 (1) = X3 (k) = Anh X (th1) + Wi, (k+1).

The random vectors (Xf\\in(tk),k = 0,...,N)m—12,. are independent and X7 (t;) =

ng Xi\:n (tk)em.

Let p > 0; we define the spaces H P as the completion of L?(0,1) for the topology
induced by the norm |u|?{,p =3 o1 Al < uyem >%. The following theorem improves
the speed of convergence of XV to X for negative Sobolev spaces.

Theorem 2.1. Suppose that h < 1 and let p € [0,3). There exists a constant C' > 0,

independent of N, such that

‘E XN, — EIX(T))%-,] < chrts.

3. PROOF OF THE THEOREM 2.1

The proof of the theorem will be done in several steps. First we recall the weak error
of the Ornstein-Uhlenbeck process. Secondly we prove some technical lemmas. Then we
decompose the weak error and analyse each term of these decomposition.

3.1. Weak error of the Ornstein-Uhlenbeck process. Let A > 0, (W)(t)):>0 be a one
dimensional Brownian motion and (X ()):>0 be the Ornstein Uhlenbeck process solution
of the following stochastic differential equation: X (0) =z € R and

dX,\(t) = =AX)\(t)dt + dW (). (3.1)

In this step, we study two properties associated with this process: the Kolmogorov
equation and the implicit Euler scheme.

Let (Xi’m(s)) e be the solution of (3.1) starting from z at time ¢. It is well know
t<s<

that Xﬁ\’x (T') is a normal random variable:

1 — e 2MT-1)
XPHT) ~ N (e_)‘(T_t)x, e 5 :
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2
Fort € [0,T] and z € R set uy(t,x) := E ‘X;x(T)‘ . Then wu) is the solution of the follow-

ing partial differential equation, called Kolmogorov equation: for all z € R, uy (T, z) = |z|*
and for all (¢,z) € [0,T) xR
0 1 9

3}
—au(t x) = 5 @u(t, x) — )\xa—xu(t, x). (3.2)

Since Xi’m (T') has a normal law, we can write uy explicitely:
1— —2X(T—t)
up(t,x) = BT + e 2MT=1),2, (3.3)

With this expression we see that uy € C12([0,7] x R) and we have the following deriva-
tives:

ENGED =2 ATy, (3.4)
aa—;ux(t,x) =2~ T, (3.5)
%ux(t z) = — e ATt 4 o)™ 2MT—1) ;2. (3.6)
%uﬂt,x) =4 e 2Ty, (3.7

The implicit Euler scheme for the Ornstein-Uhlenbeck equation (3.1) starting from 0 at
time to, is defined as follow: X{(tg) =0 and for k =0,...,N — 1

X3 (th1) = X3 (t) = ARXT (trg2) + AW (R + 1), (3.8)
where AWy (k 4+ 1) = Wy (tgs+1) — Wi(tg). Since we have the following equation

1
XV (thy1) = mXiv(tk) +

we see that the scheme is well defined.

A 1 .
AW+ 1), (39)

Lemma 3.1. For k=1,...,N we have X{' (t;) = Z?;S (Allfiim

Proof. We proceed by induction. If k = 1, we have X (¢;) = 1Jr)\hAWA( ). Suppose the
result true until k. Using (3.9), we have

k—1 .
AW (k — j)
XV (tpy1) = . AWy(k+1
A (trt1) 2 [t A2 + 1+)\h Ak +1)
k
AWyx(k+1-1) 1
= AWyX(k+1-0
; YN (VA Ak +1-0),
which concludes the proof. O
Lemma 3.2. For all k=0,..., N, we have the following bound E ‘XN tr) ‘ %\

Proof. Using the independence of the increments of the Brownian motion and Lemma 3.1,
we have

k—1 k—1

N 2_ 1
B 0 =3 s 1AW= =1 Y
j= j=
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Let a := 1/(1 4+ Ah)?; we deduce that E {X;\V(tk)f = ha%. Simple computations yield
ha/(1 —a) = 1/(2\ + A?h), which implies

1 1
E|XY )| = 1- .
25 @) 2>\+>\2h< (1+Ah)2k>
This concludes the proof. O

For t > 0, we denote 7 := o (Wy(s),s < t) and Di’Q the Malliavin Sobolev space with
respect to Wj.

