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Lectures on DG-categories

Toën Bertrand

1 Introduction

The purpose of these four lectures is to provide an introduction to the theory of
dg-categories.

There are several possible point of views to present the subject, and my choice
has been to emphasised its relations with the localization problem (in the sense of
category theory). In the same way than the notion of complexes can be introduced
for the need of derived functors, dg-categories will be introduced here for the need of
a ”derived version” of the localization construction. The purpose of the first lecture
is precisely to remind the notion of the localization of a category and to try to explain
its bad behaviour throught several examples. In the second part of the first lecture I
will introduce the notion of dg-categories and quasi-equivalences, and explain how
they can be used in order to state a refined version of the notion of localization. The
existence and properties of this new localization will be studied in the next lectures.

The second lecture is concerned with reminders about model category theory, and
its applications to the study of dg-categories. The first part is a very brief overview of
the basic notions and results of the theory, and the second part presents the specific
model categories appearing in the context of dg-categories.

Lecture three goes into the heart of the subject and is concerned with the study of
the homotopy category of dg-categories. The key result is a description of the set of
morphisms in this homotopy category as the set of isomorphism classes of certain
objects in a derived category of bi-modules. This result possesses several important
consequences, such as the existence of localizations and of derived internal Homs
for dg-categories. The very last part of this third lecture presents the notion of trian-
gulated dg-categories, which is a refined (and better) version of the usual notion of
triangulated categories.
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2 Toën Bertrand

The last lecture contains few applications of the general theory explaining how
the problems with localization mentioned in the first lecture are solved when work-
ing with dg-categories. We start to show that triangulated dg-categories have functo-
rial cones, unlike the case of triangulated categories. We also show that many invari-
ants (such as K-theory, Hochschild homology, . . . ) are invariant of dg-categories,
thought it is know that they are not invariant of triangulated categories. We also give
a gluing statement, providing a way to glue objects in dg-categories in a situation
where it is not possible to glue objects in derived categories. To finish I will present
the notion of saturated dg-categories and explain how they can be used in order to
define a ”secondary K-theory”.

2 Lecture 1: Dg-categories and localization

The purpose of this first lecture is to explain one motivation for working with dg-
categories concerned with the localization construction in category theory (in the
sense of Gabriel-Zisman, see below). I will start by presenting some very concrete
problems often encountered when using the localization construction. In a second
part I will introduce the homotopy category of dg-categories, and propose it as a
setting in order to define a better behaved localization construction. This homotopy
category of dg-categories will be further studied in the next lectures.

2.1 The Gabriel-Zisman localization

Let C be a category andSbe a subset of the set of morphisms inC1. A localization
of C with respect to Sis the data of a categoryS−1C and a functor

l : C−→ S−1C

satisfying the following property: for any categoryD the functor induced by com-
position withl

l∗ : Hom(S−1C,D)−→ Hom(C,D)

is fully faithful and its essential image consists of all functorsf : C−→ D such that
f (s) is an isomorphism inD for anys∈ S(hereHom(A,B) denotes the category of
functors from a categoryA to another categoryB).

Using the definition it is not difficult to show that if a localization exists then it
is unique, up to an equivalence of categories, which is itself unique up to a unique
isomorphism. It can also be proved that a localization always exists. On possible

1 In these lectures I will not take into account set theory problems, and will do as if all categories
aresmall.These set theory problems can be solved for instance by fixing Grothendieck universes.
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proof of the existence of localizations is as follows. LetI be the category with two
objects 0 and 1 and a unique morphismu : 0→ 1. In the same way, letI be the
category with two objects 0 and 1 and with a unique isomorphismu : 0→ 1. There
exists a natural functorI −→ I sending 0 to 0, 1 to 1 andu to u. Let nowC be a
category andS be a set of morphisms inC. For anys∈ S, with sourcex ∈C and
targety∈C, we define a functoris : I −→C sending 0 tox, 1 toy andu to s. We get
this way a diagramm of categories and functors

C

⊔
s∈SI

⊔
is

OO

// ⊔
sI .

We consider this as a diagramm in the category of categories (objects are categories
and morphisms are functors), and we form the push-out

C // C′

⊔
s∈SI

⊔
is

OO

// ⊔
sI

OO

It is not hard to show that for any categoryD the category of functorsHom(C′,D) is
isomorphicto the full sub-category ofHom(C,D) consiting of all functors sending
elements ofS to isomorphisms inD. In particular, the induced functorC−→C′ is a
localization in the sense we defined above.

The only non-obvious point with this argument is the fact that the category of
categories possesses push-outs and even all kind of limits and colimits. One possi-
ble way to see this is by noticing that the category of small categories is monadic
over the category of (oriented) graphs, and to use a general result of existence of
colimits in monadic categories (see e.g. [EKMM, II-Prop. 7.4]).

In general localization are extremely difficult to describe in a useful manner, and
the existence of localizations does not say much in practice (thought it is sometimes
useful to know that they exist). The push-out constructions mentioned above can be
explicited to give a description of the localizationC′. Explicitly, C′ has the same
objects asC itself. Morphisms between two objectsx andy in C′ are represented by
strings of arrows inC

x // x1 x2oo // x3 . . .oo xnoo // y,

for which all the arrows going backwards are assumed to be inS. To get the right set
of morphisms inC′ we need to say when two such strings define the same morphism
(see [G-Z,§I.1.1] for details). This description for the localization is rather concrete,
however it is most often useless in practice.
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The following short list of examples show that localized categories are often en-
countered and provide interesting categories in general.

Examples:

1. If all morphisms inS are isomorphisms then the identity functorC→ C is a
localization.

2. If Sconsists of all morphisms inC, thenS−1C is the groupoid completion ofC.
WhenC has a unique objet with a monoidM of endomorphisms, thenS−1C has
unique object with the groupM+ as automorphisms (M+ is the group completion
of the monoidM).

3. Let R be a ring andC(R) be the category of (unbounded) complexes overR.
Its objects are families ofR-modules{En}n∈Z together with mapsdn : En →
En+1 such thatdn+1dn = 0. Morphisms are simply families of morphisms com-
muting with thed’s. Finally, for E ∈ C(R), we can define itsn-th cohomol-
ogy by Hn(E) := Ker(dn)/Im(dn−1), which is anR-module. The construction
E 7→ Hn(E) provides a functorHn from C(R) to R-modules.
A morphism f : E −→ F in C(R) is called aquasi-isomorphismif for all i ∈ Z

the induced map
H i( f ) : H i(E)−→ H i(F)

is an isomorphism. We letS be the set of quasi-isomorphisms inC(R). Then
S−1C(R) is thederived categoryof R and is denoted byD(R). Understanding
the hidden structures of derived categories is one of the main objectives of dg-
category theory.
Any R-moduleM can be considered as a complex concentrated in degree 0, and
thus as an object inD(R). More generally, ifn∈ Z, we can consider objectM[n]
which the complex concentrated in degre−n and with valuesM. It can be shown
that for twoR-modulesM andN there exists a natural isomorphism

HomD(R)(M,N[n])≃ Extn(M,N).

4. LetCat be the category of categories: its objects are categories and its morphisms
are functors. We letSbe the set of categorical equivalences. The localization cat-
egory S−1Cat is called thehomotopy category of categories. It can be shown
quiete easily thatS−1Cat is equivalent to the category whose objetcs are cate-
gories and whose morphismes are isomorphism classes of functors (see exercice
2).

5. LetTopbe the category of topological spaces and continuous maps. A morphism
f : X −→Y is called aweak equivalenceif it induces isomorphisms on all homo-
topy groups (with respect to all base points). IfSdenotes the set of weak equiv-
alences thenS−1Top is called thehomotopy category of spaces. It can be shown
thatS−1Top is equivalent to the category whose objects areCW-complexes and
whose morphisms are homotopy classes of continuous maps.

One comment before going on. Let us denote byHo(Cat) the categoryS−1Cat
considered in example(4) above. LetC be a category andSbe a set of morphisms
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in C. We define a functor
F : Ho(Cat)−→ Set

sending a categoryD to the set of all isomorphism classes of functorsC−→D send-
ing S to isomorphisms. The functorF is therefore a sub-functor of the functorhC

corepresented byC. Another way to consider localization is by stating that the func-
tor F is corepresentable by an objectS−1C ∈ Ho(Cat). This last point of view is a
bit less precise as the original notion of localizations, as the objectS−1C satisfies a
universal property only on the level of isomorphism classes of functors and not on
the level of categories of functors themselves. However, this point of view is often
useful and enough in practice.

Exercice 1 Let C and D be two categories and S (resp. T ) be a set of morphisms in
C (resp. in D) containing the identities.

1. Prove that the natural functor

C×D−→ (S−1C)× (T−1D)

is a localization of C×D with respect to the set S×T. In other wordslocaliza-
tions commutes with finite products.

2. We assume that there exists two functors

f : C−→ D C←− D : g

with f(S)⊂ T and g(T)⊂ S. We also assume that there exists two natural trans-
formations h: f g⇒ id and k: g f ⇒ id such that for any x∈C (resp. y∈ D) the
morphism k(y) : g( f (x))→ x (resp. h(y) : f (g(y))→ y) is in S (resp. in T). Prove
that the induced functors

f : S−1C−→ T−1D S−1C←− T−1D : g

are equivalences inverse to each others.
3. If S consists of all morphisms in C and if C has a final or initial object then

C−→ ∗ is a localization of C with respect to S.

Exercice 2 Let Cat be the category of categories and functor, and let[Cat] be
the category whose objects are categories and whose morphism are isomorphism
classes of functors (i.e. Hom[Cat](C,D) is the set of isomorphism classes of objects
in Hom(C,D)). Show that the natural projection

Cat−→ [Cat]

is a localization of Cat along the subset of equivalences of categories (prove directly
that it has the correct universal property).
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2.2 Bad behavior of the Gabriel-Zisman localization

In these lectures we will be mainly interested in localized categories of the type
D(R) for some ringR (or some more general object, see lecture 2). I will therefore
explain the bad behaviour of the localization using examples of derived categories.
However, this bad behaviour is a general fact and also apply to other examples of
localized categories.

