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Abstract

In this paper we consider non parametric finite translation mixtures. We prove that
all the parameters of the model are identifiable as soon as the matrix that defines the joint
distribution of two consecutive latent variables is non singular and the translation parameters
are distinct. Under this assumption, we provide a consistent estimator of the number of
populations, of the translation parameters and of the distribution of two consecutive latent
variables, which we prove to be asymptotically normally distributed under mild dependency
assumptions. We propose a non parametric estimator of the unknown translated density. In
case the latent variables form a Markov chain (Hidden Markov models), we prove an oracle
inequality leading to the fact that this estimator is minimax adaptive over regularity classes
of densities.

Keywords: translation mixtures; non parametric estimation; semi-parametric models;
Hidden Markov models,dependent latent variable models.

Short title: Non parametric finite translation mixtures

1 Introduction

Finite mixtures are widely used in applications to model heterogeneous data and to do un-
supervised clustering, see for instance MacLachlan and Peel (2000) or Marin et al. (2005) for
a review. Latent class models, hidden Markov models or more generally regime switching
models may be viewed as mixture models. Finite mixtures are therefore to be understood
as convex combinations of a finite number of probability distributions over the space the
data lives in, including both static (when the latent variables are independent) and dy-
namical models. Most of the developed methods use a finite dimensional description of the
probability distributions, which requires some prior knowledge of the phenomenon under
investigation. In particular applications, it has been noticed that this may lead to poor re-
sults and various extensions have been considered. The first natural extension is to consider
mixtures with an unknown number of components. This has been extensively studied and
used in the literature both from a Bayesian or frequentist point of view, see Akaike (1973),
Richardson and Green (1997), Ishwaran et al. (2001), Chambaz and Rousseau (2008), Cham-
baz et al. (2009), Gassiat and van Handel (pear), to name but a few. However when the
emission distribution, i.e. the distribution of each component, is misspecified this results in
an overestimation of the number of components, as explained in the discussion in Rabiner
(1989). Thus, there has recently been interest in considering nonparametric mixture models
in various applications, see for instance the discussion on the Old faithfull dataset in Azza-
line and Bowman (1990), the need for nonparametric emission distributions in climate state



identification in Lambert et al. (2003) or the nonparametric hidden Markov model proposed
in Yau et al. (2011). In absence of training data, mixture models with nonparametric emis-
sion distributions are in general not identifiable without additional structural constraints.
In a seminal paper, Hall and Zhou (2003) discussed identifiability issues in a 2 -component
nonparametric mixture model under repeated measurements (or multivarate) and showed
that identifiability essentially only occured if there is at least 3 repeated measurements
for each individual. This work has been extended by various authors including Kasahara
and Shimotsu (2007), Bonhomme et al. (2011) and references therein. Identifiability recent
results about mixtures may also be found in Allman et al. (2009).
Consider location models
Yi=mg, +¢, 1€N (1.1)

where (5;);en is an unobserved sequence of random variables with finite state space {1,..., k},
(€i)ien is a sequence of independent identically distributed random variables taking values
in R, and m; € R, j =1,...,k. The aim is to estimate the parameters k, my,...,mg, the
distribution of the latent variables (S;);cn and the distribution F' of the ¢;’s. As usual for
finite mixtures, one may recover the parameters only up to relabelling, and obviously, F may
only be estimated up to a translation (that would be reversly reported to the m,’s). However
the identifiability issue is much more serious without further assumptions. To illustrate the
identifiability issues that arise with such models, assume that the S;’s are independent and
identically distributed. Then the Y;’s are independent and have distribution

k

Pur() =Y p()F (- —my). (1.2)

Jj=1

Here, p(j) > 0, =1,....k, Y5 1 ju(j) =1, mj €R, j=1,....k, and F is a probability
distribution on R. An equivalent representation of (1.2) corresponds for instance to k = 1,
mi = 0 and F' = P, p the marginal distribution. Hunter et al. (2004) have considered model
(1.2) with the additional assumption that F' is symmetrical and under some constraints on
the my, in the case of k < 4, see also L. Bordes and Vandekerkhove (2006) and Butucea and
Vandekerkhove (2011) in the case where k = 2 for an estimation procedure and asymptotic
results.

In this paper, we investigate model (1.1) where the observed variables are not inde-
pendent and may be non stationary. Interestingly, contrarywise to the independent case,
we obtain identifiability without any assumption on F under some very mild conditions
on the process Si,---,S,, see Theorem 2.1. To be precise, if @) is the k x k-matrix such
that @, ; is the probability that S; = ¢ and Sy = j, we prove that the knowledge of the
distribution of (Y7, Ys) allows the identification of k, mq,...,mk, @ and F as soon as @
is a non singular matrix, whatever F' may be. Building upon our identifiability result, we
propose an estimator of k, and of the parametric part of the distribution, namely @) and
mi, ..., my. Here, we do not need the sequence (X;);cn to be strictly stationary and asymp-
totic stationarity is enough, then @ is the stationary joint disribution of two consecutive
latent variables. Moreover, we prove that our estimator is y/n-consistent, with asymptotic
Gaussian distribution, under mild dependency assumptions, see Theorem 3.1. When the
number of populations is known and if the translation parameters m;, 7 < k are known to
be bounded by a given constant, we prove that the estimator (centered and at \/n-scale)
has a subgaussian distribution, see Theorem 3.2.

In the context of hidden Markov models as considered in Yau et al. (2011), we propose
an estimator of the non parametric part of the distribution, namely F, assuming that
it is absolutely continuous with respect to Lebesgue measure. This estimator uses the
model selection approach developped in Massart (2007), with the penalized estimated pseudo
likelihood contrast based on marginal densities 2521 () f(y — ;). We prove an oracle
inequality, see Theorem 4.1, which allows to deduce that our non parametric estimator is
adaptive over regular classes of densities, see Theorem 4.2 and Corollary 1.

The organization of the paper is the following. In section 2 we present and prove our
general identifiability theorem. In section 3 we define an estimator of the order and of the



parametric part, and state the convergence results: asymptotic gaussian distribution and
deviation inequalities. In section 4, we explain our non parametric estimator of the density
of F using model selection methods, and state an oracle inequality and adaptive convergence
results. Most of the proofs are given in the Appendices.

2 General identifiability result

Let Qk be the set of probability mass functions on {1,. .., k}2, that is the set of k x k matrices

Q = (Qi,j)lgi,jgk SuCh that fOI‘ all (Z,j) S {1, ceey k}2, Qi,j Z 0, and Zle Z?:l Qi,j = 1
We consider the joint distribution of (Y7, Y2) under model (1.1), which has distribution

k
Pyp(AxB)= Y QijF(A—m;)F(B—m;), VA BEBg (2.1)

i,j=1

where Bgr denotes the Borel o field of R and 6§ = (m, (Qi,j)1§i,j§k,(i,j);é(k,k))a with m =
(m1,...,my) € RE. Recall that in this case, ordering the coefficients m; < my < --- < my,
and replacing F by F(. —mj) leads to the same model so that without loss of generality we
fixe 0 =mq <mg < -+ < myg. Let O be the set of parameters 6 such that m; =0 < mo <
... <my and Q € Q, where Q = (Qij)1<ij<i, @ik =1 = 220 5y 2(.) @ini-

Let also ©Y be the set of parameters 6 = (m, (Qi,j)1§i,j§k,(z’,j);£(k,k)) € O such that
m; =0 < mg < ... < mg and det(Q) # 0. We then have the following result on the
identification of F' and 0 from Py .

Theorem 2.1 Let F' and F be any probability distributions on R. Let k and k be positive
integers. If 0 € ©Y and 0 € @%, then

Pe,szg,pﬁk’:l;, 0=0andF =F.

Remark 1 In the same way, it is possible to identify {-marginals, for any £ > 2, that is
the distribution of (S1,...,5¢), m and F on the basis of the distribution of (Y1,...,Ys).

Remark 2 The independent case considered in Hunter et al. (2004), L. Bordes and Van-
dekerkhove (2006), Butucea and Vandekerkhove (2011) is a special case where det(Q) = 0
for which our identifiability result does not hold. An important class of models is that of
hidden Markov models. In that case, if Q) is the stationary distribution of two consecutive
variables of the hidden Markov chain, det(Q) # 0 if and only if the transition matriz is non
singular and the stationary distribution gives positive weights to each point. When k = 2,
we thus have det(Q) # 0 if and only if S1 and Sz are not independent.

