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A Proof of identifiability

We prove identifiability in the special case corresponding to ngps = 0 and X (7p) unobserved
which is the least favorable case. Let 0 = (v, k =0,...,K) and ' = (v,k = 0,...,K) and
consider any distributions m and 7’ on X (7y), possibly depending on 6 and #’ . For N(7) = 0,

integrating out X (79), we obtain

E(N(T),Tl, e ,TN(T);’/T,(Q) = E(N(T),X(To),Tl, e ,TN(T),W/,HI) -

e_ll/TEﬂ_[e—V()X(TO)T} — e—u'TEﬂ_/[e—u(’)X(To)T] (1)

Similarly considering N(7) = 1 and integrating out X (79) and Z; we obtain

E(Tl, 97 7T) — Voefl/()jo(T+7'()7Tl)ef,u‘l'E'7r [X(To)eflloX(T())T] + e*,u‘TETr[efl/oTX(To)] Zi( 1 efllo(T+T07T1)jka‘

Then L£(T1;0,7) = L(T1;6', 7y ) for all T} € [19, 79+ 7] leads to the identifiability of the exponents
voji for 1 =0,-- -, K since the ji’s are all different (see condition C) so that vy = v, and v}, = v,
for k > 1. This proves identifiability of the coefficients v}, even though the prior on X (7y) may

be miss-specified.

Identifiability in the cases where X (79) and/or Z are observed is deduced directly from the

previous result.

B Asymptotic study of (X(¢))>0: proof of Proposition 4 and

Theorem 1

In Proposition 4 we give an integral expression of the generating function of the jp-Yule process

with multi-size immigration described in Section 2 of the paper. More precisely, let X (¢) by a



branching process such that each particle gives birth to jy particles at random time distributed
with £(1p) and such that groups of ji immigrants arrive at random times distributed with &(vy),

for k=1... K. We assume that X(0) = xo.

B.1 Proof of Proposition 4

The proof of Proposition 4 can be divided into two parts. Indeed, from one part, the x( particles
present at time 0 will give birth to 2y independent jo-Yule process (without immigration). Once
the processes derived from those particles have been taken into account, we can reduce the study

to a jo-Yule process with multi-size immigration starting from 0 particles.

In lemma 1, we recall the expression of the generating function of a jy-Yule process starting
with one particle and study its asymptotic distribution. The generating function of a jg-Yule
process with multi-size immigration starting with X (0) = 0 particle is then detailed. The proof
is similar to the one given in (1) but adapted to our particular case. In the particular case where
the sizes of the immigration groups are proportional to jo we derive a explicit expression of the

limit distribution in subsection B.2.

Lemma 1. Let Y(t) be a branching process starting with Y (0) particle such that each particle
gives birth to jo particles at interval time distributed with an exponential distribution of parameter

vy. Then we have U(s,t) = E[sY1)] = [1—(1—s7) exp(uojot)]fy(o)/jo. Moreover,

lim e 70"ty () =T (Y.(O), .1) (£)
t—00 Jo Jo

Proof of Lemma 1 We first assume that Y (0) = 1. By construction of the process Y (),



Qi j(h) =P(Y(t+ h) =j|Y(t) = i) only depends on h,i,j. When h is small, Q; j(h) verifies:

voih + o(h) if j=i+jo
Qij(h) =4 1—wih+o(h) if j=i (2)
o(h) if jé&{ii+jo}

We now derive a partial differential equation fulfilled by the probability-generating function.

Using the fact that Y () take its values in {jok + 1,k € N} we have:

U(s,t) = Els"W] =" PY(t) =jok+1[Y(0) = D)™ =" Qy jprs1 ()™ (3)
keN keN

Using a backward-equation we derive an expression for Q1 jor+1(t) = P(Y (t) = jok+1). Indeed,
Qujok+1(t+h) = P(Y(t+h) = jok+1]Y (0) = 1) = Q1 jok+1(£) (1 —v0h) +Qjo+1jok+1(t)roh+o(h)

using (2). We directly obtain the following ODE:

. Qujokr1(t+h) = Qujor+1(t)
Q' ok (t) = lim b - R = Qo1 (8) + 0Qjor1jokr1(t)  (4)

We now derive from (4) and (3) a partial differential equation for ¥(s, t)

) ok N
55t = 5 Qs (™) =5 [=00Qujon 1 (8) + 10Qi 1ok (1)
keN k=1
© .
= —w¥(s,t) + 10 ) 5" Qg jorr (1) (5)

k=1

ey sj0k+1QjO+17jOk+1(t) is the probability-generating function of a process with the same
division mechanism as Y (¢) by which would start with jy + 1 particles. By properties inherent
to branching processes, this is equivalent to the sum of jy + 1 independent processes starting

with one particle. As a consequence, let Y7,...Yj 41 by independent processes distributed as Z,



we have:
o0

>R Qi gora (£) = Bls 1O Hiori O] = BV Ot = (s, 1yiot!
k=1

As a consequence the partial differential equation (5) becomes : %\I/(s, t) = 1V (s,t)(W0(s,t) —
1) with ¥(s,0) = s. The solution of this equation is :