Thought the localization construction is useful to construct interesting new cat-
egories, the resulting localized categories are in general badly behaved. Often, the
category to be localized has some nice properties, such as the existence of limits and
colimits or being abelian, but these properties are lost after localization. Here is a
sample of problems often encountered in practice.

1. The derived categoryD(R) lacks the standard categorical constructions of limits
and colimits. There exists a non-zero morphisme : Z/2−→Z/2[1] in D(Z), cor-
responding to the non-zero element inExt1(Z/2,Z/2) (recall thatExti(M,N)≃
[M,N[i]], whereN[i] is the complex whose only non-zero part isN in degree−i,
and[−,−] denotes the morphisms inD(R)). Suppose that the morphisme has a
kernel, i.e. that a fiber product

X //

��

Z/2

e

��
0 // Z/2[1]

exists inD(Z). Then, for any integeri, we have a short exact sequence

0 // [Z,X[i]] // [Z,Z/2[i]] // [Z,Z/2[i +1]],

or in other words

0 // H i(X) // H i(Z/2) // H i+1(Z/2).

This implies thatX −→ Z/2 is a quasi-isomorphism, and thus an isomorphism
in D(Z). In particulare= 0, which is a contradiction.
A consequence of this is thatD(R) is not an abelian category, thought the cate-
gory of complexes itselfC(R) is abelian.

2. The fact thatD(R) has no limits and colimits might not be a problem by itself,
as it is possible to think of interesting categories which does not have limits and
colimits (e.g. any non-trivial groupoid has no final object). However, the case of
D(R) is very frustating as it seems thatD(R) is very close to have limits and col-
imits. For instance it is possbile to show thatD(R) admitshomotopy limits and
homotopy colimitsin the following sense. For a categoryI , letC(R)I be the cat-
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egory of functors fromI to C(R). A morphism f : F −→ G (i.e. a natural trans-
formation between two functorsF,G : I −→ C(R)) is called alevelwise quasi-
isomorphismif for any i ∈ I the induced morphismf (i) : F(i)−→G(i) is a quasi-
isomorphism inC(R). We denote byD(R, I) the categoryC(R) localized along
levelwise quasi-isomorphisms. The constant diagram functorC(R)−→C(R)I is
compatibe with localizations on both sides and provides a functor

c : D(R)−→ D(R, I).

It can then by shown that the functorc has a left and a right adjoint denoted by

HocolimI : D(R, I)−→ D(R) D(R)←− D(R, I) : HolimI ,

called thehomotopy colimitand thehomotopy limitfunctor. Homotopy limits
are colimits are very good replacement of the notions of limits and colimits, as
they are the best possible approximation of the colimit and limit functors that
are compatible with the notion of quasi-isomorphisms. However, this is quite
unsatisfactory as the categoryD(R, I) depends on more than the categoryD(R)
alone (note thatD(R, I) is not equivalent toD(R)I ), and in general it is impossible
to recontructD(R, I) from D(R).

3. To the ringR is associated several invariants such as itsK-theory spectrum, its
Hochschild (resp. cyclic) homology . . . . It is tempting to think that these invari-
ants can be directly defined on the level of derived categories, but this is not the
case (see [Sch]). However, it has been noticed that these invariants only depends
on R up to some notion of equivalence that is much weaker than the notion of
isomorphism. For instance, any functorD(R) −→ D(R′) which is induced by a
complex of(R,R′)-bi-modules induces a map onK-theory, Hochschild homology
and cyclic homology. However, it is not clear that any functorD(R) −→ D(R′)
comes from a complex of(R,R′)-bi-modules (there are counter examples when
R andR′ are dg-algebras, see [Du-Sh, 2.5,6.8]). Definitely, the derived category
of complexes of(R,R′)-bi-modules is not equivalent to the category of functors
D(R)−→D(R′). This is again an unsatisfactory situation and it is then quite dif-
ficult (if not impossible) to understand the true nature of these invariants (i.e. of
which mathematical structures are they trully invariants ?).

4. Another important problem with the categoriesD(R) is its non local nature. To
explain this letP1 be the projective line (e.g. overZ). As a schemeP1 is the
push-out

SpecZ[X,X−1] //

��

SpecZ[T]

��
SpecZ[U ] // P1,

whereT is sent toX andU is sent toX−1. According to the push-out square, the
category of quasi-coherent sheaves onP1 can be described as the (2-categorical)
pull-back
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QCoh(P1) //

��

Mod(Z[T])

��
Mod(Z[U ]) // Mod(Z[X,X−1]).

In other words, a quasi-coherent module onP1 is the same thing as a triple
(M,N,u), whereM (resp.N) is a Z[T]-module (resp.Z[U ]-module), andu is
an isomorphism

u : M⊗Z[T] Z[X,X−1]≃ N⊗Z[U ] Z[X,X−1]

of Z[X,X−1]-modules. This property is extremely useful in order to reduce prob-
lems of quasi-coherent sheaves on schemes to problems of modules over rings.
Unfortunately, this property is lost when passing to the derived categories. The
square

Dqcoh(P
1) //

��

D(Z[T])

��
D(Z[U ]) // D(Z[X,X−1]),

is not cartesian (in the 2-categorical sense) anymore (e.g. there exists non zero
morphismsO −→O(−2)[1] that go to zero as a morphism inD(Z[U ])×D(Z[X,X−1])

D(Z[T])). The derived categories of the affine pieces ofP1 does not determine
the derived category of quasi-coherent sheaves onP1.

The list of problems above suggests the existence of a some sort of categorical
structure lying in between the category of complexesC(R) and its derived category
D(R), which is rather close toD(R) (i.e. in which the quasi-isomorphisms are in-
verted in some sense), but for which(1)− (4) above are no longer a problem. There
exist several possible approaches, and my purpose is to present one of them using
dg-categories.

Exercice 3 Let I = BN be the category with a unique object∗ and with the monoid
N of natural numbers as endomorphism of this object. There is a bijection between
the set of functors from I to a category C and the set of pairs(x,h), where x in an
object in C and h is an endomorphism of x.

Let R be a commutative ring.

1. Show that there is a natural equivalence of categories

D(R, I)≃ D(R[X]),

where D(R, I) is the derived category of I-diagram of complexes of R-modules as
described in example (2) above. Deduce from this that D(R, I) is never an abelian
category (unless R= 0).

2. Prove that D(R) is abelian when R is a field (show that D(R) is equivalent to the
category ofZ-graded R-vector spaces).
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3. Deduce that D(R, I) and D(R)I can not be equivalent in general.
4. Let now I be category with two objects0 and1 and a unique morphism from1

to 0. Using a similar approach as above show that D(R, I) and D(R)I are not
equivalent in general.

2.3 Dg-categories

We now fix a base commutative ringk. Unless specified, all the modules and tensor
products will be overk.

We start by recalling that adg-category T(overk) consists of the following data.

• A set of objectsOb(T), also sometimes denoted byT itself.
• For any pair of objects(x,y) ∈Ob(T)2 a complexT(x,y) ∈C(k).
• For any triple(x,y,z)∈Ob(T)3 a composition morphismµx,y,z : T(x,y)⊗T(y,z)−→

T(x,z).
• For any objectx∈Ob(T), a morphismex : k−→ T(x,x).

These data are required to satisfy the following associativity and unit conditions.

1. (Associativity) For any four objects(x,y,z, t) in T, the following diagram

T(x,y)⊗T(y,z)⊗T(z, t)
id⊗µy,z,t //

µx,y,z⊗id

��

T(x,y)⊗T(y, t)

µx,y,t

��
T(x,z)⊗T(z, t)

µx,z,t
// T(x, t)

commutes.
2. (Unit) For any(x,y) ∈Ob(T)2 the two morphisms

T(x,y)≃ k⊗T(x,y)
ex⊗id // T(x,x)⊗T(x,y)

µx,x,y // T(x,y)

T(x,y)≃ T(x,y)⊗k
id⊗ey // T(x,y)⊗T(y,y)

µx,y,y // T(x,y)

are equal to the identities.

In a more explicit way, a dg-categoryT can also be described as follows. It has a
set of objectsOb(T). For any two objectsx andy, and anyn∈ Z it has ak-module
T(x,y)n, thought as morphisms of degren from x to y. For three objectsx, y andz,
and any integersn andm there is a composition map

T(x,y)n×T(y,z)m−→ T(x,z)n+m
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which is bilinear and associative. For any objectx, there is an elementex ∈ T(x,x)0,
which is a unit for the composition. For any two objectsx andy there is a differ-
ential d :T(x,y)n −→ T(x,y)n+1, such that d2 = 0. And finally, we have the graded
Leibnitz rule

d( f ◦g) = d( f )◦g+(−1)m f ◦d(g),

for f andg two composable morphisms, withf of degreem. Note that this implies
that d(ex) = 0, and thus thatex is always a zero cycle in the complexT(x,x).

Examples:

1. A very simple example is the opposite dg-categoryTop of a dg-categoryT. The
set of objects ofTop is the same as the one ofT, and we set

Top(x,y) := T(y,x)

together with the obvious composition maps

T(y,x)⊗T(z,y)≃ T(z,y)⊗T(y,x)−→ T(z,x),

where the first isomorphism is the symmetry isomorphism of the monoidal struc-
ture on the category of complexes (see [Bour,§X.4.1] for the signs rule).

2. A fundamental example of dg-category overk is the given by considering the
category of complexes overk itself. Indeed, we define a dg-categoryC(k) by set-
ting its set of objects to be the set of complexes ofk-modules. For two complexes
E andF , we defineC(k)(E,F) to be the complexHom∗(E,F) of morphisms
from E to F . Recall, that for anyn∈ Z thek-module of elements of degren in
Hom∗(E,F) is given by

Homn(E,F) := ∏
iZ

Hom(Ei ,F i+n).

