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Spin Geometry and Image Processing

Michel Berthier

Abstract. We give a survey of applications of spin geometry to im-
age processing. We mainly focus on the problem of defining geometric
Fourier transforms for both grey-level and color images. The definitions
we propose rely on a spin generalization of the usual notion of character.
We consider three possibilities for the actions of these spin characters: by
using the spinor representation of grey-level image surfaces; by consid-
ering grey-level and color images as sections of associated bundles built
first with standard representations and then with spin representations.
Examples of applications to low-pass filtering are presented.
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ondary 53A05, 43A32.
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1. Introduction

In this paper, we mainly adress the following question: how to define a Fourier
transform for color image processing, which does not reduce to three Fourier
transforms computed marginally, that accounts for color data and for the
geometry of the underlying Riemannian image surface?

This question is motivated for instance by the well known fact that
marginal processings produce false colors and thus are not suitable for signal
synthesis (see for instance [25]). It has received increasing attention since
the seminal work of S. Sangwine and co-authors whose original idea was to
embed the acquisition space of RGB color channels into the 3-dimensional
vector space of imaginary quaternions ([17], [29]). Lots of works are nowadays
devoted to the more general question of defining Fourier transforms in the
framework of Clifford algebras (see for instance [4], [6], [7], [8] [9], [10], [11],
[14], [15], [16], [18], [19]). In this contribution, we adress this issue from the
viewpoint of group actions and representations which are the basic notions
of the abstract Fourier transform theory ([32]). We are led to consider group
morphisms from the abelian group (R2,+) into spin groups which are called
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spin characters. One important fact is that these spin characters, if they are
as usual parametrized by frequencies, are also parametrized by bivectors of
the involved Clifford algebra.

From a geometrical viewpoint a n-dimensional image can be considered
as a surface Σ embedded in Rn+2 by the global chart

(x1, x2) ∈ Ω 7−→ (x1, x2, f1(x1, x2), ..., fn(x1, x2)) (1.1)

where Ω denotes the image domain. This surface inherits a Riemannian metric
by restricting the Euclidean scalar product of Rn+2 on each tangent space.
It is well known that strong variations of this metric correspond to edges in
the image (see for instance [1] and [5]). One key idea here is to involve the
variations of the metric in the definition of the Fourier transform. For this,
we take advantage of the fact that one can use the bivectors incoding the
tangent planes of Σ as parameters of the above spin characters.

Let us recall that spin groups admit two types of representations. The
first ones are called standard representations. They describe spin groups as
double-sheeted coverings of special orthogonal groups (see [3] or [28]). Be-
side these standard representations exist other representations called spin
representations. These latter are restriction to spin groups of complex repre-
sentations of Clifford algebras. They do not descend to orthogonal groups.

In the following we consider three possibilities for the actions of spin
characters. The first one relies on the generalized Weierstrass parametrization
of immersed surfaces of the Euclidean space R3 introduced by T. Friedrich
(see [21] and Sec. 3). In this case the spin characters act through a spin rep-
resentation on the spinor field that encodes the unit normal to a grey-level
image surface (see [2]). This approach can not be generalized straightfor-
wardly to color images since there exist no simple analog of the generalized
Weierstrass parametrization for surfaces immersed in Rn for n > 4.

To tackle this problem, we consider in Sec. 4 grey-level and color im-
ages as sections of associated bundles. These bundles are built using standard
representations (see [3]). Finally, we study in Sec. 5 the case of spin represen-
tations, that is the case where images are seen as sections of spinor bundles.

We propose applications to low-pass filterings in each of these three
cases. We give sometimes interpretations in terms of diffusion.

2. Mathematical Background

We introduce in this section the mathematical notions and results needed for
the constructions. The reader may refer to [12], [20], [23], [24], [27], [28] and
[32] for further details and explanations.

2.1. Abstract Fourier Transform, Spin Groups, Representations and Associ-
ated Bundles

The Pontryagin dual Ĝ of a locally compact unimodular group G is the set
of equivalence classes of irreducible unitary representations of G. The Fourier
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transform of a function f in L2(G,C) is defined on Ĝ by

F(f)(ϕ) =

∫
G

f(g)ϕ(g−1)dν(g) (2.1)

where ν is a Haar measure on G. In what follows we only consider the case
where G = (R2,+) (although more general cases have been already envisaged
in image processing, see for instance [13] and [30]). Since G is abelian, every
irreducible representation is of dimension one and is given by a continuous
group morphism