Proof of Theorem 2.1

Denote by ¢r the characteristic function of F', ¢z the characteristic function of F, 00,1
(respectively ¢ ) the characteristic function of the distribution of mg, under Py r (respec-
tively under P; 7), ¢o,2 (respectively gbég) the characteristic function of the distribution
of mg, under Py g (respectively under Pg, 7), and ®g (respectively ®;) the characteristic
function of the distribution of (msg,,ms,) under Py p (respectively under P 7). Then since
the distribution of Y; is the same under Py r and ng 7> one gets that for any ¢ € R,

OF (t) do,1 (t) = ¢ () dg, (1) - (2.2)
Similarly, for any ¢t € R,

OF (t) do,2 (t) = ¢ () dg5 (1) - (2.3)
Since the distribution of (Y7,Y3) is the same under Py r and P
t = (t1,12) € R?,

7, one gets that for any

or (t1) or (t2) P (t) = ¢z (t1) P (t2) Py (t). (2.4)

w



There exists a neighborhood V' of 0 such that for all t € V', ¢ (t) # 0, so that (2.2), (2.3)
and (2.4) imply that for any t = (t1,t2) € V2,

Do (t) dg 1 (t1) g5 (t2) = g (t) do,1 (t1) Po,2 (t2) . (2.5)

Let t; be a fixed real number in V. ®g (¢, t2), ¢§72 (t2), ®j (t1,t2), ¢a,2 (t2) have analytic
continuations for all complex numbers 2z, ®g (t1, 22), @5 (22), ®j(t1,22), ¢g (22) which are
entire functions so that (2.5) holds with 25 in place of ¢5 for all z5 in the complex plane C and
any t1 € V. Again, let z3 be a fixed complex number in C. ®g (¢1, 22), P41 (t1), @5 (t1, 22),
$9,1 (t1) have analytic continuations ®g (21, 22), ¢5 (21), ®4 (21, 22), ¢ (21) which are entire
functions so that (2.5) holds with 27 in place of t; and z2 in place of t for all (z1, 22) € C2.
Let now Z be the set of zeros of ¢g 1, Z be the set of zeros of ¢§71 and fix z; € Z. Then,
for any 29 € C,

Py (21,22) g1 (21) P55 (22) = 0. (2.6)

We now prove that zo — ®g (21, ) is not the null function. For any z € C,

k[ &
By (21,2) = D | D Qeje™ | ez,
=1 |j=1
Since 0 = my < ma < ... < my, if Py (z1,-) was the null function, we would have for all

0=1,.. .k
k
> Qe e =0,
j=1

which is impossible since det(Q) # 0. Thus, ®g(z1,-) is an entire function which has
isolated zeros, ¢; , (-) also, and it is possible to choose 23 in C such that ®g (21, 22) # 0 and
¢4 (22) # 0. Then (2.6) leads to ¢, (21) = 0, so that Z C Z. A symmetric argument
gives Z C Z so that Z = Z. Moreover, ¢9,1 and ¢; ; have growth order 1, so that using
Hadamard’s factorization Theorem (see Stein and Shakarchi (2003) Theorem 5.1) one gets
that there exists a polynomial R of degree < 1 such that for all z € C,

do.1(2) = ™5 (2).

But using ¢g,1(0) = ¢§,1 (0) = 1 we get that there exists a complex number a such that
¢§71 (2) = e®¢p,1 (2). Using now 0 =m1 <mg < ... <my, and 0 =my < mg < ... <my
we get that ¢p,1 = ¢5,. Similar arguments lead to ¢9 2 = ¢5,. Combining this with (2.5)
we obtain ®y = ®; which in turns implies that k = k and 6 = 6. Thus, using (2.2), for all
t € R such that ¢g,1(t) # 0, ¢r (t) = ¢4 (t). Since ¢g,1 has isolated zeros and ¢, ¢z are
continuous functions, one gets ¢ = ¢z so that F' = F. O

3 Estimation of the parametric part

3.1 Assumptions on the model

Hereafter, we are given a sequence (Y;);en of real random variables with distribution P*. We
assume that (1.1) holds, with (S;);en a sequence of non-observed random variables taking
values in {1,...,k*}. We denote by F* the common probability distribution of the ¢;’s, and
m* € R*" the possible values of the mg,’s. We assume:

(A1) (S;, Sit1) converges in distribution to Q* € Q.
For 0% = (m*, (QF ;) (i,5)#(k+ k), 0" € 0Y., and all differences mi—m;,i,j=1,... k%,
1 # j, are distinct.

We do not assume that £* is known, so that the aim is to estimate #* and k* altogether.

Assumption (A1) implies that the marginal distributions in Q* are identical so that we
write from now on ¢g« = P+, 1 = Pg+ 2.



The idea to estimate 6* and k* is to use equation (2.5) which holds if and only if the
parameters are equal. Consider w any probability density on R? with compact support S,
positive on & and with 0 belonging to the interior of S ; typically S = [—a,a]? for some
positive a. Define, for any integer k and 6 € O:

M (0) = /]R2 [P (t1,t2) Po,1 (1) Po,2 (t2) — Po (t1,t2) Pox (t1) Po= (152)|2
|¢F* (t1)¢F* (t2)|2’w(t1,t2) dtidts. (31)

We shall use M (6) as a contrast function. Indeed, thanks to Theorem 2.1, § € ©Y is such
that M(0) = 0 if and only if kK = k* and 6 = 0*.

We estimate M (-) by
M, (0) = / ?, (t1,t2) .1 (t1) P2 (t2) — @g (t1,12) Q/b\n,l (t1) 571,2 (t2)| w(t1,t2) dt1dts,
R2
(3.2)

where &Dn is an estimator of the characteristic function of the asymptotic distribution of
(Y2, Yiq1), dn,1(t) = ©p(t,0) and ¢y 2(t) = ©,(0,t). One may take for instance the empirical
estimator

2

n—1

~ 1 .
(I)n (tl,tg) = ﬁZesz(tle +t2}/j+1). (33)

J=1

We require that d,, is uniformly upper bounded; if ®,, is defined by (3.3) then it is uniformly
upper bounded by 1. Define, for any t = (t1,t2) € R?

Zn (8) = V1 (B (t) — Bs (6)0p- (1) - (1))

Our main assumptions on the model and on the estimator ®,, are the following.

(A2) The process (Z, (t))tes converges weakly to a Gaussian process (Z (t))tes in the
set of complex continuous functions on S endowed with the uniform norm and with
covariance kernel I'(-, -).

(A3) There exist real numbers E and ¢ (depending on 6*) such that for all z > 0 and
n>1,
P* <sup |Zn ()| = E+ CE> < exp (—cz?).
tesS
(A2) will be used to obtain the asymptotic distribution of the estimator, and (A3) to
obtain non asymptotic deviation inequalities. Note that (A2) and (A3) are for instance

verified if we use (3.3), under stationarity and mixing conditions on the Y;’s. This follows
applying results of Doukhan et al. (1994), Doukhan et al. (1995) and Rio (2000).

3.2 Definition of the estimator

Our contrast function verifies M (#) = 0 if and only if § = 6* only when we restrict 6
to belong to Uken®Y. When minimization is performed over Uxen®{ it may happen that
the minimizer is on the boundary. To get rid of this problem, we build our estimator én
using a preliminary consistent estimator 6,,, and then restrict the minimization using the
information given by 0,,.

Define for any integer k, Ij; a positive continuous function on ©9 and tending to +0o on the
boundary of ©9 or whenever ||m/|| tends to infinity. For instance one may take

m; — mi—1|

K
|
I (M, (Qij) (i) 2k ky) = — log detQ — Zlog (1 + [[m[e0)?
i=2 o



Let (ky,0,) be a minimizer over {(k,0) : k € N,# € O} of
Cn (k,0) = My, (0) + Ao [J (F) + I (0)]

where J : N — N is an increasing function tending to infinity at infinity and (A\,)nen a
decreasing sequence of real numbers tending to 0 at infinity such that

lim v/n\, = 400 (3.4)

n—-+o0o

Define now 6,, as a minimizer of M,, over

{9 €O : Iy, (0) <2I, (9n)}

In case k* is known, we may choose another estimator. Let K be a compact subset of
0%.. We denote by 0,,(K) a minimizer of M, over K. This estimator will also be used as a

theoretical trick in the proof of the asymptotic distribution of @l

3.3 Asymptotic results

Our first result gives the asymptotic distribution of én To define the asymptotic variance,
we define VM (0) the gradient of M at point § and Do M (6) the Hessian of M at point 6.
We also set V' the variance of the gaussian process

/ (C(6) [Z () bo- (—t1) o+ (—t2) — Bge (—t) (Z(—t1, 0069+ (—t2) + Z(0, —t2)pe (~11))]
(—t)[Z(£) o~ (11) b+ (12) — Do (8) (Z(t2,0)6p- (t2) + Z(0, 12)dp- (12))]} w (8) db

where

C (t) = @y« (t) V (do+ (t1) Po- (t2)) — Vg~ (t) go= (t1) do- (t2) -

Theorem 3.1 Assume (A1), (A2), and (8.4). Then DoM (0*) is non singular, and for
any compact subset K of ©%, such that 6* lies in the interior of K, \/n(0,,(K)—0*) converges
in distribution to the centered Gaussian with variance

Y = DyM (0%) " VDyM (0%)
Moreover, \/ﬁ(é\n — 0*) converges in distribution to the centered Gaussian with variance .

