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ON CAUSTICS BY REFLECTION OF ALGEBRAIC SURFACES

ALFREDERIC JOSSE AND FRANCOISE PENE

ABSTRACT. Given a point S (the light position) in P® and an algebraic surface Z (the mirror)
of P2, the caustic by reflection £g(2) of Z from S is the Zariski closure of the envelope of the
reflected lines R, got by reflection of (Sm) on Z at m € Z. We use the ramification method
to identify Xs(Z) with the Zariski closure of the image, by a rational map, of an algebraic 2-
covering space of Z. We also give a general formula for the degree (with multiplicity) of caustics
(by reflection) of algebraic surfaces of P3.

INTRODUCTION

Let S[xo : yo : 20 : to] € P? := P(W) (with W a 4-dimensional complex vector space) and let
Z = V(F) be a surface of P? given by some F € Sym?(WV) (i.e. F corresponds to a polynomial
of degree d in C[z,y, 2,t]). The caustic by reflection X 5(Z) of Z from S € P? is the Zariski
closure of the envelope of the reflected lines R, of the lines (m.S) after reflection at m on the
mirror surface Z.

Since the seminal work of von Tschirnhaus [14, 15], caustics by reflection of planar curves
have been studied namely by Chasles [6], Quetelet [12] and Dandelin [7]. Let us also mention
the work of Bruce, Giblin and Gibson [3, 1, 2] in the real case. A precise computation of the
degree and class of caustics by reflection of planar algebraic curves has been done in [9, 10, 11].
The idea was based on the fact that the caustic by reflection of an irreducible algebraic curve C
of P? from source Sy € P? is the Zariski closure of the image of C by a rational map. Moreover,
in the planar case, the generic birationality of the caustic map has been established in [11, 4].
The study of caustics by reflection of algebraic surfaces is more delicate. We will see that a
generic point m of Z is associated to two (instead of a single one) points on Xg(Z).

A classical way to study envelopes is the ramification theory. Let us mention that this
approach has been used namely by Trifogli in [16] and by Catanese and Trifogli in [5] for focal
loci (which generalize the notion of evolute to higher dimension). We use here the ramification
theory to construct the caustic by reflection Y g(Z) and to identify it with the Zariski closure of
the image by some rational map @, of an algebraic 2-covering space Z of Z. We will see that,
contrary to the case of caustics by reflection of planar curves, the set of base points of (I>| P

is never empty. We give a general formula expressing the degree (with multiplicity) mdeg
of ¥g(Z) in terms of intersection numbers of Z with a particular curve (called reflected polar
curve) computed at the projection on Z of the base points of <I>| 5. As a consequence of our

general result, we prove namely the following generic result (see Theorem 37 for precisions).

Theorem 1. Let d > 1. For a generic irreducible surface Z C P3 of degree d and for a generic
S € P3, we have
mdeg Xg(Z) =d(d—1)(8d —T7).
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ON CAUSTICS BY REFLECTION OF ALGEBRAIC SURFACES 2

We denote by H>™ the plane at infinity of P3: H® = {[z :y: 2z :t] € P> : t = 0} and
Zoo := ZNH™®. In this study the umbilical curve C plays a particular role. Recall that C
is the intersection of H* with any sphere (see Section 1).

In practice, the degree of the caustic will namely depend on the position of S with respect to
the surface Z, to H*, to C» and to the isotropic tangent planes to Z (see Section 1 for the
notion of isotropic planes).

We illustrate this by a precise study of the degrees of caustics of a paraboloid Z. In this
case, Zo, is the union of two lines intersecting at the focal point at infinity. We will see that the
caustic of the paraboloid is a surface if the light position is outside Z., and outside the focal
points of Z.

Still in the case of the paraboloid, Z N Cs is made of two points I and J and the tangent
planes to Z at these two points are isotropic. Moreover the revolution axis D of the paraboloid
is the intersection of these two tangent planes.

Proposition 2. Let Z be the paraboloid V(z? + y? — 22t) C P3 of awis D = V(x,y) and let
S e ps.

If S is a focal point of the paraboloid (either F1[0:0:1:0] or F3[0:0:1:2]), then ¥g(Z)
is reduced to the other focal point.

If S € Z \{F1}, then £5(Z2) is a planar curve of degree 2.

If S € D, then the degree of mdegXg(Z) =4 if S[0:0:0: 1] and mdegXs(Z) = 6 elsewhere.
Assume now that S is not on DU Z5, U {Fs}.

If S is neither at infinity nor on the paraboloid Z, then:

If 22+ y3 = 0 and 29 # to/2 (i.e. if S is on TrZ or on T;Z and on two other isotropic
tangent planes to Z), then mdeg ¥g(2Z) = 14.

If 22 + 92 = 0 and 2z = to/2 (i.e. if S is on T;Z or on T;Z and on another isotropic
tangent plane to Z), then mdeg Xg(Z) = 12.

If 22 + 92 # 0 and 23 + v2 + (20 — t0/2)? = 0 (i.e. if S is on three isotropic planes but
neither on TrZ nor on T;Z), then mdeg Xg(Z) = 17.

Otherwise (generic case: S is on four isotropic tangent planes to Z ), then mdeg Yg(Z) =
18.

If S is at infinity, then:

o If S ¢&Cy, then mdegX.g(2) = 12.
e IfS €Cy, then mdegXg(Z) = 6.

If S is on Z, then:

o Ifx3+y2+t2 =0 (i.e. if the tangent plane to Z at S is isotropic), then mdeg Lg(Z) = 12.
o Ifx3+y2 =0 (ie. if S is on T1Z or on T;Z), then mdeg Yg(Z) = 14.
o Otherwise mdeg ¥g(Z) = 16.

The paper is organized as follows. Section 1 is devoted to the (complex) projectivization of
orthogonality in the real euclidean affine 3-space (which plays a crucial role in the present work)
and its link with the umbilical curve. In Section 2, we construct the reflected lines. In Section
3, we use the reflected lines and the ramification method to define the caustic by reflection. In
Section 4, we define the appropriate 2-covering Z of Z and the rational map ®. In Section 5, we
determine precisely the base points of <I>| 5. We define the reflected polar in section 6 and use it
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in Section 7 to establish a formula for the degree of the caustic by reflection. In Section 8, we
prove Theorem 1. In Section 9, we prove Proposition 2. In Section 10, we precise a significative
difference between the caustic by reflection studied in this paper and the focal loci of generic
varieties considered in [16, 5]. In appendix A, we study two families of caustics by reflection of
surfaces which are related to caustics by reflection of planar curves.

1. AFFINE AND PROJECTIVE PERPENDICULARITY, LINK WITH UMBILICAL CONJUGATION

Consider the real euclidean affine 3-space E3 of direction the 3-vector space E3 (endowed
with some fixed basis). Let W := (E3 ® R) ® C (endowed with the induced basis). Let
j : B3 < P3 := P(W) be the natural map defined on coordinates by j(z,y,z) = [z :y: 2z : 1]
for every m(x,y,z) € F3. We are interested in the interpretation in the plane at infinity of
P? of perpendicularity at a point of two affine subvarieties of Es. Consider the two following
quadratic forms

qz,y,2) =2+ > +22on E3®C and Q(z,y,2,t) =2?+y> + 22 on W.

Definition 3. The umbilical curve of P? is the irreducible conic Cos := V(Qp) = V(q) C
P(E3 ® C). We call cyclic point any point of Coo.

We recall that every (complex projectivized) sphere contains Coo. It is worth noting that, for
every m € F3, we have the following classical diagram
By & PW) <& wW\{0}
Em

AN
HOO
where II is the canonical projection and with &, is defined on coordinates by &, (m+(z,y, 2)) =
[ :y:2:0]. Given any vector subspace V C Eg, the projective subspace V := j(m + V) of P3

(where K denotes the Zariski closure of K) is the complex projectivization of the affine subspace
V =m+V of E5. We observe that &, (V) is Vs := VN H™.

An affine line L (resp. an affine plane H) containing m € Ej is defined by m + V; (resp.
m + Vo) with V; an i-dimensional subspace of E3. Recall that the (complex) projectivization
L of L (resp. H of H) is the projective line (resp. plane) of P3 of equations obtained by
homogeneization of the equations of L (resp. H).

Hence, two lines L, L’ containing m are perpendicular at m if and only if their points at
infinity are conjugated with respect the conic Co .

A line L and a plane H containing m are perpendicular if and only if H., is the polar of /.,
with respect to the conic Co in H> =2 P2. This leads to the following definition of projective
normal lines to a plane.

Definition 4. Let H = V(h) C P? (with h € WV \ {0} ) be a projective plane and m € H\ H>.
The normal line Ny (H) to H at m is the line containing m and neo(H) = I(k(Vh)) with
Kk : W — W defined on coordinates by k(a,b,c,d) := (a,b,c,0).

Remark 5. Given a projective plane H C P? (H # H>®), if noo(H) = [u : v : w : 0] lies on
the umbilical (i.e. (u,v,w) lies on the isotropic cone V(q) in Ez ® C), then the line Hoo is
tangent to Coo at noo(H) in H™. In this case we have Ny, (H) C H.

Let m = II(m) be a non singular point of Z \ H*>. We write 7,,(Z) for the projective
tangent plane at m to Z. We also define the projective normal line N,,(Z) at m to
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Z is the projective normal line to 7,,(Z) at m, i.e. N, (Z) is the line containing m and
Noom(Z) = I(k(VF(m))).

Observe that the line at infinity 7o m(Z) of 7,,(Z) is the polar of the point at infinity
Noom(Z) of Ny (Z) with respect the conic Coo.

Later, we will see that the base points of the reflected map can be seen on the geometry on
the normals at infinity with respect to the umbilical. In particular isotropic tangent plane to Z
containing S will play some role.

Definition 6. A plane H = V(h) (with h € WV \ {0}) is said to be isotropic if Vh is an
isotropic vector for Q.

Remark 7. A plane H C P3 is isotropic if and only if either it is the plane at infinity H™ or
if Nnoo(H) is in Coo (i.e. H contains its normal lines).

In particular, the surface Z admits an isotropic tangent plane at one of its nonsingular point
m[z :y: 2z : 1] if and only if m belongs to V(Q(VF), F'). We note that the whole curve Co is
contained in every complex projectivized sphere S, and that we have N;,(S,) C T (S,) for all
m € Sy \ H*°. This is also true for tori.

Consider some particular points on Z, playing a particular role in the construction of the
caustic map. Let By := V(F, AsF,Q(VF)) in P3, the interpretation in the plane at infinity is
the following one. Let m be a nonsingular point of Z \ H* then

S € Tm(2) (mS) C Tm(2) (mS) oo € Toom(Z)
Noom(Z) €Cos { noom(Z) € Coo | Tooun(Z) = T (2)(Co0)
(1)
We observe that By is in general a finite set, but that, for the unit sphere, By is a curve (the
circle apparent contour of Z seen from S).

mel5’0<:>{

Let us now specify some additional notations used in this paper. We write S(zo, yo, 20, to) €
W\ {0}. For any m[x :y: 2 :t] € P3, we will write m(x,y,z,t) € W\ {0}. For any d’ > 1
and any G € Sym® (WV), we write as usual G, Gy, G, Gy € Sym? ~1(WV) for the partial
derivatives of in x, y, z and t respectively.

2. REFLECTED LINES

The incident lines are the lines (S'm) with m € Z. We will define the reflected line R,, as
the orthogonal symmetric of (Sm) with respect to the tangent plane to Z at m. To this end,
we will define the orthogonal symmetric o(m) of S with respect to the tangent plane to Z at
m. Let us first explain how one can give a sense to the notion of orthogonal symmetries in P3
by complex projectivization of the euclidean affine situation.

2.1. Orthogonal symmetric and map o. To every injective linear map W i> W, corre-

sponds a unique morphism P(W) PQ;) P(W). Therefore, to every injective affine map Fs EN

corresponds a unique algebraic map P(W) Lg) P(W). This defines an injective groups homomor-

~

phism ¢ : Af f(E3) = EsxGIl(E3) — P(GI(W)) such that «(Is(E3)) = «(EsxO(E3)) C P(O(Q)),
with Q = 22 + 4% + 22 +t?> on W. We apply this to the orthogonal symmetry sy with respect

to some affine plane H = V(h) C E3 with h = ax + by + ¢z + d. Recall that sy is defined by
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sg(P) =P —2h(P) q(g%)). This leads to the morphism sy := t(sp,) : P> — P3 defined by P(sy,)
with

VP e W, s,(P):=Q(Vh)-P—2h(P) -k(Vh) e W,
with H = V(h) C P? and with h = az + by + ¢z + dt the homogeneized of h. Now we extend
this definition to any projective plane H C P3 as follows.

