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Abstract

We are interested in nonlinear diffusions in which the own law inter-
venes in the drift. This kind of diffusions corresponds to the hydrodynam-
ical limit of some particle system. One also talks about propagation of
chaos. It is well-known, for McKean-Vlasov diffusions, that such a propa-
gation of chaos holds on finite-time interval. However, it has been proven
that the lack of convexity of the external force implies that there is no
uniform propagation of chaos if the diffusion coefficient is small enough.
We here aim to establish a uniform propagation of chaos even if the ex-
ternal force is not convex, with a diffusion coefficient sufficiently large.
The idea consists in combining the propagation of chaos on a finite-time
interval with a functional inequality, already used by Bolley, Gentil and
Guillin, see [BGG12a, BGG12b]. Here, we also deal with a case in which
the system at time ¢t = 0 is not chaotic and we show under easily checked
assumptions that the system becomes chaotic as the number of particles
goes to infinity together with the time. This yields the first result of this
type for mean field particle diffusion models as far as we know.

Introduction

We are interested in some nonlinear processes in R? defined by an equation in
which the own law of the process intervenes in the drift. An example of such
diffusion is the McKean-Vlasov one:

XtX0+aBt/0tVV(XS)ds/0t (VF*E(XS))(XS)ds, (1)

where V' and F respectively are called the confinement and the interaction
potentials and {B;; t > 0} is a d-dimensional Wiener process. The notation *



is used for denoting the convolution.
The infinitesimal generator of Diffusion (I) therefore is

2
Ap = %Au—v.{[vv+vmﬂ]u} .

The associated semi-group is denoted by (F;),~,. In other words, one has j; =
o Py where py := L (X;). We notice that Xy, p;, P, and A depend on 0. We do
not write it for simplifying the reading.

This equation is nonlinear in the sense of McKean, see [McK67, McK66].

It is well-known, see [McK67], that the law £ (X;) is absolutely continuous
with respect to the Lebesgue measure for all ¢ > 0, provided some regularity
hypotheses on V' and F'. Moreover, its density, which is denoted by wu;, satisfies
the so-called granular media equation,

1o} o?
&ut =V. ?Vut + (VV +VFxu)ug ¢ .

The setting of this work is restricted to the McKean-Vlasov case. However,
we could apply to more general hypotheses. Let us notice that we do not
assume any global convex properties on the confinement potential nor on the
interaction one. Under easily checked assumptions, Diffusion (I) corresponds to
the hydrodynamical limit of the following particle system

‘ N
X;’:XngaB;'—/ VV(X;)+Z%VF(X§—X5) ds, (1)
0 j=1

{Bg it > O} being N independent d-dimensional Wiener processes. We also as-
sume that {Xé ;1 €eN *} is a family of independent random variables, identically
distributed with common law £ (Xj) (and independent from the Brownian mo-
tions). The particles therefore are exchangeable. We notice that X},--- , X}V
depend on N and on 0. We do not write it for simplifying the reading. We here
focus on the first diffusion. By u; ", we denote the law at time ¢ of the diffusion
Xt

One says, in this work, that simple propagation of chaos holds on interval [0; T
with T > 0 if we have the limit

lim su W(l’N; P): lim su W(l’N; ):0,
N_>+000§t£T 2 ’ut Hot N—>+000§t£T 2 'ut Hi

W, standing for the Wasserstein distance . This means that X! is a good
approximation of Diffusion (I) as N goes to infinity.

A consequence of the uniform propagation of chaos for the nonlinear diffusion
is the uniqueness of the invariant probability u” and the weak convergence
toward this measure. However, without global convex properties, it is proven in
[HT10, Tugl3c, Tugl2] that there is non-uniqueness of the invariant probabilities



under simple assumptions, provided that the diffusion coefficient o is sufficiently
small.

But, as pointed out in [Tugl3¢], if o is large enough, we have a unique invariant
probability. The question thus is: does uniform propagation of chaos hold if o
is sufficiently large? Also, can we reciprocally use the convergence toward the
unique invariant probability to obtain this uniform propagation of chaos?

We positively answer to the two questions by using the simple propagation of
chaos and a so-called W J-inequality already used in [BGG12b].

The analysis of interaction jump particle models clearly differs from the more
traditional coupling analysis of the McKean-Vlasov diffusion models developed
in the present article. The common feature is to enter the stability properties of
the limiting nonlinear semigroup into the estimation of the propagation of chaos
properties of the finite particle systems, to deduce L,-mean error estimates of

order 1/\/1757 for any 0 < § < 1 (cf. for instance theorem 2.11 in [DMMO00], at
the level of the empirical processes). In our context using these techniques, we
obtain a variance and a W3-estimate of order 1/N?, for some 0 < § < 1. We
underline that in the context of Feynman-Kac particle models, the order 1/N
can be obtained under stronger mixing conditions, using backward semigroup
techniques. Thus, we conjecture that this decay rate is also met in our context.

The other subject of the paper is the creation of chaos. We show that under
suitable assumptions, there is creation of chaos then propagation of this chaos
for a mean-field system of particles without assuming that the initial random
variables are independent. In other words, the particles become independent as
the time ¢ goes to infinity if the number of particles is large.

The existence problem of a solution to (I) is not investigated here. However,
we take assumptions which ensure that there exists a unique strong solution
(X+¢);>0- The method consists in applying a fixed-point theorem, see [BRTV9S,

HIPOR|.

In a first section, we give the assumptions of the paper and its main results.
The second section is devoted to the framework of the W J-inequality and we
establish some functional inequalities based on the work in [BGG12a, BGG12b].
In Section 3, we provide some results on the simple propagation of chaos. In
Section 4, we prove the main results about the uniform propagation of chaos
when the coefficient diffusion is sufficiently large. Section 5 is devoted to the
proofs of the results about the creation of chaos.

1 Hypotheses and main results

We now present the exact assumptions of the paper on the potentials V' and F'
and on the initial measure of probability, ug. First, we give the hypotheses on
the confining potential V.

Assumption (A-1): V is a C?-continuous function.
Assumption (A-2): For all A > 0, there exists Ry > 0 such that V*V (z) > ),



for any ||z|| > Rx.

We can observe that under assumptions (A-1) and (A-2), there exist a convex
potential Vp and 6 € R such that V(z) = Vp(z) — §|z||>.

Assumption (A-3) The gradient VV is slowly increasing: there exist m € N*
and C > 0 such that ||VV (2)|| < C (1 + H$||2m71>, for all x € R.

This assumption together with the same kind of assumptions on F' ensure us
that there is a global solution if some moments of pg are finite.

Let us present now the assumptions on the interaction potential F':
Assumption (A-4): There exists a function G from Ry to R such that F(z) =
G ([=]]).

Assumption (A-5): G is an even polynomial function such that deg(G) =:
2n > 2 and G(0) = 0.