ϕu1,u2 : (x1, x2) 7−→ exp [2iπ(x1u1 + x2u2)] (2.2)

from the group (R2,+) to the group S1 of unit complex numbers. Such a
morphism is called a character of G. Applying the above formula (2.1) leads
to the usual definition of the Fourier transform of a complex valued function
f defined on R2. The discrete version provides a decomposition

f(m,n) =
∑
u1,u2

f̂(u1, u2) exp [2iπ(u1m/M + u2n/N)] (2.3)

for a grey-level image f where

f̂(u1, u2) =
∑
m,n

f(m,n) exp [−2iπ(u1m/M + u2n/N)] (2.4)

is the 2-dimensional discrete Fourier transform. As mentioned in the intro-
duction this decomposition doesn’t account for the geometry of the image
graph.

It is well known that S1 is isomorphic to the group Spin(2) and one
key idea of what follows consists in replacing in the definition of character
the group S1 by the group Spin(n). Let us first recall that the standard
representation of Spin(n) is given by the group morphism

ρn : Spin(n) −→ SO(n,R) (2.5)

with
ρn(τ) : u −→ u⊥τ := τuτ−1 (2.6)

The morphism ρn is a 2-sheeted covering, its kernel being isomorphic to Z/2Z.
In Sec. 4, we will consider the cases n = 4 and n = 6.

The spin representations of Spin(n) are obtained from the complex
representations of the corresponding complex Clifford algebras. They do not
descend to the orthonormal groups. In the sequel (Sec. 3 and Sec. 5), we only
consider the spin representation of Spin(3). It is obtained as the restriction to
Spin(3) of an irreducible complex representation of the algebra C(2)⊕C(2),
the space of representation being C2 (see [2] for the explicit definition). We
will denote

ζ3 : Spin(3) −→ C(2) (2.7)

this spin representation.
Let Ω be a domain of R2 (the image domain) and consider the trivial

bundle En(Ω) = Ω× Rn. A spin structure is given by a 2-sheeted covering

PSpin(En(Ω)) 7−→ PSO(En(Ω)) (2.8)
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compatible with Spin(n) and SO(n,R) actions. Here PSO(En(Ω)) denotes
the SO(n,R)-principal bundle of direct frames. Using the representations ρn
and ζ3, one can define the associated bundles

∆ρn(Ω) = PSpin(En(Ω))×ρn Rn (2.9)

and
∆ζ3(Ω) = PSpin(E3(Ω))×ζ3 C2 (2.10)

2.2. Spin Characters

As mentioned before, the idea to define a Fourier transform that is suitable for
frequency analysis of n-dimensional images is to replace the usual characters
of (R2,+) by so-called spin characters.

Definition 2.1. A Spin(n) character of R2 is a Lie group morphism from R2

to Spin(n).

Since R2 is simply connected, the Spin(n) characters of R2 are given
by exponentiating Lie algebra homomorphisms from R2 (the Lie algebra of
the group R2) to the Lie algebra spin(n) of Spin(n). We consider the cases
n = 3, n = 4 and n = 6.

Theorem 2.2 (Spin(3) characters). The Spin(3) characters are given by

(x1, x2) 7−→ exp
1

2

[
B A

(
x1

x2

)]
= exp

1

2
[(x1u1 + x2u2)B] (2.11)

where

A =

(
u1

u2

)
and B = ef (2.12)

with u1 and u2 real numbers (the frequencies) and e and f two orthonormal
vectors of R3.

Theorem 2.3 (Spin(4) and Spin(6) characters). The Spin(n) characters, n =
4, 6, are given by

(x1, x2) 7−→ exp
1

2

[
(B1 · · ·Bn/2) An/2

(
x1

x2

)]
(2.13)

where An/2 is a (n/2)× 2 matrix with real coeffcients (the frequencies),

Bi = eifi (2.14)

for i = 1, ..., n/2 and (e1, ..., en/2, f1, ..., fn/2) denotes an orthonormal basis
of Rn.

The proofs in the cases n = 3 and n = 4 can be found in [4]. They rely
on the facts that the abelian Lie subalgebras of spin(3) are of dimension 1 and
that Spin(4) is isomorphic to Spin(3) × Spin(3). The case n = 6 is treated
in [3] using the isomorphism Spin(6) ' SU(4). Note that these results are
closely related to D. Hestenes orthogonalization algorithm for bivectors (see
[22]). In the following we denote χA,B these spin characters where B stands
for B (for n = 3), (B1 B2) (for n = 4) or (B1 B2 B3) (for n = 6), depending
on the context.
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It appears that the spin characters are parametrized by frequencies (the en-
tries of the matrix A) and by a set B of othonormal bivectors.