Definition 8. Consider a plane H =V (h) C P? (with h € WY\ {0} ). We define the orthogonal
symmetry sy with respect to H as the rational map given by sy = P(sy,) with

VP €W, s,(P):=Q(Vh)-P—2h(P)-k(Vh) € W.

We can notice that, when H # H>, sy (P) is well defined in P3 except if H is an isotropic
plane containing P (see Proposition 9). For any non singular m[x : y : z : t] € Z, we define
o(m) = s7,,2(S) = P(o)(m) with

o:=Q(VF)-S—-2AgF -k(VF)e W (2)
on I171(2Z) with AgF the equation of the polar hypersurface of Pg(Z) given by AgF := DF -S

(where DF is the differential of F'). We extend the definition of o(m) to any m € W \ {0}.
Observe that o defines a unique rational map o : P3 — P3.

Proposition 9. The base points of the rational map 0|z are the singular points of Z, the points
of tangency of Z with H™ and the points at which Z has an isotropic tangent plane containing

S.

Proof. We prove that the base points of o are the points of P? such that F, = y=1F.,=0or
such that Q(VF) = 0 and AgF = 0. It is easy to see that these points are base points of o.
Now let m = [z : y : 2 : ] be a point of P? such that o(m) = 0.
o If Ag(F') =0, then, since S # 0, we get that Q(VF) = 0.
o If Q(VF) =0, then either AgF =0 or k(VF) = 0.
e Assume now that Q(VF) # 0. We have Q(VF) -S = 2AgF - k(VF). This implies
that K(VF) is non zero and proportional to S (which is also non zero), so that ¢y = 0
and 0 = yoFy — xofy = 20F, — yoF. = xoF, — 20F;. Therefore, writing o for the ith
coordinate of o, we have
0 = oW =Q(VF)xg—2(x0F2 + yoFu Fy + 20F, F)
= Q(VF)wo —2(xoFy + xoF) + x0F2) = —Q(VF)xo.
In the same way, we get 0 = 0 = —Q(VF)yp and 0 = ¢® = —Q(VF)z. This
contradicts the fact that Q(VF') # 0 (since S # 0).

O
Remark 10. Each ¢ belongs to Sym? @Y (WV). Moreover, for a general (Z,5), the set
V(F, Fy, Fy, F;) is empty and the base points of 0|z are the 2d(d—1)? points of V(F,Q(VF), AgF).
2.2. Reflected lines.

Definition 11. For any m € Z, the reflected line R,, on Z at m is the line (mo(m)) when
it is well defined.

Definition 12. We write Mg z for the set of points m € P3 such that m and o(m) are
proportional, i.e. Mgz :={meP3 : INg: \]€P, N -m+ A\ -o(m)=0}.

Observe that Ry, is well defined if m € Z\ Mg z.
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Proposition 13. We have ZN Mg z = Z N (Base(o) U{S} UW), with

Wi={meZ : m=nen(Z), AsF(m)#0, Q(m)=0},
With Moo m (Z) = II(k(VF(m))).
Proof. We prove Z N Mgz C Z N (Base(o) U{S} UW), the inverse inclusion being clear. Let
m € (2N Mgz) \ Base(c). Observe that, due to the Euler identity, we have 0 = DF(m) - m
and so 0 = DF -0 = —AgF - Q(VF). If AgF =0, then o0 = Q(VF) - S, som = o(m) = S.

If Q(VF) =0, then 0 = —2AgF - k(VF). So m = o(m) = Neom(Z); moreover AgF # 0 and
Q=0. 0

Lemma 14. If dim Mgz = 3, then Z = H> or V(AgF,Q(VF)) = P3.

Proof. Due to Proposition 13, we have Z N Mgz C Z N (Base(c) U {S} UCx). Assume that
dim Mgz = 3. This implies that Base(o) = P3. So, due to the proof of Proposition 9, we
conclude that P? = V(F,, F,, F,) UV (AgF,Q(VF)). So, either P> = V(F,, F,, F,) (which
implies Z = H>®) or P3 = V(AsF,Q(VF)). O

3. CAUSTIC BY REFLECTION

Now, let us introduce some additional notations. We define Ng(m) as the complexified
homogenized square euclidean norm of Sm by

Ns(m) := (xtg — zot)? + (yto — yot)? + (zto — 20t)%.

We will also consider the bilinear Hessian form Hessp of F' and its determinant Hg. Let us
see how to construct two maps ¢ = 1* : Z — P3 such that the surface 1(Z) is tangent to the
reflected line R, at 1¥(m), for a generic m € Z. Observe first that ¢)(m) is in R,, implies that
1(m) can be rewritten

¥(m) = Xo(m) - m + Ay (m) - o(m) € W\ {0},

with [Ao(m) : A\;(m)] € P! for every m € Z. The main result of this section is the next theorem
specifying the form of Ao and \; (belonging to an integral extension of the ring Sym(WV))
which ensures that, for a generic m € Z, R, is tangent to ¥(Z) at ¥(m).

Theorem 15. Let ¢ : U — P3 (with U C Z) be given by
P(m) =(m) m+A(m)-oc(m) €W,
with A\o(+) and A\1(+) in an integral extension of Sym(WVY) such that

a(m)(Ao(m))? + S(m)Ao(m)A; (m) + 5(m) (A (m))* = 0 (3)
with o, 8,y € Sym(WVY) given by
a:=AgF € Sym? (W), (4)
B:=—2[Hess F(S,0) + (AsF)*(Fyy + Fyy + F..)] € Sym3 (W) (5)
and
- —(jA_Sf;QNS Hp € Sym™T(WY). (6)

Then, for every m € Z\ V(tQ(VF)), the reflected line R, is tangent to (Z) at ¥ (m).
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It will be useful to introduce
V(m, Ao, A1) € W x C?, Qs r(m, Mo, A1) = a(m)A + B(m) A1 + y(m)A\7.

One may notice that, for a fixed m, Qg p(m, Ao, A1) is a quadratic form in (g, A1). Roughly
speaking, Theorem 15 states that the image of Z by ¢(-) = Ao(:) - Id+Ai(+) - o(-) (for some
Ao, A1 € Sym(WY)[y/B2 — 4ay]) corresponds to a part of the envelope of the reflected lines R, .
More precisely:

Definition 16. The caustic by reflection Xg(Z) of Z from S is the Zariski closure of the
following set

{(PeP?® : ImeZ, Io: M €P, Qsr(m A, \1)=0and P =X -m+ )\ -o(m)}.

Remark 17. If Z C V(AgF, (F} + F. + F?)Hess F'(S,8S)), then (3) becomes 0 = 0 on Z
and og z(Z2) is either {S} or empty. If it is S (i.e. if AgF = 0 in Clz,y,2,t] and if Z ¢
V(E; 4+ F2 + F2)), we set $5(Z) = {S}.

Theorem 15 states that the points of the caustic ¥g(Z) corresponding to m € Z are the
points of coordinates ¥ (m) with

W (m) ( ) + /9 )m+AsF m) - o(m) € C4, (7)

with 3 := —3/2 and ¥ := § — ay. Let us observe that if ¥ is a square in Clz, vy, z,¢]/(F), then,
on Z, (7) corresponds to two rational maps ¢* : P> — P2 and the caustic by reflection ¥g(Z2)
is the union of the Zariski closures of 1 (Z) and of ¥~ (Z). Let us give some examples.

Example 18 (A singular caustic of the saddle surface). Let us study the caustic by reflection
of Z = V(xy — 2t) from S = [0:0:1:0]. Observe that « = —t, B = 0 and v = 4t>. So
(3) becomes A3 — 412X = 0 (if t # 0). Hence Yg(Z) is the union of the Zariski closure of the
images of Z by the two rational maps YT : P3 — P? defined on coordinates by Q,b:t(x,yjz,t) =
(2ty + 2tx, 2tz + 2ty, 2% + y? — t2 &+ 2tz, £2t%). Noting that on Z, tz = zy, we obtain that the
Zariski closure of Y*(Z) is the parabola V(X FY,£TZ — (X? —T?)/2) and so that the caustic
Y 5(Z2) is the union of these two curves (which are parabolas contained in two orthogonal planes).

Example 19 (The double-butterfly caustic of the saddle surface). We are interested in the
caustic by reﬂectwn of 2 = V(xy — 2t) from S=00:0:1:1. We have a« = —z — ,
B = —2(x? +y —zt) and'y =4(z+t) (22 + 9%+ 22+ 12 = 2t2) and so ¥ = 4(xt + yt + 2% +
t— 2212 4 22292 + 2222 + 222 + 222 + y2t%). Since (z,y, 2y, 1) is not a square in Clx,y], w
conclude that ¥ is not a square in Clz,y, z,t]/(F). In this case, the coordinates of ¥* are z'n
an extension of Clz,y, z,t] and do not corresponds to rational maps on P (see Figure 1 for a
representation of this caustic).

Example 20. Let Z be the paraboloid V ((x? 4+ y* — 22t)/2) C P3.

The caustic by reflection Z from its focal point Fy = [0 : 0 : 1 : 0] is its other focal point
Fy=[0:0:1:2]. This can be quickly shown with our Theorem 15 (since a = —t, B = —4t>
and v = 4t3 and so (3) admits a unique solution [\ : \1] € P! which is [—2t : 1]. The unique
ramification point M, associated to m is then My, = [0:0: =22t + 22 +y?> — 12 : -2t} =
(since x? + y? = 2zt).

1If light position S is another point of H*>, then

9 = (xd+ ) [(2? + 12 +12)% (22 +yd) — 4(2® + 2 + 1) (wzo + yyo — 20t) 20t — A(zz0 + yyo — 20t)*t?]
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FiGURE 1. The picture on the right represents the caustic by reflection of
V(zt — zy) from [0: 0 : 1 : 0] (corresponding to the points of V(zt — zy) in the
chart t = 1 for x,y € [—4,4]). This caustic is obtained by gathering the two
sheets given by (7) and represented in the two first pictures.

is not a square in Clz,y, z,t|/(F) unless if 3+ y3 + 28 = 0 or 2% + y2 = 0 (see Proposition
30 for the case when x3 + y3 = 0 and ty = 0).} The fact that ¥ is not a square means that the
caustic map ®g r cannot be decomposed in two rational maps on P3.

The end of this section is devoted to the proof of Theorem 15.

Proof of Theorem 15. Let m[x 1y : z : t] € Z\ V(#(Q(VF))). We will use several times the
Euler identity (vG, + yGy + 2Gy + tGy = d1G if G is in Sym® (WV)). We use the idea of
ramification (used for example in [16, 5]). The points of the caustic corresponding to m are the
points II(Ag - m + A1 - o(m)) with [\g : A;] € P! such that the rank of the Jacobian matrix .J of

j : (m,)\o,Al) —> ()\0 -m + )\1 . a’(m),F(m))
is less than 5. We have

Ao + )\103(01) )\10@(,1) ,\102” )\10751) z oW
)\10';2) Ao + A10§2) )\10'22) )\10'152) Y 0'(2)
J = )\10';(33) )\10@(/3) Ao + )\10'23) )\10'153) 2 o )
/\10'3(54) )\10354) A10§4) Ao + )\10'754) t 0'(4)
F, F, F. F 0 0

with ¢ the ith coordinates of o.
(1) Let us explain this briefly. Let ¢(-) of the form 4 (m’) = A\g(m’) - m’ + X\;(m’) - o(m’).
We define the following property
the line (mo(m)) is tangent to ¥ (Z) at ¥(m). (8)

Recall that we have assumed (Q(VF))(m) # 0. Assume for example F,(m) # 0 (the
proof is similar if we replace F, by F, or by F,). Now, Property (8) means that there
exists A € WY \ {0} such that

A(m) =0, A(e(m)) =0, A(Dp(m)- | = 1)

170 prove that § is not a square in Clz, y, 2,t]/(F), it is enough to see that there exists no polynomial P € Clz, y]
such that (P(z,9))? = 6(z,, (2% + 4)/2,1).
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ADp(m) - |l =0 and A@@w@y- | ¢ =0,
0 —F,(m)

and so that

A(m) =0, A(o(m)) =0, A(Y,(m))F,(m) = F;(m)A(s,(m)),

A, (m))F:(m) = Fr(m)A(t),(m)) and A(,(m))Fi(m) = Fr(m) A, (m)).

