
HAL Id: hal-00782160
https://hal.science/hal-00782160

Submitted on 29 Jan 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

The variational structure of a nonlinear theory for
spatial lattices

David Steigmann

To cite this version:
David Steigmann. The variational structure of a nonlinear theory for spatial lattices. Meccanica,
1996, 31 (4), pp.441-455. �hal-00782160�

https://hal.science/hal-00782160
https://hal.archives-ouvertes.fr


   
         

          

  
            

    

           

                 
                   
        

                 
              

              
   

        

  

              
                 

          
             

              
              

             
             

             
       

               
               

          
                

             
         

              
             

                 
             

           
    

                
               

                



   

               
             

              
           

             
     

       

                
                 

                   
               

                 
                   

                    
               
                  

              
                     

  
               
                     

        

   

 

                 
      

    

  

        
              

                
                

            
            

       



           

            

    

                 
                      
         

      

              

          
                

                 
          

        

   

  

    

   

        
               
 

 

                 
                

               

    

               
               

 

                   
               

           



   

               
                 

               
                 

                
    

                 
              

                 
                

               
             

           

                

 

 
     

 

                
                    

                     
             

           

                
               

         
                

              

 

 

  

          

                      
             

             

           



           

 

        

 

   

                  

 

 

    

           

     

          

         

    
      

      

 

 

 

  

           

              
 

          

 

                  

                
  

 



   

        

           

      

          

            

            
  

          

 

                    

 

            

                  
              

              
        

              

  

                 
                      

              
                     

                     
               
                

                
     

            

            
 



           

 

         

  
 

                  
     

        

      

            

 

            

          
            

         
  

                  
                
    

 

             
 

                 
     

                 
              
  

              

          

 

     
 

                 

    
 

          



   

         

      

                      
   

 

   
 

             
 

             

 

 

               
        

                
                

                   
                  

             

         

                
                

                  
                 
                  

             



           

              
    

             
                

                 
              

              
                  

                 
                

               
 

                 
                      
                  

 

                  
         

             
           

   
               

             
                 

      
                 

     

                   
            

    
                 
                   

                
      

             



   

                  
                 
          

     
          

    

 

 

           

     
                    

                
           

                    
   

      

 

  

                        
     

            

  

                

      
      

 



           

                  
                      

  

       

                  
                 

      

              

   

 

 

          

         
              

               
    

 

 

 

              
              

             
    

                       
 

                

  

                  



   

    
 

             

               
              

            

             

 

  
     

 
         

 

 

          

                    

                

 

 

      
 

    
          

              
                

       

                  
  

       

           

     

                       
        

          



           

          
               
                 

              
                 

 
               

  

  

            

                      

 

         
 

   
 

            
   

                 
                     
     

    

         

  

           
  

               
                 

  

          
  
 

                 

         

         
        

 

 

       



   

                   
      

               

                
    

          

               
              

              
               

               
               

                
              

   
                 

               
               

              
                

 
 

    
 

 

     

          

 

    

      

   

 

 

 

             



The Variational Structure of a Nonlinear Theory for Spatial Ldtices 455 

The absence of a’(s) in (5.26) allows us to consider variations a(s) having less continuity 
than would otherwise be required. In particular, replacement of a(s) in (5.12)i with a = ef’( s) 
leads to the limit 

A-‘H + $H*(e, e); A + O+, (5.29) 

and (5.23) is replaced by the Legendre condition for cables: 

H*(e,e) 2 0 foralle,e. (5.30) 

Next, we use the identity 

F . e x (e x r’) = (e v F)(e . r’) - ]ei2F. r’, 

together with (5.26) and (5.28), to write (5.30) in the form 

(5.31) 

(df/dA)e2 + Aj[]ei2 - (t . e)2] 2 0 for all e, e. (5.32) 

The choice e = 0 yields the counterpart of (5.24)1: 

df/dA 2 0. (5.33) 

Since the bracketed term in (5.32) is nonnegative and may be positive, the alternative choice 
e = 0 gives 

f(4 2 0. (5.34) 

Thus, according to the idealized theory used here, the cable cannot support a compressive 
force in stable equilibrium. This restriction has no counterpart in the Legendre condition for 
rods. 

Conversely, inequalities (5.33), (5.34) imply (5.32), which is equivalent to (5.30). This in 
turn implies that H 2 0 for each cable, which guarantees the nonnegativity of the second 
variation for the entire collection of cables. The pointwise conditions (5.33), (5.34) are there- 
fore necessary and sufficient for the local stability, in the sense of the second variation, of an 
elastic cable network. For rods, the relevant Legendre inequality is generally not sufficient for 
stability. 
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