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Abstract
In this article, we present a numerical investigation of three-dimensional electromagnetic Sinai-like cavities.
We computed around 600 eigenmodes for two different geometries: a parallelepipedic cavity with one halfsphere on one wall and a parallelepipedic cavity with one half-sphere and two spherical caps on three
adjacent walls. We show that the statistical requirements of a well operating reverberation chamber are
better satisfied in the more complex geometry without a mechanical mode-stirrer/tuner. This is to the fact
that our proposed cavities exhibit spatial and spectral statistical behaviours very close to those predicted by
random matrix theory. More specifically, we show that in the range of frequency corresponding to the first few
hundred modes, the suppression of non-generic modes (regarding their spatial statistics) can be achieved by
reducing drastically the amount of parallel walls. Finally, we compare the influence of losses on the statistical
complex response of the field inside a parallelepipedic and a chaotic cavity. We demonstrate that, in a chaotic
cavity without any stirring process, the low frequency limit of a well operating reverberation chamber can
be significantly reduced under the usual values obtained in mode-stirred reverberation chambers.
Keywords: wave chaos, reverberation chamber, cavity Green’s function, ray chaotic enclosure,
electromagnetic compatibility, immunity/emission testing

1. Introduction
Electromagnetic reverberation chambers (RC) are nowadays commonly used for electromagnetic compatibility (EMC) applications [1]. Thanks to the presence of a mechanical stirrer of irregular geometry
(generally a rotating metallic object), electronic devices under test are submitted to an isotropic, statistically uniform and depolarised electromagnetic field. Those properties are satisfied as long as the frequency
is above the so-called lowest useable frequency (LUF). Very often, this LUF is referred as the lowest overmoded frequency [2, 3]. The overmoded condition suffers from the lack of a proper definition and is often
associated to the concept a modal density threshold irrespective of the amount of losses [4]. Consequently,
several definitions of the LUF can be found in the literature, that are not necessarily equivalent: the LUF
can either be between three to six times the cutoff frequency fc of the fundamental mode, or defined as the
frequency around which a hundred modes are counted above fc and at which the modal density is greater
than 1.5 modes/MHz [2, 1]. It is quite obvious that the latter definition strongly depends on both the size
of the chamber and on the importance of modal overlap related to losses [5] (either at walls or due to antennas). Moreover, as the LUF is understood as being the frequency above which the condition of a statistical
uniformity of the field is achieved, the use of a stirrer is supposed to ensure the validity of the description
of the electromagnetic field as a random superposition of plane waves, which is coined the continuous plane
wave-spectrum hypothesis [6, 4]. However, it has been acknowledged that even for f >LUF, the field may
not be statistically uniformly distributed in the RC as a consequence of a bad stirring [7, 8]. Thus, the
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behaviour of mode-stirred RCs proves to be highly non-universal, depending on the position and design of
the stirrer [2, 9]. To improve the properties of an EM RC, the question of lowering the frequency range of
well-operating RCs is primordial. However, Bruns et al. [2] have numerically established that all stirrers are
equally ineffective below the conventional LUF whatever their shape, orientation, or electrical size.
The above mentioned statistical requirements of a well-stirred RC above the LUF closely correspond to
the natural behaviour of a chaotic cavity [10, 11, 12]. In this paper, we propose to investigate spectral and
spatial statistical properties of three-dimensional (3D) chaotic cavities as a new paradigm for a reverberation
chamber. Indeed, in a chaotic cavity, generic modes (also called ergodic modes [10, 11, 12]) display Gaussian
statistics of the fields. This statistical behaviour can be met at relatively low frequency, thereby suggesting
that statistically isotropic fields and random polarisations can be obtained even in an unstirred cavity.