W(s, 1) = [1 — evodot(1 — s~90)] 71/

We now study the asymptotic distribution of Z(t) = e~*05!Y (¢) through its moments-generating

function :

5y (0) = Ele?71)] = Bl Y 0] = p(efe )Y O] = Bs) V] = (s, 1)

fe—v0J0t

where s; = € ~ oo 1 4 Oe70i0t We easily obtain the following limit

1

hm@aﬂﬂzzigﬁﬁ%

t—o0

and recognize the moment generating function of the I' (J%’ ]io)

Now, if the process starts with Y (0) = X (0) particles, each of them initiates a jo-Yule process

which is independent of the other ones, leading to :
_ —jo . \1—X(0)/0
U(s,t) = [1— (1 —s7) exp(vojot)]

and

lim e 70"ty (t) =T <X_(O), 1) (L)
t—o0 Jo Jo

We now use Lemma 1 to study the distribution of X (), the number of particles issued from the
multi-immigration jo- Yule process described in the paper. We first assume that X (0) = 0. Let

¢(s,t) denote the probability-generating function function of (X (¢)):>0



¢(s,t) = B[s*] ZP

where P,(t) = P(X(t) = n) is the probability to have n particles at time ¢. This probability

can be decomposed into :

Pu(t) = Pyo(t) Z (6)

where my(t) is the probability that k& immigration groups arrived in the time interval [0,¢) and
P,|i(t) denotes the probability there are n particles at time ¢ given that k& immigration groups

arrived during [0,t). Moreover P, o(t) = dn0 because X (0) = 0.

Using the independence of the immigration events, P, 1(t) can also be decomposed as :

Pyp(t) = > Un(t)...Us(t) (7)

i1+ tip=n

where U,,(t) denotes the probability that an immigration group leads (by the branching mech-
anism) to m particles at time ¢ given that the group immigrates during the interval [0,¢).

Combining (7) and (6), we can rewrite the probability-generating function ¢(s, t):

[e.o] [e.o]

G(s,t) = > Pat)s" = )+ s" ka ) Y. Un)...Us(t)
n=0 n=0 = i1+ +ig=n
o0 o0 k
= > mu(t) (Z s”Un(t)>
k=0 n=0
Denoting J(s,t) = > o2, s"Uy(t), we obtain:
= 3 ()4 (s, 1) (®)

k=0

where my(t) is the probability that k& immigration groups arrived in the time interval [0,¢).

k
Using the Poisson properties of our immigration process we have : my(t) = e‘“t% with



i =vi+---+ vk and so by (8):

(o)

os.t) = S e m U Sk ) = ot exp b (s.1)) (9)

!
k=0 it

We now compute J(s,t) and to that purpose we first study U,(t). Recall that U,(t) is the
probability that an immigration group leads (by the branching mechanism) to n particles at
time ¢ given that the group immigrates during the interval [0,¢). As a consequence, using the

infinitesimal probabilities, U, (t) can be decomposed into :

/Zw Q. ] w)du N (ult) (10)

0 k=1

where

e d,N(ult) is the conditional infinitesimal immigration rate i.e. the probability that there
is exactly one immigration group during the infinitesimal interval [u,u + du) C [0,t) given
there is exactly one immigration group in the interval [0,¢). In the case of a Poisson process,

dy N (uft) = &

e 7 (u) is the probablity that the immigration group is of size ji given that it arrived at time

u, k=1,..., K. Using the Poisson properties of our immigration process we have :

and so is independent of w.

e Q(n,t|jk,u) denotes the probability that an immigration occuring at time u and consisting of
Jr particles leads to n particles at time t. Q(n,t|ji,u) only relies on the branching part of the

process and can be decomposed as previously:

QUn,tljr,u) = Y Qult—u)...Q (t —u) (11)

i1+---+ijk =n



where Q;(t) is the probability that one particle leads to i particles by division process in a period
of length ¢. Indeed, once arrived, each particle is the initial point of a branching process which

evolves independently during the remaining time ¢ — u.

As a consequence, we can express J(s,t) as

J(s1) = Zs"U ZZ”’“ "/Qntm,

n=0 k=1

— Yk n (4 — RN
= ;H/o ngos Z Qi (1 u)"'Qljk(t u) t

’i1+~~~+ijk =n

— ZVk/[ nQnt_u)rkiu.