Lemma 3.3. For all k=1,...,N, we have Xﬁ\v(tk) € Di’Q N L? (.7-?16) )

Proof. This is a consequence of Lemma 3.1, the fact that L2 (‘7:15)1\@) and D}\’z are linear
space and for all j =0,...,k—1, AW\ (k —j) € Di’Q N L? (.7-?16) O

As usual in the study of weak error, we need to use a continuous process that interpolates
the Euler scheme. The interpolation process that we use was introduced in [1]. We recall
its construction and prove some of its properties.

Let k € {0,...,N — 1} be fixed. In order to interpolate the scheme between the points
(ti, XY (t)) and (tgq1, X3 (te41)), we define the process as follows: for ¢ € [tg, tr41], set

X3 (1) = X (t) = AE (XY (b)) | Fe) (¢ = t) + WA(E) = Wa(tg). (3.10)
In the sequel, we will use the following processes: for ¢ € [ty, tg11]
V() = = AE (XY (tr) | F) (3.11)
AN () = = AE (DXY (ts1)|F) (3.12)
W) =14 (¢ — ti) 2y " (8). (3.13)

The next lemma relates the above processes.

Lemma 3.4. Let k=0,...,N —1. Fort € [0,T], we have

A
1+ A

dxy (1) = BYN (O)dt + AN (AW (1),

dpy™ () =N (WA, 23 (1) =
kN 1 _ A
Proof. Using the Clark-Ocone formula and Lemma 3.3, we have
N N Bt N
X () = B (R )| 7) + [ (DX ()| W)
¢

Multiplying by (—\), we deduce

th+1
AXY () = BV (1) + / 5N () AW (s),
t

which gives the first identity. Applying the Malliavin derivative to (3.9), we have for
8 € [tiythr1] Ds X (thi1) = 1+)\h Multiplying by (—\), we deduce the second and third
equalities.

Finaly, It0’s formula gives us

d ((t - tk)ﬂf’N(t)> = (t — tg) 2N (W) AW (£) + BN (1) dt
which concludes the proof. ]
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Lemma 3.5. Let k € {0,...,N —1}. For any s € [ty, txy1], we have
2 1
<an B[ <5 +h BAN XN (9) <1

Proof. Applying the conditionnal expectation with respect to Fs on both sides of (3.9) for
s € [tk, tx+1) we have

B |83 (s)

1

E (X (tes)|Fs) = [XR (t) + (Wa(s) = Wia(tx)] -
1+ Ah
Multiplying by (—\) and using (3.11), we obtain
; - _ X - — i 14
BT () = =X (B — 7 (Wals) — Wial(t) (3.14)
The independence of F;, and Wi(s) — Wi(t) yields
2 2?2 2 2?2
E |gbN =—" __FE|xNt — (s —ti).
Using Lemma 3.2, we deduce
2 A A2h
B8 (s)|

<
TSV E RN TS YAk
which proves the first upper estimate.

Using (3.10) and (3.14), we have for s € [tx, txy1]

X3 = (1= 25 ) XN 00 + (900 - W (0] (3.15)

Taking the expectation of the square and using the independence of F;, and Wy(s) —
Wi (tr), we have

)\(8 — tk

2
1+Ah>> B @ + 6 - t] < BIXT 0 +h < Lo

E|X§V(s)\2:<1— o

where the last upper estimates follows from Lemma 3.2.
Multiplying (3.14) and (3.15), taking expectation we obtain

- A(s — tg) 2
N k,N _ _ k N _
B (XY 98V 6) = 57 (1 Y > B XN @] + (s - ta)] -
Using Lemma 3.2, we deduce
A1 Ah

E(Xx)(s)85N < — :

‘ < LA (3)>‘ STraay  1ia
This concludes the proof. O

3.2. Some useful analytical lemmas. We at first give a precise upper bound of a
series defined in terms of the eigenvalues of the Laplace operator with Dirichlet boundary
conditions.