Quantum or Wave chaos has been a very active field of research for decades, concerned with the spectral
and spatial asymptotic properties of wave systems whose ray counterpart is chaotic [13, 14, 15]. Predictions
of Random Matrix Theory (RMT) have been extensively verified, both numerically and experimentally in
two-dimensional (2D) or pseudo-2D electromagnetic cavities [16, 17, 15, 18, 19] as well as in the 3D case
[20, 21, 22, 23, 24]. Previous works have already called for the similitude between the expected statistical
properties a well-stirred RC and the intrinsic behaviour of individual ergodic modes of a chaotic cavity,
to propose strategies for improved operation of an EM RC [7, 25, 26]. We believe that, along with these
studies, the results presented here have practical implications for an effective reduction of the lowest usable
frequency (LUF) in chaotic RCs.
In the present paper, we demonstrate that the description of the electromagnetic field as a continuous
plane wave-spectrum [6, 4] can only be justified at high frequencies where modal overlap is large, which is not
necessarily the case near the LUF according to the commonly accepted definitions of the latter recalled above.
Thus, the main reason why a conventional mode-stirred RC can operate satisfactorily near the LUF is that
the presence of the stirrer makes it more like a pseudo-integrable system, equivalent to a barrier 2D-billiard
[27], where many eigenmodes are similar to ergodic modes of a chaotic cavity [28, 29, 23]. Nevertheless,
even at high frequencies, pseudo-integrable cavities have a non negligible number of superscarmodes [29],
with non Gaussian field distributions. These unwanted features are clearly due to the non-universal spatial
or spectral behaviour of pseudo-integrable cavities. It is therefore the universality of chaotic cavities which
will serve as the unifying thread of our investigations, keeping in mind that the operation of actual RCs is
not restricted to high frequencies and that the modifications of geometry we propose should remain effective
at a reduced cost.
In the following section, we introduce key concepts concerning spectral properties of chaotic wave systems,
to provide diagnosis tools for RCs. More specifically, universal properties of spectral fluctuations are analysed
through the nearest neighbour spacing distribution (NNSD) and the so-called Number Variance derived from
the 2-level correlation function. We then investigate these quantities in 3D Sinai-like cavities to exemplify the
influence of non-generic modes in departures from non-universal spectral behaviours in 3D chaotic cavities.
We also illustrate how universal spectral properties are intimately connected to spatial properties of fields,
namely the Gaussian distribution of amplitudes of field components for generic ergodic modes.
In the final section, we study the effect of losses on the complex response of 3D RCs. Using the dyadic
Green’s function (DGF), in a perturbative approach, we study the spatial statistical distribution of fields
near the LUF. By accounting for a small or moderate modal overlap we compare a classical rectangular RC
without stirrer to a chaotic RC, demonstrating how the latter can fulfil the required statistical features of a
well-stirred RC, concerning the spatial distribution of the field, without the use of a stirring process.
2. Spectral and spatial statistics
2.1. Universal spectral statistics of chaotic cavities
Since the Bohigas-Giannoni-Schmit conjecture [13] concerning the universality of level fluctuations in
chaotic quantum spectra, it is customary to analyse spectral fluctuations of chaotic cavities with the help of
statistical tools introduced by RMT. These tools will be used to check the chaoticity of the RCs we study.
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Starting from the modal density :
ρ(f ) =

X

δ(f − fi )

(1)

i

fi denoting the eigenfrequencies of the cavity, one defines the counting function:
N (f ) =

Z

f

ρ(ν)dν

(2)

0

whose smoothly varying part, denoted NWeyl , is related to the geometry of the cavity through the Weyl’s
law [30, 31] which reads:
3D
NWeyl
(f ) = af 3 + bf + const
(3)
in the case of a 3D (vectorial) EM case and for perfectly conducting boundary conditions, where
a=

8π
V
3c30

(4)

b = bcurv + bedges
Z
4
dσ
with bcurv = −
3πc0
Rm (σ)
X 1 Z
(π − Ω(le )) (π − 5Ω(le ))
.
dle
bedges =
6πc
Ω(le )
0
e

(5)
(6)
(7)

