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Abstract. In this paper we study the bifurcation of branches of non-symmetric
solutions from the symmetric branch of solutions to the Euler-Lagrange equations
satisfied by optimal functions in functional inequalities of Caffarelli-Kohn-Nirenberg
type. We establish the asymptotic behavior of the branches for large values of
the bifurcation parameter. We also perform an expansion in a neighborhood of
the first bifurcation point on the branch of symmetric solutions, that characterizes
the local behavior of the non-symmetric branch. These results are compatible with
earlier numerical and theoretical observations. Further numerical results allow us to
distinguish two global scenarios. This sheds a new light on the symmetry breaking
phenomenon.

AMS classification scheme numbers: (MSC 2010) 35C20; 35J60; 26D10; 46E35; 58E35

Keywords: Hardy-Sobolev inequality; Caffarelli-Kohn-Nirenberg inequality; extremal
functions; Emden-Fowler transformation; radial symmetry; symmetry breaking;
ground state; Poschl-Teller operator; bifurcation; elliptic equations; branches of
solutions.

1. Introduction

In this paper we investigate how symmetry can be broken in some variational problems.
Symmetry breaking occurs when antagonistic effects are competing, like weights or
potentials (or coupling with other fields) on the one hand and nonlinearites on the other
hand. An archetypal example for such issues is the question of symmetry of optimal
functions in Caffarelli-Kohn-Nirenberg inequalities. While all terms are invariant under
rotation around the origin, it is known that optimizers are not always radially symmetric.
Calffarelli-Kohn-Nirenberg inequalities, also known as Hardy-Sobolev inequalities, is a
particularly simple setting for the study of symmetry breaking because weights and
nonlinear terms have simple homogeneity properties, so that Euler-Lagrange equations
inherit scaling properties that allow to further simplify the study of the symmetry issues.
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Still, ranges of parameters for which optimizers are radially symmetric have not been
completely determined yet.

Symmetry breaking issues are present in many areas of physics involving partial
differential equations: quantum mechanics, mean field models, equations for phase
transition, ferromagnetism, mechanics, etc. Various mathematical methods are available
either for proving symmetry (uniqueness, comparison techniques based for instance
on moving plane methods, symmetrization: see for instance [I 2 [3]) or for proving
symmetry breaking (multiplicity and bifurcation, energy, spectral methods). However,
threshold cases are not characterized even in the simplest cases.

A simple mechanism which can break symmetry is the instability of the symmetric
extremals, that is, the case where the extremals among radially symmetric functions are
not local minima in the larger space of functions with no symmetry assumption. In
the case of the Caffarelli-Kohn-Nirenberg inequalities, this instability has been studied
in several papers (see [4, Bl [6]) and the corresponding region of symmetry breaking
is delimited by an explicit curve. However, it has been proved in [3] that symmetry
breaking can occur even in a range of parameters for which the symmetric extremals
are stable, that is, in cases where they are strict local minima. In order to understand
this phenomenon, and symmetry breaking in general, we study the solution set of the
Euler-Lagrange equations corresponding to a minimization problem associated with
the Caffarelli-Kohn-Nirenberg inequalities. For those equations, we investigate the
bifurcation of non-radially symmetric solutions from radially symmetric ones. The two
theoretical contributions of the present paper are an asymptotic analysis of the branches
for large values of the bifurcation parameter, in Section[2], and a detailed expansion of the
non-radial solutions in a neighborhood of the bifurcation point on the branch of radial
extremals, in Section [3] Both results are consistent with known and new numerical
results presented in Section [] and give a significant insight into the local behaviour of
the solutions, either around the bifurcation point or asymptotically.

We shall consider a family of Caffarelli-Kohn-Nirenberg inequalities which, for a
given dimension d > 3, depend on two exponents, p € (2,2*] with 2* := 2d/(d — 2) and
0 € (0,1], and on a parameter A > 0.

For any dimension d > 3, let us consider the set D of all smooth functions which
are compactly supported in R%. Define the numbers
d—2 2d

p—2
Ip,d) =d——, a.: = —, ,b) = :
(p.d) 2p " IR ARl s wri Y ey

For any a < a., we consider the following Caffarelli- Kohn- Nirenberg inequalities, which
have been introduced in [7] (also see [6]):

Letd > 3, a < ag, b € [a,a+ 1] and assume that p = p(a,b). Then, there exists a
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nite postiiive consian CKN aepenaing on 0, a ana p Suc at, jor any w € D,
finite positi tant Kexn dependi 0 d h that, f D
a —(a 2(1— 6
™ il ey < Kesen 2]~ VawlF2 o )~ w5z - (1)

According to [5], the Caffarelli-Kohn-Nirenberg inequalities on R? can be rewritten
in cylindrical variables using the Emden-Fowler transformation

ac—a

s=loglz|, w= e ST u(s,w) = |z w(z) .

|z]

The above inequalities are then equivalent to Gagliardo-Nirenberg-Sobolev inequalities
on the cylinder C := R x S?! that can be written as

(1-6
lullne) < Kerex(6,0,8) (IVulla) + Allioey) Il (@)

for any u € H'(C), where a and A are related by A = (a — a.)?>. Here we adopt the
convention that the measure on S%! is the uniform probability measure. Let us define

0 2(1-6
(I9l2ac) + AlulZae) Tl

||u||%P(C)

Qilu] =

(3)

In the case 0 = 1, we shall simply write Q,, instead of Qi. We are interested in the
map A — Kcekn (6, A, p), what amounts to study the dependence of the minimum of Q%
on A. The corresponding Euler-Lagrange equation is

—0Au+ [(I—H)t[u]—FA]u:up_l, (4)
with
L fc ’VUP dy
tlu)] = —fc dy

Let us introduce the parameter p = ((1 — 6)t[u] + A)/6. Up to multiplication by a
constant, the solutions of are solutions of

—Au+pu=ul""t. (5)

If # = 1, we may notice that A = . Hence we may solve , denote by u, the
corresponding solution which minimizes Q,, compute A and then parametrize the
solutions of in terms of p. Let us give some details. With

||Uu||i2(C)

T(p) :==tlu,] and v(p):= T E
wllTe ()

Y
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we can describe the set of solutions to in parametric form as pu — (A%(u), J?(u))
where

N(p)=0p—1=0)7(n),
T (1) == Qi luy] = v(1) 07 (+7(n))" .
The uniqueness of u,, is not obvious and details will be provided in this paper. We shall

denote by 7.(11), vi(p), A2(1) and J?(11) the corresponding quantities for the symmetric
solution uy,, of ().

With ¢ = d(p,d) = d 1”2;]02, denote by Koy = Kan(p, d) the optimal constant in the
Gagliardo-Nirenberg-Sobolev inequality

Kan 2(1—9
s IV ull2 g ullf Sty V€ HY(RY). (6)

2
<
HuHLP(Rd) > IS4 (Rd) 2

Our first result is a direct consequence of the above parametrization and deals with the
asymptotics of Qf for large values of A.

Theorem 1 With the previous notations, for all > ¢ = J(p,d), we have

g° 1
li 19*0{]9 :_1_191979_'
Jim o (1) = 55 (1 =) Kom

Moreover, the parametric curve u— (A%(u), J%(un)) is asymptotic to the curve

g? AO—0(p,d)
A— ,
J(p,d)?®d) (60 —I(p,d))?—?@d)  Kgy

for large values of ju or, equivalently, for large values of A = A°(p).

The case # = 1 has been established in [5, Theorem 1.2] and here we generalize it to the
case ¢ < 1. The proof will be given in Section

Next we denote by K&xn(f,A,p) the optimal constant in (2) when the set of
admissible functions is restricted to all symmetric functions in D, i.e. functions which
depend only on s and achieve their extremum at s = 0. It is achieved by an explicit
function u, . with p such that A?(u) = A. We recall that K& (6, A, p) is explicit (see
[6, Lemma 3]). Let us define

d—1 (20—-1)p+2

A ,0) =4

(7)

Symmetry breaking means K&n(0, A, p) < Kekn (6, A, p). It is known that

(1) Kegn(0, A, p) = Kexn (0, A, p) for A > 0 small (see [q]).
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(i) Kixn(0, A, p) < Kexn (6, A, p) for A > Apg(p, 0) (see [4, 5]).
(iii) The map A — 1/Kekn(6, A, p) is increasing and concave when 6 = 1.

The value A = Agg(p,0) corresponds to the threshold of instability of the symmetric
minimizers of . More estimates will be given in Section . Our next purpose is to
study the bifurcation of non-symmetric minimizers from the symmetric ones. Let us
start with 6 = 1 and define

prs = Aps(p, 1) .