If one wants to use Theorem 3.1 to build confidence sets, one needs to have a consis-
tent estimator of ¥. Since Dy M is a continuous functions of 6, Do M (Hn) is a consistent

estimator of DoM (6*). Also, V may be viewed as a continuous function of T'(+,-) and 0, as
easy but tedious computations show. One may use empirical estimators of I'(+,-) which are
uniformly consistent under stationarity and mixing conditions, to get a consistent estimator
of V. This leads to a plug-in consistent estimator of .
Another possible way to estimate X is to use a boostrap method, following for instance
Clemencon et al. (2009) when the hidden variables form a Markov chain.

When we have deviation inequalities for the process Z,,, we are able to provide deviation
inequalities for v/n(6,(K)—60*). Such inequalities have interest by themselves, they will also
be used for proving adaptivity of our non parametric estimator in Section 4.

Theorem 3.2 Assume (A1) and (A3). Let K be a compact subset of ©%, such that 0* lies
in the interior of KC. Then there exist real numbers ¢*, M*, and an integer n* such that for
all n >n* and M > M™*,

P* (Vn]|0n(K) — 0*]| > M) < 8exp (—c¢*M?).

In particular, for any integer p,

sup B [(VAIA(K) ~ 0°1)"] < +oc.



4 Estimation of the non parametric part in the case of
hidden Markov models

In this section we assume that P* is the distribution of a stationary ergodic hidden Markov
model (HMM for short), that is the sequence (S;):en is a stationary ergodic Markov chain.
We also assume that the unknown distribution F* has density f* with respect to Lebesgue
measure. Thus the density s* of Y7 writes

"
) = 21w G) T (= m)).

where p*(j) = 25;1 7ir 1 <1 < k*. We shall assume moreover:

(A4) Foralli,j=1,...,k* Q;F; >0, and there exists § > 0 such that

/ P @) dy < +oo.
R

*
3

Notice that, if the observations form a stationary HMM and if for all i,5 = 1,...,k
Q7 ; > 0, then the sequence is geometrically uniformly ergodic, and applying results of
Doukhan et al. (1994), Doukhan et al. (1995) and Rio (2000), (A2) and (A3) hold if we use
(3.3).

We propose to use model selection methods to estimate f* using penalized marginal
likelihood. We assume in this section that £* is known, and that we are given an estimator
On = (M4)1<i<kr (Qij) 1,52k k+)) = 0n(K) of 0% for some compact subset K of OF, such
that 6* lies in the interior of K. Let (i) = 25;1 @i,j, 1 <4 < k*. Define for any density
function f on R

n k*
6o = =S log | YA G) £ (Vi — )
i=1 =1

Let F be the set of probability densities on R. We shall use the model collection (F,)p>2 of
Gaussian mixtures with p components as approximation of F. Let us define for any integer

p

p p
Fp = {Z”i@ui (x— ), a; € [-Ap, Ay, u; € [by,B], m >0, i =1,...,p, Zm— = 1}
i—1 i=1

(4.1)
where B and A, by, p > 2, are positive real numbers, and where g is the Gaussian density

with variance 4% given by ¢g(z) = exp(—x?/28?)/Bv2r. For any p > 2, let fp be the
maximizer of £, (f) over F,. Define

Dn (P) = _En (fp) + pen (pa 7’L) .
Our model selection estimator fwill be given by j’?; whenever p is a minimizer of D,,.

4.1 Oracle inequality

The following theorem says that a suitable choice of the penalty term pen (p,n) leads to an
estimator having good non asymptotic and asymptotic properties. In the following,

-
() =2 A0 (=),



is the estimator of s*,
k*
Sy =0 _w () f(—m)), feF)
j=1

for any p > 2, h%(-,-) is the Hellinger distance and K(-,-) the Kullback-Leibler diver-

gence between probability densities. For any p > 1, fix some f, € F, and set s, =
Z?Zl w*(G) fo (- — m;) Of course to derive good behaviour of the estimator from the
oracle inequality, one will have to choose carefully f,.

Theorem 4.1 Assume (Al), (A3) and (A4). Let (zp)p>2 be a sequence of positive real
numbers such that ¥ = Zp>2 e~ "r < 400. Then there exist positive real numbers k and C,

depending only on Q* and § such that, as soon as
0og 18 )
b

e 1 (%,59)) < © { il (K (7, 1)+ o) + B 1) + 2}

1
pen(p,n) = g (k‘*p [logn + log (b—> + log Ap] + zp [1 +
p

one has

p>2 n

with

1 « 25;1 1(3) fo(Ys — ;) )
lo - .
2 los (25_1 1(j) £ (Y — m3%)

The proof of Theorem 4.1 is postponed to Appendix C.

Notice that the constant in the so-called oracle inequality depends on IP*, so that the result
of Theorem 4.1 is not of real practical use. Also, the upper bound depends on 6, for which
the results in Section 3 are for large enough n. However, Theorem 4.1 is the building stone
to understand how to choose a penalty function and to prove adaptivity of our estimator.

i=1

4.2 Adaptive estimation

We prove now that §5 is an adaptive estimator of s*, and that, if max; p*(j) > %, ]?ﬁ is
an adaptive estimator of f*. Adaptivity will be proved on the following classes of regular
densities.

Let yo>0,¢c>0,M >0,7>0,C >0, A>0and L a positive polynomial function on
R. Let also 8 > 0 and v > (3/2 — 8)+. If we denote P = (yo,co, M, 7,C, A, L), we define
Hioc(B,7,P) as the set of probability densities f on R satisfying:

e [ is monotone on (—o00, —yo) and on (Yo, +00), and inf <, f(y) > co > 0.

Vy e R, fly) < Me Wl (4.2)

o log f is | 3] times continuously differentiable with derivatives ¢;, j < 8 satisfying for
all z € R and all |y — z| <A,

€151 (y) — €15y (2)| < |B)\L()]y — x|~ 17
and

/R 105 Fly)dy < C.

We use 55 where the penalty is set to

3K
pen (p,n) = ;(kﬁ*p + 2p) logn.



Theorem 4.2 Assume (A1), (A3) and (A4). Then for any P, 8 > 1/2 and v > (3/2 —
B)+, there exists C(B,~,P) > 0 such that

2
n 28+1
i sup (7) sup  Eee [12(s%,35)] < C(B,7,P).
n—+o00 (IOg”)s f*e€Hioc(BY,P) [ p}

Thus, 35 is adaptive on the regularity 3 of the density classes up to (logn)3/28+1)  see
Maugis-Rabusseau and Michel (2012) for a lower bound of the asymptotic minimax risk in
the case of independent and identically distributed random variables. Using Theorem 4.2,
we can also derive adaptive asymptotic rates for the minimax L;-risk for the estimation of

fr.

Corollary 1 Assume (A1), (A3), (A4) and that max; p*(j) > 3 . Then for any P,
B=1/2 and~y > (3/2 - f)4,

2y/C(B,7,P)

J s Cmax, 7 §) — 1)’

=1

n 2B+1
lim sup (73) sup Ep- H
n——+oo (1Og n) f*€Hioc(Byy,P)

It is possible that the constraint, max; p*(j) > 1/2 is not sharp, however note that the
Fourier transform of s* is expressed as ¢g- ¢« with ¢g«(t) = Zle p*(j)e’™ and ¢y the
Fourier transform of f*, and that |¢g~(t)| > 0 for all ¢ € R if and only if max; p*(j) > 1/2,
applying the main theorem of Moreno (1973).