The differential
d : Homn(E,F)−→ Homn+1(E,F)

sends a family{ f i}iZ to the family{d◦ f i − (−1)n f i+1 ◦ d}i∈Z. Note that the
zero cycle inHom∗(E,F) are precisely the morphisms of complexes fromE to
F . The composition of morphisms induces composition morphisms

Homn(E,F)×Homm(E,F)−→ Homn+m(E,F).

It is easy to check that these data defines a dg-categoryC(k).
3. There is slight generalization of the previous example for the categoryC(R)

of complexes of (left)R-modules, whereR is any associative and unitalk-
algebra. Indeed, for two complexes ofR-modulesE andF , there is a complex
Hom∗(E,F) defined as in the previous example. The only difference is that now
Hom∗(E,F) is only a complex ofk-modules and not ofR-modules in general (ex-
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cept whenR is commutative). These complexe define a dg-categoryC(R) whose
objects are complexes ofR-modules.

4. A far reaching generalization of the two previous examples is the case of com-
plexes of objects in anyk-linear Grothendieck category (i.e. an abelian cocom-
plete category with a small a generator and for which filtered colimits are exact,
or equivalently localizations of modules categories, see [G-P]). Indeed, for such
a categoryA and two complexesE andF of objects inA , we define a complex
of k-modulesHom∗(E,F) as above

Homn(E,F) := ∏
iZ

Hom(Ei ,F i+n),

with the differential given by the same formula as in example(2). The composi-
tion of morphisms induce morphisms

Homn(E,F)×Homm(F,G)−→ Homn+m(E,G).

It is easy to check that these data define a dg-category whose objects are com-
plexes inA . It will be denoted byC(A ).

5. From a dg-categoryT, we can construct a usual categoryZ0(T). Its objects are
the same the one ofT, and for two such objectsx andy the set of morphism
betweenx andy in Z0(T) is defined to be the set of 0-cycles inT(x,x) (i.e. degre
zero morphismsf ∈ T(x,x)0 such that d( f ) = 0. The Liebnitz rule implies that
the composition of two 0-cycles is again a 0-cycle, and thus we have induced
composition maps

Z0(T(x,y))×Z0(T(y,z))−→ Z0(T(x,z)).

These composition maps define the categoryZ0(T). The categoryZ0(T) is often
named theunderlying category of T. We observe thatZ0(T) is more precisely a
k-linear category (i.e. thatHomssets are endowed withk-module structures such
that the composition maps are bilinear).
For instance, letA be a Grothendieck category andC(A ) its associated dg-
category of complexes as defined in example(4) above. The underlying category
of C(A ) is then isomorphic to the usual categoryC(A ) of complexes and mor-
phisms of complexes inA .

6. Conversely, ifC is a k-linear category we viewC as a dg-category in a rather
obvious way. The set of objects is the same of the one ofC, and the complex of
morphisms fromx to y is simply the complexC(x,y)[0], which isC(x,y) in degre
0 and 0 elsewhere.

7. A dg-categoryT with a unique object is essentially the same thing as a dg-
algebra. Indeed, ifx is the unique object the composition law onT(x,x) induces
a unital and associative dg-algebra structure onT(x,x). Conversely, ifB is a uni-
tal and associative dg-algebra we can construct a dg-categoryT with a unique
objectx and withT(x,x) := B. The multiplication inB is then used to define the
composition onT(x,x).
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8. Here is now a non-trivial example of a dg-category arising from geometry. In
this examplek = R. Let X be a differential manifold (sayC ∞). Recall that a flat
vector bundle onX consists the data of a smooth (real) vector bundleV on X
together with a connexion

∇ : A0(X,V)−→ A1(X,V),

(whereAn(X,V) is the space of smoothn-forms onX with coefficients inV) such
that∇ 2 = 0. For two such flat bundles(V, ∇ V) and(W, ∇ W) we define a complex
A∗DR(V,W) by

A∗DR(V,W)n := An(X,Hom(V,W)),

whereHom(V,W) is the vector bundle of morphisms fromV toW. The differen-
tial

d : An
DR(V,W)−→ An+1

DR (V,W)

is defined by sendingω ⊗ f to d(ω)⊗ f + (−1)nω ∧ ∇ ( f ). Here,∇ ( f ) is the
1-form with coefficients inHom(V,W) defined by

∇ ( f ) := ∇ W ◦ f − ( f ⊗ id)◦ ∇ V .

The fact that∇ 2
V = ∇ 2

W = 0 implies thatA∗DR(V,W) is a complex. Moreover, we
define a composition

An
DR(U,V)×Am

DR(V,W)−→ An+m(U,W)

for three flat bundlesU , V andW by

(ω⊗ f ).(ω ′⊗g) := (ω ∧ω ′)⊗ ( f ◦g).

It is easy to check that these data defines a dg-categoryTDR(X) (overR) whose
objects are flat bundles onX, and whose complex of morphisms from(V, ∇ V) to
(W, ∇ W) are the complexesA∗DR(V,W).
By construction the underlying category ofTDR(X) is the category of flat bundles
and flat maps. By the famous Riemann-Hilbert correspondence (see [De] for the
analog statement in the complex analytic case) this category is thus equivalent to
the category of finite dimensional linear representations of the fundamental group
of X. Moreover, for two flat bundles(V, ∇ V) and(W, ∇ W), corresponding to two
local systemsL1 andL2, the cohomology groupH i(TDR(X)) = H i(A∗DR(V,W))
is isomorphic to the Ext groupExti(L1,L2), computed in the category of abelian
sheaves overX. Therefore, we see that even whenX is simply connected the dg-
categoryTDR(X) contains interesting informations about the cohomology ofX
(even thought the underlying category ofTDR(X) is simply the category of finite
dimensional vector spaces).

9. The previous example has the following complex analog. Now we letk = C, and
X be a complex manifold. We define a dg-categoryTDol(X) in the following way.
The objects ofTDol(X) are the holomorphic complex vector bundles onX. For
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two such holomorphic bundlesV andW we let

TDol(X)(V,W) := A∗Dol(V,W),

whereA∗Dol(V,W) is the Dolbeault complex with coefficients in the vector bundle
of morphisms fromV to W. Explicitely,

Aq
Dol(V,W) := A0,q(X,Hom(V,W))

is the space of(0,q)-forms onX with coefficients in the holomorphic bundle
Hom(V,W) of morphisms fromV to W. The differential

Aq
Dol(V,W)−→ Aq+1

Dol (V,W)

is the operator∂ , sendingω⊗ f to

∂ (ω⊗ f ) := ∂ (ω)⊗ f +(−1)qω ∧∂ ( f ),

where∂ ( f ) is defined by

∂ ( f ) = ∂W ◦ f − ( f ⊗ id)◦∂V ,

with

∂V : A0(X,V)−→ A0,1(X,V) ∂W : A0(X,W)−→ A0,1(X,W)

being the operators induced by the holomorphic structures onV andW (see
[Gr-Ha, Chap 0 §5]). As in the previous example we can define a composition

A∗Dol(U,V)×A∗Dol(V,W)−→ A∗(U,W)

for three holomorphic bundlesU , V and W on X. These data defines a dg-
categoryTDol(X) (overmathbbC).
By construction, the underlying category ofTDol(X) has objects the holomorphic
vector bundles, and the morphisms in this category are theC ∞-morphisms of
complex vector bundlesf : V −→W satisfying∂ ( f ) = 0, or equivalently the
holomorphic morphisms. Moroever, for two holomorphic vector bundlesV and
W the cohomology groupH i(TDol(X)) is isomorphic toExti

O
(V ,W ), thei-th ext-

group between the associated sheaves of holomorphic sections (or equivalently
the ext-group in the category of holomorphic coherent sheaves). For instance, if
1 is the trivial vector bundle of rank 1 andV is any holomorphic vector bundle,
we have

H i(TDo(1,V))≃ H i
Dol(X,V),

the i-th Dolbeault cohomology group ofV.
The dg-categoryTDol(X) is important as it provides a rather explicit model for
the derived category of coherent sheaves onX. Indeed, the homotopy category
[TDol(X)] (see definition 1) is equivalent to the full sub-category ofDb

coh(X), the
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bounded coherent derived category ofX, whose objects are holomorphic vector
bundles. Also, for two such holomorphic vector bundlesV andW and all i we
have

HomDb
coh(X)(V,W[i])≃ H i(TDol(X)(V,W))≃ ExtiO(V ,W ).

10. Here is one last example of a dg-category in the topological context. We construct
a dg-categorydgTop, whose set of objects is the set of all topological spaces.
For two such topological spacesX andY, we define a complex of morphisms
dgTop(X,Y) in the following way. We first considerHom∆ (X,Y), the simplicial
set (see [Ho1] for the notion of simplicial sets) of continuous maps betweenX
andY: by definition the set ofn-simplicies inHom∆ (X,Y) is the set of continuous
mapsX×∆n−→Y, where∆n := {x∈ [0,1]n+1/∑xi = 1 is the standard simplex
of dimensionn in Rn+1. The face and degeneracy operators ofHom∆ (X,Y) are
defined using the face embeddings (0≤ i ≤ n)

di : ∆n −→ ∆ n+1

x 7→ (x0, . . . ,xi−1,0,xi , . . .xn),

and the natural projections (0≤ i ≤ n)

si : ∆ n+1 −→ ∆ n

x 7→ (x0, . . . ,xi +xi+1,xi+2, . . . ,xn+1).

Now, for any two topological spacesX andY we set

dgTop(X,Y) := C∗(Hom∆ (X,Y)),

the homology chain complex ofHom∆ (X,Y) with coefficients ink. Explicitly,
Cn(Hom∆ (X,Y)) is the freek-module generated by continuous mapsf : X×
∆ n−→Y. The differential of such a map is given by the formula

d( f ) := ∑
0≤i≤n

(−1)idi( f ),

wheredi( f ) is the mapX×∆ n−1−→Y obtained by composition

X×∆n−1
id×di // X×∆ n f // Y.

For three topological spacesX, Y andZ, there exists a composition morphism at
the level of simplicial sets of continuous maps

Hom∆ (X,Y)×Hom∆ (Y,Z)−→ Hom∆ (X,Z).