Lemma 3.6. Let p € [0,1). There exists a constant C > 0, such that for all o > 0, we

2
have
1
Z M\ PemPma < 0P~ 2

m>1
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Proof. The function (z € Ry +— x_2pe_2$2o‘) is decreasing. So by comparaison, we obtain

o o

9 —9m?2 —op 02 _1 —op 9,2 _1

g m~Pe 2’”°‘§/ x™ P2y < P 2/ Yy Pe W dy = CaP 2.
m>1 0 0

2

Since A, = %(Wm) , we deduce the desired upper estimate. [

Lemma 3.7. Let g > 0. There exists a constant C > 0, such that for all o > 0

Z)\‘}ne_/\mo‘§0<1+ ! 1).
g+1

m>1 Q2

Proof. Let f(z) = 2%%¢~*" His derivatives is given by f/(z) = 2220~ le=%"(q — aa?).
Case 1: a > q/4. Then f is decreasing on [2,00) and a standard comparaison argument
yields

m 2
22e™ "y
1

Z que—mQa Se—a _|_4qe—4oz + Z/

m>1 m>37 M

o0 2
<C +/ 22le "y
0

o
<C+a 03 / eV dy
0
<C(1+a792).

Case 2: a < q/4. The function f is increasing on [0, \/q/a]. So foreach m =1,..., [\/g]—
1, we have

2 m+1 2
m2e™ " < / 229e ™y
m

On the interval [\/g, o0), f is decreasing. So for each integer m > [\/g] + 2, we have

m
—m2 .2
m2de=m @ g/ 22y
m—1

The above upper estimates yield

m+1 m

Z m2de—mia < Z / r2Me=T gy + Z / 22"y
m=>1 m<ly/T)-1"" m2ly/Tj+2" "

2

+ Z m2qefm «a
me{[y/ L]/ Z]+1}
< /OO 22~y + Z m2de—m’a
’ me{ly/T1y/T1+1}
SC’a_q_% + Z m2e—ma
me{ly/Z][y/Z]+1}
Now we study each term of the sum in the right hand side. Since ¢ > «, we have

| grq Ve < ()" < (£)™F < carh,

« o/ T\«
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For the second term, we remark that since ¢ > « [,/% +1<2 [,/% < 2\/g. This

implies
(o= s

Therefore, in both cases we obtain

Z m2de—m’e <C <1 + ! > .
q+

1
m>1 a2

Since A, = %(77m)2, the proof is complete. O

Lemma 3.8. Let p € [0,3) and n € N*. Let (v(k,m)) (1 myeqo,.. . N—2)xn+ bE @ sequence
such that for all k € {0,...,N — 2} and m > 1, we have
0<w(k,m) < )\%_phnﬂe_”‘m(T_t’““).

Then, there exists a constant C > 0, independent of N, such that

N-2
Z Z v(k,m) < ChPts.

m>1 k=0

Proof. First we remark that T — t51 = h(N — k — 1). Using Lemma 3.7, we deduce the
existence of C' depending on n and p, but independent of N, such that for k =0,..., N —2

1
v(k,m) <Ch" ' |1+
Z ( ) - ( hn—p-ﬁ-%(N — k= 1)n—p+%>

m>1
1
<C [ hntt 4 W .
- (N —k—1)"PF3

Therefore, there exists a constant C' as above such that
1
33 st < (141001 3 1
( N — k— )n P+35

m>1 k=0
1 Nl 1 1
< n P+35 < p+3
<C (h +hrE jln_p+%> < Chrte,

which concludes the proof. O

3.3. Decomposition of the weak error. We follow the classical decomposition intro-
duced in [16]. The definition of uy (¢, z) in section 3.1 yields

B|XY(D)]y, = BIXDlg- = YN (B XN, (@] - E1X,, (D))
m>1
— Z MNP (Buy, (T, X3 (T)) — u,, (0,X3 (0))).
m>1