Proof of Corollary 1
We shall use
Is* — 55l < 20 (,5).

together with
k*

-
s = Spll = 13w () £ (- = m3) = 3m0) fy =)

-
> 130w ) (Fp = 1) ¢ = ) | = 16 = 07
J—k*
~ 130w G (= mp) = £ =)
> <2mjaxu* (7) = 1) fo— f*

= C=mi) = £ =)

which follows by using iteratively the triangle inequality. Using 8 > 1/2, Theorem 3.2. and
Theorem 4.2, we thus get that

n 26‘%
lim sup (73) sup Ep- H
n——+oo (1Og TL) f*€Hioc(Byy,P)

— 116, — 6*
| [

-1

| < 2VCEP)
J ST

2max, i+ (j) — 1)

as soon as

n O\
lim | ——— sup Eps ([l f*(-=m}) — f*(-—my) 1] =0. (4.3)
n—-+oo ((logn)3) f*EHloc(ﬂ,%P) [ ( j) J ]

Now, since f* € Hioe(83,7,P) with 8 > 1/2, if [m; —m}| < A,

[log f*(y — ;) —log f*(y — mj)| < L(y — mj)|m; —mj|"".



Set M > 5=, and a > 0 such that, if [y| < n®, then L(y)|m; — m}|?"* < 1. Observe

2¢*
also that since 6,, stays in a compact set, for large enough n, if |y| > n®, then for any j,
ly —m;| > n®/2 and |y —mj| > n®/2. We obtain, using [e" — 1| < 2u for 0 < u < 1:

e —(BA1)/2
17 (=)= =l = 2 (FRER) Ly ) -

+2/> B P Wy + . 5> ariogn, v
yjzn

and (4.3) follows from Theorem 3.2, 8 > 1/2 and the fact that f* € Hj.(8,7,P) has
exponentially decreasing tails. [

4.3 Computation of ]/“;

The computation of j?p may be performed using the EM-algorithm, which is particularly
simple for Gaussian mixtures. Indeed, for f =YY | mpg, (- — o), 25;1 L) f(-—my)is
a mixture of pk* Gaussian densities ¢g, (- — oy — ™M) with weights m;7i (7). Starting from an
initial point ((7?)1<i<p, (V) 1<i<p, (6?)1<i<p), the EM I-th iteration may be easily computed
as

k* P ~
2 St B () mhps (Yo —my — af)
) - k* o~ . ~
' 21'0/:1 Z_j:l Z?:LU(])Wé/‘Pﬁi, (Yt —my *O‘é')
E* PN N
Ej:l >y (Yo —my) i (4) ﬂ}l"Pﬂg (Yt —mj = aé)
& Py —
’ Zj:l Z?:1 1) W%‘Pﬁg (Yt —mj; = O‘é)

where for any real numbers C1, Cs, T¢, ¢, is the troncature function: T, ¢, (z) = 2o, <p<c,+
Cy ]lm<C1 + 02]11>Cza and

,t=1,...,p,

+1 __ .
Oé,b- _T_Ava al_la"wp)

k* ~ 2 <, . ~
D1 oy (Yo =y —o}) B (j) whpg (Yo — iy — af)
B — —
Zj:l Z?:1 1) W%‘Pﬁg (Yt —m; = O‘é)

I+1 _ -
o =Ty, B ,1=1,...,p.
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A Proof of Theorem 3.1

First of all, we prove a lemma we shall use several times. Using ||A|? —|B|?| < |A— B|||A|+
|B|| and the fact that characteristic functions are uniformly upper bounded by 1, we get
that for any integer k and any 6 € O:

M 0) = MO <2 [ {80 (1.82) = Ba- (01.82) - (8) - ()

+

QAﬁn (t1) (En (t2) — do (t1) dor (t2) Prr (t1) Pp+ (fz)‘} w (t1, ta) dt1dts.

The upper bound does not depend on k and 6, &Dn is uniformly upper bounded, and we get

Zn(t)
N

sup  [M, (0)~ M(6) =0 (sup
k>2, 6€O), tes

) =0n-/vA) (A1)

which together with Theorem 2.1 gives

10



Lemma 1 If (kn,0n)n, 0n € Ok, is a random sequence such that there exists an integer
K > k*, and a compact subset T of ngK(%g such that

P*(k, < Kand 0, € T) = 1 and My, (6,) = op+ (1),

then
P* (k, = k*) — 1 and 0,, = 0" + op«(1).

Since C,, (kzn, én) < Cp (k*,0%) and M, is a non negative function, we get

My, (6%) — M (6%)

[J(kn) I (9n)} < [J*) + e (09)] +

" ;
so that using (A.1), assumption (A2) and (3.4) we get
[J(kn) + I, (en)} < [T(R*) + T (69)] + op (1). (A.2)
Also,
My (0n) < My (9%) + Aa [T (K7 + Tis (6°)],
so that

M, (én) = op- (1).
Thus, using (A.2) and Lemma 1
P* (kn, = k*) — 1 and 0, = 0* + op+(1). (A.3)

Set now K = {0 € Oy : I+ (0) < 4L (0*)}. K is a compact subset of ©F,. Let E, be
the event (k, = k* and 6,, = 8,(K)). Using Lemma 1, we get that 8, (K) is a consistent
estimator of #*, and using (A.3) and Lemma 1, we get also that §n is a consistent estimator
of 6%, so M, has the same minimizer on K and on {Ij, (8) < 2Iy,(0,)}, with probability
tending to 1, since it belongs to a neigbourhood of #*. Thus, P* (E,) — 1. Now, since

-~

0, = gn(IC)]lEn + é\nﬂEﬁ,

Theorem 3.1 follows as soon as we prove that /n(6,,(K) — 6*) converges in distribution to
the centered Gaussian with variance 3. But this is a straighforward consequence of

Dy M, (0,) (0,(K) — 6°) = VM, (6%),

for some 6, € O+ such that ||6,, — 6*|| < ||0.(K) — 6|, the consistency of 8,,(K) and the
following Lemma
Lemma 2 Assume (A1) and (A2). Then

o /nV M, (0*) converges in distribution to a centered gaussian with variance V.

o Dy M (0*) is non singular, and for any random variable 0, € O converging in P*-
probability to 6, one has

DgMn (On) = DQM (9*) + op+ (1) .

Proof of Lemma 2

First notice that, in every formula, taking the conjugate of any involved function at point
t is the same as taking the function at point —t. This is also verified for derivatives. Write
now for any 6 € Oy and any t = (¢, t2)

G (0,1) = B (t) Pp,1 (11) P2 (t2) — g (£) D1 (1) G2 (t2)

11



so that, if VG, (0,t) denotes the gradient of G,, with respect to 6 at point (6, t), one has
VM, (0*) = / VG, (0*,t) G, (6%, —t) + VG, (0, —t) Gy, (07, t)] w (t) dt.

Now, writing ®,, (t) = Z"—\/%) + Dy« (t)dp+ (t1)Pr+ (t2) and using (A2) one gets easily

VnV M, (%) = /{¢F* (t1)dp= (t2) [Pox (t) V (dgs (t1) do= (t2)) — V@p (t) o+ (1) Po+ (t2)]
[Zn (=t) do= (—t1) o= (—t2) — Py (—t) (Zn(—t1,0)d0+ (—t2) + Zn (0, —t2) g~ (—t1))]
+oF-(—t1)pr+ (—t2) [Por (—t) V (o+ (—t1) o+ (—t2)) — VPpu (—t) g+ (—11) Po (—12)]
[Zn () dos (t1) dox (t2) — Pox (t) (Zn(t1,0) g+ (t2) + Z1n(0,t2)dex (1))} w (t) dt

1
Op- | —=
+or ()
and the convergence in distribution of \/nV M, (%) to a centered gaussian with variance V

follows.
Similar computation gives that for any 6 € O«

Dﬂ@@—Dﬂ@ww:/@um%mmw—AﬁﬁWwwﬁ
4 [ B (t1, 0PI 0,12) P [Aa(8,6) — Aa(t. )] w(o)d

+ Re {/ D, (—t) P, (t1,0)D,, (0, t2) [As(t, 0) — As(t, 6%)] w(t)dt}

for matrix-valued functions A;(t,0), Aa(t,0), As(t,0) that are, in a neighborhood of 6*,
continuous in the variable 6 for all t and uniformly upper bounded. Thus DyM,,(6,) —
Dy M, (6%) converges in P*-probability to 0 whenever 6,, is a random variable converging in
P*-probability to 6*.

Finally, note that at point 6* the Hessian of M simplifies into:

DQ 9* = 2/H |¢F* (t1)¢p* (t2)| w( )dt
with
H(t) = Oy« (t)((ﬁm (tl)V¢9* (tg) + Vg« (t1)¢0* (tg)) — V&g (t)d)g* (t1)¢0* (tg).