Theorem 2 Assume that 0 = 1, d > 3 and p € (2,2*]. Under assumption (H), there
exist a constant ¢, q and

Uy = Ups + A/ Cpa (1 — pirs) @ + Cpa (1 — prs) ¥, (8)

where ¢ and ¢ are two smooth functions with exponential decay as |s| — oo such that,
for cpa (i — prs) >0,

Qulugy] = Qulups (1 ¥ 8_ ! Cpa (11— prs)? + o ((p — MFS)2)) :

Moreover, if ¢, q is positive, then for > pps, Qulu(y] minimizes Q,, in a neighborhood
of u,, . among smooth functions with exponential decay as |s| — oo, up to terms of order

o (1 — prs)?).

The assumption (H) is rather technical but explicit and will be stated only in Section (3.4}
For a given d, it is a condition on p, which ensures the existence on ¢, 4. Notice that the
condition that ¢, 4 is positive is stronger than (H). We are not able to fully characterize
the positivity of ¢, 4, but at least we will give a sufficient condition in Theorem [7| The
corresponding range of p is not expected to be optimal.

In Section [3]we shall perform an expansion of the energy Q,, in a neighborhood of the
first bifurcation point on the symmetric branch, by minimizing Q,, among a special class
of smooth functions with exponential decay, which is expected to contain all minimizers
in HY(C). However we did not prove that such a regularity result holds order by order in
the expansion. Anyway, our expansion provides us with an approximate, local minimizer
under the condition that ¢, 4 is positive.

The function ¢ in Theorem [2|is explicit, ¥ is given by a linear elliptic equation with
an explicit source term and ¢, 4 is given by an identity involving ¢ and ¢. Numerically,
cpa is positive in all cases considered in Section 4 Our last result is also written for
u(,). With a slight abuse of notations, we may still use 7 and v for the approximated
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solution, that is

(A) T(p) == t[U(u)] and v(p):= M

I

N ||“(u)||ip(0)

and then redefine A%(y) and J%(u) accordingly. Of course it is to be expected that the
new versions of 7 and v differ from the former ones only by higher order terms but
mathematically this is an open question. As we shall see in Section 4| and with the
above definition (A), 7/(urs) can be computed in terms of ¢, 4. Let us define

 7'(prs)
Oa(p, d) = HT—(:'FS)

One can expect that the value of ¥s(p,d) is the same if 7 is computed on the basis
of u,, the solution to the Euler-Lagrange equation , or of w(,), the approximation
defined by (8). The relative values of J5(p, d) and ¥(p, d) determine the behavior of the
non-symmetric branch close to the bifurcation point on the symmetric branch. More
precisely, we have the following local result.

Theorem 3 Under the assumptions of Theorem and definition (A), if ¢p.q is positive,
if () 18 given by (@) and if v 1s taken in a right neighborhood of urs, then we have the
following alternative.

e Either ¥o(p,d) < 9(p,d) and then for all 0 € (9(p,d), 1], the branch (A%(u), J®(n)) is
concave, nondecreasing in ji and it is below the symmetric branch (A2(u), J?(1)).
e Or, on the contrary, Ys(p,d) > Y(p,d) and then we find two different behaviors:

- if 0 € (92(p,d), 1], the branch is concave, nondecreasing in p and below the
symmetric branch,

- if 0 € (9(p,d),V2(p,d)), then the branch (A°(u), J%(1)) is above the symmetric
branch (A%(u), J? (1)) and %AG(NFS) < 0.

In the last case, when 6 € (J(p,d),J2(p,d)), the branch in the (A?, J?) representation
is on the left of the bifurcation point and above the curve corresponding to symmetric
solutions. The case § = ¥(p, d) is of particular interest and will be discussed in details
from a numerical point of view in Section [

2. Preliminaries observations and proof of Theorem

2.1. Caffarelli-Kohn-Nirenberg inequalities: more details on symmetry breaking

Recall that the threshold value for the stability of symmetric optimal functions is given
by Aps(p,0) defined in : symmetry breaking occurs for any A > Apg(p, §) according
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to [4,[6] (also see [5] for previous results and [9] if d = 2 and = 1). As shown in [9, [10] 3],
there is a continuous curve p — Ay(p) with lim, 5, As(p) = oo and Ay(p) > a? for any
p € (2,2*) such that symmetry holds for any A < Ag and there is symmetry breaking if
A > A;. As proved in [§], for all p,d in the considered range, 6 = 1,

(d—1)(6—p)
4(p—2)

< As(p) < Aps(p, 1)

Despite the fact that the exact shape of A, is not known, it can be proved that we
have lim, o+ As(p) = a? if d > 3 and, if d = 2, lim, o, As(p) = 0, or more precisely,
lim, o p?As(p) = 4. Moreover, we also know from [I1, Theorem 3.1] that symmetry
holds if A < d?/p*.

According to [12], it is known that an optimal function exists for any 6 €
((p,d), 1), but only if Kexn(6,A,p) > Kan(p,d) when 6 = 9(p,d), where Kgn(p, d)
is the optimal constant in the Gagliardo-Nirenberg-Sobolev inequality @ The case
Kekn (U(p, d), A, p) = Ken(p, d) has not been studied yet. A sufficient condition for the
existence of extremals can be deduced, by comparison with symmetric functions, namely
Kéxn (P(p, d), A, p) > Kan(p, d), which can be rephrased in terms of A as A < A&y (p, d)
for some non-explicit (but easy to compute numerically) function p — A&y (p, d). When
0 = J(p,d) and A > A& (p, d), extremal functions (if they exist) cannot be symmetric
and in the asymptotic regime p — 2., this condition is weaker than A > Ags(p, 9(p, d)).
One can indeed prove that lim,_ o, Aps(p,¥(p,d)) > lim,o, AGy(p,d). Hence, for
0 € (J(p,d), 1], close enough to ¥(p,d) and p — 2 > 0, small (but numerically not so
small, actually, as shown in [13]; also see [3, Section 5] for estimates and Section {4.3| for
some plots), optimal functions exist and are not symmetric if A > A&y (p, d), which is
again a less restrictive condition than A > Apg(p,d). See [3] for proofs and [13] for a
more detailed overview of known results.

In this paper we study perturbatively the non-symmetric solutions lying in the first
branch bifurcating from the branch of symmetric extremals and show that they explain
all phenomena of symmetry breaking known or observed so far, including cases in which
the symmetric extremals are stable. Of course, it is not clear that all extremals for
Calffarelli-Kohn-Nirenberg inequalities lie in those branches, even if probably that is the
case. In Section [3| we will provide a complete description of the branch around the
bifurcation point, based on an asymptotic expansion. This clarifies the local behavior of
the branch and accounts for all phenomena numerically observed in [I4]. Before doing
so, let us study the branch of symmetric solutions and the asymptotic behavior of the
branch of optimal functions (proof of Theorem .
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2.2. The case of symmetric extremals

We start with the symmetric case for # = 1 and adapt the computations that can be
found in [6] (also see [§] and the Appendix). Consider the equation

—(p—22w"+4w—2plwf?w=0 in R. (9)

The function w(s) := (cosh s)_zvi32 is, up to translations, the unique positive solution
of @) As a consequence, the function u(s) = (%pu)l/(pﬁ) w (B2 \/pt s) is the unique
solution of

—u" +pu=|uff?u in R. (10)

The symmetric optimal function u, for § < 1 can be explicitly computed. Up to
multiplication by a constant, wu, solves

" _ ..p—1
_eu*+77u*—u* )

with n = (1 —0) t[u,] + A. After multiplying the above equation by u,, integrating with
respect to s € R and dividing by [, u?ds, we find

Pd
tu] + A = M,
Jpu?ds

1
where u,(s) = Aw(Bs), for all s € R, w solves @), A= (&))" and B = 22 /7.
From this expression, as in [§], we deduce that

Jeutds _ ol _ 200
Jpu2ds lhb p+27

tlu,] = B* = = —g and

where for all ¢ > 2, 1, := [; [w(s)|?ds, and J := [, [w'(s)|* ds (see |[Appendix A.1| for
details). This provides the identity

-2 2
p=2n ., 2
p+20 p+2

(p+2)6

and uniquely determines n = A. As a consequence, we have

(26—1)p+2
p—2

el = 2=, 12
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2.3. Gagliardo-Nirenberg inequalities and the corresponding asymptotic regime

Now we investigate the asymptotic regimes corresponding to A — oo and prove
Theorem [Il Let

Sp(Rd> — ling fRd |V1‘i|_22dx + fRd |U|2 Czix .
€M EOO} |§d=1| 57 ([ |ulp da)

An optimization of the quotient in the expression of S,(R?) allows to relate this constant
with Kgy. Indeed, if we optimize N[u] := [, |[Vul? dz+ p [pa |u|?> dz under the scaling
A= uy(x) = AP u(Ax), we find that

Nuy) = 0D | Vaul? do + A”u/ lul? d
R4 Rd

. . .. llullp2 g
achieves its minimum at A\, = ,/lﬁ—% e, S0 that
- H UHLZ(Rd)

_ (11— 2(1-9) 71—
Nuy,] =9 9 (1-9) (1—19) ||Vu||if(Rd)||u||L§(Rd)) ,ul 19,

thus proving that, with the choice u = 1, Kgx = 97 (1 — 9)!7? S,(R9). For any p > 0,
if w, is the solution of and if it is a minimizer of 1/Kckn(1, A, p), we know from [5,
Theorem 1.2] that as u — oo,

(r(1) + ) v(p) = Quluy] ~ Sp(R) ' =7

If w is an optimal function for S,(R?), we also know from the above computations that
Ay = 1, that is,

() U

l=MN=——"—— —_ =
AL =9 7(0) and so, p -9

Hence,
v(p) ~ (1 =) S,(RY ™ as pu— oo.

