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A Proposition for Fixing the Dimensionality of a Lgplacian Low-rank
Approximation of any Binary Data-matrix

Alain Lelu
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Abstract— Laplacian low-rank approximations are much ap-
preciated in the context of graph spectral methodand Corre-
spondence Analysis. We address here the problemdétermin-
ing the dimensionality K* of the relevant eigenspae of a gen-
eral binary datatable by a statistically well-founded method.
We propose 1) a general framework for graph adjacerty ma-
trices and any rectangular binary matrix, 2) a rancdmization
test for fixing K*. We illustrate with both artific ial and real
data.

Keywords-dimensionality reduction; intrinsic dimeiw;
randomization test; low-rank approximation; graph dplacian;
bipartite graph; Correspondence Analysis; Cattelésree; binary
matrix.
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to be a powerful and extensively studied repreganta
of many classes of data, we aim at incorporatingun
framework a state-of-the-art representation spate o
graphs, i.e. one in the Laplacian family of eigeasgs.

In the prospect of a maximum generality, a pleasdmt
servation is that any binary datatable may be a®rsid

as a part of the adjacency matrix of a bipartitepsr. we
will focus, without lack of generality, on deternmig the
best representation space, and its optimal numbel-o
mensions, for unweighted and unoriented graphs, and
thus for any binary matrix.

In section Il we will recall basic results abougei-
analysis of graphs and Correspondence Analysigi@ec
Il will bridge the gap between graphs and genéiab-
ry tables, and section IV will present a randomizat
test for fixing the dimensionality of the relevant

Spectral methods are used for optimally condensingigenspace. Applications to graph and data matraces

and representing a set of objects in a space oélali
mensionality than the number of their descriptdmsthis

way, new relevant, informative and composite feesur

are set apart from noisy, non-informative ones.sTisi

especially useful when the descriptor space is s&par

which is typically the case for data of “pick-antype,

the topic of section V, while we will close by pesging
some related approaches, conclusions and perspsctiv
Il.  EIGEN-SPACES FOR GRAPH MINING

To the best of our knowledge, the first applicatin
eigen-analysis to graphs dates back to Benzécri [4]

such as words in text segments, or links betweet Wewhen Correspondence Analysis (C.A.) was applied to
pages, or social networks. An ever-growing numbkr oadjacency matrices. Let us recall that C.A. [5] félies

applications rely on this type of condensed repntse

on the eigen-analysis of a matXissued from any two-

tion: Latent Semantic Analysis (LSA), supervised orway correspondence matrix (in the case of an undi-

semi-supervised learning, manifold learning, linear

non-linear PCA, vector symbolic architectures, spsc
graph clustering and many others. A recurrent @b
in any low-rank approximation process consists ef d

termining the “right” rank of this approximation. é¢h-

rected and unweighted grapX, is binary and symmet-
ric; Q is symmetric, too) with

where Dr and Dc are the diagonal matrices of the
row and column totals. The eigen-decompositionQof

ods have been proposed to deal with this problethen writesQ = U A V' whereA is the diagonal matrix of the

case of pre-defined data distributions, such g4]nBut

in the general case, nothing but empirical ruleseha nected components; 1 k.1 >..

been proposed, to the best of our knowledge: rglgn
the empirical evidence of a “gap” in the scree-pbthe

eigenvalues iy,..., AL = 1, L being the number of con-
. >Ar > 0, R being the

rank of X). U andV are the eigenvector matrices for the
rows and columns respectively, giving rise to saler

eigenvalue sequence, whether visual or based orerum possible variants of C.A. factors, depending on alie

ical indices such as first or second differencef 2
more basically on the value sqrt(N), etc. In LSAyperi-

thors. Benzécri [4] has shown analytical solutidos
simple graphs such as rings or meshes. Lebart §8] h

cal recommendations are provided [3], such as kEepi generalized to contiguity analysis, and illustratby
the 200 to 400 first components. We address heee thshowing that theR2, F3) factor plane representation of

problem of determining the relevant dimensionality
the simplest, very common type of tabular data, the

sparse binary tables. As such tables include adpce

the contiguity graph between French counties rettons
tutes the allure of the France map.
An independent research track starting with [8] has

matrices of unweighted graphs, and as graphs a@/kn defined two “normalized graph Laplacians”, namehe t



symmetric Laplacianl(— Q), wherel is the identity ma-
trix, andi4,..., AL = 0, L being the number of connected
components; 04 +1<...<Ag, R being the rank oX.
The “random walk” variant i$ - D, X.

values are 0. To our knowledge it was the firstetithis
principle was introduced in data mining.