Denote by Hmj (t)a Jj=2,.. 'ak*v Hle,j2 (t)a Ji,J2 = 1,.. 'ak*v (j17j2) # (k*vk*) the
components of the vector H(t). Definite positiveness of the second derivative of M at 6*
can thus be established by proving that, if for all t € S,

k
Z Um] Hm] (t) + Z Ujy ja Hle,jQ (t)=0 (A.4)
Jj=2 (J1,52)# (k. k)

then

Umj = 07 .7 = 25 to 7k*ﬂ Uj17j2 = 07 jlaj? = 17 .. '5k*7 (j17j2) 7é (k*,k*).
By linear independence of the functions e*® and te®® this implies in particular that for all
t = (t1,t2),

Z Uy 1 (0) 1 (2) Q0 g, € " i ¥t bmsy)
-,Ja=1

- Z Umh ( ) (]3) elt1(m]*.l +m;3)+it2(m1*'2 +mﬂ*'4) (A5)

J1 Ja
Ji,eehga=1

12



with Up,, = 0. The smallest possible term mj +mJ, with ji > 1 is equal to m3 = mj; +mj
setting j;1 = 2 and j3 = 1 only. Thus (A.5) implies that

k* k*
Unatt (2) D7 % (12) Qi 5,752 750 = Uppypt* (1) 3 " (2) @ g, )
J2:54=1 j2,ja=1

for all %o, i.e.

mzﬂ ( (be* t2 Z Ql ]4 ztzmM — mzﬂ ( ¢9* t2 Z QQ ]4 ztzm]4

Jja=1 ja=1

Since ¢y« has only isolated zeros this is satisfied if and only if

E*
E Zt2m _ § ltzm
Umzu Q17J4 94 mz/'[/ QQ,]4 4.

Jja=1 Jja=1
Thus (A.5) is satisfied only if either U, = 0 or p* (2) Q7 ; = p* (1) Q3 ; for all j. The latter

is impossible since @* is non singular, thus U,,, = 0 and (A.5) becomes

L
Z Umj /,[/* (jl) /'[/* (32) }(3 j4€it1(m;l +m;3)+it2 (m]*z +m]*.4)
1 3

J1=3,j2,,ja=1
y
. * * N * *
= Y Ut (o) (G) @ g, e ) R (i)
1 )

J1=3,j2, " ,ja=1

The smallest possible value for m} + mj, is then mj which is obtained with the only
configuration j; = 3,j3 = 1. The same argument as before leads to U,,, = 0. Iteration of
the argument leads to Up,; = 0 forall j = 1,--- , k*. We now study the derivatives associated
to Q. We write U the k* x k*-matrix whose components are Uy, j, for (j1,72) # (k*, k*)

and Uk*,k* = _Z(jl,jz);é(k*,k*) Ujth. Then
D UniVay,, e () = V() UV ()
(J1,52)#(k* k%)
where for any t € R, V(t) = ("™ )j=1... x+)7, and
Z Ujhjz Vle,jg Po- (tl) = V(tl)TUﬂ
(J1,52)#(k* k%)
with 1 = (1,---,1)T € R¥", since ¢p-(t1) = V(t1)TQ*1l and Py (t) = V(t1)TQ*V (t2). We
can then express (A.4) as
V()T [V (12)V (1) UL Q)T + QY (1a)V (12)TQ 17U
UV (t)V ()" QU™ (Q*)"] V(t1) = 0. (A.6)

Note also that since all differences mj —m7,, j1 # j2, are distinct, if A is a k* x k*-matrix
and Z is an open subset of R,

VteZ, V(t)TAV(t) =0] = A+ AT =0. (A7)
Then (A.6) implies
Q*V (t2)V (t)TU 1" (Q")T + Q* 1T UTV (£2)V (t2) T (Q*)T

+QV (t2)V ()" Q U + UM (Q*) "V (12)V (12)" (Q*)"
— UV (t)V ()T Q 117 (Q*)T — Q* 117 (Q") TV (t2)V (t2)TUT = 0. (A.8)

13



Recall also that 17U 1 = 0 and that Q*1l = p*. Note that Ull = au* with a € R if and
only if o = 0 since 17U = 0 while 17p* = 1. Therefore if U1l # 0 there exists w € R¥’
such that w” (U1) # 0 while (u*)Tw = 0. Multiplying the above equality on the left by w”
and on the right by w leads to

wl QV (t2)V (t2)" () (UN)Tw =0
that for all ¢, in an open set. Using (A.7) again and since (UT1)Tw # 0 we get that
P (@) w] " + (@) T w) ()" = 0.

Since p*(j) > 0 for all j this implies that (Q*)Tw = 0 which is impossible since Q* has full
rank. Therefore Ul = 0 and (A.8) becomes V (t2)T p*[UV (t2)(u*)T + p*V(t2)TUT] = 0,
that is UV (t2)(u*)T + p*V (t2)TUT = 0 for all ¢, in an open set. Multiplying on the left by
1 implies that UV (t2) = 0 for all ¢3 in an open set so that U = 0. O

B Proof of Theorem 3.2

Define for any § € O+, L,(0) = M,(0) — M(6). Then, since M, (0,(K)) < M,(6*), one
easily gets 3 3
M (0,(K)) — M (6) < |Ln (60(K)) — Ln (6%)] .

Define for any t = (t1,t2) and any 6
G (0,t) = { Do~ (t) do,1 (t1) o2 (t2) — Po (t) Pgr.1 (1) Po= 2 (t2)} Prx (t1) Prx (t2)
and

Zn(t)

B, (0,t) = ¢p+ (t1) o+ (t2) { n Po,1 (t1) do.2 (t2)
) Zn(t1,0) Zu(0,15) Zn(t1,0)Zn(0, 2)
Dy (t) [7\/5 ¢o.2 (t2) + NG o1 (t1) + - ] }

Writing @, (t) = 22 4 @y ()@ (1) pr+ (t2) ome gets

L0 0) = [ (B2 (0.6)+ G 0.] B, (0.~4) + G (0.-0)] = |G 0.0 ) w (t) s
Since G (0*,t) = 0 for all t we obtain
La(6) = Lo (@) = [ {1Ba(0.0)  [Ba 67, 6) + B (6.6) G (6,1
+B, (0, —t)G (6,t)}w (t) dt
which gives
Ly (6) — L (07)] < /{an (0.t) — By, (0%, )] | Bn (6, t) + Bn (67, )]
+2|B, (6,t)] |G (6,t) — G (6*,t)|} w (t) dt

which leads to B _
M (0,(K)) — M (6%) < OW, [7,(6) — 07 (B.1)

for some constant C' and any integer n, and with

Ve V2oV oV
Wy, =4 —~+4+ -2 4 0 4 0L V = Zn ()] .
VRt | Ve = i)
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Observe now that, since Do M is continuous and Dy M (6*) is non singular, there exists A > 0
and o > 0 such that, if ||§ — 6*|| < «, then M (0) — M(0*) > 3|0 — 6*||2. Moreover, there
exists 6 > 0 such that, if § € K is such that ||§ — 6*|| > «, then M (0) — M (6*) > . Using
(B.1) we obtain that for any real number M large enough,

B (VT 00~ 07 > ) < (1> g e (v, » 22

where M (KC) = supyci ||0]]. This last equation together with Assumption (A3) gives the
Theorem.

C Proof of Theorem 4.1

The proof follows the general methodology for model selection developed by Massart (2007).
To prove Theorem 4.1 and Theorem 4.2, we will use a concentration inequality we state now.
Let us introduce some notations. For any real function f, denote

Guf = %; [f (i) - /fdP*] .

Lemma 3 Assume (A4). Let F be a class of real functions, and F such that, for any
feF, |fl <F. Assume that there exists ¢(F) > 0 and C(F) > 0 such that Vj =1,...,k*,
lg(j)| < C(F) where g is defined by

9(j) =In Ep- {exp [2¢(F) 7| F(Y2)[] S1 = j} .

Then there exist universal constants Cy, Cy, K1, Ko and a constant C* depending only on

Q* such that

fer

P* <\/ﬁ sup G, f > Kiv/nEp- <sup an> + Cimv/nx + CgC’*C(F)C’(F):E)
fer

< Koexp{—x}
where T2 = sup pe  Ep- 2 ().