Consider now the case 6 > ¥(p,d). According to the parametrization of Section ,
that is, by definition of J? and A?, we obtain that

0 —J(p,d)

Ae(ﬂ)zgﬂ—(l—Q)T(M):mM,

T (1) = v(p) 0° (4 7(w)" ~ 67 (1 — 9(p,d))* =7 S, (RY) pf =@ |
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as j1 — oo. Hence the parametric curve p— (A%(u), J%(u)) is asymptotic to the curve

0° (1 = 9(p, )" "

A 00 )7

Sp (Rd) A@—ﬁ(p,d) 7

for large values of p. This completes the proof of Theorem [1} See Figs. for some
plots of the curves p +— (A%(u), J%(u)) for various values of @ and how these curves
can be compared with the ones corresponding to the asymptotic regime as described in

Theorem [1l 0

The limit case § = ¥ = ¥(p,d) is of particular interest. Indeed, according to [12],
Gagliardo-Nirenberg inequalities play a special role. See Fig. [6] First of all, since
1/Korn (9, A% (u),p) < J%(u) and using the fact that A — Kogn (9, A, p) is a non-
increasing function of A, we recover the known result that

Kon < KCKN(ﬁ(p, d),A,p) VA >D0.

Such an inequality has deep implications on the existence of an optimal function (see [12]
and in particular [I2] Theorem 1.4]): either the inequality is strict and there exists a non-
trivial optimal function for , or there is equality and a non-trivial optimal function
may exist only if A = inf{\ > 0 : Kagx > Kexn(Y(p, d), A, p)}, but certainly not for any
larger value of A, if the above infimum is finite.

In our setting, we can define ugy = inf{u >0 : J%(u) < Kgn}, with 9 = 9(p, d).
It is granted that ugn > 0. Either pgn = oo and there is always a minimizer, or

KCKN(ﬁ(pa d)7 Aﬁ(:u)vp) = Jﬂ(ﬂ’) V[L € (07 MGN]
and there exists a non-trivial optimal function for if © < pgn, while
Korn (9(p, d), A" (1), p) = Ken ¥ i € [pen, 00)

and there is no optimal function for if 1> pen.

3. An expansion at the bifurcation point: proof of Theorems [2| and

In this section, we determine the behavior of the branch of non-symmetric positive
solutions that bifurcates from the branch of the symmetric ones in a neighborhood of
the first bifurcation point 1 = ppg. Consider the case § = 1 and denote by u, . the
positive symmetric solution of

—Au+pu=ult, (11)
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so that Q[u,.] = Huu*Hij 1/KEkn (1, 11, p). Notice that if u is a solution to | :
. p72 .
we still have Q[u] = [|lul|f, () even if w is not symmetric.

We will search for minimizers of Q,, in a restricted class of functions depending only
on the variable s (see Section along the axis of the cylinder and on the azimuthal
angle ¢ of the sphere because of the result on Schwarz foliated symmetry of [15]. This
guarantees that we are in the right class for minimizers when § = 1. For § < 1, no such
result has been established in the literature but we will work in the same framework. It
is indeed straightforward to check that the same result holds.

Let f; be the first non-constant spherical harmonic function, ¢.e. the eigenfunction
of the Laplace-Beltrami operator on the sphere S¢~! corresponding to the eigenvalue
d — 1 and denote by f; the next one (among the ones depending only on the azimuthal

angle (), with corresponding eigenvalue equal to 2d. See |[Appendix A.4| for details.

3.1. Ezxpansion of Q,, at order two

Let us consider a solution of that can be written as
Uy = Uy + €@+ o0(e)

in a neighborhood of w,, .. In the limiting regime corresponding to ¢ — 0, an expansion
at order two in € gives

Quluus +e¢] =2 qlu, o] g (p—2) (fc uﬁ,*l 2 d?/)2

_d + o(e?),
Q,u[u,u,*] ”uﬂ, ||LP(C || IM ||

where ¢, @] == [ (Vo> + ulel> — (p — 1) w82 |¢|?) dy. By minimizing the term of
order two, we ﬁnd that

Qu[uu,* + 590] 1~ 82 (90177—[# 901>L2(C) as e — 0
Q,u[u,u,*] ||u#7*|’€,ﬁ(c) ’
where H,, = _j_;? +pu+d—1—(p—1) uﬁf is a Poschl-Teller operator whose lowest

eigenvalue is given by Ai(n) = d — 1+ p — 1 pp?®, and such that ¢ = ¢y fi is the
corresponding eigenfunction (see [Appendix A.2| for details). Since € has not been

specified yet, we can normalize ¢ by the condition

||90Hi2(C) = ||901H%,2(R) = |’Uu,*|€p(c),

which slightly simplifies some computations below. This shows in particular that

qlm, 4l
= A (p).
”uu,*Hip(C)
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See (A.2)) for an expression of 7, which is smooth and decays exponentially as |s| — oo.

As in [], let ups be such that A\ (ups) = 0, that is

d—1
pP—4

HFS =4

(see [Appendix A.2| for details). For any p > pps, we have

A1) = — 5 (0 — 4) (1 — ps). (12)

4
This determines the O(g?) term. Now we want to investigate the behavior of Q,, in a
neighborhood of = ppg and therefore need an expansion at higher order.

3.2. Expansion of Q,, at order four

Our purpose is to build an expansion (u,),>u.s of the branch of positive solutions
of that bifurcates from the branch p — wu,. at ups. =: ups and satisfies
Q. [ugy] < Quluys]. For pin a right-neighborhood of pps, we look for solutions of
of the form w, = u(,), up to higher order terms, where

Uy = Uy HEQ+NY, (13)

with € > 0 and n = o(¢). The fact that an expansion starting with the above expression
can be built is standard. From now on, we will assume that the solutions are given by
the above expression and that 7, v, A’ and JY are defined according to definition (A).
Some of our computations are formal, but can be justified by technical estimates that
will be only sketched. Here ¢ = ¢ f; has been determined above. Recall that ¢, is a
function depending on s only. For convenience, let us define

_Jeul v dy

ky =
v Jo i dy

Since we are interested in functions depending only on the azimuthal angle (, we
indifferently use w € St or ¢ € [0, 7] with a slight abuse of notation. We consider

the sequence ( fx)ren of spherical harmonics depending only on (. See[Appendix A.4]for

details. We denote by 1, the decomposition of 1) in spherical harmonics:

Y=y U+ U S,

k>0

with  p(r) := P(r,w) fr(lw)drv(w) Yrel0,00),

gd-1
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where dv(w) is the uniform probability measure on the sphere. Here we have chosen v
in such a way that [, u"'vo dy = 0 because

. fc (kg s + o) dy e Je Uﬁf*l o dy
- fc e dy Y

We know that qls, ] = 3"4=q qljs. 1 fi] , where

qlpt, Vi fi] Z/CIV(¢kfk)|2 dy+u/c¢i dy—(p—l)/up Zidy.

With ug := p+k(k+d—2), for any k > 2, we get that

q[u,wkfk]zfcwuz dywkfcwi dy—(p—1>/up 242 dy

is nonnegative for p — pps > 0, small enough, and positive unless ¢, = 0. Lengthy but
straightforward computations show that
Quluqw)
Qw4

when the function ¢ is smooth and has exponential decay as |s| — co. The coefficients

—1:a52+b54+052n+dn2+66n+0(€4+772+|a|52+7752)

in the above expansion are given by

_dlw el ~ ),

a(p) =
(k) fcuﬁ,*dy
2
b(y) Joub2e*dy 1 Joub 2 o dy
— = — )\ JC m* 77T L T (1) (p—=2) | T T
0 —9)(p— 3l P
12 Jo s dy
fc 2 ? dy
c(u)= —2A ky+((p—1)(p— k
(1) ) ko (0= 1) (0= 2) S T b
Joub2o?d dy
—p-1Dp- ;
L
Q[Maw] 2
fcuu* v
1 dy
e(n) =2M(p) m-

With no restriction, we may require that ¢ is optimal in the direction f;, that is

/Cwbdy:(). (14)
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In other words, this amounts to require that e(u) = 0 for any pu > pps.