In the above formulae, V is the volume of the cavity, c0 is the speed of light, and Rm labels the mean radius
of curvature over the surface σ and Ω is the dihedral angle along the edges e. Note that in the 3D case,
there is no term proportional to f 2 because the different contributions of both polarisations TE and TM
mutually cancel out.
In order to obtain a statistical analysis of an actual sequence of eigenfrequencies {fi }, independently
of the specific size of the resonator, the spectrum should be unfolded as follows. One defines the unfolded
sequence xi = NWeyl(fi ) and the sequence of spacings si = xi+1 − xi , whose average is hsi i = 1. Then, the
fluctuations of the counting function N around its smooth counterpart NWeyl can be characterised by the
probability distribution P (s) of normalised spacings (the NNSD) or, alternatively, by the Number Variance
defined by [14]:
(8)
Σ2 (L) = (nγ (L) − L)2 γ
where nγ (L) is the number of modes xi ∈ [γ, γ + L] and h...iγ is an average on γ. If the resonant cavity is
integrable, as in the case of a rectangular one, the expected NNSD follows the Poisson distribution [14, 15] :
PPoisson (s) = exp(−s)

(9)

whereas in a fully chaotic cavity with time reversal symmetry, the Gaussian Orthogonal Ensemble (GOE)
of RMT predicts a NNSD which is well approximated by the so-called Wigner distribution [14, 15] :
PWigner (s) =

π
π
s exp(− s2 )
2
4

(10)

Both distributions correspond to special cases of the heuristic Weibull distribution [32]
PWeibull(s) =

sβ
β β−1
s
exp(−
)
αβ
αβ

(11)

where α = hsi i Γ−1 (1 + 1/β). This distribution is also referred to the Brody distribution when hsi i = 1
[32, 15]. Note that PWeibull = PWigner if β = 2 with hsi i = 1 and PWeibull = PPoisson if β = 1 with hsi i = 1.
This distribution is generally used to fit numerical distributions since it continuously interpolates between
Poisson and Wigner, thus enabling to quantify deviations from the universal behaviour verified in chaotic
3

systems with time reversal symmetry. From the NNSD, one can derive a quantity more appropriate for
comparison with experimental results: the cumulative distribution function F (s), whic reads
Z s
F (s) =
P (x)dx
(12)
0

In the following, all spectra we deal with will be restricted to sequences of about 500 frequencies. We
should therefore consider the possibility that fitting our data with PWeibull will yield β values which fluctuate.
For a large number of randomly generated samples, each composed of 500 spacings distributed according
to PWigner , the expected average value of parameter β is equal to β = 2.00 with a standard deviation
σβ = 0.07. Thus typically, up to 2 to 3 standard deviations around β, the β-values obtained from fitting
our numerical data with PWeibull will be considered as compatible with the GOE predictions. In a chaotic
system, deviations from GOE can essentially be attributed either to the fact that the sequence of modes is
not truly asymptotic and/or to the presence of non-generic modes (which become more and more exceptional
at higher frequencies). These non-generic modes give rise to large scale fluctuations (generally with larger
amplitudes than for a pure GOE spectrum) of the counting function N with respect to its average Nav . In
the following, such non-generic modes will be shown to be associated to continuous families of marginally
stable periodic orbits of ray trajectories. These non-generic modes constitute the extension of bouncing-ball
modes in 2D quantum billiards to the case of 3D EM cavities. In 2D quantum chaotic billiards [33, 34],
bouncing ball modes concentrate on a phase-space region surrounding the continuous families of marginally
stable periodic orbits, whereas ergodic modes uniformly spread out over the whole phase space.
It should be noted here that Σ2 is generally a quantity which proves to be more sensitive to the existence
of non-generic modes than P (s). So if Σ2 is close to Σ2GOE , one can expect that the chaotic system under
study is in the asymptotic regime [21].
2.2. From regular to fully chaotic cavity
The ideal 3D chaotic cavity is given by a fully asymmetric room without any parallel walls and with
defocusing parts (focusing parts can also be used, with restrictions regarding the centers of curvature [35, 36]).
In this sense, using a parallelepipedic room to ensure a homogeneous repartition of energy is not optimal
as recognized for decades by the community of room acoustics [37], and more recently acknowledged in
the EMC community [38]. Nevertheless, as our purpose is to address the physical situations encountered
in reverberation chambers, we will start from a parallelepipedic cavity and introduce step by step simple
modifications of the boundary. The dimensions of the bare cavity are length: 0.985 m, width: 0.785 m,
height: 0.995 m. We begin by adding a single hemisphere of radius 0.15 m on the ceiling of the chamber (see
Fig. 1). The chaotic cavity thus obtained is a 3D realization of a dispersing billiard, the well-known Sinai
billiard [21, 24].
In this cavity, we used the commercial software Comsol R to compute the first 681 modes with perfectly conducting walls. In Fig. 2, the corresponding cumulative distribution function F (s) (12) and the
number variance (8) are plotted. Both show significant deviations from GOE predictions indicating that
the universal regime, where ergodic modes are dominating, is not reached within this range of frequency.
Indeed, asymptotically, for wavelengths much smaller than the sphere radius, it is well established that a
Sinai-like cavity exhibits GOE spectral fluctuations [21]. By fitting with PWeibull, we obtain β = 1.45. Even
by omitting the first 100 modes, the majority of which behave very closely to modes of the bare cavity, one
still obtains β = 1.50. It is worth noting that we obtain similar results in simulations of a mode-stirred
chamber for a given position of the stirrer in the same frequency range [39]. In this case, we observe that
the asymptotic spectral behaviour is intermediate between Poisson and GOE. In 2D cavities, similar semiPoisson statistics are obtained either with a barrier [40] or a pointlike scatterer [41] (i.e. in pseudo-integrable
cavities). However, for the data presented in Fig. 2, semi-Poisson could not reproduce the behaviour of
F (s) for small and large s as satisfactorily as Weibull.
The deviations shown in Fig. 2 are due to the fact that, in spite of the presence of the half-sphere,
the chamber still exhibits regular features (parallel walls). The most important family of regular modes
consists of tangential modes (TgM) which, in the bare cavity, have a single null wave vector component.
4