2.3. Spinor Representation of Surfaces Following T. Friedrich

The spinor representation of surfaces introduced in [21] generalizes the Weier-
strass representation of minimal surfaces.

Theorem 2.4 (T. Friedrich spinor representation of surfaces). There is a
one-to-one correspondance between spinor fields ϕ∗ of constant length on a
Riemannian surface (Σ, g) and satisfying

Dϕ∗ = Hϕ∗ (2.15)

where D is the Dirac operator in one hand, and isometric immersions of Σ
in R3 with mean curvature equal to H, on the other hand.

Let us recall briefly how to obtain ϕ∗. Let ν be the unit normal to the
surface Σ and φ be a parallel spinor field of the Euclidean space R3. The
restriction ϕ = φ|Σ decomposes into ϕ = ϕ+ + ϕ− where

ϕ+ =
1

2
(ϕ+ iν · ϕ) and ϕ− =

1

2
(ϕ− iν · ϕ) (2.16)

and satisfies

Dϕ = −H · ν · ϕ (2.17)

that is

D(ϕ+ + ϕ−) = −H · ν · (ϕ+ + ϕ−) (2.18)

This implies

Dϕ+ = −iHϕ− and Dϕ− = iHϕ+ (2.19)

The spinor field ϕ∗ = ϕ+ − iϕ− satisfies equation (2.15) and is of constant
length.

Since the spinor field ϕ∗ encodes all the geometry of the immersed sur-
face (Σ, g), it may be useful to perform image processing of grey-level images.
In the next section we propose to deal with Fourier transform of such spinor
fields.

3. Spinor Fourier Transform with Spinor Surface
Representations ([2])

We consider a grey-level image as a surface (Σ, g) immersed in R3 by the
parametrization

(x1, x2) ∈ Ω 7−→ (x1, x2, f(x1, x2)) (3.1)

where Ω is the image domain.
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3.1. Spinor Representation of Grey-Level Images

The unit normal ν of the surface Σ is given by

ν =
1

∆
(−fx1

e1 − fx2
e2 + e3) (3.2)

where

∆ =
√
f2
x1

+ f2
x2

+ 1 (3.3)

and fxi
denotes the partial derivative of f with respect to xi.

Proposition 3.1. The spinor field ϕ∗ is given by

ϕ∗ =
1

2
(1− i)


(

1− ifx2

∆

)
u+

(
1 + ifx1

∆

)
v

(
1 +

ifx2

∆

)
v +

(
ifx1
− 1

∆

)
u

 (3.4)

where u and v are complex numbers.

The proof is given in [2]. Let us just mention that the complex numbers
u and v are the components of the parallel spinor φ mentioned above. To
determine them one integrates period forms to recover the original immersion
so as to obtain: u = 1/

√
2 and v = −1/

√
2. The spinor field ϕ∗ is actually

given by

ϕ∗ =
1

2
√

2
(1− i)


1− 1 + i(fx1 + fx2)

∆

−
(

1 +
1 + i(−fx1 + fx2)

∆

)
 (3.5)

3.2. Fourier Transform of spinor fields

We deal here with Spin(3) characters:

χA,B(A) = exp

[
1

2
(x1u1 + x2u2)B

]
(3.6)

where

A =

(
u1

u2

)
(3.7)

Recall that the group Spin(3) acts on the sections of the spinor bundle S(Σ)
of the surface Σ (the action is denoted ·).

Definition 3.2 (Fourier transform of spinor fields). The Fourier transform of
a spinor field ϕ is given by

F(ϕ)(u1, u2) =

∫
R2

χu1,u2,z1∧z2(x1,x2)(−x1,−x2) · ϕ(x1, x2)dx1dx2 (3.8)

where (z1, z2) is an orthonormal frame of the tangent bundle T (Σ) and z1 ∧
z2(x1, x2) is the corresponding bivector at the point (x1, x2).
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This definition is in fact a particular case (involving the tangent bivector
z1 ∧ z2) of a more general definition that could be stated with an arbitrary
bivector field B(x1, x2) of R3,0.