Therefore, by taking b := A(v,(m))/F,(m),
A(m) =0, A(¢,(m)) = F(m)b, A(p,(m)) = F,(m)d,
A%, (m)) = F;(m)b and A(th,(m)) = F;(m)b

and so that the rank of the following matrix is strictly less than 5

j::<¢ﬁn> o) pelm) dim) m 0<5n>>eMat5,6<c>.

Let us write C; the i-th column of J. We observe that the four first columns of J are
respectively equal to C1 + (A1)2Cs + (A0)2Cs, C2 + (A1)yCs + (A0)yCs, C3 + (A1).Ce +
(X0)2C5 and Cy + (A1):Cs + (A0)¢Cs. Therefore the J and J have the same rank and so
(8) means that rank(J) < 5.

Now we observe that, on Z, xCy + yCy + 2C3 + tCy = \oCs + M1 Cg. Since t # 0, Cy is
a linear combination of the other columns and so the rank of J is strictly less than 5 if
and only if the following determinant is null:

Ao + )\109) )\10_?51) )\109) x o)
)\109(32) Ao + /\10?52) /\109) y o®
D(m, \o, A1) := Alag(g3) )\10753) Ao + )\109) z o
Aoy Moy YT SO
F, F, F, 0 0

Now let us define
(zto — xot) Fo + (ylo — yot) Fy + (2t0 — 200) F
t

Observe that 7 = o + QtotdF K(VF) (due to the Euler identity). Therefore, on Z, we have
o = 7. Now we observe that, on Z, we have

= Q(VF) S+2

K(VEF).

Ao+ A T;,g ) )\17'351) )\17'Z(1) z 7@
A Ao + )\17'352) ) y 7@

D(m, Ao, A1) = >\17':£3) >\sz53) Ao + /\sz(3) z 73 |, (9)
A17;£4) )\17'?54) )\17'2(4) t @

with 7 the ith coordinate of 7. Indeed, if we write L; the i-th line of the matrix
(with o) used in the definition of D and if we write L; the i-th line of the matrix
(with 7) appearing in the above formula, we obtain (due to the Euler identity) that,
on Z, we have Ly = Ly, Ls = L5 and Ly = Ly + A 22¢F, L5, Ly = Ly + A\ 22¢F, Ls,
Ly =Ls+ A\ 20F, Ls.



ON CAUSTICS BY REFLECTION OF ALGEBRAIC SURFACES 10
(3) On Z, we have
D(m, Ao, A1) = a1(m)AF + B1(m)AA; + 71 (m)AT, (10)

where a1, 81 and 71 can be expressed as follows (due to Euler’s identity ensuring that
—xFyty — yFyt() — zF,tg +teoFy + ty()Fy + tzgF, = tAgF on Z)

a1 = Q(VF)tAgF = tQ(VF)x (11)
2

pri=--Q(VF)B (12)

v = —4t 'Ng.Q(VF).AgF.hp (13)

with the following definitions of hr and B. First, on Z, we have

Fyp Fa:y F.. F, 5
F, r, F,, F t

J— vy Lyy Lyz Ly | Hp,

P Foe Fye Foo Fo| (@-12F
F, F, F. 0

where Hp is the Hessian determinant of F' 2. Therefore
4t
=~ gy Ns QVF) AsFHy = 1Q(VE)y. (14

Second B := 0, Fpy + 0y Fyy + 0. F., + 2(egy Foy + €02 Fyz + €42 F)y2), with

5o = (wot —ato)*(Fy + F2) + ((toy — tyo) Fy + (toz — tz0) F:)?
= (zot — a:to)2(F2 + F2) + (to(yFy + 2F;) — t(yoFy + 20F))?
= (ot — wto)*(Fy) + F2) + (to(@Fy + tFy) + t(yoFy + 20F%))?
= (zot — a:to)2(F2 + F2) + ((tox — xot) Fy + tAsF)?

= 2*§(F} + F; + F2) + 2atot[—xo(F2 + F, + F2) + F,AsF] +
+agt (B + Fy + F2) + t*(AsF)? — 2z0t* F AgF

= 2*§(F} + F] + F2) + tAgF (2atoFy — 2xotFy) +
HH(F? + F) + F2) (gt — 2zaoto) + t*(AsF)?,

2Indeed, if we write C; for the i-th column of Hess F', due to the Euler formula, on Z, we have Cy = %VF -
(asél +yCs + Zég)/t (where VF is the gradient of F'); therefore

Frac F:cy sz Fxt F:cac F:cy F:cz FLK
Hp = Foy Fyy Fy: Fy :E Foy Fyy Fy. Fy
Fo: Fy: F.. Fu t Fo. Fy: F.. F;
F:ct Fyt th Ftt Fact Fyt th Ft

Now, if we write L; the i-th line of the above matrix, using again the Euler identity, on Z, we have Ly =
L(F, Fy F. 0)— (zL1+yL>+ 2Ls)/t and we get Hp = (d — 1)*hp /t°.
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dy (resp. 0.) being obtained from 0, by interverting « and y (resp. x and z) and
Exy = —(tox — zot)Fy((tox — xot)Fy + (toz — 20t)F%)

—(toy — yot) Fu((toy — yot)Fy + (toz — 2ot) Fy) + (tow — wot) (toy — yot) F2

= (tox — xot)FyltoyFy + tot Fy + xotFy + 20t Fy] +
+(toy — yot) FultorFy + tot Fy + yot Fy + 20t F.] +
+(tox — xot)(toy — yot) F2

= (tox — xot)FyltoyFy + tAsF — tyoFy| + (toy — yot) FrltoxFy + tAsF — tagFy] +
+(tox — xot)(toy — yot) F>

= thay(F; + F) + F2) + tAsF((tox — zot) Fy + (toy — yot) Fr)
+H(F} + Fy + F2)(tzoyo — to(yox + yxo))

€z,» (resp. €y ) being obtained from e, , by interverting y and z (resp. = and z). On Z,
we have

0=aF, +yF,+ 2F, +tF, and (d — 1)Fyy = 2 Fpy + yFyw + 2Fow + tF, Yw € {x,y, 2, t}.
Therefore
0= 2?Fpy + Y2 Fyy + 2 Foy + 2 Fy + 2(xyFpy + 02 Fy, + 0t Fyy + y2zFy, + ytFyy + 2tFyy)
and so
B = (F2+ F? 4 F2)(by + by + bs) + 2tAgFby + t*(ASF)?(Fug + Fyy + Fiz),

with
by = —t3(t2Fy + 2t(xFyy + yFye + 2Fu)) = —t3t(2(d — 1)Fy — tFy),
by = t* (25 Fra + Y3 Fyy + 20 Foz + 220Y0Fry + 22020 Fs + 2y020Fy2),

b3 = _2tt0 Z (wO(xew + ywa + Zsz))
we{z,y,z}
= 2ty > (wo(tFu — (d—1)Fy)),
we{z,y,z}

bi = Y Ful(tor — twe) Few + (toy — tyo) Fyw + (toz — t20) Fow)
we{z,y,z}

= Z Fw(tﬂ(d* 1)Fw *t(xOwaﬁLyOwa + 2050 +t0Fwt))-
we{z,y,2}

Putting all these terms together, we get that B is equal to
t* [Q(VF) - Hessp(S,S) — 2AgF - Hessp (S, k(VF)) + (AgF)?(Fyy + Fyy + F.)] -
and so B = t* [Hessp(S, o) + (AgF)?*(Fyy + Fyy + F..)] , which leads to
B =tQ(VF)B. (15)

Hence the points of the caustic associated to m are the points II(Ag - m + A\ - o(m))
where [\g : \1] € P! satisfies

a1 (m)A2 + B1(m)AoA; + 71 (m)AF = 0, (16)

with a1, 81 and v given by (11), (15) and (14). Now, since tQ(VF') # 0, (16) means
that a(m)A3 + B(m)oA; + v(m)A? = 0.

g
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4. COVERING SPACE Z AND RATIONAL MAP &

We consider the algebraic covering space Zof Z given by
Z = {(m, [)\0 : )\1]) € Zx Pl : stp(m, )\0,)\1) = 0}.

This set is a subvariety of a particular algebraic variety denoted F(3)(—2d + 3,0) (by extending
the notations used by Reid in [13, Chapter 2]) which corresponds to the cartesian product of sets
P3 x P! endowed with an unusual structure of algebraic variety based on the following definition
of multidegree multideg(P) for P € Sym(W")[Ao, \1] = Clz,y, z, t, Ao, M1]:

multideg(z® 4" 2 tY AN ) = (@ +V + ¢ +d + (2d — 3)e’, ¢ + f).
With this notion of multidegree, we have Sym(WVY)[\g, A\1] = @k,ZZO C,, where C}, o denotes

the homogeneous component of multidegree (k, £). Now, we define IF(3)(—2d+3, 0) as the quotient
of W x C? by the equivalence relation ~ given by

(3573/72’;75, )\07)‘1) ~ (xlaylvzlvtla IOa)\ll)
& v eCr, 2,y 2 ¢, 0, \) = (u, py, pz, put, 11?4 2vdo, vAr).

We observe that HO(IF(g)(—2d + 3,0)) corresponds to the set of P € Clx,y,z,t, Ao, A1] with
homogeneous multidegree multideg defined above.

Now, since F' € Sym?(WV), a € Sym? 1 (WV), 8 € Sym>¥=4(WV) and v € Sym>*~"(WV),
we get that F and Qg r are in H?(F(3)(—2d+3,0)). Therefore Z is a subvariety of F(3)(—2d+3,0)
since it can be rewritten:

Z ={(m,[Ao: \]) € Fz(—2d+3,0) : F(m)=0 and Qs p(m,), A1) =0}

Since each coordinate of o is in Sym??¥~2(WV), the map ® : W x C2 — W given by

®(m, Ao, A1) :=Ag-m+ A -o(m) € (Cyy_1)1)"
defines a rational map ® : X — P3 with

X = {(m,[Xo: M]) € Fz(=2d +3,0) : Qg r(m, Ao, A1) = 0}.

Let us denote by Bq’lZ‘ the set of base points of the map (I)IZ’ ie.

B, :={(m,[Ao: M]) € Z : ®(m, )\, \) =0}
We consider the canonical projection my : Fg)(—2d 4 3,0) — P? (given by w1 (m, [Ag : A1]) = m).
Notation 21. We write B := wl(Bq>|Z).

Observe that, for any m € B, there exists a unique [\g : A1] € P! such that A\g-m+\;-o(m) =
0. This gives the following scheme

5 (]

Bs, — A — X — 3
By +1:1 7T1‘Z\l,211 mxd2:1
B — Z — P3

Therefore # By = #B5.

Remark 22. The caustic by reflection ©5(Z) of Z from S satisfies ©g(Z) = ®(Z) C P3.

Note that B C Mg z (with Mg 7z defined in Definition 12). Due to the classical blowing-up
theorem, we obtain the following result valid in the general case.
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Proposition 23. Assume that the set B is finite and that dim(Z N Mg z) < 1. Then there
exists 0 € N*U{oo} such that, for a generic point P € ¥g(Z), we have #[m(@l_zl({P}))\B] =90.

Proof. Observe that, by hypothesis, the set Bq>|2 is finite. Now, applying the blowing-up result

given in [8, Example II-7.17.3], we get the existence of a variety Z and of two morphisms
7:2Z— Z and ®: Z — P3 such that

e 7 defines an isomorphism from 7~ (Z \ Bg) onto Z \ B,
On 771(Z \ Bg), we have ® = ® o T,

®(Z) is the Zariski closure of ®(Z \ Bg), i.e. ®(Z) = Lg(Z),

e dim(Z) =2,

o E:=Z\n"YZ\ Bg) is a variety of dimension at most 1.