Let 6V (k,m) := A0 (Eu;w (tk+1,X§\Vm(tk+1)) — Euy,, (tk,XN (tk))), then

EXND)|} o, — EIXD) = ZaN (k,m)
m>1 k=0
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Note that using Lemmas 3.3, 3.4 and (3.4) we deduce that for any £k =0,...,N —1

2
dt < 0.

let1 ou
B N0 (XY (1)

i

From now, we do not justify that the stochastic integral are centered. It6’s formula and
Lemma 3.4, we imply that for £k =0,...,N —1

e [ 0 1 2 2
N —\"P v k,N v L kN N
P ko) =378 [ S N0+ 5 AN O] S | 8 0)

= \.PE ttkﬂ {If;nN(t) + %Jf;nN(t)} dt,
where k
(1) = < o () + AmXivm(lt)> %U,\m (£, XY (1), (3.16)
ToN(t) = (‘ng(t)f — 1> ;—;uxm (t, XN (1)) . (3.17)

This yields the following decomposition:

N-2 thsr
E|XN(T)3_, - EIX(T)%-, = NN -1 m)+ DY A,;pE/ VN ()t
ty

m>1 m>1 k=0
1 = BN
+3 SN ONIE / JoN (bt (3.18)
m>1 k=0 tk

Now we study each term of this decomposition.
Lemma 3.9. There exists a constant C, independant of N, such that

SNV~ 1,m)| < ChPs,

m>1
This study is similar to the third step of [6], page 97.
Proof. Using the definition of uy, (¢, ) (3.3) and (3.9), we have

N N 2 1 N 2
un,, (tn, X, (tn)) = | X5, (tv)|” = At ah) | X3, (tv—1) + AW (N)|,
N L—e o |y N 2
uy,, (tv—1, X3, (tv-1)) = T | X3 (tn—1)|
By independence between AW,,(N) and X f\\; (tn—1), we have
1 2
SN(N —1,m) =AP {7 - e—”mh}E XN (ty
( ) WA X% (=)
h 1 — e 2Amh
+ P 2 1+
Am (14 Ah) 20 7
_ 6—2/\mh
Let (51 ()\m) = %, (52 ()\m) = WhAmh)Q’ and

1

— — 2
0w =0 L)
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With these notations we have
SN(N —1,m) <81 (M) + 02 (M) + 03 (An)

First, we study d; (Ap). Since 2262 = [ ¢=2A2 3. ysing Lemma 3.6, we obtain

2 0
> 61 (A / > AFePAmrdy < C/ 2P~ 2dy = ChP*s. (3.19)
m>1 m>1

Now we study &2 (A,). Since (z € [0,00) = 2~ 2(1 + z%h)?) is decreasing, we have for
pe0,3)
o] 1 L1 o] y—2p L1
Z d2 (Am) <Ch —————————dx < ChP™2 ———5dy < ChPT2. (3.20)
m>1 o % (1+a2%h) o (1+v%)

Finally, we study d3 (\;,). Using Lemma 3.2, we have

63 (Am) < AP {;)2 _ 6—2>\mh} L

(1 + Amh o
Since (1+1\h)2 e M = 2)\f { 22T _ m} dz, we have

h 1
< \~P —2Amx )
53 () < A7 /O { o Amm)g}dx

Using Lemma 3.6, we have for p € [0, %)

h
ST p/ e~ P gy < c/ P rde < ChP¥e.
0

m>1

Now since for x > 0 the map (y eR, —y2P(1 —|—y2x)*3) is decreasing, we have for
pe0,3)

Aot o 1 L[ 1 )
— < C/ —————dy < CaP™2 / ———————dz < CaP 2,
ng T+ Xnz)? = Sy v?P (1 +y2%2) v = 0 22 (14223~

and hence Fubini’s theorem yields

Z/ dm<C/ P 2dr < ChP+a.
1+)\mx

m>1
The above inequalities imply > -, 63 (M) < ChP*2. This inequality, (3.19) and (3.20)
give the stated upper estimate. O