According to (12]), we get

1
a(p) = =7 (0" =4) (= prs)
Using [ | f1]* dv = —2 (see |Append1x A. 4[) we obtain
_ 2
Ablurs) gy | Jeks ehds | d(p=3) fyuks' el ds
(p—1)(p—2) Jg ubg ds d+2  [pubgds

All above integrals are computed in [Appendix A.3|and allow to express b(ups) as

4(d-1)p*(p—1)*[2p(5p—6) —d(p* —16p+12)]

b(prs) = (d+2)(p+2)2(p—2)(3p—2)2(5p—6)

As for the terms which depend on 7, we observe that they sum as
e*ne(p) + 0 d(u) +ene(u)
qlp, ¥
=1’ [L +(p—2) ki] —2Mi(p) ky %

Hum*Hip(c)
fc Setdy ot ot dy
Ry — p
Huu,*”Lp(C)

+e’np—1)(p—
IIUMHLP

Using the fact that f7 = fo+ k) f2 (see|[Appendix A.4)), it is straightforward to observe
that the optimal function v is given by

Y= kyuus fo+vofo+ U1 fi +Uafo (15)

while ¢, = 0 for any k > 2 and solves the Euler-Lagrange equation
— AP+ pp = (p =D ul 2+ (p—2) ky ull ! fo

% [(ﬁ (pgpl)_(g 2)u—2A1(u)> up o

+

—(p—1) (p—Q)UZ,*?’SD%(fo-FH(d)fz)} +Lp1 f1 =0.

Here we used the fact that [,ul>¢* dy/|u.lllse) = :f;T‘E (see |Appendix A.3| for
details). Constraint is taken into account through the Lagrange multiplier £. Here

higher order terms have been omitted: see Remark

The three components 1y, 17 and 15 satisfy the equations

N (o 1) 52 A, 32 B,
Yo + kb 2 [cosh(/3 s)]? bt [cosh(f s)]” = [COSh(ﬁ s)* 7=
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pp—1)u

— "(/1/1/ +M11/11 — —2 [COSh(ﬁs)]Q ?/11 + ,6301 = O,
" pp—1)p 3% By
—_— _——_— —_— p— 0
Vot s 2 [cosh(f s)]? v [cosh(f s)]? = 7

with yy =pu+d—1, po = p+2d and

art e (pP(p—1)(p—2)
Ay=— — — 2\

82 a2p—3
By=—((p—1)(p—2) ——,

52 O421)—3
BQ = % (p — 1) (p — 2) I{(d) 52 = /f(d) Bo,

Recall that 52 = 1 (p — 2)? .

Multiplying the equation for 11 by ¢, and integrating by parts we get

Al(u)/golwl ds+£/]gpl\2 ds =0.
R R

Using Assumption , this proves that £ = 0. This implies that 1, is an eigenfunction
of H,, with eigenvalue A;(u). Since Ay (y) is simple, we find that ¢, = 0 by (14).

We may next observe that by taking

Vo(8) = Ao Xop—-1(88) + Bo Xo,2p—-3(8 5) and 12(s) = Ba x22p-3(8 s) , (16)

the problem is reduced to the set of equations

o 4x0p-1 _ 2p(P—1)Xo0,p—1 p—1 _

Xo,p-1 + (151)—2)2 (p—22)? (cols)h BDE w =0,
e/ X0,2p—3 _ 4pWP—1)X0,2p-3 _ , 2p—3 _

Xo2p-3 T o2z~ p-2Z(coshez ~ W =0, (17)
o dpaxe2p-3 _ 2p(P—D)x22p-3 _ , 2p—3 _

X22p-3 T “hG-27 — 2P (eoshsr W =0,

where w(s) = (cosh 3)7%. Since

4w 2p(p— 1w 2p
(p—2)* (p—2)*(coshs)*  p—2

it follows that

We may notice that the equations for xo,-1, Xo02p—3 and X22,-3 are all independent
of ky. Moreover, since [, ub 1y ds = 0, we get

/ w”™* (Ao Xo0p-1 + BoXo2p-3)ds =0,
R
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1.€.

0= Ao/ —Xo,p 1p 1 d$+BQ/ —X0,2p*3p71 ds .
R (cosh s)* 72 R (cosh s)* 72

Remark 4 The decomposition of Y is done up to higher order terms. Hence the
above equality only holds for u = ups, as can be checked by computing

—1 p—2 p—2
Xop—1 W' ds = —— [ wP ds = ——|I
/R g 2p Jr 2p *
and, using ,

-2
by 1 = wlds = — P ds = -2
0,p—1 /RX0,2p 3W § /RXO,p 1w S 3p—2 7

2

(also see Appendix A.l). With Ay = ag; 26_77 <p2 (p;pll(Qp—Q) - 2>‘1(M)> and By —
277 (p 1) (p 2) 62 - ) we ﬁnd th(lt

p—2 2 -2
Ao L, — B l, =
2p 03 =0

holds if and only if \i(n) = 0. As we shall see below, this is consistent with our
expansion in terms of powers of € and n because for p > pps, close enough to pps, A\ (1)
corresponds to a term of higher order.

The reader is invited to check that
Xozp—3 =~ 7 =] (2w — wp’l) .

As a consequence, one can compute

_ 1p-2 ___pl—2
b071 .—/RXOQP 3'lUdS— 4p—1(2|2 |)— 2(p—1)(p—|—2) |2(18)

Altogether we have found that

e'ne(p) +n’d(u) +ene(pn) =n’ Q] — e’ n L]
up to higher order terms in ¢, 7 and (@ — pps), where

qlu, 9]

w*lLpe(C
and
p—2 d p—3 ,,2 d
LY = —(p— 1) (p—2) | fe e & ykw—fcu“’*ﬁw !
[ [ e
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are respectively quadratic and linear with respect to 1. Since we can multiply ¥ by
any positive constant v and n by 1/v simultaneously without changing the value of
n* QY] — 2 n L[], the optimal choice of 7 in terms of ¢ is

n=e’, (19)

thus making the sum of the two terms equal to &* (Q[¢)] — L[¢)]) and 1 independent
of e, at least at leading order. Moreover, if 1 is a minimizer of Q[¢] — L[], then
it is straightforward to check that 2 Q[ — L[)] = 0, as follows by multiplying the
Euler-Lagrange equation by ¢ and integrating. Altogether, we have found that

e2ne(p) +n*d(p) +ene(p) = —%e“L[w] <0

up to higher order terms in € and for p — ppg small enough, if ¢ is a minimizer of

Q[¢] — L[], that is,

Qulugy)]

2 g1 4 A
Ofu,] LMW — b=t = =g LTt + ol (20)

At this point, we may notice that the function u,y has not been normalized. Multiplying
it by a constant would not change the value of Q,[u(,]. If we want it to be a solution
of at leading order, then this implies that Q,[u(,)] = ||u(u)||€;(2€) and we may
therefore impose the corresponding constraint, i.e.

2 2
/C‘VU(M dy~|—u/cu(u) dy:/cu’(’u) dy,

without changing the equations written order by order (in other words, the Lagrange
multiplier associated with this constraint is zero). Written in terms of ¢ and 9, at
lowest order, that is at order €2, this constraint amounts to

plp—=1) ,_
[ (ve 4 tor =22 w268 ) dy - -2k [y =0.

Hence by taking the limit as u — (ups); and observing that A (1) = O(p — prs), we
find that, for u = ups,

1 Jewp el dy _  2p*(p—1)(d—1)

S L A7 S VRN iy e Y

The explicit value of k, will however not be needed later, because of cancellations that
occur in all subsequent computations.

Next comes the observation that, as long as we are interested in computing L[], we
do not even need to normalize u(,) nor to compute ky. Indeed with ¢ := ¢ — kyu, . =
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Yo fo + V2 fa2, we see that

Jeu, 2(h/k¢ Jeur 2oty dy  [oup 3029 dy
HUM%H HUM%HLPC

I

Huu,* ”Lp(c

where {/; is fully determined by the coefficients Ag, By, and Bs, and by . This also

determines

JL b3 24 dy

HW”

Liyl=(p-1) /-

9

which is not known explicitly but is independent of k,, and can be computed as

b d Ay p—2 B bo2a,—3 B by o,
fc ¥ ¢ Yy_Aop ag + 50 22028 | B2 pp k) 2,2p—3 7
HuuﬁHLp a 2p a l a ly

with

Jeup e dy _ pPp
Joubs dy 3p—2’

e — 2p—3
dp = b0,2p—3 -—/X0,2p—3w = ds,
R

— 2p—3
and b2’2p_3 = / X2,2p—3 W P ds.
R

Notice that here we have taken advantage of the facts that xo,-1(8s) = ”2—; Lu(s) and

0= p? ( fo + K fg). Using the expression of x2,-3, we can also compute

1p—-2
b0,2p73 = — 4_1 IIZT:[ (2\/]%11}2(1)1) ds — /Rw3p4 dS)