This hypothesis is used for simplifying the study of the invariant probabilities.
Indeed, see [HT10, Tugl3c, Tugl2], the research of an invariant probability is
equivalent to a fixed-point problem in infinite dimension. Nevertheless, under
Assumption (A-5), it reduces to a fixed-point problem in finite dimension.

Assumption (A-6): And, hr—s{l G"(r) = +.
rT—>+00

Immediately, we deduce the existence of an even polynomial and convex func-
tion Gy such that F(z) = Go(||z||) — $||#||*, a being a real constant.

Assumption (A-7) there exist a strictly convex function © such that O(y) >
©(0) = 0 for all y € R? and p € N such that the following limit holds for any
- V(ry)
d. _
y € R%: TLHJPOO T = O(y).
Assumption (A-8) the following inequality holds: p > 2n.

We also need hypotheses on the initial measure pg:

Assumption (A-9) the 8¢*th moment of the measure ug is finite with q =
max {m,n}.

Assumption (A-10) the measure po admits a C*-continuous density ug with
respect to the Lebesgue measure. And, the entropy — [o, uo(x)log(uo(z))dz is
finite.

The last two hypotheses concern the law pg. Hypothesis (A-9) is required to
prove the existence of a solution to the nonlinear stochastic differential equation
(I), see [HIP08, BRTV98, CGMO08]. And, Hypothesis (A-10) is necessary to ap-
ply the result in [AGS08] which characterizes the dissipation of the Wasserstein
distance. This hypothesis was also assumed in order to get the weak conver-
gence of the law of X; as t goes to infinity, see [Tugl3a].

One says that the set of Assumptions (A) is satisfied if Hypotheses (A-1)-(A-10)
are assumed.

Under Assumptions (A-1)—(A-10), Equation (I) admits a unique strong so-
lution. Indeed, the assumptions of Theorem 2.13 in [HIP0§] are satisfied: VV
and VF are locally Lipschitz, G’ is odd, VF grows polynomially, VV is contin-
uously differentiable and there exists a compact IC such that V2V is uniformly



positive on €. Moreover, we have the following inequality for a positive Mjy:

max _ sup E [||Xt||3} < M. (1.1)

1<7<8¢* teR
In the following, we use the long-time convergence of the measure p; toward an
invariant probability u and the rate of convergence. We need a complementary
hypothesis:
Assumption (B) Diffusion (I) admits a unique invariant probability u. More-
over, there exists C, > 0 such that

Wo (1163 1) < €= "Wy (105 1)

for any initial measure po which is absolutely continuous with respect to the
Lebesgue measure and with finite entropy.

Under the Hypotheses (A)-(B), the probability measure p; converges exponen-
tially for Wasserstein distance to the unique invariant probability p as soon as
the initial measure p( is absolutely continuous with respect to the Lebesgue
measure and with finite entropy.

Let us briefly justify why we can extend this inequality by starting from a Dirac
measure: g = 0, with 2o € R. To do so, we consider a sequence of probabil-

ity measures with finite entropy (u(()")) which converges for the Wasserstein
n>1

distance to pg. By p; (respectively uﬁ”’), we denote the law at time ¢ of the

McKean-Vlasov diffusion starting from the law pq (respectively the law ,u(()")).

Then, we have :

Wa (5 p) < Wo (ut;ufs")) + Wy (uﬁ");u) :

By applying the inequality in Hypothesis (B) to NE"), we get

W (pe; 1) < Wo (ut; ME”)) +e o'W, (u(()”);u) :

By making a coupling, one can easily show that the quantity Wo (Mt? ,ugn))

converges to 0. Finally, since W (,u(()n); ,u0> goes to 0 as n tends to infinity, we

obtain the formula
Wo (1 1) < e "Wy (po; 1) -

Consequently, u; goes to p as t goes to infinity.
We now give the main results of the paper.

Theorem A: We assume that V, F' and po satisfy the set of Hypotheses (A).
Thus, there exists 0 > 0 such that o > o° implies Diffusion (I) admits a
unique invariant probability p®. Moreover, we have the following convergence
with exponential decay if o > o°:

W (e ; p7) < exp[=C(0)t] Wy (o5 17)



C(o) being a positive constant such that C(o) > |a| + |6].

Proposition B: We assume that V, F' and ug satisfy the set of Hypotheses (A).
Let X}, -+, XY be N random variables with common law py. We do not assume
these variables to be independent but they are exchangeable. We consider the
two following particle systems:

t t
X;‘:Xg+ngA/ vv(x;’)ds—/ VF sl (X1)ds,
0 0

where Y = (% Zjv:l 5Xg) P, and

t N ot
Z;‘:X3+UB;‘—/ VV(Zg)ds—%Z/ VF (Z; - Z)ds,
0 j=170

B,--- B" being N independent Brownian motions (and independent from the
initial random variables). Then, for any T > 0, we have the following inequality:

] i C(Mo)
Ed||xi— zi||P\ <« O o n12(0 + 20) T
el {” sl }— (9+2a)2NeXp[ (6 + 271

where C(pg) is a positive function of [ga H$||8q2 po(dz).
Theorem C: We assume that V, F' and pg satisfy the set of Hypotheses (A).
Also, we assume that the initial random variables are independent. If o >
o. (where o. is defined in Theorem A) and if —a > 0, we have the uniform
propagation of chaos. In other words, we have the limit

li W( : 1W):o. 1.2
N—1>I-r&-loo§lzllg 2 (M5 He ( )

Moreover, we can compute the rate of convergence by dealing with 1(t), where
Y is defined by

t:[%%“]E{HXZ — ZtZHQ} < (eXp\[/l%(T)])2

In the previous inequality, we are dealing with the notations X; and Z} of Propo-
sition (B).

First case: The quantity C:l)((”t%t
Thus, for all 0 < 6 < 1, we have:

goes to A € R | J{+oo} ast goes to infinity.

lim Nzr7m 0 sup Ws (,ut ; ,u%’N) =0. (1.3)
N—+o0 t>0
Second case: The quantity C«;((Ut;t goes to 0 as t goes to infinity. Thus, for all

§ €]0; 1[, we have:

lim sup exp {C(a)z/}_l [1(1 —9) log(N)} } sup Wy (Mté u%’N) <oo. (1.4)
N—+o0 2 t>0



Let us point out that the assumption —a > 6 is purely technical. We also point
out that it has been used in previous work (like in [CMVO03]). However, this
was used jointly with the assumption that the center of mass is fixed. And, we
do not know any case in which this last hypothesis is satisfied except if both V,
F and pg are symmetric, which is a very strong restriction.

Let us give a corollary of Theorem C.
Corollary D: Let us assume that V., F and pg satisfy the set of Assumptions
(A) and that max {a; 6} < 0. Let X}, -+, X be N random variables with
common law po. We do not assume these variables to be independent but they
are exchangeable. For any o > 0, we have the following uniform propagation of
chaos result:
lim N'7% sup W3 (,ut; ,u%’N> =0
N—oc0 t>0

forany 0 < § < 1.