Lemma 3.10. There exists a constant C' > 0, independent of N, such that

3 ZA pE/ (J’“V dt<0hp+2

m>1 k=0
Proof. Using Lemma 3.4, we have

kN()‘Q_l_ 2t — ti)Am |t — ti]* A2
Tam L+ Ak (L4 Amh)2

Using (3.5) and (3.17), we have

tkt1

APE

TN ()| dt < C (Ph? 4 XY e 2 (T,
123
Lemma 3.8 concludes the proof. O
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Lemma 3.11. There exists a constant C' > 0, independant of N, such that

N—-2 thi1 . )
S Y e [ < cnrs,
m>1 k=0 tk
Proof. Let Ity (t) := EBYY () Zun,, (8, XY (1) +EA XY (ter1) v, (then, XN (tes1))
and Iy () 1= = A EXY (tr1) Zun,, (trat, X (th1)) FAmEXY () Zun,, (£ XY (1)),
Using (3.16), we have
k,N k,N kN
BTV () =17y () + 1y (D). (3.21)

First we study Ifi\; (t). Using (3.4), we know that a%uAm € CH2. So using Ito’s formula

and Lemma 3.4, we have

0 0? 0?
doun,, (5, X3, (5)) = {M“Am + ﬁf},{v(s)@m,n} (5, X3, (5)) ds
82
+ ’yif(s)wuxm (s, X;\Vm (s)) AWy, () (3.22)
Using this equation, Lemma 3.4 and the 1t6 formula we deduce
0 0? 2 92
k, k, k,
d B (s) 5 un,, (5.X3), ()] = {m;f ()57 + B ()] 55t

82
+z§7N(5)7’;;iV (8)—&62 u)\m} (s, X% (s)) ds
k kN, O kN, O N
+ 4 BEN ()4 (3)—8x2u>\m + 2y (s)%uAm (s,X)\m(s)) dWy, (s).

Integrating between ¢ and ¢, taking expectation, and using the fact that ﬁ];;iv(tkﬂ) =
—)\mXiVm (tg+1), so that If’i\; (tx+1) = 0, we obtain

2 92
‘ 63:2%"”

B0 =8 [ D+
LAm ¢ T Am

32
—i—zl;;iv(s)’yfiv(s)wu)\m } (s, X;\Vm (s)) ds. (3.23)

Using (3.7) and Lemma 3.5, we have for s € [t,t;41]

2

EB’L,{V(S) 0758835“)"" (s,XiVm(s)) = 4)\me_2/\m(T_S)Eﬁ§iV(s)X§\; (s) < C e 2Am(T=ths1)

and hence

tet1 tet1 2
AP / dt / dsEBYN (s) 0 uy,, (5, XY (5)) < ONLPR2eAm(T—tkrn),
tr t m 8258:6 m

Using Lemma 3.8, and the above inequality, we deduce

N-2 le41 le+1 2
SO OAE / dt / dsEBYN (s) 0 u,, (s, XN (s)) < ChPt3. (3.24)
b ¢ m S 0tox m

m>1 k=0

Using (3.5) and Lemma 3.5, we have for s € [ty, t1]

2 2
E ‘ﬁk’N(S)‘ %u;w (S,Xﬁ\vm (s)) = e PmT=5) < 4)\m672)‘m(T7t’“+1),
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so that
s 1 N 1-pp2 —2X(T—t
A p/t dt/ dsE‘ﬁ ( - 2u>\m (5, XY (5)) < CALPh2e=2MT—tes)
k
Thus, Lemma 3.8 yields
trt1 tpa 1
Z A p/ dt/ dsE‘ﬁ ( —uAm (5, XY (s)) < ChPT3.  (3.25)
m>1 k=0 b

Using equations (3.5) and Lemma 3.4 we have for all s € [t, t541]

62 2)\m s —tg )‘m _ L
AN Ol o) g, (550,00 =y (1= e ) e

<O P T =11,

E

Therefore, we obtain

tet1 tet1
A p/ dt/ dsE |z
173

Using once more Lemma 3.8, we deduce

N-2 Tkt Tkt
SO ONF / dt / dsE
173

m>1 k=0
Plugging this inequality together with (3.24) and (3.25) into (3.23) gives us

2
( ) (S) aa 2U>\m (87 Xﬁ\\in (8))‘ S C)\:T[nfph2e*2)\m(T7tk+l).