(P—2)pBp—1)
(p-1)@Bp-2)(5p-6)"
Altogether, with y := b“ff’?’ we have found that

L[¢]:4(d_1)2<p_1)p3{( (p—2)p d—1 p—1

(+27? [Bp-226p-6) “d+2(p-2) y] @

We have not been able to find an explicit expression for by s,_3, but we can prove
that this is a positive quantity and even give an upper bound. According to [16, p. 74],
the lowest eigenvalue of the Poschl-Teller operator —% — Up (cosh s)~2 is given by

1 1
/\025\/1+4U0—§—U0,

if we assume that Uy is positive. Here we have that Uy is given by

2p(p—1)

UO(p) = <p - 2>2
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and the reader is invited to check that

4 po
d) =M+ ———m—
o(p,d) Ot s — 2
1 1 2 d(p*—4)
= —_ 4 e —
5 14+ 4Uy(p) ) Uo(p)+(p_2)2 <2+ i

is larger than 1 for any p > 2 and any d > 2. As a straightforward consequence of ,
we deduce that

a(p,d) lIx22p-slF2@) < /X2,2p—3 w?P7 ds < |Ix22p-sll2@ 0P|z @)
R

and, finally,

;/w2(2p—3) ds — 1629(17_ 1) (317—4) |p
o(p,d) Jr (3p=2)(5p—6)(7Tp—10) o(p.d)’

ba2p—3 <

3.3. Optimization and a technical statement

Collecting the above estimates and using , we get

Q;L[u M] B 1, ., ) 1 \ \
Qu[ui,i] =1=20" —4) (n—prs)e” + [b(u) — §L[w]} et +o(e%),

provided p — pps = O(¢?). With L[] given by (21), assume that

(1) brs) — 5 Lv] #0.

Let

-1

1

it = 5 2 = ) o)~ 5 216

|u=prs

If ¢, 4 is positive, in a neighborhood of p = pg,

Qulugw) L, < 2 et > 4
=1—--(p"—4 — e — +o(e
Qu [uu,*] 4 (p ) (:u MFS) 9 Cod ( )
is optimized, up to higher order terms, by taking
€2 =£%() ~ Cpa (1t — pps) as  p—> ppsy . (22)

Remark 5 We may also consider the case c,q < 0, which then requires that p < prs.
We will not emphasize it because we are interested in minimizers and c,q < 0 means
that we deal with local mazimizers of Q,. Moreover, we have no example of such a case
for specific values of p and d.



Symmetry breaking in PDEs 20

Altogether, if ¢, 4 > 0, we have found that

Qulu] _1_ p*—4
Qulups] 8

Cpa (10— pes)® + o (1 — prs)?) (23)
which ends the proof of Theorem [2 A more detailed statement goes as follows.

Theorem 6 In a neighborhood of p = pps, if ug, is given by (@),

) gt =117 =) (0= o) - o
o _p—=2, 16p*(d—1)°
(11) T (MFS) - D+ 2 (p _ 2) <p+ 2)3 Cpd

ooy V' -2 2 —1 By, (b 9
(iii) (krs) __»b ey {pMFs ( _P(p )) 4920 (ﬂ+ p )} ’
Vi(pirs) 2p prs p+2 3p-2 a \lb 3p-—-2

) +o(eh),

2 Cp,d

where ¢, 4, By and bo1 are explicit constants that have been defined above and that can
be computed numerically. For (i) and (iii), we assume that c, 4 is positive.

Property (i) has already been established. Before proving (ii) and (iii), let us discuss
the positivity of ¢, 4.

3.4. A sufficient condition for the positivity of cp 4

All above computations are valid under the assumption that ¢, 4 is positive, but this is
not a priori guaranteed. With the estimate of by y,_3 that has been found at the end
of Section [3.2] we can a posterior: give a sufficient condition for the consistency of the
method. Since

L[] < Lapprox[t/]
=4(d—-1)

2(P_1)P3[ (p—2)p d—1 p—1 "

(p+2)? [Bp—2)2(Bp—-6) d+2(p-2)

16p (1) (3p—4) we know that ¢, 4 is well defined and positive if

(3p—2) (5p—6) (7p—10) o(p,d)’
Lapprox|[¥] < 2b(prs). Moreover, we have

with y =

a) TroX 1 1 -
o < = 0P =) |00) = 5 Ll

|u=prs

at least as long as Lapprox[¥] < 2b(urs). Hence we have shown the following result.

Theorem 7 The constant c,q s positive if p is contained in a non empty interval
(2, Papprox) C (2,2%), where papprox 1S defined as the largest root of the fourth order
polynomial p — % (54 — 227d + 103d?)p* — 4 (18 — 37d + 25d?)p* + 2 (63 — 67d +

46d*)p* + 16 (d +3) (5d — 3) p — 240d (d + 1).
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In practice, for all d > 3, papprox(d) is close to 2d/(d — 2) and converges to 2 as d — oo.
See Fig. [11] for an illustration.

3.5. Expansion of T(1) around pps

Vu d
Let 7(p) = tlug,] = W and

p—2

() =ty = 2t (24)

We can notice that 7(upg) = 82 Ja2/ls (see [Appendix A.1|and [Appendix A.2)) so that

p—2 4(d—1)
HFS = 15
p+2 (p+2)

With the above expressions in hand, we can now compute the derivative

7(urs) =

d
' (urs) = o [ ()= paps -

From we know that t[u, .| — tlups] = % (1 — prs). By expanding the expression
7(p) — T(prs) = tlu] — tlups] = tuy] — tlups] + tlug,] — tu,,] in powers of e with
Uy = Ups T+ Q1 f1 + g2 + o(e?) where ¢, 1 have been chosen in Section , we get,
up to higher order terms,

Joo? dy Joub 2 p* dy
Hugy] —tug] ~ € [(Al(u)—u—t[u o)) S+ (p—1) =E——
1% 1 122 f i d fc ’LL2
Jewustv dy — Joub M dy
_2(M+t[uu7*]) < “2 +2 ; NQ )
fc U . dy fc U, dy
and, by computing as above, we find that
—2 2PMFS f 90% dy f “Fs <P1
7' (pps) = +c ¢ +(p-1L 2= 2
(rs) = +2 p+2 [ udgdy ( A R o uds dy

_ 4dppurps J ups 1o dy]
p+2 | c ubs dy |’

because we notice that the terms involving £, cancel. Hence, using and , we

have found that

, p—2 Ap* ppg - 2(p—1)p° pgg
:—+ —
mlies) = 0 [ (p+22 (p+2)(Bp-2)
_2(p=2) Ao 4pprs Bo boy
p+2 'uFSa p+2 a Iy
p—2 8p(d—1) 17 (p—1)p(p+2)bos
=—— =G 3 1+ — -
p+2 (p—2)(p+2) 2(p—2) lo

Here the coefficient bg; is given by bo; = [ Xo2p,-3w ds. Using , this proves
part (ii) of Theorem [6]



Symmetry breaking in PDEs 22

3.6. Expansion of v(u) around pps

Let us consider v(u) == [l lIF2(¢)/ 1w lfsc)- Again we can write
sllfoey  llurslliz [y P
v(p) — v(prs) = ” 2()— 2() + l/(,u)——2() :
uu,*HLp(c) HUFSHLp(c) ”uu,*HLp(c)
With g = ’%2 VI, using expressions that can be found in |Appendix A.1|, we see that
||u,u,*||i2((;) p—2 |2 p—2
() = O gt e (25)
Huu,*Hip(c) |;2,/p 8
=)\
: 2 (2vm TG r
with x, = (T’T)P =) % , and hence

v, (prs) = lim

1 ||uu,*||i2(c) ||UFS||i2(c) P —2vi(prs)
p—urs b — UFS '

||uu,*||ip(c) ||UFS||ip(c) 2p  pps

If wy = uu. + €@+ 21, where ¢, ¥ have been chosen in Section , after a Taylor
expansion we find that

J. % dy Joub 2o dy
vip) = ve(p 1+52(—_p_1“’—
=i | [T T T
+2¢? Jo tus ¥ dy_ 2¢? fc uﬁ;l v dy + 0(62)] .
Jou, dy Jo s dy
Again we may notice that the terms involving k, cancel and, based on and ,

we arrive at

Vipes) _ p—2
Vi(prs) 2p prs

2 p(p—1)>

+ Cpd [pMFs <p+2 - 3p— 2

Lemma 8 At the bifurcation point . = pps we get the following.