We now give the main results concerning the creation of chaos, when X} =
= XY =30 €R.
Theorem E: Let f1 and fo be two Lipschitz-continuous functions. Under the
sets of Assumptions (A) and (B), for all e > 0, for all T > 0, there exist to(e)
and No(e) such that

sup sup ‘Cov [fl (th’N> i fo (XEN)” <e.
NZN()(E) tE[to(E);to(C)+T]

We can remark that a small covariance implies a phenomenon of chaos. Con-
sequently, we have creation of chaos after time ¢o(¢). And, there is propagation
of this chaos on an interval of length T'.

Theorem F: Let fi and fa be two Lipschitz-continuous functions. Under the
sets of Assumptions (A) and (B), if moreover, V and F are convex then, for
all € > 0, there exist to(e) and No(e) such that

Cov [ (x2N) 5 o (x2V)]| <.

sup  sup
N2>No(e) t=>to(e€)

Here, we have a uniform propagation of chaos after the creation of chaos. Let
us remark that, in Theorem E and in Theorem F, we consider only two particles
but we have the same result with any integer k.

We also have results about the empirical measure of the system. In case of
chaos, this measure is close to a measure of the form v®%.

Theorem G: Let f1 and fo be two Lipschitz-continuous functions. Under the
sets of Assumptions (A) and (B), for all € > 0, for all T > 0, there exist t1(€)
and Ni(e€) such that

sup sup |Cov [ (1) 5 mp' (f2)]| < e
N2>Ni(e) te[ti(€);t1(e)+T)

with n (f) == & Zfil fi (XZN) If, moreover, both V and F are convez, we



have

sup  sup |Cov [0 (f1); n (f2)]]| <e
N>Ni(€) t>t1(e€)

We conjecture that, by using the same technics, one should be able to ob-
tain creation of chaos for more general mean-field models providing that the
hydrodynamical limit is stable in long-time.

2 Functional inequality

Let us give the framework (definitions and basic propositions) of the current
work. For any probability measures on R?, y and v, the Wasserstein distance
between p and v is

W (u ) = \fint E{IIx - Y},

where the infimum is taken over the random variables X and Y with law p and
v respectively. The Wasserstein distance can be characterized in the following
way, thanks to Brenier’s theorem, see [Bre91].

Let u and v be two probability measures which admit a finite second moment
on R%. If y is absolutely continuous with respect to the Lebesgue measure, there
exists a convex function 7 from R? to R such that the following equality occurs
for every bounded test function g:

[ s@widn) = [ g(Vr(@) uido).
Rd R4
Then, we write
v=V1#u,
and we have the following equality

W (5 ) = \// o = V7 (@) ()

The key-idea of the paper is a so-called W Jy, p-inequality. Let us present the ex-
pression that we denote by Jy (v | p) if p is absolutely continuous with respect
to the Lebesgue measure:

0,2

orlw) =% /R (Ar(@) + Ar* (Vr(x)) — 2d) () (2.1)

+ /Rd (VV (V7(z)) — VV(x); V71 (x) — x) pu(dx)
+3 [ (VP (2 = TP = 0): 2 - (@ = ) nde)uddy),
with Z(z,y) := V7(x) — V7(y) and where 7* denotes the Legendre transform

of 7. Here, we have v = V7#u. We now present the transportation inequality,
already used in [BGG12a, BGG12b], on which the article is based.



Definition 2.1. Let p be a probability measure on R® absolutely continuous
with respect to the Lebesgue measure and C' > 0. We say that p satisfies a
W Jy r(C)-inequality if the inequality

CW3 (v; p) < Jv,r (v ) (2.2)
holds for any probability measure v on RY.

In the following, we aim to establish a W Jy p-inequality for an invariant
probability x? of Diffusion (I). However, it is well known that p? is absolutely
continuous with respect to the Lebesgue measure. Consequently, we can apply
Brenier’s theorem. So, the W Jy, p-inequality consists in obtaining an inequality
on the convex function 7 from R? to R.

We now give a result which explains why a W .Jy, p-inequality has consequences
on the long-time behavior of McKean-Vlasov diffusions (I). It is similar to
[BGG12b, Proposition 1.1].

Proposition 2.2. Let V and F be two functions satisfying Hypotheses (A-1)-
(A-8). Let pg and vy be two probability measures on R absolutely continuous
with respect to the Lebesque measure. Set (Xi),ep, and (Yi)eg, two McKean-
Viasov diffusions (1) starting with law po and vy. By pt (respectively vy), we
denote the law of X (respectively Yy ).

Therefore, we have the inequality

§ SR (e v) < — v (| ) (2.3)
Consequently, if p? is an invariant probability of Diffusion (I) and if u“

satisfies a WJy p(C)-inequality, by combining Ineq. (2.2) and Ineq. (2.3), we
obtain

1d

2 dt
for any pg absolutely continuous with respect to the Lebesgue measure. Hence,
by integration in time, Wy (p1¢; u%) < e~ "Wy (p10; p°).
In [BGG12b|, Bolley, Gentil and Guillin suggested a method to obtain a W.Jy, p-
inequality in the non-convex case. But, we proceed in a slightly different way.
We first use their result which provides a W.Jy, ¢ (C?)-inequality. Then, we
prove that C? goes to infinity as o goes to infinity. Finally, we remark that
v (1] 1) = Ty (] %) — (max {as 0 +0) W3 (13 u7) for any measure i
In the following, 1 denotes an invariant probability of Diffusion (I). We know
that such a measure exists, see [Tugl2, Proposition 2.1]. Moreover, the measure
satisfies the following implicit equation

. exp {~Z W7 (x)}
u? (dx) == = dx
fRd exp {_?WU (y)} dy

with W7(z) := V(z) + F % p°(x). Let us now give a WJy, o-inequality on the
measure p°.

W3 (3 1) < —Jv,p (e | p7) < —CW3 (g3 1%)




Proposition 2.3. We assume that V', F and o satisfy the set of Hypotheses
(A). Thus, the measure 1% satisfies a W Jy, o (C7)-inequality where the constant
C? is defined by

C% :=max C°(R) >0
R>0

oy JER) 0 gy K(R)3T—20 s mys(my)
with C7(R) .—mln{?), ot ° i3 5z ©° ,
K(R):= inf V*Vy(z), I(R):= inf W9 () and S(R) := sup W (z).

(B):= dnf VVo(@), I(R):= tf W) ®) \ol|<5R (@)

The proof is left to the reader and consists in a simple adaptation of the proof
of [BGG12a, Proposition 3.4] that is to say [BGG12a, Section 5|. Let us mention
that we do not need to apply the whole set of assumptions. Indeed, to prove this
result, we simply use Hypotheses (A-1)-(A-2)-(A-5). More precisely, we need
the potential W7 to be C!-continuous (which is an immediate consequence of
(A-1) and (A-5)). We also need the function V4 to be convex at infinity, which
is proven by (A-2).