This induces a morphism on the level of chain complexes

C∗(Hom∆ (X,Y)×Hom∆ (Y,Z))−→C∗(Hom∆ (X,Z)).
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Composing this morphism with the famous Eilenberg-MacLane map (see [May,
§29])

C∗(Hom∆ (X,Y))⊗C∗(Hom∆ (Y,Z))−→C∗(Hom∆ (X,Y)×Hom∆ (Y,Z))

defines a composition

dgTop(X,Y)⊗dgTop(Y,Z)−→ dgTop(X,Z).

The fact that the Eilenberg-MacLane morphisms are associative and unital (they
are even more commutative, see [May,§29]) implies that this defines a dg-
categorydgTop.

For two dg-categoriesT andT ′, a morphism of dg-categories(or simply adg-
functor) f : T −→ T ′ consists of the following data.

• A map of setsf : Ob(T)−→Ob(T ′).
• For any pair of objects(x,y) ∈Ob(T)2, a morphism inC(k)

fx,y : T(x,y)−→ T ′( f (x), f (y)).

These data are required to satisfy the following associativity and unit conditions.

1. For any(x,y, t) ∈Ob(T)3 the following diagram

T(x,y)⊗T(y,z)
µx,y,z //

fx,y⊗ fy,z
��

T(x,z)

fx,z
��

T ′( f (x), f (y))⊗T ′( f (y), f (z))
µ ′f (x), f (y), f (z)

// T ′( f (x), f (z))

commutes.
2. For anyx∈Ob(T), the following diagram

k
ex //

ef (x)
$$JJJJJJJJJJJ T(x,x)

fx,x
��

T ′( f (x), f (x))

commutes.

Examples:

1. LetT be any dg-category andx∈ T be an object. We define a dg-functor

f = hx : T −→C(k)
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in the following way (recall thatC(k) is the dg-category of complexes overk).
The map on the set of objects sends an objecty∈ T to the complexT(x,y). For
two objectsy andz in T we define a morphism

fy,z : T(y,z)−→C(k)( f (y), f (x)) = Hom∗(T(x,y),T(x,z)),

which by definition is the adjoint to the composition morphism

mx,y,z : T(x,y)⊗T(y,z)−→ T(x,z).

The associativity and unit condition on composition morphisms inT imply that
this defines a morphism of dg-categories

hx : T −→C(k).

Dually, we can also define a morphism of dg-categories

hx : Top−→C(k)

by sendingy to T(y,x).
2. For any dg-categoryT there exists a dg-functor

T⊗Top−→C(k),

sending a pair of objects(x,y) to the complexT(y,x). Here,T ⊗Top denotes
the dg-category whose set of objects isOb(T)×Ob(T ′), and whose complex of
morphisms are given by

(T⊗Top)((x,y),(x′,y′)) := T(x,x′)⊗T(y′,y).

We refer to exercice 4 and§4.2 for more details about the tensor product of dg-
categories.

3. Let R andS be two associative and unitalk-algebras, andf : R−→ S be ak-
morphism. The morphismf induces two functors

f ∗ : C(R)−→C(S) C(R)←−C(S) : f∗,

adjoint to each others. The functorf∗ sends a complex ofS-modules to the cor-
responding complex ofR-modules obtained by forgetting the scalar fromS to
R by the morphismf . Its left adjoint f ∗ sends a complex ofR-modulesE to
the complexS⊗R E. It is not difficult to show that the functorsf∗ and f ∗ are
compatible with the complex of morphismsHom∗ and thus define morphisms of
dg-categories

f ∗ : C(R)−→C(S) C(R)←−C(S) : f∗.

More generally, if f : A −→B is anyk-linear functor between Grothendieck
categories, there is an induced morphism of dg-categories



Lectures on DG-categories 17

f : C(A )−→C(B).

4. Let f : X −→ Y be aC ∞-morphism between two differential manifolds. Then,
the pull-back for flat bundles and differential forms defines a morphism of dg-
categories constructed in our example 8

f ∗ : TDR(Y)−→ TDR(X).

In the same way, if nowf is a holomorphic morphism between two complex
varieties, then there is a dg-functor

f ∗ : TDol(Y)−→ TDol(X)

ontained by pulling-back the holomorphic vector bundles and differential forms.

Dg-functors can be composed in an obvious manner, and dg-categories together
with dg-functors form a category denoted bydg−catk (or dg−cat if the base ring
k is clear).

For a dg-categoryT, we define a category[T] in the following way. The set of
objects of[T] is the same as the set of objects ofT. For two objectsx andy the set
of morphisms in[T] is defined by

[T](x,y) := H0(T(x,y)).

Finally, the composition of morphisms in[T] is defined using the natural morphisms

H0(T(x,y))⊗H0(T(y,z))−→ H0(T(x,y)⊗T(y,z))

composed with the morphism

H0(µx,y,z) : H0(T(x,y)⊗T(y,z))−→ H0(T(x,z)).

Definition 1. The category[T] is called thehomotopy category of T.

Examples:

1. If C is ak-linear category considered as a dg-category as explained in our exam-
ple 6 above, then[C] is naturally isomorphic toC itself.

2. We have[Top] = [T]op for any dg-categoryT.
3. For ak-algebraR, the homotopy category[C(R)] is usually denoted byK(R), and

is called thehomotopy category of complexes of R-modules. More generally, ifA
is a Grothendieck category,[C(A )] is the denoted byK(A ), and is the homotopy
category of complexes inA .

4. If X is a differentiable manifold, then[TDR(X)] coincides withZ0(TDR(X)) and
is isomorphic to the category of flat bundles and flat maps between them. As
we already mentioned, this last category is equivalent by the Riemann-Hilbert
correspondence to the category of local systems onX.



18 Toën Bertrand

When X is a complex manifold, we also have that[TDol(X)] coincides with
Z0(TDol(X)) and is isomorphic to the category of holomorphic vector bundles
and holomorphic maps between them.

5. The category[dgTop] is the category whose objects are topological spaces and
whose set of morphisms betweenX andY is the freek-module over the set of
homotopy classes of maps fromX to Y.

One of the most important notion in dg-category theory is the notion of quasi-
equivalences, a mixture in between quasi-isomorphisms and categorical equiva-
lences.

Definition 2. Let f : T −→ T ′ be a dg-functor between dg-categories

1. The morphismf is quasi-fully faithfulif for any two objectsx andy in T the
morphismfx,y : T(x,y)−→ T ′( f (x), f (y)) is a quasi-isomorphism of complexes.

2. The morphismf is quasi-essentially surjectiveif the induced functor[ f ] : [T]−→
[T ′] is essentially surjective.

3. The morphismf is a quasi-equivalenceif it is quasi-fully faithful and quasi-
essentially surjective.

We will be mainly interested in dg-categories up to quasi-equivalences. We there-
fore introduce the following category.

Definition 3. Thehomotopy category of dg-categoriesis the categorydg− cat lo-
calized along quasi-equivalences. It is denoted byHo(dg− cat). Morphisms in
Ho(dg−cat) between two dg-categoriesT andT ′ will often be denoted by

[T,T ′] := HomHo(dg−cat)(T,T ′).

Note that the constructionT 7→ [T] provides a functor[−] : dg− cat−→ Cat,
which descends as a functor on homotoy categories

[−] : Ho(dg−cat)−→ Ho(Cat).

Remark 1. In the last section we have seen that the localization construction is not
well behaved, but in the definition above we consider Ho(dg− cat) which is ob-
tained by localization. Therefore, the category Ho(dg− cat) will not be well be-
haved itself. In order to get the most powerful approach the category dg− cat
should have been itself localized in a more refined maner (e.g. as a higher cate-
gory, see [To2,§2]). We will not need such a evolved approach, and the category
Ho(dg−cat) will be enough for most of our purpose.

Examples:

1. Let f : T −→ T ′ be a quasi-fully faithful dg-functor. We letT ′0 be the full (i.e.
with the same complex of morphisms that the oneT ′) sub-dg-category ofT ′

consisting of all objectsx ∈ T ′ such thatx is isomorphic in[T ′] to an object in
the image of the induced functor[ f ] : [T] −→ [T ′]. Then the induced dg-functor
T −→ T ′0 is a quasi-equivalence.



Lectures on DG-categories 19

2. Let f : R−→ Sbe a morphism ofk-algebras. If the morphism of dg-categories

f ∗ : C(R)−→C(S)

is quasi-fully faithful then the morphismf is an isomorphism. Indeed, iff ∗ is
quasi-fully faithful we have

Hom∗(R,R)−→ Hom∗(S,S)

is a quasi-isomorphism. Evaluating this morphism of complexes atH0 we find
that the induced morphism

R≃ H0(Hom∗(R,R))−→ S≃ H0(Hom∗(S,S))

is an isomorphism. This last morphism beingf itself, we see thatf is an isomor-
phism.

3. Suppose thatT is a dg-category such that for all objectsx and y we have
H i(T(x,y)) = 0 for all i 6= 0. We are then going to show thatT and [T] are
isomorphic inHo(dg− cat). We first define a dg-categoryT≤0 in the following
way. The dg-categoryT≤0 possesses the same set of objects thanT itself. For two
objectsx andy we let

T≤0(x,y)
n := T(x,y) i f n < 0 T≤0(x,y)

n := 0 i f n > 0

and
T≤0(x,y)

0 := Z0(T(x,y)) = Ker(d : T(x,y)0→ T(x,y)1).

The differential onT≤0(x,y) is simply induced by the one onT(x,y). It is not hard
to see that the composition morphisms ofT induces composition morphisms

T≤0(x,y)
n×T≤0(y,z)

m−→ T≤0(x,z)
n+m

which makes these data into a dg-categoryT≤0 (this is because the composition
of two 0-cocycles is itself a 0-cocycle). Moreover, there is a natural dg-functor

T≤0−→ T

which is the identity on the set of objects and the natural inclusions of complexes

T≤0(x,y)⊂ T(x,y)

on the level of morphisms. Now, we consider the natural dg-functor

T≤0−→ [T]

which is the identity on the set of objects and the natural projection

T≤0(x,y)−→H0(T(x,y))= H0(T≤0(x,y))= T≤0(x,y)
0/Im(T(x,y)−1→T≤0(x,y)

0)
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on the level of morphisms. We thus have a diagram of dg-categories and dg-
functors

[T] T≤0 //oo T,

which by assumptions onT are all quasi-equivalences. This implies thatT and
[T] becomes isomorphic as objects inHo(dg−cat).