Let 8 be the degree of the morphism ®. If § = oo, then dim(35(2)) < dim(®(2)) < 2. Assume
now that § < co. Since ® is a morphism, every point of &)(Z ) has ¢ preimages by ® in EIVD(Z ).
Now, observe that dim(¥g(Z)) = 2 and that dim(®(E)) < 2. Therefore, a generic point of
Yg(Z)isin ®(Z)\ [(2N Mg.z)U®(E)]. Let P in this set. We have
5 = #92({P})
= #{(m,Po:M]) € ZxP : Qsp(m,Ng,\1) =0 and (g -m+ \;-o(m)) = P}.

Observe that, for m € ZN Mg z, ®(r; ({m})) = {m} by Definition 12. Since P ¢ Z N Mg z,
we know that @E({P}) N (Msz) = 0. So, for any m € 771(<I>|_Zl({P})), there exists a
unique [Ag : A\1] € P! such that (m, [\, \1]) € <I>|_21({P}). Therefore § = #m(cple({P})) =
Ly (@2 ({P}) \ B] (since #[m1(91((P}) N B € m(@1({(P}) N M.z = 0. 0

Lemma 24. If dim(ZNMgz)=2. Then ¥5(Z)=Z\ (V(8,7) \ V(e)).

So if dim(ZNMg z) = 2, then Xg(Z) = Z except if Z C V(5,7)\ V() and in this last case
$s(2) = 0.

Proof of Lemma 24. Assume that dim(ZNMg z) = 2. Then Z C Mg z. So, due to Proposition
13, we have Z C Base(o). Now, due to Definition 16, we have

Es(Z) = {m €z 3[)\0 : )\1] € Pl, stp(m, )\0,)\1) =0, Ao 7'5 0}
and the result follows. O

5. BASE POINTS OF ®

Proposition 25. The base points of (I)|Z are the points (m,[Ao : M]) € Z satisfying one of the
following conditions:

(1) m € V(F,AgF,Q(VF)) (i.e. m € Sing(Z) or m is a point of tangency of Z with an
isotropic plane containing S) and Ao = 0,

(2)t=F,=F,=F, =0 and 2> + y> + 22 = 0 (i.e. m is a cyclic point with T, Z = H>)
and Ay = 0,

B)t=F,=F,=F,=0 (i.e. TnZ=H>)and Hr =0 and \g =0,

(4) m =S € Z and [\o : \1] is the unique element of P! such that \g- m+\Q(VF)-S =0,
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(5) m is a cyclic point (i.e. m € Cx), [Ao : M| = [2AgF (Fpp + Fyy + F>2) : 2d — 1] # [0 : 1]
and (Fpp + Fyy + F>2) -m = (2d — 1)k(VF).

Proof. Let us prove that any base point (m,[Ag : A1]) has one of the form announced in the
statement of the proposition (the converse being direct). Let (m, [Ao : A1]) € Bq;lZ. By definition
of ®, we have 0 = A\o-m+ A1 - o(m). So m € ZN Mg z and these m have been determined in
Proposition 13.

e Assume first that o(m) = 0. Then the unique [\g : \;] € P! satisfying \g-m+\;-0(m) =

0is [Ao : A1] =[0: 1]. Hence A\g = 0, A1 # 0 and so Qs p(m, Ao, \1) = y(m)\%.

If AgF(m) =0 and Q(VF(m)) = 0, then v(m) = 0.

Otherwise, according to Proposition 9, we have F,, = Fj, = I, = 0 and so t = 0. Now,
we have y(m) = 0 if and only if (22 + y* + 22)t3Hp = 0.

e Assume now that m = S and o(m) # 0. Then AgF(m) = 0 and so o(m) = Q(VF(m))-
S. We consider the unique [A\g, A\1] such that A\g-m+ A;-o(m) = 0. Observe that A\g # 0
and that Ay # 0. Since AgF(m) = 0, we have Qg r(m, g, A1) = S(m)AoA;. But
f(m) = —2Hesspm(S,0(m)) = 0 due to m =S = o(m).

e Assume finally that m € W. We have AgF(m) # 0, 22 + y?> + 22 = 0, m = [F(m) :
Fy(m) : F,(m) : 0], t = 0 and o(m) = —2AgF(m)x(VF(m)). Since t = 0, it follows
that Ng(m) = (2% + y?> + 2%)t2 = 0 and so that y(m) = 0. Let [\, \1] € P! be
such that Ao - m + A1 - o(m) = 0. We observe that \; # 0 and Ao # 0. We have
a(m)A3 = AgF(m)A3 and

—2 - Hesspm(S, o(m))AA; = 2Hesspm (S, m)A: = 2(d — 1)AgF(m),
since (d — 1)Fy = 2 Fpw + yFyw + 2Fo + tFy, for every w € {x,y, 2}. Hence we have
Qs,r(m, X, A1) = (2d — 1)Ag F(m)Aj — 2(As F(m))*(Fye(m) + Fyy(m) + F..(m)) Ao s

Hence Qs r(m, g, A1) = 0 if and only if A\g/A = 2AgF(m)(F,;(m) + Fyy(m) +
F..(m))/(2d — 1). We conclude by using Ao - m + A; - o(m) = 0 and the formula
obtained for o (m).

O
Corollary 26. A point m is in B if and only if it satisfies one of the following conditions:

(1) me By =V (F,AsF,Q(VF)), i.e. m is a singular point of Z or m is a point of tangency
of Z with an isotropic plane containing S (see also (1)),

(2) m is a point of tangency of Z with H*> and m lies on the umbilical curve Co,

(3) m is a point of tangency of Z with H*™ and m lies in the hessian surface of Z,

(4) m=S5¢€Z,

(5) m lies on Cx and (Fyp + Fyy + F>2) -m = (2d — 1)k(VF).

This can be summarized in the following formula
B=Zn[V(AsF,Q(VF))U{S}UV(HF - Q,k(VF))oo UGe],
with Goo = {m € Co : (Fyo + Fyy + F..) - m = (2d — 1)x(VF)}.

Remark 27. The set B is never empty. FEzcept (iv), the forms of the base points are very
similar to the base points of the caustic map of planar curves (see [9]).

For a general (2,5), the set B consists of the points at which Z admits an isotropic tangent
plane containing S, i.e. B =By =V (F,AgF,Q(VF)), and in general Z has no singular point
and By NH™ = (. In this case B is fully interpreted by (1).
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Let us study the base points when Z is the paraboloid V(22 4 y* — 22t) (see Example 20).

Proposition 28 (Paraboloid). Let Z = V(2% + y* — 22t) and any S € P3\ {F, Fy}. Then
B=V(F,AsP,Q(VF))U({S} N Z) and its points are the following ones:

(1) the point S if S is in Z,

(2) the points [1: +i:0:0] if xo =yo =0,

(3) the point [ty : ity : xo + iyo : 0] and [to : —ity : xp — iyo : 0] if to # 0,

(4) the point Fi[0:0:1:0] if to =0 and 2% + y3 # 0,

(5) the points of the form [uxo : uyo : 2 : 0] (with [u:z] €PL) if 23 +1y2 =0, to =0,
(6) the points my and m_y if 23 + y3 # 0, with

1
Me = [Te @ Yo —3¢ 1],

7020 — ) +icyo /73 + ] + (20 — §)?

Te = 2 2

x5+ Yo

and

yo(zo — ) — i6330\/$3 +y2 + (20 — )2
Ye = .

3+
2.1 ifxd+y3 =0 0 and zo— % #0
D=5 0+ yg=0,20#0 and 2o — F # 0.

. 20— zo—
(7) the point 02%2 : 02y02

Proof. We have o = AgF = xx¢ + yyo — tzg — ztg,
B = (2% +y* + 1) (xf + y5 — 2toz0) — 2(t20 + 2to + tot) AsF

and v = 4((zot — xt9)? + (yot — yto)? + (20t — 2tg)?)AsF. First we observe that there is no
point of Z satisfying (5) of Corollary 26. Assume that m is such a point. We have ¢ = 0, so
22 +y? =0 and 2z = 0 (since 2% +y?+ 22 = 0). Now, using (Fyz + Fyy + Foo)m = (2d— 1)k (VF),
we obtain 2z = 3x and 2y = 3y, which implies x = y = 0 which contradicts z =t = 0.

Now we prove that ZNV (Hp-Q, k(VF))NH>® = (. Assume that m € ZNV (Hp-Q,k(VF))N
H>. Due to F(m) = Fy(m) = F,(m) = 0, we obtain x =y =t = 0. Since Hr = —1, we have
0=2a?+y%+ 2% and so z = 0.

It remains to identify the points of V(F, AgF,Q(VF)). Let m[z : y : z : ] be a point of this
set. Then 22 + y? = 22t, 0 = zox + Yoy — 20t — oz, 0 = F§+Fy2—i—FZ2 =22+ 9> +12 So
—t2 = 2% + % = 22t

If 29 = yo = 0, since tg # 0, we obtain 22 + 32 + 2 = 0 = 22 + y? — 2zt and 2z = —2ot/to.
If t = 0, we obtain 22 +y? = 0 and z = 0. This gives (2). If t = 1, from t?> = —22¢, it comes
z = —1/2 and so ty = 2zp, which contradicts S # F.

From now on, we assume that (zg,yo) # 0.

Assume first that ¢ = 0. Then we have 22 + y?> = 0 and 0 = AgF = zox + Yoy — toz.
Let ¢ € {£1} such that y = iexz. We have 0 = xox + icyox — tpz. If tx = 0, this becomes
0 = x(z¢ + icyo) and so either x = 0 or g + icyp = 0. This gives (4) and (5). If ¢9 # 0 and if
xo +ieyo = 0, we obtain z = 0 and y = iex, so m = |1 :ie : 0: 0]. If ty # 0 and if xg + ieyp # 0,
we obtain x = tgz/(zg + ieyp), so m = [tg : iety : o + icyp : 0]. This gives (3).

Assume now that ¢t = 1. We have —1 = 22 + y? = 2z and so z = —1/2. Since 22 + ¢y = —1,
we consider ¢ € {1} be such that y = eiv/1 + 22. We have

t
O:xox—l—yoy—zot—toz:x0x+y05i\/1+x2—zo—i-EO
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and so —ypeiv'1 + 22 = xox — 29 + %0 and we obtain —y2(1 + 2?) = (zoz — 20 + %0)2 and so

2
lo
> +y(2].

This gives m € {my,m_1} if 23 + yg # 0, with m. := [z 1y : —1 : 1],

w020 — §) + e/ (@olz0 — 9))2 = (@ + 1) W8 + (20 - 9)?)

x5+ vp

2

[\)

t
0= ($(2) + y%)a:Q — 2x70 (zo — 0> + (zo —

Te —

and

oz =) = o/l — ) — B+ )R+ (20— B
kT 3+ 43 ’

and so (6). Now, we assume moreover that 22 + y3 = 0, we obtain

t to)”
0= —2zz¢ (zo — 20> + (zo — 20> —l—yg.

. 20— 0 20—
If x% + y% =0 and 2y — %0 # 0, then we obtain x = 02:802 and y = 02y02 , since zg # 0 and

yo # 0. This gives (7). If 2 4+ y3 = 0 and 29 — % = 0, we obtain y3 = 0 and so S = Fb. O

t

Remark 29. Let Z = V((22+y?—22t)/2) and S € P3\ {F, Fy}. Observe that #B < co except
if S € Zx.

In the particular case where S € Z.,, we have the following.

Proposition 30. Let Z = V((2? + y? — 22t)/2) and S = [1 : i : 29 : 0] with e € {1}, then
Y5(Z2) is the curve of equations zpiex + zoy + ict, (z — t/2)% + 22 + y°.

Proof. In this case, we have o = x + iey — tzo, B = —2atzy and v = 4az2t?. So (3) becomes
a(Xo + 2tzoA1)? = 0. Hence Yg(2) is the Zariski closure of the image of Z by the rational map
given by 9(m) = —2tzp - m+ o(m). On Z, using the fact that 2tz = 22 + y2, this rational map
—(x +icy)? + 12
ie((z + iey)? + t2)
—zot? + 2(x + iey)t
—2t22’0
(v+iey,t) and that if (X,Y, Z,T) = v(x,y, 2,t), then 2t> = X —eY and 2(z+icy)? = —X —icY.

g

can be rewritten ¥ (m) = . To conclude observe 4 only depends on

6. REFLECTED POLAR CURVES

Let H € Pic(P?) be the hyperplane class. We will identify 71 .(®*H?) € As(P?) with the
class of sets Py p C P3 defined as follows.