As is the case for all other randomization test3],[1
the general idea comes from the exact Fisher tE3}, [

Spectral graph clustering consists of grouping theébut it applies to the variables taken as a whotal aot

similar nodes in a K-dimensional major eigen-sulegpa
— for a review see [9] — and is an increasinglyiacte-
search line. To our knowledge and up to now, thabpr
lem of determining the number K, when the distribat
of degrees is non-standard, has not received natis-s
factory answers than the scree-plot visual or sdeon
difference heuristics [2], visually prominent inetltase
of small graphs, but difficult to put into practice the
case of large ones.

Ill.  FROM GRAPHS TO BINARY MATRICES THROUGH

BIPARTITE GRAPHS

A well-established result in data analysis statest t
the relevant, noise-filtered information lies inetdomi-
nant eigen-elements of a data matrix [8]. In theecaf
the Q matrix, Benzécri [4], Chung [8] and many others
have shown that the value of its first eigenvakfemul-
tiplicity L (L being the number of connected compo-
nents), is one (the same is true of & X matrix).

In the case of a bipartite graph, whose adjacenay m
trix and symmetric Laplacian write respectively

|0 M| and |0 Q|, a simplification follows

M 0] Q' 0f
from the property of this type of matrices to hahweir
eigenvalue set composed of the singular valueseifr t
rectangular non-empty submatrix, stacked with tlogir
posites — in our Q case, in the range [-1:+1].oltdws
that the basic correspondence analysis of any bima-
trix, i.e. the SVD of its “symmetric” Laplacian mat Q,
giving rise to the signed contributions of its rowsd
columns to the inertia accounted by each factonstie
tutes a basic reference for comparing this matixan-
dom counterparts.

IV. A RANDOMIZATION TEST FOR FIXING THE
DIMENSIONALITY OF THE RELEVANT EIGENSPACE

We have set up a randomization method [10] for gen
erating random versions of a binary datatable wita
same margins as those of this table, and set uprba-
ing test for validating any statistics conductedibrit is
to be noted that the principles of generation ofdam
matrices with same margins as a reference matmxnse
to have been discovered independently several times
various application domains: ecology, psychomefrics
combinatorics, sociology. Cadot [11] legitimatesgor-
ous permutation algorithm based on rectangulamp-“fli
flops”, and shows that any Boolean matrix can ba-co
verted into any other one with the same marginain
finite number of cascading flip-flops, i.e. compomns
of elementary rectangular flip-flops: at the crogs of
rows i, and i, and columns,jand |, a rectangular flip-

flop keeping the margins unchanged is possiblaef(,
i) and (i, j,) values are 1 whereas theg,[i) et (i, j,)

pairwise. The flip-flops preserve the irreduciblack-
ground structure of the datatable, but break upniean-
ingful links specific to a real-life data table. Fexam-
ple, most of textsxwords datatables have a power-la
distribution of the words, and a binomial-like ofoe the
number of unique words in the texts. This backgrbun
structure induces our “statistical expectationnoflinks
conditionally to the type of corpus. Getting rid tife
background structure enables this method to proaegs
type of binary data, both (1) taking into accouhe't
marginal distributions, (2) doing this without anged to
specify any statistical model for these distribnto

When using this algorithm, one must fix the valoés
three parameters: the number of rectangular fipsl
for generating non-biased random matrices, the rarmb
of randomized matrices, the alpha risk. This tesakin
to be applied to adjacency matrices of bipartite,
unoriented, unweighted graphs, as the non-emptyspar
of such matrices are made up of two symmetric recta
gular binary matrices, and this structure is akinbie
reproduced when generating random versions as de-
scribed above. For generating randomized versions o
the adjacency matrix of an unoriented, unweighted
graph, further constraints have to be imposed atstep
of enabling or not a rectangular flip-flop: the sge ma-
trix must be kept symmetric and its diagonal empty.
Note that the problem at stake is different frore tine
addressed by [19], i.e. generating a random matitk
prescribed margins, which does not necessarily sxpp
an exact solution.