/

V*(MFS)+ T.(pes)  V'(prs) N 7' (jirs) _0.

vi(prs)  prs + To(prs)  vi(pes)  pes + T (prs)
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Proof. Recall that Q,[u,.| = vu(p) (T.(p) + 1) and Qfuy] = v(p) (1(1) 4 ), so that

1 d ! 1+,
o T 7 Sulws]), = Valpirs) malurs)
Quups [urs] dp vmees v(prs)  prs + Ti(pes)
according to and , and
1 d v 1+ 7
el Qu[u(u)]’ B _ (:U’FS) + T (;U/FS) )
Quurs [urs] dp v=ees v(pps)  prs + T(pps)

According to , these two quantities are equal, thus proving the result. Alternatively,
the identity can be proved directly using the expressions of 7/ and v/ established in
Sections 3.5 and [3.6] This ends the proof of Lemma [§] and of Theorem [} (iii). O

3.7. Reparametrization of the branch for 6 <1 and proof of Theorem [3

Now we are in position to study the local behavior of the branch of the solutions to
parametrized by p close to the bifurcation point, that is, for 1 in a neighborhood of pgs.
More precisely, we are interested in the monotonicity of y + A?(x) and the behavior of
p = (A%(u), J?(p)) in a neighborhood of j1 = pps. According to the parametrization of
Section |1, we know that A%(u) =60 u — (1 —0) 7(u), so that

(A =6—(1-6)7

can be computed at p = ups using the expression of 7/(upg), that has been computed
in Section 3.5l Hence we find that

(A?) (ups) = 0 (1 + 7' (urs)) — 7' (ups) -

Lemma 9 If 7' (urs) is positive, then we have that % A (urs) < 0 if and only

7_/
0 < ﬁg(p,d) = #(Fjis) .

Notice that with this definition, J5(p, d) is defined for any p € (2,2*) and any d > 2.
As long as 9(p,d) < 99(p,d), (A?)(urs) is negative if 6 € (J(p,d),J2(p,d)). In all
numerical examples that are under consideration in this paper, we find that 7/(ups) is
positive. This is of course automatically the case if ¢, 4 itself is positive, because of (ii)
in Theorem [6l

We recall that J?(10) := 0° (u+ 7(1))? v(p) and A%(u) = 0 — (1 — ) 7(11). Hence

v 14+ 7
log J9) = =+
(og ) 1/+ n+T
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and a similar formula holds for J%. At p = pps, we can use Lemma [8| and get

0 (1+7'(prs)) — 7'(pes) _ (M%) (prs)
prs + T(prs) prs + 7(pps)

(log J%) (pps) =

Let us define

) (L
(A7) (A9)

*

67 =

Lemma 10 Assuming that c, q is positive, we have
6°(prs) = 0.

In other words, the parametric curves p — (A%(u), J%(u)) and p — (A%(u), J? (1)) are
tangent at u = pps. It remains to decide the relative position of the two branches in a
neighborhood of the bifurcation point. In order to do so, let us define the function

P [t (7)o ()

and discuss the range of positivity of £€/. An elementary computation shows that

() (JO) (A9 <Jf)”((A9>’>2

&= - -
oy \ay

£ =

because (A?)” = 0. By definition of A%(u) = Op — (1 — 0)7(p) and Jo(p,d), we

get that (A%)"(ups) = — (1 — 0) 7"(ups) and (A%)(ups) = =522 From and
AN(u) = 0p — (1 — 0)7(pn), we get that (AY) = %(12’72). From and ,
we know also that J(u) = , (2p0/(p+2))° uepr_PQ, so that (‘g’?/ = 2p92_p(z_2) and
(log J9)" = _%ﬁ—?)_ As a consequence of Lemma , we can write that

(J7) (pes) _ (J2) (uws) (A%)(prs)
J?(pps) J2(pes) (ALY (pps)

According to ([23]), we have the identity

0

" oY 1oy
——(pr—4 = (log — +(1—-0) | log ———% ’
1 (p ) Cp,d ( 0og Jf) (MFS) ( ) ( 08 W+ T*(,u) lu=prs

which allows us to compute

(J°)" (prs)
J?(prs)

1

0\/
L ()

A%
TS ) g 22 (i)
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p+2 p+2 / ? 1
- =0 | 22 ) (222 ()
. () (pes) \* (A7) (ues) | oy
= =300t (Gt ) (Gapgn) + 00880
p+2 p+2 , S
=0 | 22 ) = (22 (1 ) ) |
Because of Lemma [10] we also have
() (urs) (A)"(pws) () (pws) (A?)"(prs)
(A%)(pps) O (prs) J2(prs)  (AD) (urs)
p+2 "
= 2 s (1 —=0)7"(prs) -

Collecting the above identities, we can compute the value of £?(ups) as

1

& (ups) = — 1 (p* —4) cpa

+ (log J)" (prs)

M%s
The cancellation of the terms involving 7"(ups) is a remarkable fact. By definition of
Ua(p, d), we get

1

& (urs) = — 1 (p* —4) cpa

_ 2pf—(p—2) 1_( p+2 9—192(29,(1))2
2p pis 2p8—(p—2) 1—1s2(p,d)

-9, <p+2 1 >2
[ips 2p 1 —1s(p,d)

p+2 (1—0)(2pda(p.d) — (p—2))°
Ap® pig (1= Va(p,d))” (2p0 — (p—2))

and finally arrive at

1

& (ups) = 1 (p* —4) cpa+

At this point, we can observe that J(p,d) > ”2;;. The reader is then invited to check

that the function 6 — £?(ups) is nonincreasing on [9(p, d), 1] and

1

720D (pups) = ~1 (P* —4) cpa +

p+2 2pidap,d)—(p—2)
4p? pidg 1 — 99(p,d)

=0

because of (ii) in Theorem @ Recall that the positivity of ¢, 4 is required in (22)).
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We have then proved that if ¥a(p,d) < 9(p,d), &%(ups) is negative for any
0 € (U(p,d),1]. Otherwise, if ¢, 4 is positive, £(ups) is positive if 6 € [J(p, d), 92(p, d))
and negative if 0 € (V2(p, d), 1].

The expansion and the subsequent computations are valid, and make sense
for the approximation of a local minimizer of Q}, as soon as the coefficient c, g4,
whose expression is established in Section [3.3] is positive. Then for any 6 €
(max{¥(p, d), J2(p, d)}, 1), the curve of the energies of the non-symmetric solutions of the
Euler-Lagrange equations is concave, nondecreasing as a function of A in a neighborhood
of the bifurcation point, and below the energies of the symmetric functions. If
Yo(p,d) > J(p,d), then the curve of the energies of the non-symmetric solutions is
above the energies of symmetric functions in a neighborhood of the bifurcation point
if 0 € [¥(p,d),J2(p,d)). Practically, whether ¢, 4 is positive or not relies either on the
sufficient condition given in Theorem 7| or on numerical computations. However, the
estimate of Section shows that this occurs at least in a large subinterval of (2,2*).
This completes the proof of Theorem [3]

OJ

4. Numerical results and the two scenarios

4.1. Symmetric and non-symmetric branches, and their asymptotic behavior

In [14] the branches of solutions which bifurcate from the branches of symmetric
solutions at the smallest possible value of A have been computed numerically. For
completeness, we start by presenting some of these numerical results, which are the
main motivation of the present paper. The branch of symmetric solutions is explicit.
The branch u — (A%(u), J%(n)) bifurcates from the symmetric ones at p = pps and
is computed numerically. The algorithm is based on descent techniques and on an
iteration scheme which allows us to compute the branches of solutions by continuation.
We carried out the computations for dimension d = 5 and various values of p and 6. We
have of course no guarantee that the solutions that we have computed are the optimal
ones, but at least the values that we have found are fully compatible with what is
expected for theoretical reasons. In particular, the curve of the computed estimates
of the best constant is an increasing function of A with the right convexity properties,
which can reasonably be expected to coincide with A +— Kekn(0, A, p). Moreover,
when 6 approaches J(p,d) from above, the curve A — Kckn(6,A,p) approaches
A — max{K&xn (0, A, p), Ken} when Kon > Kign (9(p, d), Aps(p, 9(p, d)),p). Last but
not least, the asymptotics predicted in Theorem |I| are not only correct (dotted lines in
Figs but provide a good upper estimate of the curve in the whole range A > 0.
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Figure 1. Parametric plot of p +— (A%(u), J%(u)) for p = 2.8, d =5, § = 1. Non-
symmetric solutions bifurcate from symmetric ones at a bifurcation point u = ups
computed by V. Felli and M. Schneider. The branch behaves for large values of A as

predicted by F. Catrina and Z.-Q. Wang.
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Figure 2. Parametric plot of p + (A?(u), J%(pn)) for p = 2.8, d = 5, § = 0.8. The
behavior is similar to the case = 1 up to the reparametrization described in Section [I]

while the asymptotic behavior of the branch for large values of A is in agreement with

the results of Section 2.3

4.2. Two scenarios

The branch of symmetric minimal solutions, (A, u} ), is known explicitly and is monotone
in energy, that is, the function A — Qf(u}) is monotone increasing in (0, +o0o). In the
computations described in [14] we observe that the branch of non-symmetric solutions,
(A°(p), Q0 [w,]), is monotone for some values of 6 (for instance for § = 1), but not
always. More concretely, for certain values of p and d, the numerical results show
that there exists an exponent ¥, = v(p,d) € (¥(p,d), 1) such that for any 6 € [y, 1]
the branch (A?(u), Q%[u,]) is monotone increasing. But when d(p,d) < 6 < V1(p,d),
a dramatic change occurs: see Figs. [f] and [6} For the values of p and d that have
been considered numerically in those figures, the branch is not monotone anymore for
1 > prs, thus producing non-symmetric solutions and candidates for optimal functions
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Figure 3. Parametric plot of u — (A%(u), J%(pn)) for p = 2.8, d =5, 0 = 0.72 >
9(2.8,5) ~ 0.7143. The asymptotic behavior of the branch for large values of A is in
agreement with the results of Section[2.3] We may however notice that the bifurcation
seems not to occur where expected. A more detailed computation in the Section
sheds light on this phenomenon.

in the inequalities for values of A < A?(ups). This phenomenon provides an explanation
for the results proved in [3] using rigorous a priori estimates.