Definition 31. For any A, B € WV, we define the set D p := V(A, B) C P3 and the reflected
polar P4 g by

Pap = (P (Dag)) Ui (Base(®)),
i.e. Pa,p corresponds to the following set:

{m e P?: I\, \] € P, ANgm+A10(m)) =0, B(Agm+Xo(m)) =0, Qs r(m, N, \1) =0}
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Proposition 32. For generic A,B in WY, D g is a line and Pap =V (K1, K2, K3), with
Ki(m) := A(o(m))B(m) — A(m)B(o(m)), Kz(m):= Qs r(m,—A(c(m)), A(m)),
K3(m) := Qs r(m, —B(o(m)), B(m)).

Proof. Recall that Mg z has been defined in Definition 12. Assume that Dy p is a line that
does not correspond to any line (mo(m)) for m € P\ Mg z (this is true for a generic (A, B)
in (WVY)?2). Hence

V(A,B,Aoo,Boo)=MgzNDyp. (17)
Let m € P4 p and [\ : \1] € P! be such that A(®(m, X\g, A1)) = 0= B(®(m, X\g, \1)) = 0 and
Qs,r(m, Ao, A1) = 0. This implies that

Ao-A(m) + A - A(o(m)) =0= Ao - B(m) + A\ - B(o(m)).
Therefore (—A(o(m)), A(m)) and (—B(e(m)), B(m)) are proportional to (g, A1). But, since
Qs,r(m, Ao, A1) = 0, we conclude that m is in V (K, Ko, K3).
Conversely, assume now that m is a point of V (K1, Ko, K3). Due to (17), we have
mgV(A,B,Aoo,Boo) or me MgzNDyp.

Assume first that m ¢ V(A, B, Aoo,Bo o), then (—A(o(m)), A(m)) and (—B(o(m)), B(m))
are proportional and at least one is non null. Let [A\o : A;] be the corresponding point in P*.
we have A(Ag-m+ A -o(m)) =0, B(Ag- m+ A; - o(m)) =0, and Qg r(m, Ao, A1) = 0. So
m € PA,B~

Assume finally that m € Mg zND4 g, then there exists [\ : u] € P! such that A-m+p-0(m) =
0, A(m) = B(m) = 0. We also have A(o(m)) = B(o(m)) =0 and so m € Py p. O

Notation 33. We write Bs z for the set of points m € P3 for which Qs r(m, X\o, A1) = 0 in
Clo, M-

Observe that, for m € P3\ Bg z, there are at most two [Ag : A1] € P! such that Qg r(m, Ao, \1) =
0, and so #(X Nwyt(m)) < 2.

Remark 34. According to the expressions of o, o, B and 7y, we have

BS,Z = V(Oé, ﬁa’y) = V(ASFa HeSSF(S? S) ' Q(VF))

We observe that dim Bgz > 1. Observe that (Mg z U Bg z) is the set of m € P3 such
that ®(7~1({m})) = I(Vect(m,o(m))). When m € Mgz, ®(r~1({m})) = {m} and when
m € Bs z, ®(m 1 ({m})) = Ry. Recall that B =7 (B‘I’|2)‘

Proposition 35. Assume that #B < oo and Z # H>®. Then, for generic A,B € WV,
dimPyp =1 and degPap = (d —1)(10d — 9).

Proof. As in the proof of the preceding proposition, we consider generic (A4, B) € (WVY)? such
that (17) holds. Recall that P4 g = V (K1, K2, K3). First, we observe that K; € Sym?~1(WV)
whereas Ko, K3 € Sym®(¢=1)(WV). Now, if m is a point of P\ V (A, A o o), then the following
equivalence holds truem € Pap < m € V(Ki, K2) and that, if m is a point of P2\ V (B, Boo),
then m € Py p & m € V(K;, K3). Therefore dim Py p € {1,2}.

e Let us prove that dim Py p = 1. Assume first that dim(Xg(Z)) < 1. Then, for generic
(A,B) € (WY)2, we have ¥s5(Z) N Dap = 0. Therefore, 7T1(‘1)|_21(DA,B)) = () and so
ZN'Pap = Bis a finite set, which implies that dim P4 5 < 1.
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Assume now that dim(Xg(Z)) = 2. Let us consider a generic (4, B) € (W")? such
that #(3s(Z) N Da,p) < oo and such that, for every P € ¥g(Z) N Dy p, we have
#[m(fbl_;({P})) \ B] = ¢, (see Proposition 23). This implies that #m(CI)‘_Z}(DA,B)) < o0
and so #(Z NPa,p) < oo (since #B < 00). Hence dimPy p < 1 since dim Z = 2.

e Let (A, B) as above. Since dimPy p = 1, degP4 p corresponds to #(Pap NH) for a
generic plane H in P3. Due to Corollary 26, we have #V (F, AsF,Q(VF)) < #B < <.
So dim V(AgF,Q(VF)) = 1. Moreover we have Z # H*. So, due to Lemma 14, we
conclude that dim Mgz < 3 and we assume that #(Mgz N Dy p) < co. Now, since
(17) holds, we conclude that dimV (4, Aoo) =1=dimV (B, Bo o).

Since dim P4 g = 1, we conclude that dim V (K, K2) = dim V (K, K3) = 1. More-
over, for a generic (A, B) € (WV)?2 we have

#E < 0o, with E:=V(A,Aoo,K3) UV (B,Boo,Kj3) < 0.

Let us explain how we get #V (A4, Aoo, K3) < co. We recall that, due to (17), #V (A, Ao
0,B,Booc) < oco. We write By :=V(A,Aoo,K3)\ V(B,Boo) to simplify notations.

— First we observe that £y N Mgz C V(A) N Mgz which is finite for a generic
A € WY since dim Mg z < 3.

— Second we observe that Ey N (Bgz \ Mg z) = 0 for a generic A € WV. Indeed
this set is contained in V(A,Aoo,AgF)\ V(Q(VF)). For m in this set, we have
o(m) = S. So, we just have to take A such that A(S) # 0.

— Third we observe that #E1\Bg z < oo for generic A, B € W". Indeed, dim V (4, Ao
o) =1 (due to (17)) and, for any m € V(A,Ao o)\ Bg,z, there are at most two
[Ao : A1] € P! such that Qs.r(m, Ao, A1) = 0. So, for a generic B € WY, we have

#{(m, [)\0 : )\1]) eX: me V(A,A o 0') \ BS,Z7 B(@(m, [Ao,)\l])) = O} < 00.

Now, if m € F1\Bs z, [-B(o(m)) : B(m)] € P! and, due to K3(m) = 0, we observe

that M := (m,[—B(o(m)) : B(m)]) isin X and B(®(M)) = 0. So #E1\Bgs,z < o0.
Let us prove that deg(Ps z 4 5) = (d — 1)(10d — 9) for a generic (A, B) € (WY)2. We
consider generic A and B such that: deg A =1, deg Aoo = 2d—2, V(A, Aoo, B, Boo) <
oo and #V (A, Ao o, K3) < co. We observe that the reflected polar curve corresponds
to V(Kj, K3) outside V(A, A o o) and that the polar curve coincide with V(K3) on
V(A,Aoo) (since V(A, Ao o) is contained in V (K7, K2)). We consider a generic plane
H in P3, such that XNV (A,Aoo,B,Boo) =0 and HNV(A ,Aoo,K3) = (). Since
HNV (A, Aoo,K3) =), we have

deg(Ps,z,a5) = degV (K1, Ks)— > im(H,V (K1, K2))
meV (A,Aoo)NH
= 5(d-1)(2d—-1) - > im(H, V (K1, K2)).

meV (A,Aoc)NH
Now, we prove that
VYm € V(A,Aoa) N H, im(H,V(Ki, K2)) = 2im(H,V(A,Aoo)). (18)
Let m € V(A,Aoo)NH. If B(m) # 0, then

Zm(H7V(K1aK2)) = im(%,Kl,KQ):im(H7K1’B2.K2)
= im(H’K1>a(B'AOU)2—B'A'B-(B-Aoa)—}—fy-A2.BQ)
= im(H,Ki,a(A -Boo)>?—3-A-B-(A-Boo)+n~-A%. B?),
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(since B-Aoo=A-Boo on V(K7)) and so

)
im(H,V(K1, K2)) = im(H, K1, A% K3)
(H, K1, A?) since K3(m) #0
= im(H,Acc-B—Boo-A, A%
= 2ipm(H,Aoc-B—Boo-AA)
= 2in(H,Aoc-B,A)
= 2ip(H,Aoo,A) since B(m) # 0.
Analogously, If B(o(m)) # 0, then

im(H,V(K1,K3)) = im(H, K1, Ks) =im(H,Ki,B?00-K>)
= im(H,Ki,a-B*00-A%00—-f-Aoco.Boo-(A-Boo)+~-A%.B2o0)
= im(H,Ki,a(Aoo-Boo)>—f3-Aco-Boo-(B-Aoo)+~-B*-A%00)
= im(H,K1,A% 00 - K3) = iy (H, K1, A* 0 0)
im(H,Aoo-B—Boog-A A%00)
2im(H,Aococ-B—Boo-A/Aoc)=2i,(H,A Aoco).

= ’[/m

Hence we proved (18) and, for a generic plane H, we have
deg(Pszap) = 5(d—1)(2d—1)— > im(H, V (K1, K>))
meV (A,Aoc)NH
= 5(d—-1)(2d—1)—2 > im(H,V(A, Ao o))
meV (A,Acc)NH
= 5(d—1)(2d —1) —2deg(A)deg(Aoo)
= 5(d—1)2d—1)—4(d—1)=(d—1)(10d — 9).

7. A FORMULA FOR THE DEGREE OF THE CAUSTIC

Recall that B has been completely described in Corollary 26 (see also Remark 27 for the
general case). We refer to Definition 12 and Proposition 13 for Mg z and to Notation 33 and
Remark 34 for Bg z. Observe that dim Mg z > 1 since Base(c) C Mg z.

Theorem 36. We assume that #B < oo.
If dim(Xg(Z2)) < 2, then for a generic (A, B) € (WV)2, we have

0=d(d—1)(10d —9) = > im(Z,PaB).
meB

If dim(Xg(2)) = 2, dim(ZNMgz) <1 and #(Z N Bgz \ Mg z) < oo, then for a generic
(A, B) € (WY)2, we have

mdeg(3s(2)) = d(d —1)(10d = 9) = > im(Z,Pap),
meB
where mdeg(Xg(Z)) is the degree with multiplicity of (3s(2)) (mdeg(Xs(Z2)) = ddeg(Xs(Z2)),
see Proposition 23 for the property satisfied by §), where d is the degree of Z and where
im(Z, PAyB) denotes the intersection number of Z with Pa p at point m.
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Let us notice, that in this formula, we can replace ip,(Z,Pa ) by im(Z,V (K1, K2)), with
the notations of Proposition 32. Indeed, we can take A and B such that #V (A, Ao, K3) < o0
(see the proof of Proposition 35) and use Pgp \ V(A,Aoo) =V (K, K2) \ V(A,Ac0)).

Let us recall that the case when dim(Z N Mg z) > 1 has been studied in Lemma 24.

Observe that, for m € ZN Bg z \ Mg, z, the reflected line R,, is well defined and contained
in ¥g(Z). Therefore, in the degenerate case when dim(Z N Bgz \ Mgz) > 1, the surface
constituted by the reflected lines R,, for m € Z N Bg z is contained in ¥g(Z2).

Proof of Theorem 36. Recall that for a generic (A, B) in (WV)?, we have deg(Pap) = (d —
1)(10d —9). We assume first that dim Xg(Z) < 2 (i.e. 6 = 00) and that #B < oo, Taking (A, B)
such that deg(Pa ) = (d —1)(10d — 9) and Da g NLs(Z) = 0, we have P4 p N Z = B and so

d(d—1)(10d —9) = deg(Z)deg(Pas)= >  im(Z,Pasp)

meZNPa,B
= > im(Z,Pap) =Y im(Z,Pap).
meB meB

Assume now that dim¥g(Z) = 2 (i.e. that ¢ is finite), that dim(Z N Mg z) < 1, that
#(ZNBgz \ Ms z) < oo and #B < co. We consider (4, B) € (WV)? such that:

(a) Da,p is a line containing no reflected line R, = (mo(m)) (m € 2),

(b) deg(Pa.p) = (d —1)(10d — 9) (this is generic due to Proposition 35),

(c) the points P € Dy pNEg(Z) are such that #[m(@l_;({P})) \ B] = ¢ (this is generic due
to Proposition 23),

(d) For any P € Dgp N Xs(Z), we have ip(X5(Z),Da p) = 1 (this is true for a generic
(A, B) since Xg(Z) is a surface),

(e) the line Dy p intersects no reflected line R, with m € Bg z (this is generic since #(Z N
Bsz\ Mg z) < oo and dim(ZNMgz) <1),

(f) for any m € (Pap N Z) \ B, we have i,,(Z,Pa ) = 1 (this is explained at the end of
this proof),

(g) Da.p does not intersect ®(7~H(Z NV (B2 — 4ay))) if dim(Z N V(B2 — 4ay)) = 1.