Corollary 2.4. We assume that V', F' and u satisfy the set of Hypotheses (A).
Therefore, we have the following inequality:

(€7 —max {a; 0} = O) W3 (u; ) < Jvr (1 | 17) - (2:4)

Particularly, if C° —max {a; 0} —6 > 0, Diffusion (I) admits a unique invariant
probability u° and for any uo satisfying (A-9)-(A-10), we have

Wa (pe; p7) < exp[—(C7 —max{a; 0} —0)t] Wa (uo; p7) ,  (25)
for any t > 0.

Like with Proposition 2.3, we do not need the whole set of assumptions. We
assume V and F to verify (A-1)-(A-2)-(A-5). And, in order to apply Proposition
2.2, we assume that the initial law uo satisfy (A-9)-(A-10).

Proof. By Proposition 2.3, we have
CTW3 (13 17) < Jvgo (1| 1) - (2.6)

However, by definition, the quantity Jy,z (1 | p7) is equal to
T (1) = o | 1) =0 [ 197(@) = )
@ o o
=S L W@ = Vrw) - @ = I e o )
R4 x R4

+ % //]RM <VFO (Z(l',y» - VFQ(Q’,‘ — y); Z(l‘,y) _ (ZE _ y)> M(dx)u(dy) 7

10



with Z(x,y) := V7(2)—V7(y). However, Fj is a convex function. Consequently,
we have

T (1) = o | 07) = (max {3 0} +0) [ |1Ve(a) =l (o).

By Brenier’s theorem, we obtain

Jvr (| 1) > Jveo (| p7) — (max {a; 03 + 6) W3 (5 )

which with (2.6) gives (2.4). Here, the convex function 7 is defined by p =:
V71#u°. The uniqueness of the stationary measure if C2 —a — 6 > 0 and the
exponential decay in (2.5) are consequences of Proposition 2.2. O

Let us note that the inequality

sup —V2V < inf V2F < 0
Rd Rd

implies the uniqueness of the stationary measure p and the exponential con-
vergence toward p? for any o > 0. Such a result has already been proven in
[CMVO03].

We now give the proof of Theorem A.

Proof. In order to prove it, we first admit the following limit

1 -
lim 7/1@”:5”2 1’ (dz) =0, (2.7)

o—+o0 O

for any family {u”; o > 1} of invariant probabilities of Diffusion (I). In a first
step, we prove that Limit (2.7) implies the statement of Theorem A. In a second
step, we prove (2.7).

Step 1. We admit the limit (2.7). We remind the reader the following equality
W (z) =V (z)+ F*p’(z).
Moreover, Hypothesis (A-5) on F' implies

Frw@l< e (telia®) (1o [l )

so that, for any R > 0, we have the limit

1
lim — sup [|[Wo(z)||=0,
Jim s W7

thanks to Limit (2.7). Therefore, for any R > 0, the quantities exp [—%S(R)]
and exp [ % (I(R) — S(R))] go to 1 as o goes to infinity. We remind the reader

11



that I(R) and S(R) are defined in Proposition 2.3. We obtain the following

limit for any R > O:
K(R 34— 2d
lim C7(R) = g )min{l; } ,

o—00 2d
where K (R) := inf V?Vy(z). By Assumption (A-2), the quantity K (R) goes

llzl|>R
to infinity as R goes to infinity. We take Ry such that

d
K(Ro) min {1; 322} > 4(|af + 16]) .

3
Then, we take o, large enough such that C?(Ry) > 3 glim C%(Ry) for any o > 0.
—o0
Thus, we have the inequality
C? —max{a;0} — 0 > C?(Ry) — max{c;0} — 0 > || + |0

for any o > o.. Consequently, if Limit (2.7) is satisfied, the statement of the
theorem is proven.

Step 2. We now achieve the proof by establishing Limit (2.7). It is in this step
that we use the hypothesis p > 2n. We proceed a reducto ad absurdum. Let
us assume the existence of a positive constant C' and an increasing sequence
(0k) eny Which goes to infinity such that for any k € N, Diffusion (I) admits an
invariant probability u?* satisfying

mlh) = [ il () = O

In particular, we deduce that the sequence (72, (k)), oy goes to infinity as k goes
to infinity. Since p?* is an invariant probability, we have

Jaallal P e { = Z V@) + Frpot (@)} do
Jroexp {=Z V(@) + Fspor(a))}do

77277, k

1

By making the transformation z := (12, (k))2" y, we obtain

1 1
n V((n2n(k))2n Frpk ((n2n (k) 2ny
fRd Hy||2 exp{ag [ ( : PNy ) + - ya )‘|}dy

k (n2n (K) (n2n (k) ™

L exp{ 5 [ ((ﬂzn(k)))i W), F*u%((nm(ki)alny)”dy

1=

(2.8)

o (n2n (K) (n2n (k) ™

. — o _b—n _p=n . .
with oy, = \/ﬁ (Man(k))” 2 < % (M2n(k))” > — 0 as k goes to infinity.
For any y € R?, Hypothesis (A-8) implies

1
Fos i ((na (1)) )

lim i =0
k—+00 (Nan (k)™

12



And, Assumption (A-7) yields

y V((nzn(k))%"y) _ o)
ko ()T o

the function © being strictly convex and such that ©(y) > ©(0) = 0 for any
y # 0. Consequently, by applying [Tugl2, Lemma A.2], the right hand term in
(2.8) goes to 0 as k goes to infinity. Nevertheless, the left hand term is equal to
1. The initial assumption of Step 2 is absurd. This achieves the proof. O

Let us remark that Theorem A goes further than the results in [Tugl3c]
concerning the uniqueness of the invariant probability for sufficiently large o.
Moreover, it could provide, with Corollary 2.4 a method for simulating a lower-
bound of the critical value above which there is a unique invariant probabil-
ity. Nevertheless, this method needs more computation than those described in
[Tugl3c| and is not really tractable.

Let us mention that the difference with the results obtained in [BGG12b] is that
the confinement potential V' is not assumed to be convex.

3 Propagation of chaos

We now give the proof of Proposition B. This result is not the classical prop-
agation of chaos because the initial random variables are not supposed to be
independent. However, we have the same inequality and this is one of the main
tools of the proof of the main theorem.

Proof. By p, we denote the law £ (th) =.-..=L (XtN) By definition, for
any 1 <i < N, we have

t N
7 — X} = —/0 VV(ZY) - VV(XE) + § NVF(Z; — 79 = VF N (X)) % ds.
j=1

We apply Ité formula to Zi — X with the function z ~ |[z||°>. By using the
notation & (t) == ||Z] — XfHQ, we obtain

déit) = —2(Z{ = X[ VV(2Z}) - VV (X}))

N
;<Z§X§’;Z[VF(Z§Z{)VF*UZV(XZ)D-

j=1

13



By taking the sum on the integer ¢ running between 1 and N, we get

N
dYy &) = —2Z<Zl Xi 3 VV(Z)) - VV (X]))dt
=1

ﬁ:(AQ (,7,t) + As(i, 4, ))dt

Htvjz ‘

N
with (3,5, < V(X! - X]); Z —Xg‘>
and  As(i,j,t) = <VF(Xg — X7) —VF*ntN (x}); zi —X;‘> .