The two eigenvalues of the operator defined by the Clifford action of
z1∧z2 on the spinor bundle S(Σ) are i and−i. Let γi and γ−i be corresponding
unit eigenspinor fields. We have

χu1,u2,z1∧z2(x1,x2)(−x1,−x2) · ϕ(x1, x2) =

ei/2(u1x1+u2x2)ϕ+(x1, x2)γ−i(x1, x2) + e−i/2(u1x1+x2x2)ϕ−(x1, x2)γi(x1, x2)
(3.9)

where ϕ+, respectively ϕ−, is the projection of ϕ on the eigenspace cor-
responding to the eigenvalue i, respectively −i. The formula (3.8) can be
rewritten in the frame (γ−i, γi)

F(ϕ)(u1, u2) =
(
ϕ̂+
−1

(u1, u2), ϕ̂−(u1, u2)
)

(3.10)

where ̂ and ̂−1 denote the Fourier transform and its iverse.
As a consequence the Fourier transform of a spinor field can be com-

puted with usual fast Fourier transforms.

3.3. Applications

We give here an example of how to use the above defined Fourier transform
for spinor fields in the context of grey-level image processing. We use here a
discrete version of the above definition (this will be also tacitly the case for
the applications in Sec. 4 and Sec. 5). Every spinor field ϕ can be written as

ϕ =
∑
m,n

ϕm,n (3.11)

with

ϕm,n(u1, u2) = ρu1,u2,z1∧z2(m,n)(m,n) · F(ϕ)(m,n) (3.12)

If we write

ϕm,n =
(
ϕ+
m,n, ϕ

−
m,n

)
(3.13)

in the frame (γ−i, γi), then the components of ϕm,n are given by

ϕ+
m,n(u1, u2) = e−2πi(u1m/M+u2n/N)ϕ̂+

−1
(m,n) (3.14)

ϕ−m,n(u1, u2) = e2πi(u1m/M+u2n/N)ϕ̂−(m,n) (3.15)

and satisfy

|ϕm,n|2 = |ϕ+
m,n|2 + |ϕ−m,n|2 (3.16)

Let now f be a grey-level image and let ϕ∗ be the corresponding spinor
field obtained from the spinor representation of the image graph of f . To
perform the filtering, we apply a Gaussian mask Tσ of variance σ in the
spectrum F(ϕ∗) of ϕ∗. The resulting image is given by the function

f̃ = |F−1TσFϕ∗|f (3.17)

Fig. 1 shows results of such low-pass filterings.
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(a) Original (b) σ = 100

(c) Original (d) σ = 100

Figure 1. Low-pass filtering using |F−1TσFϕ∗|f

3.4. Remarks

Generalizing the above construction to color images is not straightforward.
This is due to the fact that there do not exist generalized Weierstrass parame-
trization for surfaces embedded in Rn, n > 4. The only Grassmannians Gn,2
of 2-planes of Rn that are rational are G3,2 (isomorphic to CP 1) and G4,2

(isomorphic to CP 1×CP 1), see [31]. The aim of the next sections is to show
how to tackle this problem by considering images themselves as sections of
associated bundles.

4. Spinor Fourier Transform for Images using Standard
Representations ([3])

In this section, we consider images as sections of associated bundles built
with the standard representations

ρn : Spin(n) −→ SO(n,R) (4.1)

for n = 4 (grey-level images) and n = 6 (color images).

4.1. Images as Sections of Associated Bundles

Let

f : (x1, x2) ∈ Ω 7−→ f(x1, x2) (4.2)
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be a grey-level image. Such an image is considered as a section of the associ-
ated bundle PSpin(E4(Ω))×ρ4 R4. More precisely, to f corresponds a map

σf : Ω −→ PSpin(E4(Ω))×ρ4 R4 (4.3)

that satisfies

π4 ◦ σf = Id (4.4)

where

π4 : PSpin(E4(Ω))×ρ4 R4 −→ R4 (4.5)

is the vector bundle projection. This section is explicitely given by

σf (x1, x2) = f(x1, x2)e3 (4.6)

When dealing with a color image

f : (x1, x2) ∈ Ω 7−→ (f1(x1, x2), f2(x1, x2), f3(x1, x2)) (4.7)

we consider the section

σf (x1, x2) = f1(x1, x2)e3 + f2(x1, x2)e4 + f3(x1, x2)e5 (4.8)

of the associated vector bundle PSpin(E6(Ω))×ρ6R6. In both cases, at a given
point (x1, x2) of Ω the value of the section σf belongs to a representation
space on which the spin group considered as the fiber of PSpin(En(Ω)) at
(x1, x2) acts. This action allows to consider varying spin characters.