Due to (b), we have
d(d—1)(10d—9) = deg(Z)deg(Pas)= Y im(Z,Pasp)

mEZﬂ’P,LLB
= > im(Z,Pas)+ D, im(Z,Pap).
meB me(ZNPa,g)\B

Now, we have

S in(Z,Pa) = #(ENPas)\B) dueto (f)
mE(ZﬂPA7B)\B

= #[m(q"}l(DA,B)) \ B] due to Definition 31

0#(Xs(Z)NDap) due to (c)

= 0 ip(Bs(2),Dap) = 5deg(Ss(Z))  due to (d).
I3

Let us now explain why (f) is true for a generic (4,B) € (WY)%. Let m € (Pagn 2) \ B.

Due to (e), m € 7r1(<I>|_Z1 (Da,B)) \ Bs,z. We consider the cone hypersurface Kz of W associated
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to Z. Since m € Z \ Bg z, there exist two maps Yt 1 U — P3 defined on a neighbourhood
U of m in P3 such that, for any m/ € U, ®(x;*({m'})) = {~(m/), ¥t (m")}. Let e € {+, -}
be such that ®(r;*({m})) N Dap = {¢°(m)} (¥° is unique for a generic m € Z according to
(a) and to (g)) and the tangent space to P4 p at m is given by V(A o Dy*(m), B o Dy*(m)),
where D@/}i(m) are the jacobian matrices of ¥ taken at m. Now, with these notations, for a
generic m in Z, DyF (m) is invertible if dim (Z) = 2 (if dim v (2) < 2, take (A, B) such
that Da g N1 (Z) = 0). This combined with (d) gives the result. O

8. PROOF OF THEOREM 1

More precisely we prove the following (recall that #V (F,AgF,Q(VF)) is the number of
isotropic tangent planes to Z passing through 5).

Theorem 37. Let Z C P? be an irreducible smooth surface and S € P3\ (Z U H™®) be such
that B =V (F,AsF,Q(VF)) (see Corollary 26) and such that this set contains d(d — 1)(2d — 2)
points. We assume moreover that BNV (HpNg) = (. Then mdeg(Xg(Z2)) =d(d —1)(8d — 7).

Proof. Without any loss of generality, we assume that S[0: 0 : 0 : 1]. Due to Theorem 36, we
have mdeg(X5(2)) = d(d—1)(10d —9) — 3" pegir(Z, V (K1, K2)) for generic A, B € W". Since
we know that B = V(F,AgF,Q(VF)) contains d(d — 1)(2d — 2) points, we just have to prove
that ip(Z,Pa,p) =1 for any P € B (for generic A, B € WV).

Let such a point P. Assume that A(P)B(P) # 0 (this is true for generic A, B € WV). Since
F' is smooth, either F,(P)F,(P) # 0, or F,(P)F.(P) # 0 or F,(P)F,(P) # 0. Assume for
example that F,(P)F,(P) # 0, then there exists a local parametrization h of Z defined on an
open neighbourhood of (0,0) in C? such that h(0,0) = P and [0h(u,v)/du](0,0) # 0. Since
#V(F,AgF,Q(VF)) =d(d—1)(2d — 2), we know that ip(V(F,AgF,Q(VF))) = 1. Hence we
assume that val, , A(o(h(u,v))) = valy,, B(o(h(u,v))) = 1. (this is true for generic A, B €
WV due to the formula of o). Moreover AgF(h(u,v)), a(h(u,v)), B(h(u,v)) and v(h(u,v))
have valuation 1 in (u,v). Recall that K; and Ks are given by K;(m) = A(o(m))B(m) —
B(o(m)) A(m) and Ky(m) = a(m)(A(e(m)))? — A(m) A( (m)) A(m) +(m)(A(m))®. On the
one hand Ky(h(u,v)) has valuation 1 and its term of degree 1 is the term of degree 1 of

Y(h(u,v))(A(P))? = —4(A(o(P)))?AsF (h(u,v))Ns(P)Hp(P)/(d — 1)%. On the other hand
Ki(h(u,0)) = AsF(h(u, v))[- -] + Q(VE(h(u, v)))[A(S) B(h(u, v)) = B(S)A(h(u,v))].
Hence, for generic A, B € WV, A(S)B(P) # B(S)A(P) and so ip(V(F, K1, K2)) = 1. O

9. DEGREE OF CAUSTICS OF A PARABOLOID

This section is devoted to the proof of Proposition 2. We consider again the case when Z
is the paraboloid V (F) with F = (22 + y? — 22t)/2. We recall that the base points have been
studied in Proposition 28 and that we have written F1[0: 0:1:0] and F2[0: 0 : 1 : 2] for the
two focal points of this paraboloid. Let S € P3\ {F}, Fb}. We have

F= (x2 +y? - 2zt)/2, AgF = xoz + yoy — 2ot — toz,
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with o= Agl, ~ = —4AgF Ng,
B = —2(x3 +ys — 220t0) (2 + y* + %) + 4AsF (toz + 20t + tot),
and Ng = (zot — xtg)% + (yot — yto)? + (20t — 2ty)>.
It will be useful to observe that Z is invariant by composition by [z :y:z:¢]— [Z:7: Z : {]
and by [x:y:z:t]+ [ax +by: —br +ay: cz:t/c] with a® +b? = ? = 1.

e If 2y = yo = 0, then, due to Theorem 42, the degree of ¥g(Z) corresponds to the degree
of a caustic of the parabola. Hence, we have mdeg¥¢(Z) = 4 if S[0 : 0 : 0 : 1] and
mdeg X g(Z) = 6 elsewhere (see [9]).

We assume now that xg # 0.

e [Generic case] If S & (ZUH™), if 23 + y3 # 0 and if 23 + 3 + (20 — (t0/2))* # 0,
then Theorem 37 applies and mdeg¥g(Z) = 18. Indeed B = V(F,AgF,Q(VF)) =
{C,D,my,m_1} with Cltg : ity : o + iyo : 0], C[to : —itg : xo — iyo : 0] and m.[x;ye :
—1/2: 1] with z. and y. defined in Proposition 28. Moreover we have Ng(C) = (zg +
iyo)?t3 # 0, Ng(D) = (zg — iyo)*t3 # 0 and Ns(m.) = (2 + y3) + (20 — ©)2 # 0.

In order to apply our Theorem 36, we will have to verify its assumptions on Bg z and Mg z.
This is the aim of the next proposition.

Proposition 38. Let S € P3\ {F|, b} be such that #B < oo. Then #(Z N Mgz) < <.
Moreover if Hess F(S,S) # 0 (i.e. if S & Z), then #(Z N Bs,z) < oo and so Theorem 36
applies.

Proof. Let us prove that #(ZNMg z) < co. Since #B < oo, we already know that #V (F, AgF,Q(VF)) <
00. Moreover we have V(F, Fy, Fyy, F;) = {[0:0:1:0]} and W = {[1: +i : 0: 0]} (indeed for
m € W, we have (z,y) # 0, so z =t and —2? = 22 + y? = 22t = 22?).

If Hess F'(S,S) # 0, then ZNBg z = V(F,AgF,Q(VF)) C B which is finite. O

e Let S ¢ (ZUH™) such that 22 + 32 # 0 and 22 + 42 + (20 — (t0/2))? = 0. Without
loss of generality we assume that zop = 0 and yo = 1 and zp — (tp/2) = i. The fact
that S ¢ Z implies that to # —i. We have B = V(F,AgF,Q(VF)) = {C, D, E} with
Clto titg:i:0], D[to: —ito: —i: 0] and E[0:i: —3 : 1].

Around FE, we parametrize Z by h(z,y) = (z,i + v, M, 1). We have AgF o
h(z,y) = y(1—ito)—to ™% and Q(VF)oh(z, y) = 2iy+a>+y>. Henceip(Z,V(AsF,Q(VF))) =
2 and so ic(Z,V(AgF,Q(VF))) = 1 and ip(Z,V(AsF,Q(VF))) = 1. Since more-
over Ns(C) = (mg + iyp)?t2 # 0 and Ng(D) = (w9 — iyo)*t2 # 0, due to the proof
of Theorem 37, we have ic(Z,V(AsF,Q(VF))) = ip(Z,V(AsF,Q(VF))) = 1. Ob-
serve that for a generic A € WV, Ao o o h has valuation 1 with dominating term
2[agy (i — 1 +1ito) + asy(1 —toi) +iasyto]. Hence val, , K1oh(x,y) =1 and its dominating
term is proportional to y. Using the fact that zo + %0 =i+t = i(l — ity), we have
Ng o h(z,y) = —itox? —ito(i + to)y? + ..., valyya o h(z,y) = 1, val, ;v o h(z,y) = 3.
Moreover 22 + y2 — 220to = (1 — itg)? so Boh(z,y) = —222(1 —itg) — 2y%(1 —itg)? + ....
Therefore val, , Ko o h(z,y) = 3 and we conclude that ig(Z,V (K1, K2)) = 3 and that
mdegSg(2) =22 —1-1-3=1T.

e If S g (ZUH®),if 23 +y2 =0 (z9 # 0) and 29 # to/2. We assume without loss
of generality that zp = 1 and yo = i. B = V(F,AgF,Q(VF)) = {C,D, E} with
C[1:i:0:0], D[tg : —itp:2:0] and E[ZO_Q(;S/Q) : 20_2(;8/2) c—2 0 1]

We use the parametrization h(z,t) = (1,iy/1 — 2zt,2,t) at a neighbourhood of Z
around C. We have AgF(h(z,t)) = —zot — toz + (1 — /1 — 2zt) and Q(VF)(h(z,t)) =
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(2z + t)t and so ic(Z,V(AgF,Q(VF))) =2 and so the intersection numbers of Z with
V(AsF,Q(VF))isequal to 1 at D and E. Since Ng(D) = (z9—iyo)*t3 # 0 and Ng(E) =
(20—%)2 # 0. Hence, due to the Proof of Theorem 37, we have ip(Z, V(AsF,Q(VF))) =
ig(Z,V(AgF,Q(VF))) = 1. It remains to estimate ic(Z,V(AsF,Q(VF))). We have

t2 4+ 2(z0t +toz + /1 — 22t — 1 — 2t)
2(zot + toz + /1 — 22t — 1)i/1 — 22t + 2izt + it?
2(20 + to)tz — 20t? — 2(v/1 — 2zt — 1)t
(22 + t)tot

ooh(zt)=

Hence, for generic A, B € WV, Kj o h(z,t) has valuation 2 with dominating terms
[20(22 + t)z + (to — 220)22(,2 + t)]((a1 + ’iGQ)bg — (bl + ibg)ag)—i-

+t2(t0 — 220)[(b1 + ibg)a4 — b4(a1 + iag)].
Moreover val, ¢« o h(z,t) = 1, val,; 3 o h(z,t) = 2 and val,;y o h(z,t) = 2. Hence
Ky o h(z,t) = (4(z0t — t02)? — 8(20 — 2tp)2t)(20t + toz)(ay + iaz)? + ... for a generic
A€ WY, s0ic(2, V(K1 Ks)) =6 and mdeg ¥g(2) =22 —1—1— 6 = 14.

e If S & (ZUH™), if 22 +y2 =0 (x0 # 0) and 29 = to/2. We assume without loss of
generality that zo = 1 and yo =i. B=V(F,AgF,Q(VF)) ={C,D} with C[1:4:0:0],
DJtg : —itg : 2 : 0]. We use again the parametrization h(z,t) = (1,11 — 2zt, 2,t) at
a neighbourhood of Z around C. We observe that ic(Z,V(AgF,Q(VF))) = 3 and
so ip(Z,V(AsF,Q(VF))) = 1. Moreover Ng(D) = (zg — iyo)?t3 # 0. Hence, due
to the proof of Theorem 37, we have ip(Z,V (K1, K3)) = 1. Moreover, we prove that
ic(Z,V(Ky,K3)) =9 (probranches of K oh and K o h have intersection number 3/2)
and so mdeg¥g(Z) =22—-1—-9=12.