0? 1
A I )5 (5, X0 (9)] < ot

Z A PE/ ‘I dt < OhPts. (3.26)

m>1 k=0

Now we study I; A\, (t). Using Lemma 3.4, equation (3.22) and the It6 formula we have

0 0? 0?
xR, () (5,33 6) = {0 015, + X 9084 (9 50
2 92

0
485 (@) L, + [ ) b (s, X3, 0 s

kN, O kN, 02
+ 970 (8) 5= U, —i—X/]\\Zn(s)’y)\ (s)—2u>\m (s,Xf\\in(s)) dWy, (s)
m 2 0x m O
So integrating between t and ;41 and taking expectation, we obtain

B 0 = i [ )+ B 6) s, 4 X ()N 0)
2,Am - m ] A \S 8taxu)\m A \S 8£Cu>\m Am 8Py, S8 axQU)\m

2 92 N
‘ WUA’”} (s, Xy, (s)) ds. (3.27)

Using equation (3.7) and Lemma 3.5, we have for all s € [t, t511]

0? .
AmEXS, (5) 55t (5, X3, (5)) =4\,e “2nT=p | XY (s

0z2

+ [ (5)
‘2
<ON2 (L 4 hye 2Tt

Am
Therefore,

AP e tk+l>\ EXN( 82 N 1-p32 2—p13\ =2 (T—tp41)
. m Ao S)—ataxu)‘m (S,ka(s)) < C()\m h*+ X Ph )e ,
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and using Lemma 3.8, we deduce

N-2 tht1 tht1 5?2 1
DO ONF / dt / dsAm EXY (8)mm—uy,, (5, X% (s)) < ChPTz.
t . mr Y Otox m

m>1 k=0

N}

(3.28)

The equation (3.4) and Lemma 3.5 yield for all s € [t, ;1]

AmEBYN (s)a%mm (5, XY (5)) = 2Ame” P T=IERPN ()XY (5) < CApe 2Tt

This upper estimate implies

tet1 tet+1
AP / dt / dsAm BV (s)%mm (5, XY (5)) < ONLPhZem 2T —tirn)
t

and Lemma 3.8 yields

N-2 tht1 tht1 o
SN / dt / dsAm BBV (8) 5t (s, XN (s)) < ChP*3. (3.29)
tr t

m>1 k=0
Using equation (3.5) and Lemma 3.5, we have for all s € [t, t511]
0? B -
)\mEX)\m( )5 ( )T’LL)\m (S X)\ ( )) < C)\me 22m (T tk+1).

Therefore, we obtain
tet1 tet1 2
P / dt / dshn, EXY (5)857Y (s)%mm (5, XY (5)) < ONPh2em 2T —tirn)
m 1- m

and Lemma 3.8 implies

N—2 Tkt Tt H? 1
SN, p/ dt/ dshn EXY (s)85N (s 5) 53 UAn (s, XN (s)) < ChP*2. (3.30)
the x

m>1 k=0

Finally, (3.5) and Lemma 3.4 imply that for all s € [t,{;11]
AmE "yl/\gg(s)r ;—;uxm (s,Xf\\in(s)) < CApe™ Pm(T=ter)
This yields
P /t T /t o dshn 2 |2 (s)‘2 88—;1% (5, X3 (5)) < OALPR2e2m(T—tisn),
K

and Lemma 3.8 implies

ZA P/thrldt/tk ds E‘W
ty

m>1 k=0
Plugging this inequality together with (3.28) - (3.30) into (3.27), we deduce

ZZ)\ pE/ IkN t<0hp+%.

m>1 k=0
This equation together with (3.21) and (3.26) conclude the proof. (]

232

(s, XN (s)) < ChP*s.

Theorem 2.1 is a straightforward consequence of equation (3.18) and Lemmas 3.9-3.11.

Acknowledgments: The author wishes to thank Annie Millet for many helpful com-
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