Let W(s,t) =Y 755" Qn(t) be the probability-generating function of a jo-Yule process without

immigration, starting with one particle, then

N

e [° , du
/0 (s,t —u))? - (12)

L

K
st:Z
=1

which combined with Lemma 1 leads to :

J(s,t) Zyk/ 1— (1—s" ]O)eXp(l/[)jo(t—’u,))] /o du

t
k=1

Substituting v = (1 — s77°) exp(vpjo(t — u)) into the integral gives :

g du 1 /(1311'0) exp(vojot) 1
(

t
1—(1—s770 jo(t — R = —_
/(; [ ( s770) exp(vojo(t u))] n t1ojo 1 — v)dr/doy v

s

and proposition 4 is proved.



B.2 Proof of Theorem 1

Recall that assumption A states that Vk € {1... K}, % =1, € N*. The usual decomposition of

m into fractions leads to
_ (1——-) exp(rojot)
t ) T dT 1 re—1 1/l 5]0
1—(1—=gJ0 io(t — Jk/Joiz 1 1 1_
/ [1—(1—s77°) exp(rojo(t — 7))] ; v og(v) —log(1 —wv) + Z o)
0 I=1 1
s70
Introducing the following notations :
1 1-—+ jot 1 ,
Jo(s,t) = log(v) — log(1 — v)]i po) pidet) _ log [1 — s70(1 — ¢~*0i0t)]

tvojo ~ S0 ~ tuodo

Andfor 1 <I< R, -1

(1— =) exp(vojot) ' -1 .
Ti(s,t) — 1.[uz]sm _ ylo_u_iwmﬂ _w]

trojo [(L—v) ], 1 tlvyjo sdo
sJ0
we can write : J(s,t) = Zk LUk ko 0 Ji(s,t). A rearrangement is the sums (using the fact

that 71 <re <--- <rg) leads to :

J(s,t) = 4 (- vr)(Jo(s,t) + Ji(s,t) + -+ Jr —1(s, 1))
+ o (et ) (T (58) + - T (s,1)
_|_
+ i VK(JTK_1(S7t)+"'+‘]TK—1(57t))

Setting
1 foro<i<ri—1

o=

w forany rp,_1 <l <rp—1andforany k=2... K

we have the following expression for the probability-generating function of X (t):

rg—1

¢(87 t) = eiut exp{utJ(s, t)} = exp _Mt + :U't Z alJ[(S, t)
=0



We can now study the asymptotic comportment of X(t) = e "X (t). Let @X(t)(a) =

E [e_eX ()] be the moment generating function of X (t). We have :

D) (0) = B )X 0] = (e ) = exp

rg—1
—pit + pt > aydi(sy, t)] (13)
=0

with s; = exp [96_”0j0t] ~ oo 1+ feJovot We study the convergence of each term of the

product.

. . . . . i
Jo(st,t) = _tuéjg log [1 —s°(1 - e*”“ot)} and so exp [—ut + utJo(se, t)] = |e?090t — g0 (erojot — 1)| 7070,
Using 5{0 = efioe™000 | 14 jofe 00t we obtain :

=
exp [—put + pitJo(s¢, )] Rimoo (1 — job) 00

We know consider the terms of the form ¢;(s¢,t) = exp [utayJi(se,t)]. We have

utsit) = exp [ [(1— = spmeront) ™ )]

lvojo

o[22 150 1]

lvpgo

Finally for all 8 <0,

T'K—l
. 0X () _ I Hog -l
tliglo Ele | = (1—joh)wopo ll:[1 exp [lVojo (1— j0b) 1
TK—I
= E[™] [] Ele™]
=1
where Yy ~ T’ <ﬁ, ]io) with moment generating function equal to M (0) = (1 — joﬁ)ﬁ. More-

over Y] is such that its moment generating function is exp [ lﬁVL(;?O [(1 —jof) ! — 1]] which can be

10



rewritten as

o) k
poy Nl Hog Hog 1 1
1—joo) "t —1]| =3 - -
P [ll/ojo [( o) H prt o [ lVojo] <lV0j0> k! (1= jof)¥

> 1
Zpl:’f AV
= (1= Job)

k
where pg; = exp [_l%?o] ( lﬁ(?jlo) % is the probability that a Poisson random variable of pa-

rameter llzf;‘lo is equal to k. So Y} is distributed with an infinite mixture of I’ (k:l, j%) with

Poisson weights. Finally, e %00/ X (¢) converges in distribution towards a sum of rx inde-

pendent variables {f&lYl where the Yy ~ F( - l) and Y, ~ > 77 pl (kl,J%) with

vojo’ Jo
poy poy K 1
Pkl = €XP [_luojo} (lVOj()) 2N
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