Figure 1: A simple modification of a regular RC with a single half-sphere on top. Planes associated with tangential modes are
shown in color.

The non zero components are quantised in the planes parallel to the walls of the cavity as shown in Fig.
1. The counting function for TgM perpendicular to the z-axis is then obtained by following the procedure
introduced in [22]:
X Z dz Z
2
2
Ntz (k) =
dkz Θ(k 2 − kxµ
− kyν
− kz2 )
(13)
2π
µ,ν
with kxµ = µπ/Lx , kyν = νπ/Ly
q
X
Lz
2 − k2
Ntz (k) = λz
k 2 − kxµ
yν
π 2 2
2

(14)
(15)

k ≥kxµ +kyν

where Lx and Ly are the dimension of the bare cavity in x and y directions respectively and λz is an
adjustable parameter accounting for the presence of the sphere which limits the extension along z. The
corresponding expressions for Ntx and Nty are simply deduced from circular permutations of the indices.
The total counting function of TgM, denoted Nt = Ntx + Nty + Ntz , has a smoothly varying part Ntav
which can be fitted by a polynomial function of order 3. The fluctuations of Nt around Ntav , denoted by
N T gM = Nt − Ntav , and those of N around Weyl’s prediction are compared in Fig. 3. The comparison
clearly shows that the tangential modes are responsible for the wide large scale fluctuations of the counting
function. Thus, in this range of frequency, these regular modes (due to the remaining parallel walls) are not
so scarce and lead to strong deviations from GOE behaviour.
The previous results indicate that adding a half-sphere is not a sufficient modification of the parallelepipedic RC to reach the universal properties of a wave chaotic cavity, especially when dealing with the first
hundreds modes. A major improvement of the geometry is then performed by introducing in the chamber
two spherical caps with respective radii of 55 cm and 45 cm. As shown in Fig.5, both caps are not centred
and penetrate inside the cavity to a maximum length of 15 cm. Thus, the usable volume of the cavity is
not significantly reduced. The first 571 eigenmodes of this chamber have been computed following the same
5
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Figure 2: Left: Cumulative distribution function F (s) for the first 681 modes of the cavity shown in Fig. 1. The numerical data
lies between the cumulative distributions associated to PPoisson and PWigner . By fitting with PWeibull one gets β = 1.45. Right:
Number variance for the same data. Even by omitting the first hundred modes (orange data) the agreement with Σ2Wigner is
barely improved.
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Figure 3: Dotted black curve: N − NWeyl , red curve N T gM : Contribution of TgM to fluctuations of N − NWeyl . Important
large scale fluctuations due to a statistically important fraction of non generic modes in the spectrum can be observed