For a grey-level image

f : (x1, x2) ∈ Ω 7−→ f(x1, x2) (4.9)

we consider the surface Σf embedded in R3 by the parametrization

ϕ : (x1, x2) 7−→ (x1, x2, f(x1, x2)) (4.10)

that is the 2-dimensional Riemannian surface with a global chart (Ω, ϕ). The
Riemannian metric on Σf is the one induced by the Euclidean metric of R3.
In the same way, if

f : (x1, x2) ∈ Ω 7−→ (f1(x1, x2), f2(x1, x2), f3(x1, x2)) (4.11)

is a color image, it can be considered as a surface Σf embedded in R5 by the
parametrization

ϕ : (x1, x2) 7→ (x1, x2, (f1(x1, x2), f2(x1, x2), f3(x1, x2)) (4.12)

and in this case the Riemannian metric is the one induced by R5.

The idea in what follows consists in using the bivector field encoding the
tangent planes of Σf as a parametrizing bivector field for the spin characters.
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4.2. Tangent Bundle and Bivector fields

At each point p of Ω, the embedding space R3 of Σf , for f a grey-level image,
splits into

R3 = Tϕ(p)Σf ⊕Nϕ(p)Σf (4.13)

where TΣf , resp. NΣf , denotes the tangent, resp. the normal, bundle of the
surface Σf . Let F4 be the bundle

F4 = TΣ ⊕NΣf ⊕ Re4 (4.14)

and Cl(F4) be the corresponding Clifford bundle. Identifying the degree one
sections of Cl(F4) with functions from Ω to R4 we can consider the image
f as a section σf (x1, x2) = f(x1, x2)e3 of Cl(F4). The tangent planes are
encoded by the degree 2 section (the bivector field) of Cl(F4)

B1 =
ϕx1
∧ ϕx2

‖ϕx1 ∧ ϕx2‖
= γ1e1e2 + γ2e1e3 + γ3e2e3 (4.15)

where

γ1 =
1√

1 + f2
x1

+ f2
x2

γ2 =
fx2√

1 + f2
x1

+ f2
x2

(4.16)

and

γ3 =
−fx1√

1 + f2
x1

+ f2
x2

(4.17)

In this case B2 is given by I4B1 where I4 denotes the pseudoscalar of the
Clifford algebra R4,0. We have

B2 = −γ3e1e4 + γ2e2e4 − γ1e3e4 (4.18)

For a color image, we introduce the decomposition

R5 = Tϕ(p)Σf ⊕Nϕ(p)Σf (4.19)

the bundle

F6 = TΣf ⊕NΣf ⊕ Re6 (4.20)

the Clifford bundle Cl(F6) and identify the color image with a degree one
section σf (x1, x2) = f1(x1, x2)e3 + f2(x1, x2)e4 + f3(x1, x2)e5 of Cl(F6). The
corresponding bivector B1 is given by

B1 = γ1e1e2 + γ2e1e3 + γ3e1e4 + γ4e1e5 + γ5e2e3

+γ6e2e4 + γ7e2e5 + γ8e3e4 + γ9e3e5 + γ10e4e5 (4.21)

where

γ1 = 1/δ γ2 = (f1)x2/δ γ3 = (f2)x2/δ γ4 = (f3)x2/δ

γ5 = (−f1)x1/δ γ6 = (−f2)x1/δ γ7 = (−f3)x1/δ

γ8 = [(f1)x1
(f2)x2

− (f1)x2
(f2)x1

]/δ

γ9 = [(f1)x1
(f3)x2

− (f1)x2
(f3)x1

]/δ

γ10 = [(f2)x1
(f3)x2

− (f2)x2
(f3)x1

]/δ (4.22)

with δ = ‖ϕx1 ∧ ϕx2‖.
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4.3. Spinor Fourier Transform using Standard Representations

Let f be a grey-level or color image and σf be the corresponding section of
the bundle PSpin(En(Ω))×ρn Rn, n = 4 or n = 6. We introduce

σ̃(x1, x2, y1, y2) =
∑
i

δ(y1, y2)ei(x1, x2) +
∑
i

τi(y1, y2)fi(x1, x2) (4.23)

where

δi(y1, y2) = σ(y1, y2) · ei(y1, y2) τi(y1, y2) = σ(y1, y2) · fi(y1, y2) (4.24)

Definition 4.1 (Spinor Fourier transform - Standard Representations). With
the previous notations, the spinor Fourier transform of σf is given by

FBσf (A) =

∫
R2

σ̃f (x1, x2, y1, y2)⊥χA,B(x1,x2)(−y1,−y2)dy1dy2 (4.25)

where B1 = B1(x1, x2) is given by (4.15) or (4.21) and B = B(x1, x2) satisfies
for each (x1, x2) of Ω the conditions (2.14).