Proposition 39. Let S € Z\ (DU H™>®). Then mdeg¥g(Z) = 12 if 23 + 2 + 13 = 0,
mdeg Yg(Z) = 14 if 23 + y2 = 0 and mdeg X 5(Z) = 16 otherwise.

Proof. Observe that AgF' divides «,  and . In this case we define ¥g(Z) by replacing Qs r
by Q&F = Q/AgF, we define analogously & := 1, B = 4(toz + zot + tot) and 5 := —4Ng.
Following our argument above, we define 357 z = V(a, B,fy) = () and the new reflected polar
curve 75A,B =V (K, Ko, [Nfg) by using Q&F instead of Qg r. Following the proof of Proposition
35, we obtain that degP4 p = deg K1 deg Ky — 2deg Adeg(A o 0) = 8 and the corresponding
set of base points B is contained in ({S}NZ) UV (F,AsF,Q(VF),Ng)) (recall that B = ({S}N
Z)UV(F,AgF,Q(VF))).

o If S € Z\H>, 23+y3 # 0 and 23+y3+13 # 0 (so 2o+ # 0), then V(F, AgF, Q(VF)) =
{C, D, my,m_1} with C[tg : —ity : xo — iy : 0], D[to : ity : xo + iyo : 0] and m|x. : ye :
—1:1] withz, == P (zo—%)—kiez%ozo (20+%) and y. := e (zo—%o)—i%g’m (20+%).
Hence the intersection number of Z with V(AgF,Q(VF)) is 1 at these four points. We
observe that Ng(C) = t3(zo + iy0)? # 0, Ns(D) = t3(zo — iyp)? # 0 and Ng(m,.) =
(20 + %) # 0. Hence ic(V(F, K1,K3)) = ip(V(F, K1, K3)) = im.(V(F, K1, K3)) = 0.

It remains to compute ig(V (F, K1, K3)). We have o(S) = (23 + 32 +2) - S and
Ky(S) = —3(23 + 32 + t3)%(A(S))? # 0. We conclude that mdeg X5(Z) = 2 x 8 = 16.

o If S € Z\ H™ and 22 + 32 + 12 = 0, then 2y = —t(/2 and so B = V(F,AgF,Q(VF)) =

{S,C, D} with Cltg : ity : o + iyo : 0] and D[tg : —itp : xg — iyo : 0]. Assume tg = 1.
Observe that Ng(C) # 0 and so that ic(V(F, K1, K3)) = 0. Analogously we have

ip(V(F, Ky, K3)) = 0. Using the parametrization h(x,y) = (o4, yo+y, w, 1)

of Z around S and the fact that & = 1, 5o h(z,y) = 4(zzo + yyo + IQ;QP), that
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Foh(z,y) = —4[x? + y? + (z20 + yyo + (2% + y?)/2)?]. Moreover

To+T
2 2
o-oh(x?y) = (2$$0+2yy0+x2+y2) S+% . yO__Ey
0

Hence K1 o h(z,y) = S22 [(ar0 + azyo — as) B(S) — (brzo + bayo — bs) A(S)] and Ky :=
16(zz0 + yyo)2(A(S))2. So ig(V(F, K1, K5)) = 4 and mdeg ¥g(Z) =2 x 8 — 4 = 12.

o If S € Z\ H™ and 23 + y2 = 0, then we assume without loss of generality that z¢ = 1
and yo =1 (so zp = 0). We have B={S,C,D,E} with C[1:4:0:0], D[ty : —itg:2:0]
and E[—JTUO : —4% : —1 : 1. We have Ng(D) = 4t} and Ns(E) = 5t}/4 and so
ip(V(F,K1,K3)) = ig(V(F,K;,K3)) = 0. Observe that AgF(S) = 0, Ng(S) = 0,
o(S) =1t2-S and B(S) = 4t # 0. So K»(S) # 0 and is(Z,V (K, K3)) = 0.

Around C, we parametrize Z by h(z,t) = (1,iy/1 — 22t, z,t). We have AgF oh(z,t) =
1—+/1-—2zt —tyz and
2oz + 22t + 12 +2(v/1 — 22t — 1)
2itozy/1 — 22t + 2izt + it? + 2i(v/1 — 22t — 1)3/1 — 22t
2totz — 2t(v/1 — 2zt — 1)

(22 + t)tot

ooh(zt)=

Hence A o o o h(z,t) has valuation 1. Moreover & = 1, ﬁ o h(z,t) = 4(toz + tot) and
¥ o h(z,t) = 8tot + .... Hence, for a generic A € WV, Ky o h(z,t) = 8tgtA(C)? + ....
Moreover we have

Ko h(Z, t) = 2t0{(a3tz + a4t2 — a3z2)(b1 + ’ibg) — (bgtz + b4t2 — 5322)((11 + ia2)} —+ ...
Hence ic(Z,V (K1, K3)) = 2 and so mdeg ¥g(Z) = 16 — 2 = 14.

We assume now that S is at infinity. In this case Ng = (23 + 93 + 23)t2.

o If S € H®\ (2 UCx), then 23 + 33 # 0 and B = {Fi,m1,m_1} with m.[zozo +
ieyo/Th + Yg + 28 1 Yozo — iexoN/Th + yg + 24 —xgi;yg : 23 + y2]. Then we will prove
that the intersection number of V(F, K1, Ky) is 8 at F; and 1 at the two other base
points and so mdeg¥g(Z2) =22 -8—-1—-1=12.

Due to the proof of Theorem 37, since Ng(m.) # 0, to prove that i,,_ (Z,V (K1, K2)) =
1 it is enough to prove that i, (V(F,AsF,Q(VF)) = 1. To see this, we use the
parametrization h(z,y) = (v1 + z,y1 + ¥y, ((x1 + )% + (11 + v)?)/2,1) of Z around
me = [z1 : y1 : —1/2 : 1]. The terms of valuation 1 of AgF o h and Q(VF) o h are
respectively 2oz + yoy and 2(xx1 + yy1) which are not proportional since x3 + y3 # 0.

For Fy, we use the parametrization h(z,y) = (x,v,1, (2% + y?)/2) of Z around Fj.
We observe that, for generic A,B € WV, Aoo oh and B o o o h have valuation 2 with
respective dominating terms:

04 := ar[—wox® + moy® — 2yozy] + as[—yoy® + yor® — 2zoxy] + as(z® + y*) 2,
05 := bi[—zox® + yoy® — 2y0my] + ba[—yoy® + zox® — 2xoxy] + bs(a® + %) z0.
Therefore the lowest degree terms of K o h are given by

(bsay — agbl)[—x0x2 + xon — 2yozy] + (bsaz — agbg)[—yoy2 + y0x2 — 2zzY].
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Moreover the valuations of a«oh, Boh and yoh are respectively 1, 2 and 5. Hence Kooh
has valuation 4 and its dominating term is a32(z2 + y3)(2? +y*)0.4. Hence the curves of
equations Kj oh and Ko h are transverse and we conclude that ip, (2, V(Ky, K2)) = 8.

e If S € Coo \ Z, then 22 + 92 # 0, 20 # 0 and B = {F,m1} with mq[zo20 : yozo :
—:E%;yg : 23 4+ y3]. Then Ng = 0 in C[z,y,2,t] (so v =0 in C[z,y,2,t] ). We prove that
ir (Z,V(Ki,K>)) = 8 as in the previous case. We compute i, (Z,V (K7, K2)). We
assume without loss of generality that zo = 0, yo = 1 and zp = 7. Around m4[0 : 2 :
—1/2 : 1], we parametrise Z by h(x,y) = (z,20 + y, (1 + )2 + (y1 + v)?)/2,1). We
have a o h(z,y) = AgF o h(z,y) =y, Q(VF) o h(x,y) = 2% + 2iy + y* and

0 T —2xy
. 2 . 2 1 . i+y o .I2—y2
oohlz,y) = +2iy+y) |, (=2 | 7 | = 02 e
0 0 0

Hence, for generic A, B € WV, Kj o h(x,y) has valuation 2. Moreover a(h(z,y)) = y,
B(h(x,y)) = —2(x® + y?) and y(h(z,y)) = 0. Hence K3 o h(x,y) has valuation 4 and we
have iy, (Z,V (K7, K2)) =8, so mdeg ¥g(Z) =22 -8 —8 =6.

e The case when S € Z N H* has been studied in Proposition 30.

10. ABOUT A REFLECTED BUNDLE

Recall that Oz(—1) = {(m,v) € Zx W : v € m}. Observe that the set R(—1) of (m,v) in
the trivial bundle Z x W such that v corresponds to a point of P? on the reflected line R,, is:

R(—1)=0z(-1)+{(m,v) € ZxW : veo(m)}.

Observe that this sum is direct in the generic case (when S ¢ Z and when W = (), see Proposition
13). But, contrarily to the normal bundle considered in [16, 5] to study the evolute, R(—1) does
not define a bundle since its rank is not constant. Indeed, the dimension of Vect(m,o(m))
equals 2 in general but not at every point m € Z (it is strictly less than 2 when m is a base
point of 0|z and, as seen in Proposition 9, such points always exist).

APPENDIX A. CAUSTICS OF SURFACES LINKED WITH CAUSTICS OF CURVES

For the classes of examples studied in this section, caustics of surfaces are linked with of
caustics of planar curves. We start with some facts on caustics of planar curves.

A.1. Caustic of a planar curve. Let Sp[zo : yo : to] € P? and an irreducible algebraic
curve C = V(G) C P? with G € CJ[z,y,t] homogeneous of degree d > 2. We write Ag,G :=
120Gy + Y0Gy + 20Gz, Ns, = (ot — xt9)* + (yot — yto)?, Hess G for the Hessian form of G and
Hg for its determinant and og, ¢ = (G2 + Gf/) S —2Ag,G - (G, Gy, 0).

Definition 40 ([9]). The caustic map of C from Sy is the rational map ®g,c : P? — P?

corresponding to ®g; q : C3 — C3 given by ®s, o = _2557]1\1)520 -1d+Ag,G - 0s,,. The caustic

by reflection X, (C) is the Zariski closure of ®s,c(C).

We start with a technical lemma making a link between the formulas involved in Theorems 40

and 15. Inspired by the three dimensional case, let us define the following quantities: ag, ¢ =

4As G
As,G, Bsy,c = —2 [Hess G(So, 08,,¢) + (AsyG)*(Gaz + Gyy)| and 7g,,¢ := —ﬁNSO Hg.
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Lemma 41. Let Sy € P? and C = V(G) C P? be an irreducible algebraic curve with G € Clx,y, 1]

being homogeneous of degree d > 2. We have s, c = ﬁNSo Hqo = QLSS‘"GG and so Pg, ¢(m) =
0>
Ao -m+ A 'Usog(m), with [Ao : A1] = [—55070 : Ozsmg](m) (i.e. aSO,G(m)/\O +/BSO,G(m))\1 =0

if (asg,cs Bso,c)(m) #0).

We omit the straightforward proof of this lemma.

A.2. Caustic of a surface from a light position on a revolution axis. To simplify, we
consider the case of a surface Z = V(F) with axis of revolution V' (z,y). We will use the fact that
F = G o h where h(z,y,z,t) = (\/2? + y2, z,t) for some homogeneous polynomial G € C|r, z, ]
with monomials of even degree in r. Such a surface Z is written R(G) and is called surface of
revolution of axis V(x,y) of the curve V(G) C P2

Theorem 42. Let Z = R(G) with G € Clr, z,t] irreducible homogeneous of degree d > 2
(the monomials of G being of even degree in r). Assume that Z ¢ V(AsF,(F2 + F7 +
F2)Hess F(S,S)). Let S[0:0: 2 : to] € P3 and Sp[0 : 2 : to] € P2

If d = 2 and if S is a focal point of Z, then ¥ g(2) is reduced to another other focal point.
Otherwise, we have £g(Z) =V (z,y) UR(Zs,(V(G))).