According to the definition of the function Fy in Hypothesis (A-6), it is convex.
This implies (x —y; VFy(z —y)) > 0 for any z,y € R%. This inequality yields

N N N ) -
SN Mo(igit) p <dad |2 - X[ (3.1)
=1

i=1 j=1
By definition of 6, for any z,y € R? we have (VV(z) - VV(y);z —y) >
—0 ||z — y||*. This implies

N

=23 (2 - X{; VV(Z}) - VV ( <292& . (3.2)

i=1

We now deal with the sum containing As(i,7,t). We apply Cauchy-Schwarz
inequality:

N N N %
B3 80 <{E]l|zi - XM} > E [(pj(0): p(1))]
— j=1k=1

with  pi(t) :== VF(X/ — ~VExnY (X}]) .

The idea now is to prove an inequality of the form

ZENJE [{pi(); ()] < N,

j=1k=1
where C' is a positive constant. We use the following conditioning:
E [(p5(1); pi®))] = E{E [(p5(1); pi(t)) | Xo,--+ . X5+, X' Xi]} -

The particles X", 1 < r < N, are not independent but they are independent con-
ditionally to the knowledge of the initial random variables X¢,- -+, X¢, -+, X{.
Therefore, we have the equality

E [(p(); pi(t))]
:E{<E [p;(t) | X(%v 7X(§"" ’XON:Xz] ;E[p;;(t) | X(%) ’Xév"' aXévaﬂ>} s

14



if j # k. Consequently, for any 1 < j < N, we have

S TE[ph(t); pi())]

+E|los )] -

N

+E|loj 0[] -

We now take the sum over j:

i o]

ZZE pi(t

j=1k=1

Now, we will prove that

(b1 30 i)

lzpk |X0""aX(§7""X(J)vati‘|

i 1
XD’N

is equal to =V F x 1,

¢
Yt::x0+aBt7/VV( )dsf/ (VF % puoPs) (Ys) ds.
0

Indeed, for any 1 < k < N with k # i, we have

E[VF(X; - X{) | Xg,-

We remark that

0N
th

N
E|Y VFX]-X[)| X5,

k=1

_ NVF e (X,

Zl]il 5x(l) < 1 iv: >
== -~ 5XL Pt .
N =1 ’

The right-hand side of the previous equality being 1V, we consequently get

i 1 N
Xm N 21—1 5Xl

— VF xy, (X)) .

15
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Let us remark that the term for k£ = i is equal to zero in the left-hand side of
the previous equality. This yields

VRN ()

Zpk |X07...7Xé’...7XéV,XZ] VF*yt

We obtain immediately:

NN ; ; N ; 2 X%V%EIﬁléxl ;
ZZE[@;(w;pzam<ZE[|rp;-<t>|r}HE{HVF*% N (x))
j=1

j=1k=1

2}
Let us now compute E [H Iy (t)HZ] The diffusions X* and X7 are not inde-

pendent but they are independent conditionally to the initial random variables.
However, according to Hypothesis (A-5), we have F'(z) = G (||z||) where G is a
polynomial function of degree 2n, we have the following inequality:

. . . 2
B |[vree - xd) - vE ) | b x[

H4n—2

<C<1+EU|XZ X§7~-~,X3,--~7X§}+E[HX5 4

Then, we use the control of the moments obtained in [HIP08, Theorem 2.13]
and we obtain the following majoration:

supE U ’VF(XZ ~ X))~ VF N (X))

_ <1+Z||XO ) ,

K being a positive constant. Consequently, we have

Jew (14 [ 16lP o)

.. X%’§§:fléxl
We have a similar control on E { ||VF x v, (XZ)

2 .
‘ X&,---,X@,---,Xﬂ

supE [HVF(Xg —Xx}) = VF N (X))
>0

2
} . Therefore,

we deduce the following inequality:

N
B (3 A5060.0)| < VCli0) NEED] (33)
By combining (3.1), (3.2) and (3.3), we obtain

N
%ZE[& Z{9+2a VCir) “O VE[E } (3.4)

16
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However, the particles are exchangeable. Consequently, for any 1 < i < N, we
have

FEE0) 20+ 20EG0} + U VETED

By introducing 7;(t) := /E {&;(¢)}, we obtain

7i(t) < (9+2a){n(t)+ (9+2a)\/ﬁ} :

The application of Gronwall lemma yields

]E{HZZ—XZHz} < ]\mexp[2(9+2a)t] .

We obtain the statement of Proposition B by taking the supremum for ¢ running
between 0 and 7. O

4 Uniform propagation of chaos

In this paragraph, we prove that there is uniform (with respect to the time)
propagation of chaos with sufficiently large o, that is Theorem C. In all this
section, we assume the inequality of simple propagation of chaos.
We consider an additional hypothesis, that is we are in the synchronized
case:
inf "(x) =g >0 and ap—0>0,
z€R
0 being defined between Assumption (A-2) and Assumption (A-3).
Before giving the proof of the main theorem, we give the following result to
control the moments.

Proposition 4.1. We assume that the potentials V' and F and the probability
measure g satisfy the set of Assumptions (A). Let Z}, -, ZY be N i.i.d. ran-
dom variables with common law py. We consider the following particle system:

Zgzzg+aB;’—/ VvV (ZE) ds——Z/ VF (Z: - Z1)ds (4.1)

B',--- B" being N independent Brownian motions (and independent from the
initial random variables). Then, there exists a constant M (ug) such that

1<I2§§q iggE {HZlH } < Mpo), (42)

for any N € N.

17



The proof is classical and can be adapted from [CGMO08, Section 2.1] so it is
left to the reader. Let us just mention that the only hypotheses that we need
on the potentials V' and F are (A-1), (A-2), (A-4) and (A-6) and the law to
satisfy assumption (A-9). Indeed, these hypotheses are sufficient to ensure the
convexity at infinity of the drift V 4+ F * u;. We now give the proof of Theorem
C.

Proof. Step 1. Let t be a positive real. The idea is to consider a nonlinear
diffusion. Let T be a positive real.

Step 2. The triangular inequality implies
N
W, (MT+t ; ulTH) < Wy (e p7) +Wa (175 p7,)
N . N N 1,N
+Wa (o703 17,) + W2 (nm ) uT+t> ;

where 77:];], ; is the law at time T of the diffusion

25 = XN o (Bl = B) = [ 9V VP 0] (Z0) du,
0

where vy := (% vazl 6X7’,,N> P,, and p¥, is the law of the diffusion
; :

Y, =Yy + 0 (Biys — By) — / (VV 4+ VF % L (Y,)) (Yo)du,
0

where Yy follows the law %Zjvzl (SX_Z‘,N. More precisely, we put Yp(w) :=
Xf N Ghere ¢ is a random variable which follows the equiprobability on the
set {1,---,N}. We also assume that ¢ is independent from XZ’N and B* for
any 1 <¢ < N.