This spinor Fourier transform for a grey-level image is computed as
follows:

FBσf (u1, v1, u2, v2) =∫
R2

e−(u1y1+v1y2)B1(x1,x2) [δ1(y1, y2)e1(x1, x2) + τ1(y1, y2)f1(x1, x2)] dy1dy2 +∫
R2

e−(u2y1+v2y2)B2(x1,x2) [δ2(y1, y2)e2(x1, x2) + τ2(y1, y2)f2(x1, x2)] dy1dy2

(4.26)
Since Bi(x1, x2)2 = −1, we identify each one of the integrals∫

R2

e−(uiy1+viy2)Bi(x1,x2) [δi(y1, y2)ei(x1, x2) + τi(y1, y2)fi(x1, x2)] dy1dy2

(4.27)
for i = 1, 2, with the usual complex Fourier transform∫

R2

e−(uiy1+viy2)
√
−1
[
δi(y1, y2) +

√
−1τi(y1, y2)dy1dy2

]
(4.28)

so that the result of the integration doesn’t depend on (x1, x2).
This means that

FBσf (u1, v1, u2, v2) =

reads ∫
R2

e−(u1y1+v1y2)B1(x1,x2)fB1(x1,x2)(y1, y2)dy1dy2 +∫
R2

e−(u2y1+v2y2)B2(x1,x2)fB2(x1,x2)(y1, y2)dy1dy2 (4.29)

where, for i = 1, 2,

fBi(x1,x2)(y1, y2) = δi(y1, y2)ei(x1, x2) + τi(y1, y2)fi(x1, x2) (4.30)

is the projection of the section on the Bi(x1, x2)-plane. This shows in partic-
ular that the spinor Fourier transform can be computed using usual complex
fast Fourier transforms. Note that an orthonormal frame field adapted to the
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B1 and B2-planes has to be introduced first. The spinor Fourier transform is
invertible. More precisely:

σf (y1, y2) =∫
R2

e(u1y1+v1y2)B1(x1,x2)FB1
(fB1

)(u1, v1)du1dv1 +∫
R2

e(u2y1+v2y2)B2(x1,x2)FB2
(fB2

)(u2, v2)du2dv2 (4.31)

where
FBi(fBi)(ui, vi) =∫

R2

e−(uiy1+viy2)Bi(x1,x2)fBi(x1,x2)(y1, y2)dy1dy2 (4.32)

for i = 1, 2. The procedure is the same for a color image.

4.4. Applications

Let σ0 be a section corresponding to a grey-level image and (ν11, ν12, ν21, ν22)
be the frame field adapted toB1 andB2 = I4B1 whereB1 encodes the tangent
plane of the image surface. With the notations introduced above, we consider
the equations

∂fBi

∂ti
= ∆Bi

fBi
, fBi |ti=0 = f0,Bi

(4.33)

for i = 1, 2. where ∆Bi
is the restriction of the Euclidean Laplacian H in the

frame field (ν11, ν12, ν21, ν22). The solutions are given by

fBi
(·, ·, ti) = f0,Bi

∗Kti (4.34)

where Kti , i = 1, 2, denote the Gaussian kernels. The system (4.33) is solved
by

f(·, ·, t1, t2) = F−1
B (FB1f0 ×FKt1 + FB2f0 ×FKt2) (4.35)

The heat equation related to H reads

∂σ

∂t
= Hσ, σ|t=0 = σ0 (4.36)

and the solution
σ(·, ·, t) = F−1

B (FBσ0 ×FKt) (4.37)

coincides with the restriction on the diagonal t1 = t2 of the solution (4.34).

In the case of color images, the system splits into three PDEs since the
embedding space is of dimension 6.

The algorithm (for a grey-level image) is the following one:

1. Compute the bivector B1 encoding the tangent plane (formula (4.15)).
2. Construct an orthonormal frame field (ν11, ν12, ν21, ν22) adapted to the
B1-plane and the B2 = I4B1-plane.

3. Compute the expression of the section σ in the orthonormal frame field
(ν11, ν12, ν21, ν22).

4. In the orthonormal frame field (ν11, ν12, ν21, ν22), the spinor Fourier
transform splits into two usual complex Fourier transforms.
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5. Multiply the Fourier spectra with Gaussians of variance t1 and t2 for
t1, t2 ∈ R.

6. Compute the inverse Fourier transforms.
7. Change the orthonormal frame field (ν11, ν12, ν21, ν22) to the standard

one.