Proof. We have
a = [2F; + toFy] = Ag,G o h. (19)

Now let us prove that
G
v= [:VSO,G] oh, (20)

Since AgF = Ag,G o h and Ng = Ng, o h, we just have to prove that Hr = [%HG] ohon Z.
2

Recall that (dfii)QHF = hp on Z and that (dfil)QHG = hg on V(G) with

Grr Grz Gr
hp = Foy Fyy Fy: Fy and hg =| Gr, G, G,
sz Fyz Fzz Fz G G 0

T z

F, F, F. 0

We will write as usual G,., G,, G; for the first order derivatives of G and G, G,,, Gy, G, and
Gy for the second order derivatives. We also write F). := G, o h and we define analogously Fj.,

Fy, F., and Fy.. Due to the particular form of I, we immediately obtain that

X X
Fx:*FT'y Fy:gFra Fxt:*FTta Fyt:gFT‘t;
r r r r

F; 3;2 2 F, yg y2

_TT,FT? Fyy:7+7§Frr—73Fr7
Yy Yy €z Y
Fzy:ﬁFrr’_ﬁF’r’ F$z:;Frz7 Fyz:;F’/‘z~

with 7 := y/22 + y2. Due to these relations and to the above formula of hy, we have 3
rf, =0 0

2 T £ E E,
hp—= | 0 F. yF. yF | _ B\ ptopt
ry2| 0 %F'rz F.. F. " F, F., 0

3writing respectively L; and C; for the i-th line and for the i-th row, we make successively the following linear
changes: L1 <~ yL1 —xL2, C1 < yC1 —xC2 and L <~ rLa + 2L
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and (20) follows. Now let us prove that
2 Gr
B = |Bsyc — 2(As,G) — e h. (21)

Using the above formulas, we obtain F,, + Fyy + F.. = Fy, + F.. + % Now (21) comes from
the definition of 3, and from the above expressions of Fy, Fy, Fy., Fy, F.., Fy, Fy and Fy.
Let mlz : y: z : t] € Z\ V(a,8). To prove the result, it is enough to prove that the two
solutions [Ag : A1) of (3) are A+ AWY] = [2A6,G.G, : 7] o hand AP AP = [—2haNg,
t?Ag,G] o h = ®g, ¢ o h. Indeed, since r = \/z? + y2, 20 = yo = 0, F, = ZF, and F,, = LF}, we
have My = AS - 1d4+A"Y - o € V(2,y) and My := A - 1d AP o = [aB2 : yf2 . Z,: Ty o b
(using Lemma 41) with ®g, ¢ = (R2, Z2,T5). Observe that Ry/r € C[r, z,t]. Due to Theorem
40, the Zariski closure of ®g /() (V(G)) is the caustic Xs,(V(G)). Observe that, for every
(r,z,t), the set [z : y] goes along P! when (z,y) moves in {(z,y) € C? : 22 +y? = r2}. So the
Zariski closure of My(Z) is the revolution surface R(Xg,(V(G))). Observe moreover that the
Zariski closure of M;(Z) is V(z,y) unless it is a single point A of V(z,y), which would mean
that every reflected line contains this point A, this would imply that Xg,(V(G)) is reduced to
a point and so that V(@) is a conic and Sy one of its focal point (see e.g. [10]). To prove that

[)\(()1) : )\gl)] and [)\(()2) : )\§2)] are the solutions of (3), it is enough to prove that

) = DA A @

and [—f:a] = PSIAD L APAM AR, (23)
Now (22) comes from [)\(()1))\(()2) : )\gl))\?)] = [~4hgNg,G. : rt?] o h, (19) and (20). Now (23) is
equivalent to = [—Q(ASOG)2% + % o h. So (23) comes from (21) and Lemma 41. [

Remark 43. Due to Theorem 42, the caustic by reflection of a sphere S of center A from
S # A is the union of the line (A S) and of the revolution surface of axis (A S) obtained from
the caustic curve of the circle S NP where P is any plane containing (A S).

We consider the case where Z = V(22 4 y? — 22t) with S =[0:0: 2g : 1] (with Sp[0: 20 : 1])
with zp # 1/2 (i.e. S € V(x,y) and S is not a focal point of P). Observe that Z = R(V(G))
with G(r, z,t) = r?/2 — zt. Due to [9], s, (V(G)) has degree 6 except if zg = 0 (corresponding
to S € Z) and, in this last case, ¥g,(V(G)) has degree 4. More precisely:

Proposition 44. Let Z =V (2* +y* — 22t) CP? and S[0: 0 : 2o : 1] € P? with 29 # 1/2. Then
Y5(2)=V(x,y) UR(V(H)), where

o if 29 # 0, the curve V(H) is the sextic given by
H(r, z,t) = 27r%2% — 512 2%6% + 288 2222 + 108 rit2 23+
(3072 2t° =247 2t —512t5—6144 2%t 44992 212344096 2313 —1536 2212 —2112 211 —1068 7142 —8 1) 23
+(—1536 2t°—10560 212t3—6144 2313 +6144 2*t14+-288 2t 1108 22— 168 r* 2t +3195 r4t2 +72 012688 2%r*t%) 22
+(—1536 2%t* +3072 2313 4 90 12t — 108 7422 — 1728 4% — 1536 2212 + 4032 2123 — 16219) 2.

e if 29 =0, the curve V(H) is the cuartic given by H(r, z,t) := 2774 — 512 23 + 288 r2¢2.

Proof. We have Z = R(V(Q)) with G(r, z,t) = (r? — 2zt) /2. Due to Theorem 42, we know that
Ys(Z2) = V(z,y) UR(Zs,(C)) with C = V(G) C P? and Sp[0 : 20 : 1] € P2. Observe that C



ON CAUSTICS BY REFLECTION OF ALGEBRAIC SURFACES 28

FIGURE 2. Caustics C’ of V(r? — 22t) from [0 : 2 : 1] for 29 = —1,-2,0,1,2, 3.
For every zg, the two-dimensional part of the caustic by reflection of V(22 + % —
2zt) from [0: 0 : zp : 1] is the revolution surface of C' around V' (x,y).

admits the rational parametrization (u,v) + [uv : (u?/2) : v?]. Due to Theorem 40, X5, (C) has
the rational parametrization (u,v) — ®g, ¢([uv : (u?/2) : v?]) and

2
1
®g, ¢ (uv, %, v2> = <2u3v3(1 —22p), 1(4,2(2)1)6 + 6200%u? (v — u?) + vt (u? + 60?)),
1
5(220 — 1)v?(2290* — 3u2)> ,
which parametrizes Xg,(C). So ¥g,(C) = V(H). O

A.3. Caustic of a cylinder. To simplify, we restrict ourselves to the study of a cylindrical
surface Z = V(F') with axis V(x,y). We will use the fact that F(x,y, z,t) = G(z,y,t) for some
homogeneous polynomial G € C[z,y,t]. Such a surface Z is called the cylinder of axis V (z,y)
and of basis V(G) C P2. We then write Z = Cyl(G). Observe that, in this particular case, the
tangent plane to Z at m =[x : y : z : t] does not depend on z.

Remark 45. If Z = COyl(G) (with G as above) and if S0 : 0 : 1 : 0] € P3, then Z C
V(AsF, (F2 + F2 + F2) Hess F(S, S)).

Theorem 46. Let S[xg : yo: 20 : to] € P2\{[0:0:1:0]} and let Z = Cyl(G) with G € Clx,y,1]
an irreducible homogeneous polynomial of degree d > 2. Assume that Z € V(AgF, (F2 + Fy2 +
F2)Hess F(S,S)). We set So[zo : yo : to] € P2.

If V(G) € V(Hg, Ns,), then £5(Z) = 0(2) U Cyl(Xs,(V(Q))), where o(Z) is the algebraic
curve corresponding to the Zariski closure of the sets of orthogonal symmetrics of S with respect
to the tangent planes to Z. Otherwise ¥g(Z) = o(Z2).

Proof. Observe that, since F,, = Fy, = F,, = F,; = 0, we have Hr = 0 and so v = 0. Let
mlx :y:z:t € Z\V(y,p). We have a = AgF = Ag,G o h and § = fg, ¢ o h with
h(z,y,2,t) = (z,y,t). So (3) becomes A\g(a(m)g+ B(m)A;) = 0 and its solutions [N : A\1] € P
are [0 : 1] and [-3(m) : a(m)]. The corresponding points on g(Z) are M;(m) := o(m) and
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Ma(m)[Xa(m) : Ya(m) : Za(m) : Ta(m)] with [Xg : Y2 : To] = @g, v () (due to Lemma 41) and

Zo(m) = [_ OO ) 5 1 As,G(h(m))(G3(h(m)) + Gf,(h(m))zo} . Due to Theorem 40,

the Zariski closure of ®g v ()(V(G)) is ¥, (V(G)). If V(G) € V(HgNs,), then, for every
[x:y:t] € V(G), Za(x,y,2,t) goes all over C when z describes C. If V(G) C V(HgNs, ), then,
due to Lemma 41, 8 = 0 on Z, which implies that My = M; on Z. O

Proposition 47 (parabolic cylinder with light at infinity). The caustic of reflection of Z =
V(y? —2xt) CP3 from S[1 —v? : 2v: 2 : 0] withv # 0 is o(Z) UV (H), with

H(z,y,z,t) = 4y>(1 — 08) + (=273 4+ 108xt? — 72y%t + 24xy* — 1082%t)(v + v°)
+ 12y (22 + 3t + y) (22 + 3t — y) (v* — v?)
+ 2(162° 4 27t% — 362°t — 24ay? + 2162t> — 1449%t)03,

(geometrically, v corresponds to the tangent of the half-angle of (1,0) with the direction of S).

03 1 L3 2

FIGURE 3. Caustics of V(H) for to = 0 and zq + iyg = €* for § = 207 300 30> 10

Such surfaces are used in practice to concentrate sunrays on a tube (put along the line made
of the focal points of the parabols) in order to heat the water circulating in it. Figure 3 is a
transverse representation of this solar heater, the tube being at the focal point (1/2,1).

Proof. Let So[l —v?: 2v: 0] and C := V(G) C P? with G(z,y) := (y*> — 2xt)/2. Due to Theorem
46, the caustic by reflection of V (y? — 2xt) C P? from S is V(z,y) U Cyl(Xs,(C)). Moreover we

know from [9] that degXg,(C) = 3. Using the parametrization v : (a,b) — {% tab: bz] of C
together with Theorem 40, we conclude that ®g; v ()0 ¥(a,b) = [X1(a,b) : Yi(a,b) : Z1(a,b)] is
a parametrization of Xg/(C). We obtain og, ¢ = ((y* — t?)z0 + 2tyoy, (t* — y?)yo + 2txoy and so

X1 = 20(1 — vH)d®b? + 120%a%b* — 6v(1 — v?)ab® + (1 — v?)%5
Vi = —402a®03 + 6v(1 — v?)a?b? + 120%ab® — 20(1 — v2)B5,  Z; = 2(1 + v?)2C.
To complete the study of this example, let us specify o(Z).

Proposition 48. Under assumptions of the previous result, we have

o ifv2 £ —1, then 0(2) = H® NV ((2% + y?)28 — (v? +1)222);
o if 20 #0 and v? = —1, then o(Z) = H® NV (y + 2z),
e if20=0 and v’ = —1, then o(Z) = {[2: —v: 0:0]}.
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a2( —02) + dvab — b*(1 — v?) =: g1(a, b)
| @®(=2v) +2(1 — v?)ab + b*2v =: go(a,b)
Proof. We have o (x,a,z,b) = (a2 + b2)2 = gs(a, b)
0

First observe that o(Z) is included in H*>. Second, we compute the resultant in a of
(xgg(a, 1) - gl(a7 1)53/93(@) 1) - QQ(CL, 1)) and obtain 4(1 + U2)2((CC2 + y2)20 - (UQ + 1)2) It
v? # —1, this resultant gives the result (by homogeneization with z).
2(a + vb)
—v(a + vb)
(a — vb)zo

0

Assume now that v? = 1. We have o(x,a,2,b) = (a + vb)

If zy = 0, we have o'(x, a, z,b) = (a+vb)?(2,—v,0,0) and so 0(Z) = {[2: —v : 0 : 0]}. Finally,
if zg # 0 (still with v2 = 1), using the fact that [a — vb : a + vb] describes IP’l when [a : b] moves
in P!, we obtain 0(Z) = H® NV (y + 2z). O
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