Step 3. Let us bound each of the four terms.

Step 3.1. We can bound easily the last term. By definition and by assumption,

we have: ex)
’ exp
Wy (”]TVM NlTin) < Uy

Indeed, we remark that

? i s exp [2¢(T
W,y (nJT\’,t; ulT’ft) SE{“ngXT+t" }S %

by Proposition B.
Step 3.2. The first term can be bounded like so:

Wo (e s 17) < e COTEIW, (g5 p7)

Step 3.3. We proceed in a similar way with the second term. We introduce
the McKean-Vlasov diffusion starting from the law + Zjvzl al We have

Wa (1”3 py,)" = inf E {1, — Xl |

18



where the infimum runs for X, which follows the law p and for X5 which has
the same law as the diffusion Y;. We can write

2

N
2 1
Wo (,LLU; anV’t) <E<{ W, /uf’; N Z(sxij Pr . (43)
j=1

Indeed, the application p — W3 (1%, 1) is convex so that we obtain (4.3)
since p¥, is the expectation of the random measure (% Z;V:I o Xj,N) Pr. We
E t
deduce immediately:

Wy (175 o3,
2

N
1
<E{ e 20Ty, ue N Z(SXJ;N
j=1

2

N
2 1
< 2¢OV, (/f’; ui’N) +E {267 2COTW, | g N D Oy
j=1

< 2e72C()Tyy, (MU; u%,N)Q 1 Me2C0@T

Here, M is a positive constant which depends on the supremum of the second
1,N
moment of p;"" . We thus have:

W, (’uo’; P%t) < 2e~C)Tyy, (Ma; ’u;uN) 4 MeCO@T
<2907 (W2 (175 pe) + Wy (m; utl’N)) + Me= T

< 2 CONT+)yy, (1% ; o) + 2¢=CO)Tyy, (Ht; Iutl,N) 4 MeCO@T

Step 3.4 We now bound easily the term Wy (p',; n,). Indeed, since we are
in the synchronized case, we know that V2 (V + F % u) > a — 6 > 0. So, if we
take the same Brownian motion for Y and for Z.l;;N, we obtain:

2

il
dt

2
2wl <—@-o 2 -y

As a consequence, we have:
—(a—6
Wa (o5 7)< €= OTWa (oG 163) -

By proceeding like in the Step 3.3, we can prove that there exists a constant
M which depend on the supremum of the second moment of ,utl N such that
Wy (o5 ) < Mem (=0T,
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Step 4. Consequently, we have:

W, (MTth; u%ﬂft) <2e~C(Tyy, (ut; ui’N) + 3¢~ COTTIW, (g5 pu®)
exp [1p(T)]
VN

We now consider the quantity min {a — 0; C(c)}. Without any loss of generality,
we denote this quantity by C(o). We deduce that

+ + Me—C(a)T + Me—(a—H)T ]

Wo (,UT+t; H%ivt) <29 Ty, (ut; Htl’N) + 3¢ C@OTHIW, (g5 )
L o)
VN

where the constant M in the above displayed formula corresponds to two times
the previous constant M. We now take the supremum for ¢ running between

+ Me €T

(k —1)T and kT, we denote A\ (T) := sup Wo (HtQ utl’N) and v :=
ET<t<(k+1)T
3Wy (po; 1) + M. We obtain:
T
Ak(T) < 2670(U)T)\k_1(T) _|_,yefC(a)T i exp [@f\g )] )
Step 5. By elementary computations, we have:
1 exp (7)) e\ exp ()] _cwor e Gl
< o S e Cle .
)\k(T) =71_ 267C(U)T \/N +<2€ ) \/ﬁ (& +'71 — 267C(U)T

L% (D)

This follows from the bound A\o(T") < which is a consequence of classical

coupling between the system of particles and the McKean-Vlasov diffusion.
By taking T large enough, we deduce

exp[(T)] 2 —C(o)T
W ( ;LN)=~ M(T) < 2y C@T (44
sup W (pe; i sup K1) < =5 6ot 5 e (4.4)
Let € > 0 be arbitrarily small. We take 7' > & log (£2) so that 2ye~“(@)7T < £.
exp[¥(T)] 2 e

Then, by taking N large enough, we have T2 COT N < 3 This implies
sup Wy (Mt ; ui’N) < e if N is large enough. This proves Limit (1.2).

>0

Step 6. We now prove the rate of convergence result. Let § > 0 be arbitrarily
small.

Step 6.1. We look at the first case. Inequality (4.4) holds for any T' > 0. We

take Ty = ﬁm log(N). We immediately deduce m < 2for N
large enough. For N large enough, the quantity le’((g;]}])v is less than %4—5 (1 + %)

1 )

so that the quantity %\/(NTM is less than N~ (ZmF 75 ~2) . We deduce

JEeE=vey: ﬂSM L
1 — e—»(Tn) VN

<2N"% —0,
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as N goes to infinity. The second term, ye~ ()T~ s equal to YN~ TN 50
N TS 757670(U)TN _ ,nyé 0,

as N goes to infinity. This achieves the proof of Limit (1.3).
Step 6.2. We now look at the second case. Here, we obtain

N 2 _C(o)h (11— o
sup W, (ﬂt; Mg»N) < o e Cloyw" (5(1-8) log(N)

t>0
by taking T := ¢~ (3 (1 — 6)log(N)). This implies Limit (1.4). O
t
The second case, that is to say when . lirﬁp @ = 0, does not hold with
—+o00

McKean-Vlasov diffusion. However, the current work aims to be applied for
more general diffusions.
In [CGMO0S8, Theorem 3.2], the authors obtain a uniform propagation of chaos

of the form
K

N-(1-=p)~’
with 0 < p < 1. However, by using a method similar to the one of the proof of

Theorem C, we obtain a better inequality with the Wasserstein distance. This
is Corollary D, that we now give the proof.

supE {|| X, - x|} <
t>0

Proof. By proceeding exactly like in [BRTV98, Lemma 5.4], there exists K > 0
such that the following inequality holds:

KT?
< —

. _ oyl 2}
OE?ETE{HXt Xill'y = N

(4.5)

for any T' > 0. Here, there are two differences with the proof in [BRTV9S]. First,
here, there is the presence of a confinement potential but since this potential
is convex, we can proceed similarly. And, in [BRTV9S]|, the initial random
variables are assumed to be independent. However, we need here to relax this
independence hypothesis (like in the proof of Theorem C). We use the same
technic than the one in Proposition B by conditioning with respect to the initial
random variables and we have the result. Inequality (4.5) implies

sup Wa (e nf¥) < S0 i)

0<t<T - VN

with (T := % log(K) + log(T).