We apply this algorithm on the grey level image and color image “Lake”.
In Fig. 2 are shown the original image, its projection on the tangent bundle
and its projection on the normal bundle. Fig. 3 contains the results of the
low-pass filtering interpreted as diffusion for different values of t. The diffu-
sion acts as an Euclidean diffusion that preserves edges of the images. The
interpretation in the case of a color image, Fig. 4 and 5, is more complicated
since the color of the edge depends not only of the magnitude of the color
variation but also of the colors that give the edge in the original image.

(a) Original (b) Tangent part (c) Normal part

Figure 2. Decomposition of a grey-level image

(a) t = 0.0001 (b) t = 0.01 (c) t→ ∞

Figure 3. Diffusion on a grey-level image
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(a) Original (b) Tangent part (c) Normal part

Figure 4. Decomposition of a color image

(a) t = 0.0001 (b) t = 0.01 (c) t→ ∞

Figure 5. Diffusion on a color image

5. Spinor Fourier Transform for Images using Spin
Representations

This section is devoted to the spin representation

ζ3 : Spin(3) −→ C(2) (5.1)

5.1. Images as Sections of Spin Bunbles

We consider a grey-level image

f : (x1, x2) ∈ Ω 7−→ f(x1, x2) (5.2)

as a section

σf : (x1, x2) 7−→ (0, f(x1, x2)) (5.3)

of the bundle

∆ζ3(Ω) = PSpin(E3(Ω))×ζ3 C2 (5.4)

In the same way a color image

f : (x1, x2) ∈ Ω 7−→ (f1(x1, x2), f2(x1, x2), f3(x1, x2)) (5.5)

is considered as a section

σf : (x1, x2) 7−→
3∑
k=1

(0, fk(x1, x2))⊗ ek (5.6)
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of the bundle
∆ζ3(Ω)⊗ R3 (5.7)

where (e1, e2, e3) is the standard basis of R3.

5.2. Tangent Bundle and Bivector fields

Recall that the bivector field B = B1 chosen to treat the case of grey-level
images is given by (4.15). When dealing with color images, we consider the
following generalization of (4.15). The coefficients γi, i = 1, 2, 3, are given by

γ1 =
1

δ
γ2 =

√∑3
k=1 f

2
k,x2

δ
γ3 = −

√∑3
k=1 f

2
k,x1

δ
(5.8)

where fk,xi denotes the partial derivative of fk with respect to xi and

δ =

√√√√1 +

2∑
j=1

3∑
k=1

f2
k,xj

(5.9)

The operator B· acting on the sections of ∆ζ3(Ω), where · denotes the Clifford
multiplication, is represented by the 2× 2 complex matrix

B· =
(

iγ1 −γ2 − iγ3

γ2 − iγ3 −iγ1

)
(5.10)

Since B2 = −1 this operator has two eigenvalue fields i and −i. Let νBi and
νB−i be two corresponding unit eigenspinor fields given by

νBi =


−γ3 + iγ2√

2(1− γ1)√
1− γ1

2

 νB−i =


γ3 − iγ2√
2(1 + γ1)√
1 + γ1

2

 (5.11)

The spinor bundle ∆ζ3(Ω) splits into

∆ζ3(Ω) = ∆
(B,+)
ζ3

(Ω)⊕∆
(B,−)
ζ3

(Ω) (5.12)

where
∆

(B,+)
ζ3

(Ω) = {σ ∈ ∆ζ3(Ω), B · σ = iσ} (5.13)

and
∆

(B,−)
ζ3

(Ω) = {σ ∈ ∆ζ3(Ω), B · σ = −iσ} (5.14)

The subbundles ∆
(B,+)
ζ3

(Ω) and ∆
(B,−)
ζ3

(Ω) are orthonormal and every section

σ of ∆ζ3(Ω) can be decomposed into σ = σB+ + σB− where

σB+ =
1

2
(σ − iB · σ) ∈ ∆

(B,+)
ζ3

(Ω) (5.15)

and

σB− =
1

2
(σ + iB · σ) ∈ ∆

(B,−)
ζ3

(Ω) (5.16)

Using the orthonormal frame field (νi, ν−i), this can be written as

σ = σ+ν
B
i + σ−ν

B
−i (5.17)
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5.3. Spinor Fourier Transform using Spin Representations

Let us consider a grey-level image f and the corresponding section σf (see
(5.3)). Although the spinor Fourier transform can be defined for an arbitrary
bivector field B that satisfies B2 = −1, we restrict ourselves to the case where
B is given by (4.15).