4. Suppose thatf : X −→ Y is aC ∞ morphism between differentiable manifolds,
such that there exists anotherC ∞ morphismg : Y−→ X and twoC ∞ morphisms

h : X×R−→ X k : Y×R−→Y

with
hX×{0} = g f hX×{1} = id kY×{0} = f g kY×{1} = id.

Then the dg-functor
f ∗ : TDR(Y)−→ TDR(X)

is a quasi-equivalence. Indeed, we know that[TDR(X)] is equivalent to the cate-
gory of linear representations of the fundamental group ofX. Therefore, as the
morphismf is in particular a homotopy equivalence it induces an isomorphisms
on the level of the fundamental groups, and thus the induced functor

f ∗ : [TDR(Y)]−→ [TDR(X)]

is an equivalence of categories. The fact that the dg-functorf ∗ is also quasi-
fully faithful follows from the homotopy invariance of de Rham cohomology,
and more precisely from the fact that the projectionp : X×R −→ X induces a
quasi-equivalence of dg-categories

p∗ : TDR(X)−→ TDR(X×R).

We will not give more details in these notes.
As particular case of the above statement we see that the projectionRn −→ ∗
induces a quasi-equivalence

TDR(∗)−→ TDR(Rn).

As TDR(∗) is itself isomorphic to the category of finite dimensional real vector
spaces, we see thatTDR(Rn) is quasi-equivalent to the category of finite dimen-
sional vector spaces.

5. Let nowX be a connected complex manifold andp : X −→ ∗ be the natural
projection. Then the induced dg-functor

p∗ : TDR(∗)−→ TDol(X)

is quasi-fully faithful if and only ifH i(X,O) = 0 for all i 6= 0 (hereO is the sheaf
of holomorphic functions onX). Indeed, all the vector bundles are trivial on∗.
Moreover, for 1r and 1s two trivial vector bundles of rankr ands on∗ we have
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TDol(X)(p∗(1r), p∗(1s))≃ TDol(X)(1,1)rs,

where 1 also denotes the trivial holomorphic bundle onX. Therefore,p∗ is quasi-
fully faithful if and only if H i(TDol(X))(1,1) = 0 for all i 6= 0. As we have

H i(TDol(X)(1,1)) = H i
Dol(X,1) = H i(X,O)

this implies the statement. As an example, we see that

TDol(∗)−→ TDol(P
n)

is quasi-fully faithful (herePn denotes the complex projective space), but

TDol(∗)−→ TDol(E)

is not for any complex elliptic curveE.
More generally, if f : X −→ Y is any proper holomorphic morphism between
complex manifolds, then the dg-functor

f ∗ : TDol(Y)−→ TDol(X)

is quasi-fully faithful if and only if we have

R
i f∗(OX) = 0∀ i > 0,

whereRi f∗(OX) denotes the higher direct images of the coherent sheafOX of
holomorphic functions onX (see e.g. [Gr-Ha]). We will not prove this statement
in these notes. As a consequence we see thatf ∗ is quasi-fully faithful if it is
a blow-up along a smooth complex sub-manifold ofY, or if it is a bundle in
complex projective spaces.

6. For more quasi-equivalence between dg-categories in the context of non-abelian
Hodge theory see [Si].

Exercice 4 1. Let T and T′ be two dg-categories. Show how to define a dg-category
T⊗T ′ whose set of objects is the product of the sets of objects of T and T ’, and
for any two pairs(x,y) and(x′,y′)

(T⊗T ′)((x,y),(x′,y′)) := T(x,y)⊗T ′(x′,y′).

2. Show that the construction(T,T ′) 7→ T⊗T ′ defines a symmetric monoidal struc-
ture on the category dg−cat.

3. Show that the symmetric monoidal structure⊗ on dg−cat is closed (i.e. that for
any two dg-categories T and T′ there exists a dg-category Hom(T,T ′) together
with functorial isomorphisms

Hom(T ′′,Hom(T,T ′)≃ Hom(T ′′⊗T,T ′).
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Exercice 5 Let k→ k′ be a morphism of commutative rings, and dg− catk (resp.
dg−catk′ ) the categories of dg-categories over k (resp. over k′).

1. Show that there exists a forgetful functor

dg−catk′ −→ dg−catk

which consists of seing complexes over k′ as complexes over k using the mor-
phism k→ k′.

2. Show that this forgetful functor admits a left adjoint

−⊗k k′ : dg−catk −→ dg−catk′ .

3. Let1k′ be the dg-category over k with a single object and with k′ as k-algebra
of endomorphisms of this object. Show that for any dg-category T over k, there
exists a natural isomorphism of dg-categories over k

T⊗k k′ ≃ T⊗1k′ ,

where the tensor product on the right is the one of dg-categories over k as de-
fined in exercice 4, and the left hand side is considered as an object in dg−catk
throught the forgetful functor.

4. Show that the forgetful functor

dg−catk′ −→ dg−catk

also possesses a right adjoint

(−)k′/k : dg−catk −→ dg−catk′

(show that for any T∈ dg− catk the dg-category Hom(1k′ ,T) can be naturally
endowed with a structure of dg-category over k′).

Exercice 6 Let T be a dg-category and u∈Z0(T(x,y)) a morphism in its underlying
category. Show that the following four conditions are equivalent.

1. The image of u in H0(T(x,y)) is an isomorphism in[T].
2. There exists v∈ Z0(T(y,x)) and two elements h∈ T(x,x)−1, k∈ T(y,y)−1 such

that
d(h) = vu−ex d(k) = uv−ey.

3. For any object z∈ T, the composition with u

−◦u : T(z,x)−→ T(z,y)

is a quasi-isomorphism of complexes.
4. For any object z∈ T, the composition with u

u◦− : T(y,z)−→ T(x,z)
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is a quasi-isomorphism of complexes.

Exercice 7 We denote by B the commutative k-dg-algebra whose underlying graded
k-algebra is a (graded commutative) polynomial algebra in two variables k[X,Y],
with X in degree0, Y in degree−1 and d(Y) = X2. We consider B as a dg-category
with a unique object.

1. Show that there exists a natural quasi-equivalence

p : B−→ k[X]/(X2) =: k[ε],

where k[ε] is the commutative algebra of dual numbers, considered as a dg-
category with a unique object.

2. Show that p does not admit a section in dg−cat. Deduce from this that unlike the
case of categories, there exists quasi-equivalences T−→ T ′ in dg−cat such that
the inverse of f in Ho(dg−cat) can not be represented by a dg-functor T′ −→ T
in dg−cat (i.e. quasi-inverses do not exist in general).

Exercice 8 Show that two k-linear categories are equivalent (as k-linear cate-
gories) if and only if they are isomorphic in Ho(dg−cat).

2.4 Localizations as a dg-category

For a k-algebraR, the derived categoryD(R) is defined as a localization of the
categoryC(R), and thus has a universal property inHo(Cat). The purpose of this
series of lectures is to show thatC(R) can also be localized as a dg-categoryC(R)
in order to get an objectL(R) satisfying a universal property inHo(dg−cat). The
two objectsL(R) andD(R) will be related by the formula

[L(R)]≃ D(R),

and we will see that the extra informations encoded inL(R) is enough in order to
solve all the problems mentioned in§1.1.

Let T be any dg-category andSbe a subset of morphisms in the category[T]. We
define a functor

FT,S : Ho(dg−cat)−→ Ho(Cat)

sending a dg-categoryT ′ to the subset of morphisms[T,T ′] consisting of all mor-
phism f whose induced functor[ f ] : [T] −→ [T ′] sends morphisms ofS to iso-
morphisms in[T ′]. Note that the functor[ f ] is only determined as a morphism in
Ho(Cat), or in other words up to isomorphism. However, the property that[ f ] sends
elements ofS to isomorphisms is preserved under isomorphisms of functors, and
thus only depends on the class of[ f ] as a morphism inHo(Cat). The functorFT,S is
a thus a subfunctor of the functor[T,−] corepresented byT.
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Definition 4. ForT andSas above, alocalization of T along Sis a dg-categoryLST
corepresenting the functorFT,S.

To state the previous definition in more concrete terms, a localization is the data
of a dg-categoryLST and a dg-functorl : T −→ LST, such that for any dg-category
T ′ the induced morphism

l∗ : [LST,T ′]−→ [T,T ′]

is injective and identifies the left hand side with the subsetFT,S(T ′)⊂ [T,T ′].

An important first question is the existence of localization as above. We will see
that like localizations of categories they always exist. This, of course, requires to
know how to compute the set[T,T ′] of morphisms inHo(dg− cat). As the cate-
gory Ho(dg− cat) is itself defined by localization this is not an easy problem. We
will give a solution to this question in the next lectures, based on an approach using
model category theory.

3 Lecture 2: Model categories and dg-categories

The purpose of this second lecture is to study in more details the categoryHo(dg−
cat). Localizations of categories are very difficult to describe in general. The pur-
pose of model category theory is precisely to provide a general tool to describe lo-
calized categories. By definition, a model category is a category together with three
classes of morphisms, fibrations, cofibrations and (weak) equivalences satisfying
some axioms mimicking the topological notions of Serre fibrations, cofibrations and
weak equivalences. WhenM is a model category, withW as equivalences, then the
localized categoryW−1M possesses a very nice description in terms of homotopy
classes of morphisms between objects belonging to a certain class of nicer objects
called fibrant and cofibrant. A typical example is whenM = Top is the category
of topological spaces andW is the notion of weak equivalences (see example 5 of
§2.1). Then all objects are fibrant, but the cofibrant objects are the retract of CW-
complexes. It is well known that the categoryW−1Top is equivalent to the category
of CW-complexes and homotopy classes of continuous maps between them.