The limiting case 0 = ¥(p, d) is very interesting: see Figs. @ and @ Let us define
GN (p7 d) and pgn such that

KGN = K*CKN<19(p7 d)a EN(p7 d)7p) and Af(p,d) (ILLGN) = AEN (p7 d) .

Whether Kgy is larger or smaller than K¢y (9(p, d), Ars(p, ¥(p, d)), p) determines, at
least in the framework of our computations, whether € is smaller than ¢;(p, d) or not.
This has been observed in [13] and theoretical consequences have been established in [3],
in the limit regime p — 2. Before going further, let us observe that ;(p,d) is an
exponent associated with a global property of the branch.

Based on our numerical computations, we are now in position to formulate the
following alternative.

Scenario 1. If Kan < Kign(P(p, d), Aps(p, ¥(p,d)),p), then for all & > J(p,d), the
optimal functions are symmetric for any A € (0, Aps(p,0)] and the branch of non-
symmetric solutions is optimal for any A > Agg(p, 8). Such solutions exist for arbitrarily
large values of A if 8 > J(p,d): see Figs. [7| and , but may exist only for a finite range

of A if § = 9(p,d) and Ken < Kikn (9(p, d), Aps(p, 9(p, d)), p): see Fig. [}

Scenario 2. If Koy > KEgn(P(p, d), Ars(p, ¥(p,d)),p), there exists 91 = ¥41(p,d) €
(9(p,d), 1) such that for any 6 € [, 1] the branch is monotone increasing. We further
observe numerically that ¢; = ¥ (see Fig. , where 93 has been defined in Section :
for any 6 € [¥(p,d),J2(p,d)), we know that the branch of non-symmetric functions is
decreasing in a neighborhood of the bifurcation point, but also has a larger energy than
the symmetric solutions of the Euler-Lagrange equation (for the same value of A). Hence,
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in the critical case 6 = ¥(p, d) we have ALy (p, d) < Aps(p, ¥(p,d)) and for any A in the
range (0,ALy] = {Af(p’d)(,u) : p € (0,uen]}, the optimal functions are symmetric
and Kexn(9(p, d), A, p) = Kign(P(p, d), A, p). See Fig. @ Moreover, in the language
of the concentration-compactness method, according to [12], for any A > A (p, d) the
optimal constant is determined by the problem at infinity and Kckn (9(p, d), A, p) = Kan.
From the viewpoint of the reparametrized branch, we numerically observe that both
p = AP () and p o JYP (1) are decreasing for p > pupg, at least for the values
of p for which computations have been done. In the subcritical case corresponding to
YI(p,d) < 0 < V5(p, d), the reparametrized branch (A?, J?) is not monotone. Numerically
we observe that it is monotone for > ¥5(p, d), hence supporting the observed fact that

V1(p, d) = 9a(p, d) (see Fig. [12).

Altogether, based on our numerical observations, what decides between Scenario 1
and Scenario 2 is the relative value of Kgn and Kggn (9(p, d), Ars(p, ¥(p, d)), p). Equality
of these two optimal constants determines a value of p = p*(d). Numerically we find
that p*(5) ~ 3.001 and ¥(p*(5),5) = J1(p*(5),5) ~ 0.834. For p € [p*(d),2*), only
Scenario 1 occurs (numerical observation). For p € (2, p*(d)) we have ¥(p,d) > 9 (p, d)
and Scenario 2 occurs. More precisely, the fact that the branch cannot be globally
monotone increasing if § < J5(p,d) is a consequence of Section while the fact that
the branch is monotone increasing if 6 > ¥s(p,d) is a numerical observation. These
results are fully consistent with the ones of [3] and [I3]. Now let us give some details.

4.8. Bifurcations and qualitative dependence in 0

In Fig.[3| a careful inspection shows that the symmetric and the non-symmetric branches
of solutions differ for values of A strictly less than A?(upg). This is not the case for 6
close enough to 1: see Fig. 7 but very clear on Fig. . When 6 approaches 9(p, d), the

J°(10)
7/

L
symmetric

4 .
4 n()n—sylnmetrlc

6 . .
bifurcation /

A%(0)

10 . . . .
3 4 s 6 7

Figure 4.  Parametric plot of pu — (A%(u), J%(u)) for p = 2.8, d = 5, § = 0.95
close to the bifurcation point. For A < A?(upg), all solutions are symmetric, while for
A > A%(ups), non-symmetric solutions provide a better constant in the interpolation
inequalities, exactly as for the case 6 = 1.
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Figure 5. Parametric plot of p +— (A%(u), J% (1)) for p = 2.8, d = 5, § = 0.72 close to
the bifurcation point. Non-symmetric solutions exist for A < A?(ups). There exists a
value Afy < AY(urs) such that optimal functions are symmetric for any A € (0, A&y)
and are non-symmetric for A > Afy. When A = Afy, symmetric and non-symmetric
optimal functions co-exist.

branch (locally) converges to its limit: see Fig. [f} The figures [f] and [f] correspond to

o ]
J () "4
symmetric ¢
785 0 . ’
bifurcation JRe
’
1/ K (0(pd). Ars (p.0).p) s
7.80
non-symmetric
775 -
1/ Kan
7.70
7.65 L symmetric
A ()
. \ \ .
7 265 2.70 275 2.80

Figure 6. Critical case § = 9J(p,d). Parametric plot of u — (A%(u),J%(p))
for p = 2.8, d = 5, § = ¥(2.8,5) ~ 0.7143 close to the bifurcation point. Non-
symmetric solutions exist for A < A%(ups) but, at least for the chosen values of p
and d, are never optimal functions for the interpolation inequalities. There exists a
value Ay < AY(urs) such that optimal functions exists and are symmetric for any
A € (0,A%y] and do not exist for A > A¥y. Moreover, ALy = A’(ugn) with the
notations of Section 2.3 and Kcxn (9(p, d), A, p) = Kan for any A > A&y

Scenario 2 (for ¥ < 6 < 1), that is, to the case

Kan > KEKN(ﬁ(p, d)7 AFS(pa 19(]7, d)),p) :

In other words, this means that p < p*(d).
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The case p > p*(d), i.e., Scenario 1, also occurs and corresponding plots are shown

in Figs. [TH9] There we take d =5, p = 3.15 > p*(5) ~ 3.001.
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5 10

Figure 7. Parametric plot of p + (A%(u), J(p)) for p = 3.15, d = 5, § = 1. The
behavior of the non-symmetric branch is similar to the one found in Fig. [I]
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Figure 8. Parametric plot of yu +— (A?(u), J(u)) for p = 3.15, d = 5, = 0.95. The
behavior of the non-symmetric branch is still similar to the one found in Fig.
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Figure 9. Parametric plot of u +— (A%(u), J%(u)) for p = 3.15, d =

0 = 9(3.15,5) =~ 0.9127, that is for the critical value of 6.
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In Section [3] we proved that the symmetric and the non-symmetric branches of
solutions are always tangent at Aps. What happens in a neighborhood of the bifurcation
point is therefore difficult to decide in view of the plots of the branches, especially when 6
is in a neighborhood of ¥4 (p, d). To illustrate this difficulty, we may for instance observe
that figure Fig. [f] is an enlargement of Fig. [3] Hence we have to discard the possibility
of other scenarios than the ones described in Section [4.2] at least in a neighborhood of

the bifurcation point.

The computations of Section |3| have been done for the approximation wu, of the
solution u,. We expect that the estimates converge as y — (ups)+ and this is what is
observed numerically. Whether ¢, 4 is positive has been discussed in Section , but
can be checked numerically: we know that ¢, 4 is positive and finite as long as ¢, is

approx

positive (see Fig. , and Fig. [11ffor a discussion of the sign of ¢, ; ), and numerically
we find that ¢, 4 is always positive.

08|
06
04}

021

Figure 10. Computation of ¢, 4 with d = 5 as a function of p. We observe that the
numerical solution is positive for any p € (2,10/3) where 10/3 is the critical exponent
(corresponding to the plain vertical line). The estimate of Section corresponds to
the dotted line and holds for p < 3.2323 (corresponding to the dotted vertical line).

A D

Y

Figure 11. The plain curves are the zeros of ¢,7}"* as d varies in the interval (2, 10),

except p = 2 which is a singularity. The dotted curve is given by d — 2d/(d—2) = 2*.