Proof of Lemma 3
The lemma is an application of Theorem 7 in Adamczak and Bednorz (2012) to the
stationary Markov chain (X;);>1 = (S5;,Y;)i>1 and functions f(s,y) := f(y). Then, with
the notations of Adamczak and Bednorz (2012) we get that:
e m=1,
e the small set C' is the whole space,
e the minorizing probability measure v is that of (S*z, Y:)i>1 with (5‘1)1 i.i.d. with uniform
distribution, and ¢ = min; ; Q5 ;.
e Since C is the whole space, the return times o (i) = 4, so that s;(f) = f(Y;), thus the
o? of Theorem 7 is just sup; Ep« (f?(¥1)).
Using the specific assumption of the lemma, taking « = 1, we can apply Corollary 1 of
Adamczak and Bednorz (2012), to get (with their notations again)
a,b,c < C*c(F)C(F)

for some constant C* > 0 depending only on min; ; Q7 ;. [
For any p > 2, define

k* i
Sp =8> u() f(—my), f€Fp Iml <MK), > n(j)=1,
i=1 =

p(g) =20, 5=1,....k},
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so that 5, € S,. We now fix, for any p > 2, some §, € S, such that:

V€ Sy, Vs — /57 < 201Vt - V2. (C.1)

For any p > 2 and any o > 0, define

W, (o) = sup Gy, (hl ( i +~t )) ,
t€8p[|1VEi—/Fpll2<0 55+ 5p

and let L, be an enveloppe function of {In(s* +1¢) —In(s* +§,),t € Sp}. Assume there
exists functions 1, such that 1, (x)/z is non increasing and for all p > 2 and o > 0,

Ep- Wy (0)] < 1p (9).- (C2)
Define o, (depending also on n) as the unique solution of
Uy (0p) = \/ﬁa}%- (C.3)

Now we follow and adapt the proof of Theorem 7.11 in Massart (2007). Let p be such that
K(s*,sp) < +o0. If p’ is such that D(p’) < D(p), then one gets, as in Massart (2007) p.241,

AN Sp
K( : ) =G (102 (2))
. 1 S*+§p/ '
SK(Svsp)JrPen(p,n)*%Gn In Toer —pen(p',n)+V, (C4)

1< LB f(Yi — )
= — In J= .
werie(E )

j=1H *(J )fp(Yi*mj)

Applying Lemma 4.23 in Massart (2007) p. 139, for any positive y,:

where

B | sup G, In (52 +t)—In(s +jp/) < 41/;p/ (2yp/)-
tGSp/ yp/ + ||\/E - \/Sp’HQ yp’

Using Lemma 3, the fact that 2y, |Vt — \/3pll2 < ¥ + |Vt — /5,3, and Lemma 7.26
p. 276 in Massart (2007), we obtain that for some constant C' > 0, except on a set with
probability less than K exp —(zp + z), for all > 0:

LG In (s* +5p) —In(s* + 5p) < Cte [y (yp) + T(Ly)(zy + ) 1) +z .
\/ﬁ y;, + ||, /§p/ — \/§p1||2 - yp/ yp’\/ﬁ nyp/ n
Here, T(L,) = C2C*¢(L,y)C(Ly). Using again Lemma 3 and Lemma 7.26 p. 276 in

Massart (2007) we get that for some constant C' > 0, except on a set with probability less
than Ky exp —(zp + ), for all z > 0:

1 Gp(In(s* +5p) —In(2s%)) < C (T(Ly)(zpy +x) n [Ty +
Vi Vs = EllR T Yy no )

Now, using (C.1), we get

2
IVGr = Va2 < [IV5 = Vol + IV = V3l < 61Vs" = /301

and

Vs =V l? < 2|Vs* = V5|12
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and we finally obtain that, for some other constant C' > 0 depending only on P*, except on
a set with probability less than 2K5 exp —(z,r + ), for all > 0:

LG In (s* +5,) —In(2s*) < C [y (yp) n T(Ly)(xp + ) N [Ty +
\/ﬁ yiz + ||\/S_* IV gp’||2 - yp’ yp’\/ﬁ nyp/ n

Define for some constant a to be chosen

Yy = a_l\/UQ + (zp +2)(1 JFT(LP’)).

/

p n

Then we can follow the proof of Theorem 7.11 in Massart (2007) to obtain that, as soon as

xp(l +T(L;D))) , (05)

pen (p,n) > K (012, + -

one has for any n > 2, for some real numbers x > 0 and C' > 0 depending only on Q*

p>2 n

~ . X %
Ep« [hQ (s*, 55)] < C’{mf (K (s*,sp) +pen(p,n) + Epx [Vp]) + —} .
But using the convexity of the Kullback-Leibler divergence to both arguments, we have, for
any p > 2, K (s*,sp) < K (f*, fp). Thus to finish the proof of Theorem 4.1, one has to find
functions 1, verifying (C.2), evaluate o, using (C.3), and evaluate T'(L,).

Let us first prove that there exists constants C,C’ > 0 depending only on ¢ and Q* such
that, as soon as (A4) holds, for any p > 2,

T(L,) < Clh (1 + %) : (C.6)

First of all, we see that we can take

1
Lp(y)1n<1+m>,

with ¢(Lp) = 2/6, the function defined in Lemma 3 is given by

o . s
g (s) =log ;Qs’j/<l+ﬁ> [ (u—m})du

2ms* (u

Under (A4), on gets that there exists constants C' > 0 depending only in @* and § such that
¢ is bounded by the constant C'ln (1 + %) and (C.6) follows (for maybe another constant

).

To find functions v,, we shall use Doukhan et al. (1995). Since (Y;)ien is geometrically
ergodic, Lemma 2 in Doukhan et al. (1995), implies that, for some constant C' that depends
only on Q*, for any real function f,

1712 < CA(N( +log* (1(£), AS) = / F2(1+ log™ |f])dP*

where ||-|| 5 is defined in Doukhan et al. (1995). Now, since for all z > 0, rIn®z < a?/e,

¢ 1

Using Lemma 7.26 in Massart (2007), we thus get that for all ¢t € S,,
* ~ 2 1 =
n (5" +¢) —In(s" + 5)ll5 < C—QH\/E*\/%I@
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for some constant ¢ > 0 that depends only on Q*, and the same trick leads to

Hg (u,{In(s*+t) —In(s*+35,), t € Sp}) < Ho (cu, {(Vt, te Sp})
where Hg (u, F) is the bracketing entropy of a set F at level u with respect to || - ||, that is
the logarithm of the minimum of the number of brackets of || - ||g-width u needed to cover

F, and Hj (u, F) is the bracketing entropy of a set F at level u with respect to || - ||2.
Let for any for ¢ > 0 and p > 2

np (0) = /OO—/C \/H2 (cu, {(Vt, te Sp})du

Using Theorem 3 in Doukhan et al. (1995) we get

, (C.1)

Ep« W, (0)] < Anp (o) [1 + M}

where €(o,n) is the unique solution of z*/B(z) = n3(0)/no?,
B(z) =2+ C(x —zlnzx)

for some constant C' that depends only on @*, and 6, is the function given by

dp () =supQ (t) v/ B(t)

t<e

with for any ¢, Q (¢) < w iff P*(H,(Y1) > u) < t. Here, H, is an envelope function of
{In(s* +t) —In(s* +5,), ||Vt — w/spH <o, t € S,}. Taking H, = L, one gets easily

1
Q)< (1 * tbp\/%> ’

so that 6, (€) < sup,<, hy(t) with

1
hy(t)=In[14+ —— t+ C(t—tlnt).
P() Il( tbp\/g) ( Il)

The variations of h, imply that there exists a universal constant b such that as soon as
b, < b, h(t) is increasing on (0,1), so that

Op(eN1)=hp(eN1) < hp(enl)

with

by (t) = Cln (é) Vi|Int| (\/MA 1) :

for some universal constant C. Using Maugis and Michel (2011), we get that for some fixed
constant K, for all u > 0,

1 3 (1
< L* - e s *)
H; (u Vi, t€S,}) <k p[i’)ln (u/\l) +4ln(bp) —l—lnAp—i—K} +1n (k*p)

Using the fact that for all € €]0, 1],

[

1y (0) = %/Oa \/H2 (c2u, (Vi te Sp})du

and since
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we get that for some other fixed constant K and all ¢ > 0

np (7) <~ (0) (C8)

tp (o) = VEk*p [3\/111 <ﬁ> + \/Z In (é) +InA, + K

Now, one may use the upper bound (C.8) to upper bound ¢(o,n), and we get that for some

universal constant C,
t2 (o t2 (o
e(o,n) <C p( )ln lﬁl :

with

+ /In(k*p).