V. APPLICATIONS

We have detected the relevant dimension K* and
used the corresponding reduced dataspace in thexon
of both graph and non-graph problems. In a proef-of
concept perspective, we will present here one iaidif
and one real dataset for each category — for a rdere
tailed but less general presentation, see [14]odginout
these examples, we will put forward successive alisu
representations we found useful.
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Figure 1. Graph with four noisy clusters: confidence funmetlj of the
eigenvalues (blue).



First, we have built the adjacency matrix of anB. Binaryrectangular tables

unoriented and unweighted graph of 66 verticeshwit  \ye have designed a (1500; 836) binary matrix with a
four noisy cliques (missing intra-clique links: 17%-  hower-law distribution of the row sums and two fyzz
ter-clique links: 12%). Fig.1 shows that the congiit 5,4 overlapping column clusters, built by pastingce
sequence of the 66 eigenvalues of its Laplaciargtér o same (750; 836) Zipfian-distributed datatatites
positive or negative, ranked by decreasing valuheir  gacond time with a random reordering of the columns
module, fits into the “confidence funnel” of its @0an- g test results in two relevant eigenvalues, gjviise
domized counterparts, except the first one (valwee, 15 5 planar representation of the rows (Fig. 4)vehg

by construction) and the next three, which cleal$yin- ¢ the orthogonality of two “logics”, or “scales’and
eate the relevant support space for representiagatr 5t 5 crisp opposition between two clusters.

clusters as vertices of a tetrahedron (Fig.2). . ‘ ; ‘ ; ‘ e

‘%i 4

B s o 7 iz x 3 7
Figure 4. Data cloud with two overlapping “logics” projectedto the

representation space of the two non-trivial anelvaht eigenvectors U2
(vertical) and U1 (horizontal). In blue: the fii&O0 rows, in red the others.

Figure 2. Graph with four noisy clusters: the 3-eigenvecedevant
representation space of the 4 clusters.

We have also processed the “Football league” data sl
[15] which embed the “theoretical” social structumade i
of 12 regional “conferences”, as well as the unsupe
vised structure emanating from the 115-node grah.
cording to our test with 200 randomized adjacen@ m
trices, at the 99% confidence threshold, the tarst'f
eigenvalues (N°2 to N°11, as there is a single ectad
component in the graph) of the original Laplaciaatrix
clearly dominate the confidence “funnel” of its 2f4h-
domized counterparts.

Figure 5. The (1500; 836) binary datatable with two overlagpilogics”

reordered by sorting the rows and columns accoriitdp and V2
respectively.

Our experience is that this specific and rarelyntde
fied data structure is frequent in textual datatakes
here a concrete form when sorting the rows androoki
of the datatable according to the dominant nonidtiv
eigenvector U2 (Fig. 5).

We also processed a 753 per 11,567 text x words
matrix issued from a query to the Lexis-Nexis prdas

Figure 3. Football league: the U2 x U3 plane tabase concerning three months of environmental con
troversies in the French press: it ensued thate¢hevant

An extra cluster analysis in this reduced spacaltes eigenspace was a 195-dimensional one, in whichus-cl
ed in a quasi-perfect F-score measure for nine erenf ter analysis of the words had put to the fore oleanty
ences, and a good or meager one for three of thess, syntactical cluster from a hundred or so other odes
geographically interrelated, summing up in a .9%8bgl  voted each to a particular press “story” noticedhléhis
F-score. The U2 x U3 plane provides an overviewhef period. In this case, the assessment criterion dcdna
structure (Fig. 3), whereas the U4 to Ull dimensionnothing but qualitative. Table 1 displays an exaenpf
offer more local points of view, and the subsequems such a news story.
show no recognizable structure.




TABLE I. EXAMPLE OF A CLUSTER IN THE PRESS DATABASETHE
NEWS STORY“T HE EUROPEAN COMMISSIONERDACIAN CIOLOS
NEGOTIATES AGRICULTURAL ISSUES INVASHINGTON'".

both at the randomization level and the linear hige
computation one, which is well within the scopetbé

state-of-the-art. Another major extension, addmagsi

Rank Word POS-tag both theoretical and practical difficult issues,tisgen-
1 antimicrobiens u eralize to any signed or unsigned integer matrixadt
2 spongiforme u any real-valued one.

3 Peterson U
4 Ron u ACKNOWLEDGMENTS
5 Mike u .
6 Dacian U We thank theCNRYISCC for allowing us to use a
7 CIOLOS U part of its press data, and Azim Roussanaly fowjgiiog
8 impression SBC us with his efficient POS-Tagger [18].
9 09-févr SBC
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