numerical procedure as previously used. In Fig. 4 the cumulative function F (s) and the number variance Σ2
of the new spectrum are shown. The results obtained are very close to those expected for a chaotic cavity
in the universal regime ; the Weibull parameter β reaches now β = 1.86, ie β = 2 − 2σβ , F (s) is almost
indistinguishable from FWigner . Compared to the RC with the single half-sphere (Fig. 2), the behaviour of
Σ2 (blue curve) is extremely improved. The agreement with Σ2GOE is almost perfect (orange curve) when
omitting the first hundred modes, in which case β = 1.97. These results show that the cavity obtained with
the half-sphere and the two caps is an excellent realisation of a chaotic RC.
The Fig. 5 shows a typical mode of the chaotic RC and the corresponding amplitude distribution for
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Figure 4: Cumulative NNSD and number variance for the first 571 modes of the cavity with 1 half-sphere and 2 caps shown in
Fig. 5. The results obtained are very close to those expected for a chaotic cavity in the universal regime.

the x−component of the electric field. As stressed in [12], such statistics are spoiled when the field close
to the walls is taken into account. Thus, we performed the analysis by excluding a zone λ/4 wide at the
boundaries. Its spectral statistics being given by GOE, the eigenmodes of this cavity are expected to be
ergodic, with Gaussian spatial distributions. This behaviour is clearly observed in Fig. 5. Except for the
lowest modes, the same ergodic properties are obtained for all the Cartesian components of almost all the
modes.
3. Response in the presence of losses: towards a reduced LUF in chaotic RCs
In all the cavities studied above, the knowledge of the modes for perfectly conducting walls is not enough
to account for the actual response in such cavities due to the presence of unavoidable sources of losses.
These losses are related to the finite conductivity of the metals used for the boundaries of the RC and also
to all possible interactions with electric devices such as antennas. The latter are indeed known to bring the
dominant contribution to losses in an RC operating at low and moderate frequencies (typically the first few
hundred modes). A simple way to qualify a well operating RC by taking perturbative losses into account is
to calculate the response of the cavity when it is excited by an elementary oscillating dipole source located
at ~r0 at frequency f0 through the dyadic Green’s function (DGF) G(~r, ~r0 , f0 ). Far from the source region,
the DGF can be expanded over the resonances following the formalism given in [42]:
G(~r, ~r0 , f0 ) =

∞
X
~ n (~r)E
~ n (r~0 )
k̃n2 E
,where k0 = 2πf0 /c
2
2
k0 (kn − k02 )
n=1

(16)

Note that certain terms are omitted in the above expression, which may become important when the source
and the observation point are very close together [42]. In expression (16), losses lead to complex eigenmodes
~ n ([43, 44, 45]) associated to complex eigenvalues kn which can be written:
E
kn = k̃n (1 −
7

1+i
)
2Qn

(17)
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Figure 5: Left: Probability density of the x−component of the electric field for the 230th mode at 1.03 GHz of the cavity shown
in insert (Gaussian fit in red). Right: color map of the same component in three orthogonal plane.The results for the other
components are similar.