2n

Then we may set

(0B 1 [49] 1)

n 2n

g

(C.2) holds, ¥p(x)/x is indeed non increasing, and if o, is the unique solution of (C.3), we
obtain that for some constant C' depending only on P*, as soon as b, < b,

c . 1
o) > —kp [hqn—i—ln (E) +lnAp] : (C.9)

D Proof of Theorem 4.2

For simplicity’s sake we denote in the following Hioe(8) := Hioe(B, 7, P). Set p = po|(n/logn)'/ A1) (logn)*F/(26+]
with py > 0 fixed which we shall determine later, b, = by(logp)?/p for some positive by and
A, = ag|log by| for some positive ag. The approximating f, € F,

fp(y) = Zﬁi%p (y - Oéz')

is taken from Kruijer et al. (2010). Let ¢} denote the j-th derivative of log f*. A simple
modification in the proof of Lemma 4 of Kruijer et al. (2010) gives that for any H and any
H with H > H + 303, there exists B such that if

Dy := {y t [y —m) > b 105 (y —m)| < Bb,[logp| /%, j < B,
Ly —m)| < Bb, " logp| /2, v0 < m < 2mj }

then, for all y € D, and all 0 < m < mj

foly =m) = f*(y —m)(1+ O(R(y — m)by)) + O((1 + R(y — m))b, ™), (D.1)

where the function R(y) is a linear combination of L(y) and of the functions |€;(y)|ﬁ/ 7,

j < B, and where the constants entering the terms O(.) depend on H;..(3), B, H and H.
Note that since the functions [} are bounded by polynomials, there exists a constant C' such

that |R(y —m)| < C(1 4+ R(y)), Y0 < m < 2m}. In the following we fix H > 43 + 2y and
H > H + 3. Moreover, Lemma 4 in Kruijer et al. (2010) implies

K(f*. ) S B, / £ (log f* —log £,)? (y)dy < b2%. (D.2)
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Here and further, < will denote an upper bound up to a constant, where the constant
entering the upper bound depends only on H;e.(3). Throughout the proof C' denotes a
generic constant depending only on Hj,.(8) and Q*.

First of all, with such choices of p, b,, and A, using Theorem 4.1 and (D.2), there remains

to prove that Ep[V,] < b2 or equivalently vy, Ep[V,] < 1 with v, = e (logn)—68/(28+1),

For any 6 and any y, set

S ) foly —my) )
wy (0,y) =lo L )
(0:4) = log <z§_1 () oy — )

First note that
k * *
log <Zj_1 M;fp(y - m])) < max { (|y - mj| + A;D)lmj - mjl }
k * * - j ’
Zj:l :ujfp(y_mj) J b12)

Thus we can bound

(D.3)

Un, = >
;Ep* ;wp(é’%)ﬂwawm/m]
" (1s = mj| + Ap)ling —m3| iy — g5
< ;m?X;EP* ]1|\07§||>Mo\/10gn/" < bf, " 1y
vplogp oy > 0l
< + 2 ) e (110 -8l > Mo/logn/n]
LAV
=o(1)

by Theorem 3.2 and choosing My = 1/+/c*.
Set now Hi > 3+ 283, Cp1 = DS N {ly] < Hilog(1/b,)7~'} and Cpo = Dg N {ly| >
Hilog(1/b,)7~1}. Using (D.3) we get, for alli =1,--- ,n,

A (log p)*/?
Ep. [11 Yo)w, (6. V)1, - <
P ey, (Vi) wp (0: Yo _gy< sy flogmym| S 2v/n Jo,,

< (1ogp)3/2 P2+ < 41

I AV
as soon as v > (3/2 — 8)4, where the last inequality comes from an adaptation of Lemma
2 in Kruijer et al. (2010), using the moment conditions (4.2). We also have

B (logp)*/

10—8]|<Moy/logn/n] ~ b%\/ﬁ
_ (ogp)2p"

since Hy; > 3+ 20, where the last inequality comes from the tail condition (4.2). There thus

remains to prove that

s*(y)dy

-~

Epe g, , (Yi)wp (6, V)1l

ly|s™(y)dy
Cp,2

(D.4)

U’ILEIP*

1 & ~
1 . , ~ <
- E wp(Gn,Yz)ﬂDp(Yz)ﬂ”e—mgMo\/m] St

i=1

We shall use:

Un EP*

I~ ~
ﬁ Z wp(9"7 }/’L)HDP (}/i)]lnefé\HgMo\/logn/n

i=1

+oo n
* 'Un 0 . . —~
= /0 F <? Zi:l Wp (O Yo, Vi) g gy <ty fiogmym = ””) dz. (D.5)

20



Notice now that

« [ Un = N
P <;pr(en)}/i)]le(}/i)]‘H9_§I|S]\/IO /logn/n Z .’I]) S

i=1
P* (Vi - 61l = M(x)) +P* sup =G (wy(6,)11p, () = 5
Vnl||0—0* || <M (x)AMo+/logn/n \/ﬁ
as soon as T
U sup Ep+[wy,(0,Y1)1lp, (Y1)] < B (D.6)
Jal|6—6%|< M (2)AMov/Tog
If moreover
v K T
- Bp- sup Gn(wp(8,)1p, (1) ) < 7, (D.7)
Vn V|| 0—6* | <M (z)AMoTog 4

where K7 is defined in Lemma 3, Appendix C, using Theorem 3.2 and Lemma 3 we get, for
large enough z, with M(x) = z/4,

i=1

* Un - o
F <|Zzwp(9"’yi)ﬂDp(Yi)ﬂne5|<M0\/m| = 5”) =

2

nr nr
9 S ) SR L R (—*1/2)
eXp( vncn<z>)+ eXp( v%m<:c>2)+ xplTer

Tu(x)? = 16C3 sup Ep: [w}(0,Y1)1p, (Y1)],
Vall6—6% | <M (x)AMo/Togn

Cr(x) =4CC"c Wi pa) C Whp) ,

with

where W, ;, » is such that

sup wp(0, )llp, < Whpal)-
Vn||0—0%|| <M (x)AMo+/logn
For instance we may take

(lyl + Ap) M (z)

Whpa =1 C )
e (y) =logp + NG

leading, by choosing ¢(Wy, p.2) = C% , to
A xt/?
Cplzx)=C—E—. D.8
(z) V/nb2logn (D-8)
For any 0 set
E* E*
spo(y) =Y n(i) fply —my) and sj(y) =D p(i)f*(y —my).
j=1 j=1

We consider the following decomposition,

() () () e () o

The first and third terms of (D.9) are treated similarly. (D.1) gives that for any 6, over D,

’10g (S;);—(SJ))) ’ < R(y)bh. (D.10)
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For the second term, since f* € Hjoe(,7,P) with § > 1/2,
|log f*(y — ;) —log f*(y —m})| < L(y — m3)|m; —mj|"".
Moreover, if y € D,,, and v/n||0 — 0*|| < M (z) A My+/logn, then for large enough n,
Ly — m3)|i; —mj|"" <1

so that we have, for  such that \/n||0 — 6*|| < M(x) A Mo\/Iogn, over D,, for large enough

n,

log <59(y)) ‘ S Z I — v :Mj| + Z Im; —m} P L(y — m})

s*(y) —~ -

< @ n (n—1/2M($))ﬂA1 ZL(y —mj). (D.11)

n

Thus, using the fact that 5 > 1/2, for large enough =z,

sup Ep+[w (0, Y1)1p, (Y1)] = O(M (2)b7°). (D.12)
V00| <M (2)AMo/Tog

(D.8) and (D.12) give that, for all 5 > 1/2, for large enough z,

2
_nr > z1/2n3/2b§ﬁ+2 > z1/2(logn)3(2ﬁ+2)/(2ﬁ+1) s 12,

U, Cr () Towir2(x) ™ 7

so that for large enough z,

U, ~
* | “n - - R < . 1/2
P <n > wp O Yo, V)W, 51 gy = x) Nexp( Cz ) (D.13)

=1

as soon as (D.6) and (D.7) hold for large enough .
We now prove (D.6).