Now, since @ < 0 and 6 < 0, any invariant probability p” satisfies a WJy, p-
inequality with a constant C'(o) > 0. Consequently, we have

im C(o)t

t—+oo (1)

= 400

We apply Theorem C and we obtain the statement for any § > 0. U
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5 Creation of chaos

From now on, X} :~--:Xév = Xp.

5.1 Creation of chaos in the hydrodynamical limit

In the following, we look at the quantity E {f1 (th) fo (Xf) } We remark that

E{f (X)) f2 (X)) =E{ A (X E [ (X2) | X3, (BY) ey}
=E{f (X)E[f (x2) | X3}

Consequently, to study the long-time behaviour of E { f (th) fo (Xf)} requires
to study E [f2 (X7) | X¢]. Since X§ and X are not independent, we do not
have E [fo (X?) | X¢] =E [f2 (X?)].

According to previous results, see [BCCP98, BGG12b, BRV98, CGM08, CMVO03]
for the convex case and [Tugl3a, Tugl3b| for the general case, we know that the
measure p; converges weakly to u as t goes to infinity, under the assumptions
of the article. However, we do not know anything about the convergence of
E[f2 (X?) | X{] as t goes to infinity. This is the purpose of next proposition.

Proposition 5.1. Let f be a Lipschitz function from R to itself. Under the
sets of assumptions (A) and (B), we have:

E{f (X2) | X1} — / fol@) (), (5.1)

and the convergence holds almost surely, ast goes to infinity.

Proof. For any xg, we can write

E{f(X?) | Xo} Lixo=ao} = E{f (Y"°)} Lixo=z0}

Consequently, for any random variable X which follows the law u, we have

|E{f (th) | XO}]l{X():xo} _E{f (X)}]I{X0=a:0}|
SE{F ) = F (O xo=a0} < CE{Y™ = X[} 1ixo=s0} -
By taking X which minimizes Wo (£ (Y*°); i), we find

’E{f(XtQ) | Xo} Lxo=a0) —/f("’”)“(dm)]l{xozm}
< COWo (L(YS) ;1) Ui x=z0}
< CGiCUtW2 (5960;,“) ]l{Xo:IO}

< Ce-Cvt\/ / (2 — 20)? 1(d) 1L {0y} -

This tends to 0 as t goes to infinity which achieves the proof.
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Let us remark that we have obtained better: the convergence is exponential.
Now, we can prove that, as time t goes to infinity, the law of the couple
(X}, X?) becomes the tensorial product of the marginal laws.

Proposition 5.2. Let f; and fo be two Lipschitz functions from R to itself.
Under the sets of assumptions (A) and (B), we have:

E{fi (X )fz(Xz}H(/fl dr)(/fz ) (5.2)

The convergence holds as t goes to infinity.

Proof. We observe that

E{fi (X)) (X))} =E{fs XHE[f2 (X7) | X;]} = (/R fz(w)u(dw)) E{fi X))} +E{fi (X}) A},

with
A=E{f> (X?) | X3} - /R folw)pdz)

The limit in (5.1) gives us the convergence almost surely of the random variable
A; to 0 as t goes to infinity.

Furthermore, since fs is Lipschitz-continuous and according to the boundedness
of the moments of X?, we have the following inequality:

E(1147) <28 [||f> (x2)|] +2</f2 dm)>2<0{1+]E{||Xf||2}}<CU.

By Lebesgue theorem, we deduce the following limit:
. 1 _
Jim E (£, (X)) 4.} =

Moreover, due to the set of assumptions on the initial random variable, we have
the following convergence as t goes to infinity:

fl —>/f1

This achieves the proof. O

Let us remark that the convergence is exponential.
In fact, we could have obtained a more general result by proceeding similarly.

Remark 5.1. Let f1, -, fr be k functions Lipschitz-continuous. Then, under
the hypotheses of Proposition 5.2, we have the convergence almost surely of

k ' k
]E{H fi (XZ)} toward H/Rfi(x)u(dx
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By observing that Hle E [f; (X])] converges to Hle Jg fi(x)p(dzx), we im-
mediately obtain the following theorem.

Theorem 5.3. Let f1 and fo be two Lipschitz functions from R to itself. Under
the sets of assumptions (A) and (B), we have:

Cov (f1 (X)) f2(X}2)) — 0, (5.3)

as t goes to infinity.

More generally, let any k > 2 and let f1,--- , fx be k Lipschitz-continuous func-
tions. Thus, we have the following convergence almost surely ast goes to infinity:

={ Tt | - T2 (5.} 0.

Let us point out that to obtain this result, we only use the convergence in
long-time. We do not need to know anything about the rate of convergence.

However, we know that this convergence is exponential.

5.2 Creation of chaos in the mean-field system

We first provide a coupling result.

Proposition 5.4. We assume that V', F and o satisfy the set of Hypotheses
(A) and (B). Let Xy be a random variable which follows the law po. Then, for
any T > 0, we have the following inequality:

. . 2
sup E {ng - XZ’NH } < G et (5.4)
te[0;T] N

2
where C(pg) is a positive function of [, |12]|* po(dx) and C is a positive con-
stant.

Proof. The proof is an adaptation of the proof of Proposition B. By VtXO, we
denote the solution of the granular media equation starting from dx,. By defi-
nition, for any 1 <4 < N, we have

. _ t _ _ t] 1 X _ _ _
XpN - Xl = 7/0 {VV(XIN) = VV(XD)}ds — /0 2 VEQGN = XPN) = VF 00 (X]) o ds.
j=1

We apply Ité formula to X} — X{ with the function 2 — ||z||°. By introducing

: 12
the notation &;(t) := HXZ’N — X}|| and by taking the sum on the integer i
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running between 1 and N, we get

N 9 N N
dY &) = 200t NZZ (8200,3,1) + A (i, ,) )t

i
] =

with Aq(t) : Aq(i,t)

1
VEGY - XPY) - VR - X)) XY - X))

o~

A2(iaj7 t) =

and  As(i,j,t) = <VF(X;’ — XY) = VF o (X)) 5 XN - X;’> .