For a given d, ¢,"}"" is therefore positive for a large subinterval in p of (2,2*).
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Under the above precautions, we know from Section |3 that there exists a number
U2(p,d) such that the behavior of the branch in a neighborhood of the bifurcation
point pu = pups discriminates between two regimes corresponding to 6 > ¥5(p,d) and
0 < 92(p,d). When § < 95(p, d), we have (A?) (ups) < 0 and the contrary happens when
0 > Us(p,d). So, locally, the reparametrized branch is on the right of the bifurcation
point and J? is a monotone increasing function of A (at least when g is in a right
neighborhood of ugs) if and only if 6 > ¥5(p, d). Since global monotonicity implies local
monotonicity near the bifurcation point, if the numerical computations of the branches
are consistent with the study of the bifurcation carried out in Section [3| then we should
have that J,(p,d) = J2(p, d). It is not easy to establish a qualitative property such as
the monotonicity, but at least we observe in Fig. that for = Y¥(p, d) the range in p for
which Y5 (p, d) > Y(p, d) corresponds to the range in p for which the Gagliardo-Nirenberg
constant compares well with the energy at the bifurcation point.

0.15}
0.10

0.05[

-0.05]
-0.10f
Figure 12. Comparison of the local and asymptotic criteria in the critical

case § = UJ(p,d) when d = 5. The dotted curve corresponds to the function
p — 1/Kan(p,d) — J*®P9 (upg), that is, the difference of the asymptotic energy of
the branch and the energy at the bifurcation point: when it is negative, this means
that ¥1(p, d) is defined and larger than J(p, d), so that Scenario 2 takes place. When
it is positive, this means that Scenario 1 can be expected. The exponent ¥2(p,d) can
be defined for any p € (2,2*). The plain curve represents p — 5 (¥2(p, d) —¥(p, d)) and
positivity indicates that, at least locally around the bifurcation point, Scenario 2 takes
place. Hence the local (around the bifurcation point) and asymptotic (as A — +00)
criteria coincide.

5. Concluding remarks

In this paper we have established the asymptotic behavior of the branches for all
0 € (V(p,d),1]. There is a good agreement between this behavior and that of the
numerical branches, which reinforces the conjecture that the computed branches contain
the extremals for the Caffarelli-Kohn-Nirenberg inequalities.
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We have also studied the precise behavior of the branches of non-symmetric
solutions near the first possible bifurcation point on the symmetric branch within the
framework of a particular Ansatz defined by . By doing so, we have obtained the
existence of a critical exponent J3(p, d) above which the branch is monotone, increasing
and potentially optimal, and below which it is certainly not optimal in a neighborhood
of the bifurcation point.

The final result of this paper is the comparison of the above criterion based on
the local behavior of the branch near the bifurcation point and the criterion based on
the asymptotic energy of the branch in the critical case § = ¥(p,d), using numerical
methods. They coincide, which gives solid grounds to the alternative that has been
numerically observed:

Scenario 1. The non-symmetric branch is monotone increasing for any 6 € [J(p, d), 1].
Scenario 2. The non-symmetric branch is monotone increasing for any 0 € (Js(p, d), 1]
but it is not optimal near the bifurcation point if 6 € [¥(p, d), I2(p, d)).

This also suggests that no other scenario can take place, consistently with our
numerical computations. Hence we arrive at the conclusion that Scenario 1 takes place
when J5(p,d) < J(p,d) and Scenario 2 holds if ¥5(p,d) > ¥(p,d). The branches
of solutions that we have computed are likely to be optimal for the Caffarelli-Kohn-
Nirenberg inequalities.

Appendix A. Some useful quantities

Appendiz A.1. Computing integrals

vaT(3)
F(%f) . An

integration by parts shows that f(¢ + 2) = qf’l f(q). The following formulae are

We recall that f(q) := fR(Cogﬁ)q can be explicitly computed: f(q) =

reproduced with no change from [6] (also see [8]). As in [6], with w(s) = (cosh s)_P%?,
we can define

ly ::/\w(s)\qu and Jo ::/]w’(s)\2 ds .
R R

Using the function f, we can compute ly = f(]%), l, = f(z%) = f(-% +2) and get

the relations

V(%) LS |
N 2 (p-2)
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As a special case, we have
4,/ ( 2 >

=
p+2 )\
(r+27 (35%)

l, == /(cosh s)_z% ds =
R

Appendixz A.2. Symmetric extremals and linearization

Consider w(s) = (cosh 3)717%2, which is the unique positive solution of
—(p—2)w" +4w—2puw’t =0
on R, up to translations. The function u(s) := aw(f s) solves

2 2
—u" + 43 " — 2pp 2 PPl =0

(p—2)? (p—2)?

With g = ]%2 Vitand a = (& ,u)p%, u = uy,, is given by

1

= -2 2
Up(S) = <§ ,u) ’ [cosh (pT ﬁs)} VseR
and solves ([10)).

35

(A1)

Next we are interested in computing the ground state energy of the Poschl-Teller

operator H, = —% +d—1+p— (p—1)uP 2, that is the lowest eigenvalue (i) in

% )
the eigenvalue problem

Huor = M) o1

See [16], [I7] for further references. The function

v1(s) == as (cosh(p s))_p% — uft{f

solves

1
—pl+ e — (=Dl =0

and provides a solution with

1
M(p) =d=1+p—7pp"

(A.2)
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The Sturm-Liouville theory guarantees that ¢, generates the ground state and

~ Jeer Hupr dy

. qlp, o)
inf =\ —
1) ||90||%2(C)

¢ € H'(RY) Huu,*“]f,p(c)

||90||i2(c) = Huu,*Hzﬁp(c)
Notice that the condition A;(urs) = 0 determines

d—1
pP—4

prs = 4

Moreover, this shows that

p*—4

M(n) = == (n— prs)

Other eigenvalues of H,, can also be computed using classical transformations and special
functions: see [I6] p. 74]. Notice that in Section 3] we normalize the function ¢ = ¢ f;

in the expansion by the condition |[¢|12c) = [|t]|Lr(c) consistently with (A.2)).

Appendiz A.3. Useful quantities

Collecting results of Sections [Appendix A.1l| and [Appendix A.2] with a2 = 2y, we
find that

Je?*dy _
fc Up s dy 7
f P—2 52 J ) 2
cUux ¥ y:f(Q+ ) P2 — bR
Je s dy F(@) Jgmzs 3p—2’
Jeup et dy  flg+4) 22 _ 2P (1)
Je s dy @) o=z, (3p—2)(5p—6)"
and
Vl?d | 2 2
fC u,u‘)* dy I2 p - 2 f(Q> ’q:%
= 1 pp 4(d—1)+ M
2p+2 3p—2 '
_ JelVel?dy _ 2p(p—2) (p*+p—1)
If i = pps, then we find that fc u%f* dyy = p(5+2) (gpig) 7

Appendix A.4. First spherical harmonics

Denote by ¢ € [0, 7] the azimuthal angle and consider the Laplace-Beltrami operator £
on the sphere S¥'. When L is restricted to functions on S ! depending only on (, it
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takes the form

L f=sin*"9¢ % (sind_2 ¢ 3—9

and L is unitarily equivalent to L defined by
Lg=(1—-2*)¢g"—(d—1)zg 2z¢c[-1,1]

whose eigenvalues are the Gegenbauer polynomials or ultra-spherical polynomials. The
correspondence between the operators is simply given by

f(€) = g(cos ()

and one can check that
s 1 u
[ 1R st cac = [ g - ottt o,
0 -1

It is also not difficult to check that the first Gegenbauer polynomials are

gO(x):]-v gl<l’>:(l}, QQ(I):dl'Q—l, gg(ac):(d—l—Q)x?’—?)x,
with eigenvalues respectively equal to Ag =0, Ay =d —1, Ay =2d and A3 =3 (d + 1):

—Lgo=0, —Lgg=(d—1)g1, —Lgo=2dgs, —Lgs=3(d+1)gs.

On [0, 7], we consider the probability measure

dv(¢) = Zi sin=2 ¢ d¢
d

d—1
where Zg = [ sin®? ¢ d¢ = /7 Fﬁ(ﬁ)) Then
2

d+2

3d-1D (d cos*¢ — 1)

f(Q) =1, fi(¢) = Vidcos, f2(Q) =
are normalized eigenfunctions in L*([0, 7], dv(()):

/|fi\2dy:1 Vi=0,1, 2,
0
with eigenvalues Ag =0, Ay =d —1 and Ay, = 2d:

—,Cf():O, —Lflz(d—]_)fl, —£f2:2df2
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We also have the useful formulae

™ 3d ™ 2(d—1)
/0 ’fl‘ v d+27 K(d) o ’fl‘ f2 4 d+2 )

2d-1)

2 _
=Jot d—+2

Ja = fo+ K@ f2-
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