In this lecture, I will start by some brief reminders on model categories. I will
then explain how model category structures appear in the context of dg-categories
by describing the model category of dg-categories (due to G. Tabuada, [Tab]) and
the model category of dg-modules. We will also see how model categories can be
used in order to construct interesting dg-categories. In the next lecture these model
categories will be used in order to understand maps inHo(dg− cat), and to prove
the existence of several important constructions such as localization and internal
Homs.
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3.1 Reminders on model categories

In this section we use the conventions of [Ho1] for the notion of model category. We
also refer the reader to this book for the proofs of the statements we will mention.

We letM be a category with arbitrary limits and colimits. Recall that a (closed)
model category structure onM is the data of three classes of morphisms inM, the
fibrationFib, the cofibrationCo f and the equivalencesW, satisfying the following
axioms (see [Ho1]).

1. If X
f // Y

g // Z are morphisms inM, then f , g andg f are all inW if and
only if two of them are inW.

2. The fibrations, cofibrations and equivalences are all stable by retracts.
3. Let

A
f //

i
��

X

p

��
B g

// Y

be a commutative square inM with i ∈Co f andp∈ Fib. If either i or p is also
in W then there exists a morphismh : B−→ X such thatph= g andhi = f .

4. Any morphismf : X −→Y can be factorized in two ways asf = pi and f = q j,
with p∈ Fib, i ∈Co f∩W, q∈ Fib∩W and j ∈Co f. Moreover, the existence of
these factorizations are required to be functorial inf .

The morphisms inCo f∩W are usually calledtrivial cofibrationsand the mor-
phisms inFib∩W trivial fibrations. Objectsx such that /0−→ x is a cofibration are
calledcofibrant. Dually, objectsy such thaty−→ ∗ is a fibration are calledfibrant.

Exercice 9 Let M be a model category and i: A−→ B a morphism. We assume that
for all commutative square

A
f //

i
��

X

p

��
B g

// Y,

with p a fibration (resp. a trivial fibration) there is a morphism h: B−→X such that
ph= g and hi= f . Then i is a trivial cofibration (resp. a cofibration). (Hint: factor
i using axiom(4) and use the stability of Co f and W by retracts).

By definition, the homotopy category of a model categoryM is the localized
category

Ho(M) := W−1M.

A model category structure is a rather simple notion, but in practice it is never
easy to check that three given classesFib,Co f andW satisfy the four axioms above.
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This can be explained by the fact that the existence of a model category structure on
M has a very important consequence on the localized categoryW−1M. For this, we
introduce the notion of homotopy between morphisms inM in the following way.
Two morphismsf ,g : X −→ Y are calledhomotopicif there exists a commutative
diagram inM

X

i
��

f

!!CC
CC

CC
CC

C

C(X)
h // Y

X

j

OO

g

=={{{{{{{{{

satisfying the following two properties:

1. There exists a morphismp : C(X) −→ X, which belongs toFib∩W, such that
pi = p j = id.

2. The induced morphism
i
⊔

j : X
⊔

X −→C(X)

is a cofibration.

When X is cofibrant andY is fibrant in M (i.e. /0−→ X is a cofibration and
Y −→ ∗ is a fibration), it can be shown that being homotopic as defined above is
an equivalence relation on the set of morphisms fromX to Y. This equivalence
relation is shown to be compatible with composition, which implies the existence of
a categoryMc f/ ∼, whose objects are cofibrant and fibrant objects and morphisms
are homotopy classes of morphisms.

It is easy to see that if two morphismsf andg are homotopic inM then they are
equal inW−1M. Indeed, in the diagram above defining the notion of being homo-
topic, the image ofp in Ho(M) is an isomorphism. Therefore, so are the images ofi
and j. Moreover, the inverses of the images ofi and j in Ho(M) are equal (because
equal to the image ofp), which implies thati and j have the same image inHo(M).
This implies that the image off and ofg are also equal. From this, we deduce that
the localization functor

M −→ Ho(M)

restricted to the sub-category of cofibrant and fibrant objectsMc f induces a well
defined functor

Mc f/∼−→ Ho(M).

The main statement of model category theory is that this last functor is an equiva-
lence of categories.

Our first main example of a model category will beC(k), the category of com-
plexes over some base commutative ringk. The fibrations are taken to be the sur-
jective morphisms, and the equivalences are taken to be the quasi-isomorphisms.
This determines the class of cofibrations as the morphisms having the correct lift-
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ing property. It is an important theorem that this defines a model category structure
on C(k) (see [Ho1]). The homotopy category of this model category is by defini-
tion D(k) the derived category ofk. Therefore, maps inD(k) can be described as
homotopy classes of morphisms between fibrant and cofibrant complexes. As the
cofibration objects inC(k) are essentially the complexes of projective modules (see
[Ho1]) and that every object is fibrant, this gives back essentially the usual way of
describing maps in derived categories.

Exercice 10 1. Prove that if E is a cofibrant object in C(k) then for any n∈ Z the
k-module En is projective.

2. Prove that if E is a complex which is bounded below (i.e. there is an n0 such that
En = 0 for all n≤ n0), and such that En is projective for all n, then E is cofibrant.

3. Contemplate the example in [Ho1, Rem. 2.3.7] of a complex of projective mod-
ules which is not a cofibrant object in C(k).

Here are few more examples of model categories.

Examples:

1. The categoryTopof topological spaces is a model category whose equivalences
are the weak equivalences (i.e. continuous maps inducing isomorphisms on all
homotopy groups) and whose fibrations are the Serre fibrations (see [Ho1, Def.
2.3.4]). All objects are fibrant for this model category, and the typical cofibrant
objects are the CW-complexes. Its homotopy categoryHo(Top) is also equiva-
lent to the category of CW-complexes and homotopy classes of continuous maps
between them.

2. For any model categoryM and any (small) categoryI we considerMI the cat-
egory ofI -diagrams inM (i.e. of functors fromI to M). We define a morphism
f : F −→ G in MI to be a fibration (resp. an equivalence) if for alli ∈ I the
induced morphismfi : F(i) −→ G(i) is a fibration (resp. an equivalence) inM.
WhenM satisfies a technical extra condition, precisely whenM is cofibrantly
generated(see [Ho1,§2.1]), then these notions define a model category structure
on MI . The constructionM 7→ MI is very useful as it allows to construct new
model categories from old ones.

3. Let Cat be the category of categories. We define a morphism inCat to be an
equivalence if it is a categorical equivalence, and a cofibration if it is injective on
the set of objects. This defines a model category structure onCat (see [Jo-Ti]).

4. Let A be any Grothendieck category andM = C(A ) be its category of com-
plexes. Then it can be shown that there exists a model category structure on
M whose equivalences are the quasi-isomorphisms and the cofibrations are the
monomorphisms (see [Ho2]).

Exercice 11 Let M be model category and Mor(M) be the category of morphisms
in M (objects are morphisms and morphisms are commutative squares in M). We
define a morphism( f ,g) : u−→ v
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A
f //

u

��

A′

v

��
B g

// B′,

to be an equivalence (resp. a fibration) if both f and g are equivalences (resp. fi-
brations) in M. Show that this defines a model category structure on Mor(M). Show
moreover that a morphism as above is a cofibration if and only if f is cofibration
and the induced morphism

B
⊔

A

A′ −→ B′

are cofibrations in M.

Before going back to dg-catgeories we will need a more structured notion of a
model category structure, the notion of aC(k)-model category structure. Suppose
thatM is a model category. AC(k)-model category structure onM is the data of a
functor

−⊗− : C(k)×M −→M

satisfying the following two conditions.

1. The functor⊗ above defines a closedC(k)-module structure onM (see [Ho1,
§4]). In other words, we are given functorial isomorphisms inM

E⊗ (E′⊗X)≃ (E⊗E′)⊗X k⊗X ≃ X

for anyE,E′ ∈C(k) andX ∈M (satisfying the usual associativity and unit con-
ditions). We are also given for two objectsX andY in M a complexHom(X,Y)∈
C(k), together with functorial isomorphisms of complexes

Hom(E,Hom(X,Y))≃ Hom(E⊗X,Y)

for E ∈C(k), andX,Y ∈M.
2. For any cofibrationi : E−→ E′ in C(k), and any cofibrationj : A−→ B in M, the

induced morphism
E⊗B

⊔

E⊗A

E′⊗A−→ E′⊗B

is a cofibration inM, which is moreover an equivalence ifi or j is so.

Condition(1) above is a purely categorical stucture, and simply asserts the exis-
tence of an enrichement ofM into C(k) in a rather strong sense. The second condi-
tion is a compatibility condition between this enrichement and the model structures
onC(k) andM (which is the non trivial part to check in practice).

Examples:
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1. The categoryC(k) can be considered as enriched over itself by using the tensor
product of complexes−⊗− : C(k)×C(k)−→C(k). Fro this enrichement it is a
C(k)-model category (this is another way to state thatC(k) is a monoidal model
category in the sense of [Ho1, Def. 4.2.6]).

2. Let X be a topological space. We letSh(X,k) be the category of sheaves
of k-modules andC(Sh(X,k)) be the category of complexes inSh(X,k). As
Sh(X,k) is a Grothendieck category, and thus the categoryC(Sh(X,k)) can be
endowed with a model category structure for which the equivalences are the
quasi-isomorphisms and the cofibrations are the monomorphisms of complexes.
The categorySh(X,k) has a natural enrichement over the category ofk-modules,
and this enrichement extends to an enrichement ofC(Sh(X,k)) over the cat-
egory C(k). Explicitely, if F is any sheaf of complexes ofk-modules over
X and E ∈ C(k), we let E⊗F to be the sheaf associated with the presheaf
U 7→E⊗F (U)∈C(k). It can be shown that this enrichement makesC(Sh(X,k))
into aC(k)-model category.