According to the definition of the function Fy in Hypothesis (A-6), it is convex.
This implies (x —y; VFy(xz —y)) > 0 for any x,y € R. This inequality yields

N N
%ZZ As(iy g, t) + Ao(j,1,t)) > 40[ZHX1N—X’

Consequently, we have

2
N

HMZ

N 1 5 N N 9
Z (i,4,t) p = §E N Z (Az(%]at) +A2(]a7“7t)> < 40‘2 HXt - X
J=1 1<i,j<N i=1

(5.5)
By definition of 6, for any x, y € R we have the inequality (VV (z) — VV (y); z — y) >
—0 ||z — y||>. This implies

N N
=23 TA(it) 20> &(L). (5.6)
i=1 i=1
We conclude as in the proof of Proposition B:

E{{p(t); pk(t))} =0,
for any j # k. And, if j = k, we have

B {401} =& {|jvr (xi - x?) - vF i (x)

)
The diffusions X? and X7 are not independent but they are independent con-
ditionally to the initial random variables. However, according to Hypothesis

(A-4) and (A-5), we have F(z) = G (||=||) where G is a polynomial function of
degree 2n, we have the following inequality:

" [HVF(Xt —Yi) = VF vf‘(’(Xt)HQ] <c(1+E[IxI"]),
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X; and Y; being two independent random variables with common law pu; and
C' is a positive constant. Then, we use the control of the moments obtained in
[HIP08, Theorem 2.13] and we obtain the following majoration:

SUpE [[[VF(X, = Yi) = VF « e (X0)|I*] < Clpo)
t>

C(uo) being a function of the 8¢? moment of the law y9. Consequently, we have

E{ |60 | Xo} < ).,

for any 1 <1i,j < N. By taking the expectation, we obtain

E{Jl5i®]|"} < Cluo),

for any 1 <i,j < N. Therefore, we deduce the following inequality:

E ZA3 iit)| < VT NEEQD]. (57)
By combining (5.5), (5.6) and (5.7), we obtain

N
d \/ /Jo
- ; <2 Z { 0+ 20)E VE[&(t
However, the particles are exchangeable. Consequently, for any 1 <1i < N, we

have
FE) <2060+ 200 B {60) + 2L VBTED

By introducing 7;(t) := \/E {£;(t)}, we obtain

/ ) O(NO)
7i(t) < (0 + 2c) {Tl(t) + 7(0 " 20) \/N}

The application of Gronwall lemma yields

. 112
]E{HXZ’NXZ }g o) 20+ 20)1] .

N (0 + 2a)

We obtain (5.4) by taking the supremum for ¢ running between 0 and T'. O

5.2.1 Decorrelation for two particles

We now are able to provide the proof of Theorem E.
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Proof. Let T and € be any positive reals. Set 0 < ¢.
Step 1. We use the following decomposition

Cov (11 (x0) s 22 (x27)) =E{ 12 (x0) [ (x27) - 2 (XD) |}
FE{f (X7) [£ (X0Y) = £ (X ]+ Cov (i (XD) 5 2 (X7))
+E{f (XD} [E (2 (X))~ E(f2 (x2V))]

cu{r (x2)} [ () -8 (1 ()]

=T +Te+T5+T,+T5.

Step 2. We can control 7T} in the following way.

T3l < \/E {Hh (XE’N)HQ}\/E{Hfz () ~ 2 (x) 2}

by Cauchy-Schwarz inequality. The triangular inequality provides us:

I () <stmonein vt - oo sl (62 - )

Since fi is a Lipschitz-continuous function, there exists p > 0 such that

’ 2
1 (Y[ < 31012 + 2 2 4 32—

Due to the inequalities (1.1) and (5.4), we have

E{Hﬁ (XE’N)HQ} < 3p? (Mo + A0 +K2€j$t)

Still by using the coupling result (5.4), we have

2 e2Ct
B{||r (x2%) - £ 02) [} <2
so that the term 7} is bounded like so
\/ Je eCt ) 262Ct eCt
Ti <2 My + + K K— <20°K\/ Ko+ K
13l < 20\ Mo + 1O + K25k o < 2 o+ S

Step 3. By proceeding similarly, we have the following boundedness of the fifth

term.
eQCt eCt

N v

Step 4. By using the uniform boundedness of the moments (1.1), Jensen’s
inequality and the coupling result (5.4), we obtain the following control:

ITs| < 2p*° K1\ Ko + K2——

Ct
e
max {|Tz|; |T4|} < pQK\/Moﬁ .
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Step 5. Finally, the limit (5.3) provides us the existence of a decreasing function
o which limit at infinity is 0 such that

Ts] < (1)

Step 6. Let ty(e) be a positive real such that p(ty(e)) < Then, we take

£
3¢

No(€) large enough such that we have |11 | + [T| + |T4] + |T5| < 5. We deduce
that for any ¢ € [to(€); to(€) + T, for any N > Ny(e), we have
[Cov [ (287 .72 (x2%)]| < e
O

This theorem means that, for a time and a number of particles sufficiently
large, two particles are as independent as we desire. Moreover, the convergence
in time is exponential.

We do not need neither V nor F' to be convex. Nevertheless, if both potentials
V and F are convex, we know that we have a uniform coupling between the
particles and the inequality (5.4) becomes

} < K (po)? (5.8)

supIE{HXZ’N—XZ N

>0

so that the four terms Ty, To, Ty and Ts (defined in the proof of Theorem E)
are bounded like so

A
supmax {|T1[; |Ts]; |Tul; |T5]} < —= .
sup s ([T Tl il 751} < 4 7

In the previous (uniform) inequality, X is a positive constant. Immediately, we
have the majoration:

‘COV (fl (th’N) i f2 (XtQN>)‘ <(t) + AV%'
Taking ¢ and N sufficiently large yields
[Cov (1 (%) 1 o (x27))| < e,

since the function ¢ is decreasing. This ends the proof of Theorem C.

5.2.2 Creation of chaos for the empirical measure

When the initial random variables X}, --- , X} are independent, the empirical
measure 7}’ = % Z;vﬂ 0.~ converges as IV goes to infinity toward the deter-
t

ministic measure u; (the law at time ¢ of the McKean-Vlasov diffusion).
However, due to Theorem E, we have the Theorem G.
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Proof. By definition of n{¥(f), we have
Cov (¥ () ¥ (£2)) = < . Cov (f (XPN) 5 o (XP)) -
l<z SN

Consequently, if N > Ny(e) (where the integer Ny(e) has been defined in The-
orem E), we have by triangular inequality:

sup |C0V (ﬂfv(fl) ; va(f2))|

t€lto(€);to(e)+T]

N . .
< (1= ) e e oo (0 () . (30)

Nevertheless, due to the hypotheses, we have the convergence of the quantity

Cov (f1 (X}) 5 f2 (X))

| n@n@utn) - ([ fenn) ([ peu) .

as t goes to infinity. Then, since f; and fy are Lipschitz-continuous functions,
thanks to the coupling inequality (5.4), we obtain that for all € > 0, the quantity

1 055 [ () ([ 59)]

is less than € if t and N are large enough. Particularly, we deduce the bound-

edness of ‘Cov (fl (XE’N) s fo (XZN>) ‘:

to

sup sup | Cov (1 (X{V) 5 o (XPV))| < M,
N>1t>0

M being a positive constant.
Taking N (e) := max {No(e) ; %‘)(e)} yields

sup |Cov (0¥ (f1)s Y (f2))] <€
tefto(e);to(e)+T]

The second part of the theorem can be proved in a similar way so it is left to
the reader. O
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