where k̃n = 2πfn /c is the eigenvalue of the lossless cavity and Qn is the quality factor of the nth resonance
related to the nth resonance bandwidth ∆fn = k̃n /(2πQn ).
An important parameter for this approach is the modal overlap at f0 :
M (f0 ) =

h∆kn i
8πV f 3
= 3 0
∆(k0 )
c Q

(18)

where h∆kn i is the mean resonance bandwidth, ∆(k0 ) is the mean spectral spacing at k0 , and Q is the
average quality factor.
From previous studies [46, 47, 45], it has been shown that complex eigenmodes are due to the presence
of traveling waves superimposed to standing waves. In a perturbative approach, the statistics of resonance
states in a two-dimensional chaotic microwave cavity were investigated by solving the Maxwell equations with
lossy boundaries subject to Ohmic dissipation. A successful comparison of the statistics of its complex-valued
resonance states and associated bandwidths with analytical predictions based on a non-Hermitian effective
Hamiltonian model was achieved. As shown in [45], a weakly coupled regime corresponds to fluctuations
of the widths which are small compared to the mean spacing. In the following, we will therefore assume
that, in a given restricted frequency band, all the bandwidths are equal to their mean value and that the
~ n in (16) are those
imaginary part of the field components of the eigenmodes can be neglected, so that the E
of the corresponding lossless cavity.
In the following, we will compare the responses of the chaotic cavity shown in Fig. 5 and of a bare cavity,
both with the same volume V = 0.6996 m3 . In order to account for realistic values of Q, we used numerical
and experimental data obtained in different RCs with comparable sizes [48]. Essentially, the global quality
factor is given by 1/Q = 1/Qwalls + 1/Qantennas. At frequencies near the LUF ≃ 3 to 6fc (corresponding
to the interval [620 MHz, 1240 MHz] in the cavities studied below), the expected values for Qwalls are of
the order of 105 , whereas Qantennas typically ranges between 103 – 104 . Therefore Q is dominated by the
losses due to the antennas. This motivated us to fix the value of Q to 103 in the computations of the
DGFs. In Fig. 6 we consider the responses for an excitation polarized along the x-axis at a frequency
f0 = 953.6 MHz (≃ 4.6fc in the chaotic cavity shown in Fig. 5). This choice corresponds to a moderately
8

small modal overlap, M (f0 ) = 0.57, which is clearly not in the overmoded regime. In this Figure, numerical
spatial distributions of the complex field Cartesian components are shown. The Gaussian character of these
distributions is clearly established in the case of the chaotic cavity. It is particularly interesting to remark
that the real and imaginary parts of each field component have different standard deviations, this fact being
obviously in contradiction with the assumption of a continuous plane wave-spectrum [6, 4]. For each shown
2
2
component, the standard deviations of the power density (10 log(|Gab | / |Gref | ) in dB) are given as inserts
in Fig. 6. Note that the values are close for the chaotic cavity and are much more scattered in the bare cavity.
These values are to be compared with those measured by Mitra and Trost [49] in a RC with a comparable
volume. The authors suggest that the standard deviation values should be comprised between 5 and 6 dB
for a well-stirred operation, which are typically obtained for values of the modal overlap between 1.0 to 2.5,
corresponding to frequencies well above the frequency f0 considered in Fig. 6. Thus, it is remarkable that
the main statistical requirements of a well-operating RC, namely the homogeneity and the isotropy of the
field distribution, can be obtained without the help of any stirring process in a chaotic cavity.
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Figure 6: Spatial distribution of the responses for an excitation polarized along the x-axis at a frequency f0 = 953.6 MHz:
in the parallelepipedic cavity (bottom); in the chaotic cavity shown in Fig. 5 (top). All numerical distributions are fitted by
a Gaussian distribution (in red). Continuous lines are used for the real part and dotted lines for the imaginary part. The
standard deviations σ (in dB) of the power density (see text) are given as inserts.

4. Conclusion
In this paper, by a step by step modification of a regular RC, we demonstrated that a 3D chaotic cavity
can display universal spatial and spectral statistics in the low frequency range provided that the geometry
is such that all regular modes (mostly tangential modes) are suppressed. Moreover we have shown how
9

the response of a 3D fully chaotic RC, accounting for the presence of losses, can fulfil all the statistical
requirements of a well-operating RC, concerning the spatial distribution of the field, without the use of any
spatial stirring. We also suggest that this type of improvement for a RC can significantly reduce the lowest
usable frequency of operation.
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