One main consequence for a model categoryM to be aC(k)-model category is
that its homotopy categoryHo(M) comes equiped with a natural enrichement over
D(k) = Ho(C(k)). Explicitely, for two objectsx andy in M we set

RHom(x,y) := Hom(Qx,Ry),

whereQx is a cofibrant replacement ofx andRy is a fibrant replacement ofy. The
objectRHom(x,y) ∈ D(k) can be seen to define a enrichement ofHo(M) into D(k)
(see [Ho1, Thm. 4.3.4] for details). A direct consequence of this is the important
formula*

H0(RHom(x,y))≃ HomHo(M)(x,y).

Therefore, we see that ifx andy are cofibrant and fibrant, then homs betweenx and
y in Ho(M) can be computed asH0(Hom(x,y)).

Exercice 12 Let f : M −→ N be a functor between two model categories.

1. Show that if f preserves cofibrations and trivial cofibrations then it also pre-
serves equivalences between cofibrant objects.

2. Assume that f preserves cofibrations and trivial cofibrations and that it does
admit a right adjoint g: N −→ M. Show that g preserves fibrations and trivial
fibrations.

3. Under the same conditions as in(2), define

L f : Ho(M)−→ Ho(N)

by sending an object x to f(Qx) where Qx is a cofibrant replacement of x. In the
same way, define

Rg : Ho(M)−→ Ho(N)

by sending an object y to g(Ry) where Ry is a fibrant replacement of y. Show that
L f andRg are adjoint functors.



30 Toën Bertrand

3.2 Model categories and dg-categories

We start by the model category of dg-categories itself. The equivalences for this
model structure are the quasi-equivalences. The fibrations are defined to be the mor-
phisms f : T −→ T ′ satisfying the following two properties. The cofibrations are
then defined to be the morphism with the correct lifting property.

1. For any two objectsx andy in T, the induced morphism

fx,y : T(x,y)−→ T ′(( f (x), f (y))

is a fibration inC(k) (i.e. is surjective).
2. For any isomorphismu′ : x′→ y′ in [T ′], and anyy∈ [T] such thatf (y) = y′, there

exists an isomorphismu : x→ y in [T] such that[ f ](u) = u′.

Theorem 13.(see [Tab]) The above definitions define a model category structure
on dg−cat.

This is a key statement in the homotopy theory of dg-categories, and many re-
sults in the sequel will depend in an essential way from the existence of this model
structure. We will not try to describe its proof in these notes, this would lead us too
far.

The theorem 13 is of course very useful, even thought it is not very easy to find
cofibrant dg-categories and also to describe the homotopy equivalence relation in
general. However, we will see in the next lecture that this theorem implies another
statement which provide a very useful way to described maps inHo(dg−cat). It is
this last description that will be used in order to check that localizations in the sense
of dg-categories (see definition 4) always exist.

Exercice 14 1. Let1 be the dg-category with a unique object and k as endomor-
phism of this object (this is also the unit for the monoidal structure on dg−cat).
Show that1 is a cofibrant object.

2. Let∆1
k be the k-linear category with two objects0 and1 and with

∆ 1
k (0,0) = k ∆1

k (0,1) = k ∆ 1
k (1,1) ∆ 1

k (1,0) = 0

and obvious compositions (∆ 1
k is the k-linearization of the category with two

objects and a unique non trivial morphism between them). Show that∆ 1
k is a

cofibrant object.
3. Use exercice 7 in order to show that k[ε] is not a cofibrant dg-category (when

considered as a dg-category with a unique object).
4. Let T be the dg-category with four objects x, x′, y and y′ and with the following

non trivial complex of morphisms (here we denote by k< x > the rank1 free
k-module with basis x)

T(x,x′)= k< f > T(x,y)= k< u> T(x′,y′)= k< u′> T(y,y′)= k< g>
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T(x,y′)0 = k< u′ f >⊕k< gu> T(x,y′)−1 = k< h> T(x,y′)i = 0 f or i 6= 0,−1

such that d(h) = u′ f − gu. In other words, T is freely generated by four mor-
phisms of degre0, u, u′, f and g, one morphism of degre−1, h, and has a unique
relation d(h) = u′ f −gu. Show that there exists a trivial fibration

T −→ ∆1
k ⊗∆ 1

k .

Show moreover that this trivial fibration possesses no section, and conclude that
∆ 1

k ⊗∆ 1
k is not a cofibrant dg-category.

Let nowT be a dg-category. AT-dg-module is the data of a dg-functorF : T −→
C(k). In other words aT-dg-moduleF consists of the data of complexesFx ∈C(k)
for each objectx of T, together with morphisms

Fx⊗T(x,y)−→ Fy

for each objectsx andy, satisfying the usual associativity and unit conditions. A
morphism ofT-dg-module consists of a natural transformation between dg-functors
(i.e. families of morphismsFx−→ F ′x commuting with the mapsFx⊗T(x,y)−→ Fy

andF ′x⊗T(x,y)−→ F ′y).
We letT−Mod be the category ofT-dg-modules. We define a model category

structure onT−Modby defining equivalences (resp. fibrations) to be the morphisms
f : F −→ F ′ such that for allx∈ T the induced morphismfx : Fx−→ F ′x is an equiv-
alence (resp. a fibration) inC(k). It is known that this defines a model category
structure (see [To1]). This model category is in a natural way aC(k)-model cate-
gory, for which theC(k)-enrichement is defined by the formula(E⊗F)x := E⊗Fx.

Definition 5. Thederived categoryof a dg-categoryT is

D(T) := Ho(T−Mod).

The previous definition generalizes the derived categories of rings. Indeed, ifR
is a k-algebra it can also be considered as a dg-category, sometimes denoted by
BR, with a unique object andR as endomorphism of this object (considered as a
complex ofk-modules concentrated in degree 0). ThenD(BR) ≃ D(R). Indeed, a
BR-dg-module is simply a complex ofR-modules.

Exercice 15 Let T be a dg-category.

1. Let x∈ T be an object in T and hx : Top−→C(k) the T-dg-module represented
by x (the one sending y to T(y,x)). Prove that hx is cofibrant and fibrant as an
object in Top−Mod.

2. Prove that x7→ hx defines a functor

[T]−→ D(Top).
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3. Show that for any F∈ D(Top) there is a functorial bijection

HomD(Top)(hx,F)≃ H0(Fx).

4. Show that the above functor[T]−→ D(Top) is fully faithful.

Any morphism of dg-categoriesf : T −→ T ′ induces an adjunction on the corre-
sponding model categories of dg-modules

f! : T−Mod−→ T ′−Mod T−Mod←− T ′−Mod : f ∗,

for which the functorf ∗ is defined by composition withf , and f! is its left adjoint.
This adjunction is aQuillen adjunction, i.e. f ∗ preserves fibrations and trivial fi-
brations, and therefore can be derived into an adjunction on the level of homotopy
categories (see exercice 12 and [Ho1, Lem. 1.3.10])

L f! : D(T)−→ D(T ′) D(T)←− D(T ′) : f ∗ = R f ∗.

It can be proved that whenf is a quasi-equivalence thenf ∗ andL f! are equivalences
of categories inverse to each others (see [To1, Prop. 3.2]).

Exercice 16 Let f : T −→ T ′ be a dg-functor. Prove that for any x∈ T we have

L f!(h
x)≃ hf (x)

in D(T ′) (recall that hx is the T-dg-module corepresented by x, sending y to T(x,y)).

For a C(k)-model categoryM we can also define a notion ofT-dg-modules
with coefficients in Mas being dg-functorsT −→ M (whereM is considered as
a dg-category using itsC(k)-enrichement). This category is denoted byMT (so that
T−Mod=C(k)T ). WhenM satisfies some mild assumptions (e.g. being cofibrantly
generated, see [Ho1,§2.1]) we can endowMT with a model category structure sim-
ilar to T−Mod, for which equivalences and fibrations are defined levelwise inM.
The existence of model categories asMT will be used in the sequel to describe
morphisms inHo− (dg−cat).

Exercice 17 Let T and T′ be two dg-categories. Prove that there exists an equiva-
lence of categories

M(T⊗T ′) ≃ (MT)T ′ .

Show moreover that this equivalence of categories is compatible with the two model
category structures on both sides.

We finish this second lecture by describing a way to construct many examples
of dg-categories using model categories. For this, letM be aC(k)-enriched model
category. Using theC(k)-enrichementM can also be considered as a dg-category
whose set of objects is the same as the set of objects ofM and whose complexes of
morphisms areHom(x,y). This dg-category will sometimes be denoted byM, but it
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turns out not to be the right dg-category associated to theC(k)-model categoryM (at
least it is not the one we will be interested in in the sequel). Instead, we letInt(M)
be the full sub-dg-category ofM consisting of fibrant and cofibrant objects inM.
From the general theory of model categories it can be easily seen that the category
[Int(M)] is naturally isomorphic to the category of fibrant and cofibrant objects in
M and homotopy classes of morphisms between them. In particular there exists a
natural equivalence of categories

[Int(M)]≃ Ho(M).

The dg-categoryInt(M) is therefore a dg-enhancement of the homotopy category
Ho(M). Of course, not every dg-category is of formInt(M). However, we will see
that any dg-catgeory can be, up to a quasi-equivalence, fully embedded into some
dg-category of the formInt(M). This explains the importance ofC(k)-model cate-
gories in the study of dg-categories.

Remark 2. The construction M7→ Int(M) is an ad-hoc construction, and does not
seem very intrinsic (e.g. as it is defined it depends on the choice of fibrations and
cofibrations in M, and not only on equivalences). However, we will see in the next
lecture that Int(M) can also be characterized by as the localization of M along
the equivalences in M, showing that it only depends on the dg-category M and the
subset W.

Let T be a dg-category. We can consider theC(k)-enriched Yoneda embedding

h− : T −→ Top−Mod,

which is a dg-functor whenTop−Mod is considered as a dg-category using its nat-
uralC(k)-enrichement. It turns out that for anyx∈ T, theTop-dg-modulehx is cofi-
brant (see exercice 15) and fibrant (averyTop-dg-module if fibrant by definition).
We therefore get a natural dg-functor

h : T −→ Int(Top−Mod).

It is easy to check thath is quasi-fully faithful (it even induces isomorphisms on
complexes of morphisms).