Definition 5.1 (Spinor Fourier transform for grey-level images - Spin Repre-
sentations). With the above notations, the spinor Fourier transform of the
section σf is given by

FBσf (A) =

∫
R2

χA,B(x1,x2)(−x1,−x2) · σf (x1, x2)dx1dx2 (5.18)

Recall that is this case the matrix A is given by

A =

(
u1

u2

)
(5.19)

Using the decomposition (5.17), one obtain

χA,B(x1,x2)(−x1,−x2) · σf (x1, x2) = [cos(u1x1 + u2x2)−

sin[(u1x1 + u2x2)]B] · (σf+ν
B
i + σf−ν

B
−i)(x1, x2) (5.20)

This means that

χA,B(x1,x2)(−x1,−x2) · σf (x1, x2) =

[cos(u1x1 + u2x2)− i sin(u1x1 + u2x2)]σf+(x1, x2)νBi (x1, x2)+

[cos(u1x1 + u2x2) + i sin(u1x1 + u2x2)]σf−(x1, x2)νB−i(x1, x2) (5.21)

Hence, in the frame field (νBi , ν
B
−i), the spinor Fourier transform reads

FBσf = (σ̂f+, σ̂f−
−1

) (5.22)

where

σ̂f+(A) =

∫
R2

e−i(u1x1+u2x2)σf+(x1, x2)dx1dx2 (5.23)

and

σ̂f−
−1

(A) =

∫
R2

ei(u1x1+u2x2)σf−(x1, x2)dx1dx2 (5.24)

This shows that in the frame field (νBi , ν
B
−i)

σf (x1, x2) = (5.25)(∫
R2

ei(u1x1+u2x2)σ̂f+(u1, u2)du1du2,

∫
R2

e−i(u1x1+u2x2)σ̂f−
−1

(u1, u2)du1du2

)
Since we have chosen to define σf by (5.3) this leads to an integral represen-
tation for f :

f(x1, x2) =

∫
R2

[
f̂+ (u1, u2)eu1,u2

(x1, x2)

√
1− γ1

2

+f̂−
−1

(u1, u2)e−u1,−u2
(x1, x2)

√
1 + γ1

2

]
du1du2 (5.26)
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where

f+ = f

√
1− γ1

2
f− = f

√
1 + γ1

2
(5.27)

and

eu1,u2
(x1, x2) = exp[i(u1x1 + u2x2)] (5.28)

Let now f be a color image and σf be the corresponding section given
by (5.6). Such an image can be decomposed as

f(x1, x2) =

∫
R2

3∑
k=1

[
f̂k+ (u1, u2)eu1,u2

(x1, x2)

√
1− γ1

2

+f̂k−
−1

(u1, u2)e−u1,−u2
(x1, x2)

√
1 + γ1

2

]
⊗ ekdu1du2 (5.29)

where

fk+ = fk

√
1− γ1

2
fk− = fk

√
1 + γ1

2
(5.30)

5.4. Applications

The color image “Lake” is decomposed into f = f+ + f− where (see formula
(5.27)):

f+ =

3∑
k=1

fk+ ⊗ ek f− =

3∑
k=1

fk− ⊗ ek (5.31)

Then, we perform a low-pass filtering by applying a Gaussian mask on each
components of the Fourier transform of the section σf .

Fig. 6 shows the results of the filtering on the + component for different
values of the variance. This component contains the edges of the color image
and the low-pass filter makes them dissapear as the variance decreases.

Fig. 7 shows the results on the - component. This component contains
more or less the homogeneous parts of the image. On each one of these parts,
the filter acts as in an Euclidean space. The image tends to the mean color
image as the variance decreases (in this case to a grey image).

6. Conclusion

We have shown how to define geometric Fourier transforms for grey-level
and color image processing. The definitions rely on a spin generalization
of the usual notion of characters involved in the abstract Fourier transform
theory. Using spin geometry, we have proposed three possibilities to make act
these characters on images. Applications to low-pass filterings show that these
transforms preserve the structures of the images and treat color in a really
non marginal way. One can envisage applications to color image compression
or to the definition of generalized color Fourier descriptors in the spirit of
[26].
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(a) + component (b) Variance: 10000 (c) Variance: 1000

(d) Variance: 100 (e) Variance: 10 (f) Variance → 0

Figure 6. Low-pass filter on the + component

(a) Composante - (b) Variance: 10000 (c) Variance: 1000

(d) Variance: 100 (e) Variance: 10 (f) Variance → 0

Figure 7. Low-pass filter on the - component
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