By 0101, (1)) = [ () = sy ()10 (220 ) iy~ Koy

D, Sp,0* (y)
* Sp,O(y)
< [ = tos (228 ) ay

P

Moreover, (D.1) and (D.10) give that
log (Spj(e(y)> ' dy
s5(y)

—1r
D

using (D.2). Also, (D.1) and (D.11) give that for § such that /n||0—60*|] < M (z)AMy\/logn,

/ 15 (5) — spe ()
D

p

1/2
[R(y)[*(s*(y) + Sp,e*(y))dy> b7

P

/Dp |5"(y) = sp.o- (y)| |log (ﬁg%) ’ dy < B2 M ()P

so that for 8 > 1/2, uniformly for 6 such that /n||§ — 0*|| < M(z) A My+/logn,

Ep- [wy,(0,Y1)1lp, (Y1)] = O(M (2)b37)

and (D.6) holds for large enough .
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To Prove (D.7) we use (D.9). We first control

Ep« ( sup G,(llp, log(sp,e/sg))> .
V/nl|0—0%|| <M (x)A\Mo~/logn

Using (D.10), we can bound on D,

S —
o (222 )| S IR % owp) 2 <1
6

for n large enough, uniformly over \/n|6 —0*|| < M(x) A Mo+/Togn. Also, [|f[13 5 < [ f2(1+
log™ [f)(v)dy < || f]13, for any f in the form log (sp.¢/s5). We denote

oi(0) = [ il e
with

Snpa(o,x) = {log(spe/s;),Vnl|0 — 0%|| < M(x) A Moy/logn, [[log(sp.e/s5)]l2 < o}

Then for all y € D, since |y| < A, and for all |m; —m/| <,

P L (my—m)?  (w—mj—ap)(m;—m))
2 2
foly —mly) = mepn, (y —mj —ae 3 b
=1
(lyl+mpx+Ap)n
< fply —mj)e K
3Apn
2
< foly—my)e = fuly —my)
n? 3Apn

> foly—myle % % = fr(y—my)
and

BAL 7
*(y—m-) < 5y — m. 677 SUP|m—m ;| <n [£(y—m)|

__BAL Gl
Zf*(yfmj)e n SuP\m—mj\<r, |€(y m)‘

where £(y —m) = £1(y —m) if 8> 1 and £(y — m) = L(y — m;) if 8 < 1, so that a bracket
for log(sp,e//s*0')1lp, is given on D,, by

"
3A,n ~ .
Upo = b—f +0? sup [y —m)| | +log(1+n Y pu()7)
P |m—m;|<n j=1
k*
3A,m ~ N
Lpg === ="t sup iy —m)|+log(L—n D u(i)™").
D [m—m;|<n j=1

Thus if u > 0 and n < no(u'/?b2/A, A ulP"D/2) with ny > 0 small enough,

/ (U — Lpo)(0)s* (9)dy < .
D

p

so that

#1(0) S o\ /log™ (1/0) + log(nM ().
Moreover for all |6 — 6*|| < My+/logn/+/n, (D.1) implies that

Iog(sp,er /5513 < b7 C.
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Therefore using Theorem 2 of Doukhan et al. (1995) and the fact that the chain is geomet-
rically ergodic, we obtain that

Ep- ( sup G,(1p, 1og(sp79/s§))> < bg(logn + log M (z))
Vnl||6—6+|

|<M(x)AMo/Togn (D.15)

< /8,

for x > 1 and large enough n. We now study

Ep. sup G, [HDP log (Sf(y))] .
VAl0—0% | <M (2)AMov/Tog T s*(y)

Using (D.14), if v/n|0 — 6*|| < M (x) A Mo+/Togn,

log <j§(y)) \ < b4 flogn /vt = of1),

(y)
()

S max(y /i 1+ max [ 5*(y)(log £*(y — m;) — log £*(y — ) Pdy

< (M(x)? /n) M.

so that

s ()

2

%)

Hence using the same tricks as before and applying Theorem 2 of Doukhan et al. (1995) we
obtain that for large enough n,

Ep« < sup G,(1lp, 1og(sp79/s§))> < M(z)n= B2 flogn = o(xv/n/vy)
Vnl|0—0* | <M (z) AMo+/Tog n
(D.16)

for all z and (D.7) is satisfied.
Finally, (D.13) holds, which, together with (D.5) ends the proof of Theorem 4.2.

References

Adamczak, R. and Bednorz, W. (2012). Exponential concentration inequalities for additive
functionals of Markov chains. Technical report, University of Warsaw.

Akaike, H. (1973). Information theory and an extension of the maximum likelihood principle.
pages 267-281. Second International Symposium on Information Theory.

Allman, E. S., Matias, C., and Rhodes, J. (2009). Identifiability of parameters in latent
structure models with many observed variables. Ann. Statist., 37:3099-3132.

Azzaline, A. and Bowman, A. W. (1990). A look at some data in the Old Faithful geyser.
Applied Statistics, 39:357-365.

Bonhomme, S., Jochman, K., and Robin, J. (2011). Nonparametric estimation of finite
mixtures. Technical report, Department of Statistics.

Butucea, C. and Vandekerkhove, P. (2011). Semiparametric mixtures of symmetric distri-
butions. Technical report.

Chambaz, A., Garivier, A., and Gassiat, E. (2009). A MDL approach to HMM with Poisson
and Gaussian emissions. Application to order indentification. Journal of Stat. Planning
and Inf., 139:962-977.

24



Chambaz, A. and Rousseau, J. (2008). Bounds for Bayesian order identification with appli-
cation to mixtures. Ann. Statist., 36:938-962.

Clemencon, S., Garivier, A., and Tressou, J. (2009). Pseudo-regenerative block-bootstrap
for hidden markov chains. In Statistical Signal Processing, 2009. SSP 09 IEEE.

Doukhan, P., Massart, P., and Rio, E. (1994). The functional central limit theorem for
strongly mixing processes. Annales de I’I. H.P., 30:63-82.

Doukhan, P., Massart, P., and Rio, E. (1995). Invariance principles for absolutely regular
empirical processes. Annales de I'I.H.P., 31:393-427.

Gassiat, E. and van Handel, R. (to appear). Consistent order estimation and minimal
penalties. IEEE Trans. Info. Theory. http://arxiv.org/abs/1002.1280.

Hall, P. and Zhou, X.-H. (2003). Nonparametric estimation of component distributions in
a multivariate mixture. Ann. Statist., 31:201-224.

Hunter, D. R., Wang, S., and Hettmanspeger, T. P. (2004). Inference for mixtures of
symmetric distributions. Ann. Statist., 35:224-251.

Ishwaran, H., James, L., and Sun, J. (2001). Bayesian model selection in finite mixtures by
marginal density decompositions. J. American Statist. Assoc., 96(456):1316-1332.

Kasahara, H. and Shimotsu, K. (2007). Nonparametric identification and estimation of
multivariate mixtures. preprint, pages 1-26.

Kruijer, W., Rousseau, J., and van der Vaart, A. (2010). Adaptive bayesian density estima-
tion with location-scale mixtures. Electronic Journal of Statistics, pages 1225-1257.

L. Bordes, S. M. and Vandekerkhove, P. (2006). Semiparametric estimation of a two com-
ponents mixture model. Annals of Statistics, 34:1204—1232.

Lambert, M. F., Whiting, J. P., and Metcalfe, A. V. (2003). A non-parametric hidden
Markov model for climate state identification. Hydrology and earth system sciences, 7:652—
667.

MacLachlan, G. and Peel, D. (2000). Finite Mizture Models. John Wiley, New York.

Marin, J.-M., Mengersen, K., and Robert, C. (2005). Bayesian modelling and inference
on mixtures of distributions. In Rao, C. and Dey, D., editors, Handbook of Statistics,
volume 25. Springer-Verlag, New York.

Massart, P. (2007). Concentration Inequalities and Model Selection : Ecole d’Et de Proba-
bilits de Saint-Flour XXXIII - 2003. Berlin ; Heidelberg (DEU) ; New York : Springer.

Maugis, C. and Michel, B. (2011). Data-driven penalty calibration: A case study for gaussian
mixture model selection. ESAIM : P&S, 15:320-339.

Maugis-Rabusseau, C. and Michel, B. (2012). Adaptive density estimation using finite
gaussian mixtures. ESAIM : P&S, page to appear.

Moreno, C. (1973). The zeros of exponential polynomials (i). Compositio Mathematica,
26:69-78.

Rabiner, L. R. (1989). A tutorial on hidden markov models and selected applications in
speech recognition. In Proceedings of the IEEE, pages 257-286.

Richardson, S. and Green, P. (1997). On Bayesian analysis of mixtures with an unknown
number of components (with discussion). J. Royal Statist. Society Series B, 59:731-792.

25



Rio, E. (2000). Inégalités de Hoeffding pour les fonctions lipschitziennes de suites
dépendantes. Comptes Rendus Acad. Sciences Paris, 330:905—908.

Stein, E. M. and Shakarchi, R. (2003). Complex Analysis. Princeton University Press,
Princeton.

Yau, C., Papaspiliopoulos, O., Roberts, G. O., and Holmes, C. (2011). Bayesian non-
parametric hidden Markov models with applications in genomics. J. Royal Statist. Society
Series B, 73:1-21.

26