Definition 6. For a dg-categoryT the morphism

h : T −→ Int(Top−Mod)

is called theYoneda embedding of the dg-category T.



34 Toën Bertrand

4 Lecture 3: Structure of the homotopy category of dg-categories

In this lecture we will trully start to go into the heart of the subject and describe
the categoryHo(dg− cat). I will start by a theorem describing the set of maps
between two objects inHo(dg− cat). This fundamental result has two important
consequences: the existence of localizations of dg-categories, and the existence of
dg-categories of morphisms between two dg-categories, both characterized by uni-
versal properties inHo(dg− cat). At the end of this lecture, I will introduce the
notion ofMorita equivalences and triangulated dg-categories, and present a refine
version of the categoryHo(dg−cat), better suited for many pruposes.

4.1 Maps in the homotopy category of dg-categories

We start by computing the set of maps inHo(dg− cat) from a dg-categoryT to a
dg-category of the formInt(M). As any dg-category canbe full embedded into some
Int(M) this will be enough to compute maps inHo(dg−cat) between any two ob-
jects.

Let M be aC(k)-model category. We assume thatM satisfies the following two
conditions.

1. M is cofibrantly generated.
2. For any cofibrant objectX in M, and any quasi-isomorphismE −→ E′ in C(k),

the induced morphismE⊗X −→ E′⊗X is an equivalence.

Exercice 18 Let R be a k-algebra considered as a dg-category. Show that the C(k)-
model category R−Mod= C(R) does not satisfy condition(2) above if R is not flat
over k.

Condition(1) this is a very mild condition, as almost all model categories en-
countered in real life are cofibrantly generated. Condition(2) is more serious, as it
states that cofibrant objects ofM are flat in some sense, which is not always the case.
For example, to be sure that the model categoryT−Mod satisfies(2) we need to
impose the condition that all the complexesT(x,y) are flat (e.g. cofibrant inC(k)).
The following proposition is the main result concerning the description of the set
of maps inHo(dg− cat), and almost all the further results are consequences of it.
Note that it is wrong if condition(2) above is not satisfied.

Proposition 1. Let T be any dg-category and M be a C(k)-model category satisfying
conditions(1) and(2) above. Then, there exists a natural bijection

[T, Int(M)]≃ Iso(Ho(MT))

between the set of morphisms from T to Int(M) in Ho(dg− cat) and the set of
isomorphism classes of objects in Ho(MT).
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Ideas of proof (see [To1] for details):Let Q(T) −→ T be a cofibrant model for
T. The pull-back functor on dg-modules with coefficients inM induces a functor

Ho(MT)−→ Ho(MQ(T)).

Condition(2) on M insures that this is an equivalence of categories, as shown by
the following lemma.

Lemma 1. Let f : T ′−→T be a quasi-equivalence between dg-categories and M be
a C(k)-model category satisfying conditions(1) and(2) as above. Then the Quillen
adjunction

f! : Ho(MT ′)−→ Ho(MT) Ho(MT ′)←− Ho(MT) : f ∗

is a Quillen equivalence.

Idea of a proof of the lemma:We need to show that the two natural transforma-
tions

L f! f ∗⇒ id id⇒ f ∗L f!

are isomorphism. For this, we first check that this is the case when evaluated at a
certain kind of objects. Letx∈ T andX ∈M be a cofibrant object. We consider the
objecthx⊗X ∈Ho(MT), sendingy∈ T to T(x,y)⊗X ∈M. Let x′ ∈ T ′ be an object
such thatf (x′) andx are isomorphic in[T ′]. Because of our condition(2) onM it is
not hard to show thathx⊗X andhf (x′)⊗X are isomorphic inHo(MT). Therefore,
we have

f ∗(hx⊗X)≃ f ∗(hf (x′)⊗X).

Moreover,f ∗(hf (x′)⊗X) ∈Ho(MT ′) sends an objecty′ ∈ T ′ to T( f (x′), f (y′))⊗X.
Becausef is quasi-fully faithful (and because of our assumption(2) on M) we see
that f ∗(hf (x′)⊗X) is isomorphic inHo(MT ′) to hx′⊗X which sendsy′ to T ′(x′,y′)⊗
X. Finally, it is not hard to see thathx′ ⊗X is a cofibrant object and that

L f!(h
x′ ⊗X)≃ f!(h

x′ ⊗X)≃ hf (x′)⊗X.

Thus, we have

L f! f ∗(hx⊗X)≃ L f!(h
x′ ⊗X)≃ hf (x′)⊗X ≃ hx⊗X,

or in other words the adjunction morphism

L f! f ∗(hx⊗X)−→ hx⊗X

is an isomorphism. In the same way, we can see that for anyx′ ∈ T ′ the adjunction
morphism

hx′ ⊗X −→ f ∗L f!(h
x′ ⊗X)

is an isomorphism.
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To conclude the proof of the lemma we use that the objectshx⊗X generate
the categoryHo(MT) be homotopy colimits and thatf ∗ and L f! both commute
with homotopy colimits. Therefore, we deduce from what we have seen that the
adjunction morphism

L f! f ∗(E)−→ E

is an isomorphism for anyE ∈ Ho(MT). In the same we way we see that for any
E′ ∈ Ho(MT ′) the adjunction morphism

E′ −→ f ∗L f!(E
′)

is an isomorphism. This finishes the proof of the lemma. 2

The above lemma imply that we can assume thatT is a cofibrant dg-catgeory.
As all objects indg− cat are fibrant[T, Int(M)] is then the quotient of the set of
morphisms indg− cat by the homotopy relations. In particular, the natural map
[T, Int(M)]−→ Iso(Ho(MT)) is surjective (this uses that a cofibrant and fibrant ob-
ject in MT factors asT → Int(M)→M, i.e. is levelwise fibrant and cofibrant). To
prove injectivity, we start with two morphismsu,v : T −→ Int(M) in dg−cat, and
we assume that the corresponding objectsFu andFv in MT are equivalent. Using
that any equivalences can be factorized as a composition of trivial cofibrations and
trivial fibrations, we easily reduce the problem to the case where there exists a trivial
fibrationFu−→ Fv (the case of cofibration is somehow dual). This morphism can be
considered as an object inInt(Mor(M)T), whereMor(M) is the model category of
morphisms inM (note that fibrant objects inMor(M) are fibrations between fibrant
objects inM). Moreover, this object belongs toT ′ ⊂ Int(Mor(M)T), the full sub-
dg-category corresponding to equivalences inM (i.e. the dg-functorT −→Mor(M)
whose image of any object ofT is an equivalence inM). We therefore have a com-
mutative diagram indg−cat

Int(M)

T

u
<<xxxxxxxxx //

v
""FF

FF
FF

FF
F T ′

OO

��
Int(M).

The two morphismsT ′ −→ Int(M) are easily seen to be quasi-equivalences, and to
possess a common sectionInt(M) −→ T ′ sending an object ofM to the its iden-
tity morphism. Projecting this diagram inHo(dg− cat), we see that[u] = [v] in
Ho(dg−cat). 2

We will now deduce from proposition 1 a description of the set of maps[T,T ′]
between two objects inHo(dg− cat). For this we use theC(k)-enriched Yoneda
embedding
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h : T ′ −→ Int((T ′)op−Mod),

sending an objectx∈ T ′ to the(T ′)op-dg-module defined by

hx : (T ′)op −→ C(k)
y 7→ T ′(y,x).

The dg-moduleh is easily seen to be cofibrant and fibrant in(T ′)op−Mod, and thus
we havehx ∈ Int((T ′)op−Mod) as required. The enriched version of the Yoneda
lemma implies thath is a quasi-fully faithful dg-functor. More precisely, we can
show that the induced morphism of complexes

T ′(x,y)−→ Hom(hx,hy) = Int((T ′)op−Mod)((hx,hy)

is an isomorphims of complexes.
Using the description of maps inHo(dg−cat) as being homotopy classes of mor-

phisms between cofibrant objects, we see that the morphismh induces a injective
map

[T,T ′] →֒ [T, Int((T ′)op−Mod)]

whose image consists of morphismsT −→ Int((T ′)op−Mod) factorizing inHo(dg−
cat) throught the quasi-essential image ofh. We easily get this way the following
corollary (see§3.2 and exercice 4 for the definition of the tensor product of two
dg-categories).

Corollary 1. Let T and T′ be two dg-categories, one of them having cofibrant com-
plexes of morphisms. Then, there exists a natural bijection between[T,T ′] and the
subset of Iso(Ho(T⊗ (T ′)op−Mod)) consisting of T⊗ (T ′)op-dg-modules F such
that for any x∈ T, there exists y∈ T ′ such that Fx,− and hy are isomorphic in
Ho((T ′)op−Mod).

Exercice 19 Let T be a dg-category.

1. Show that[1,T] is in bijection with the set of isomorphism classes of objects in
the category[T] (recall that1 is the unit dg-category, with a unique object and k
as algebra of endormorphisms).

2. Show that[∆ 1
k ,T] is in bijection with the set of isomorphism classes of morphisms

in the category[T] (recall that∆ 1
k is the dg-category with two object and freely

generated by a unique non trivial morphism).

Exercice 20 Let C and D be two k-linear categories, also considered as dg-
categories over k. Show that there exists a natural bijection between[C,D] and
the set of isomorphism classes of k-linear functors from C to D. Deduce from this
that there exists a fully faithful functor

Ho(k−cat)−→ Ho(dg−catk),

from the homotopy category of k-linear categories and the homotopy category of
dg-categories.
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Exercice 21 Let R be an associative and unital k-algebra, which is also considered
as dg-category with a unique object and R as endomorphisms of this object. Show
that there is a natural bijection between[R, Int(C(k))] and the set of isomorphism
classes of the derived category D(R).

4.2 Existence of internal Homs

For two dg-catgeoriesT andT ′ we can construct their tensor productT⊗T ′ in the
following way. The set of objects ofT ⊗T ′ is the productOb(T)×Ob(T ′). For
(x,y) ∈Ob(T)2 and(x′,y′) ∈Ob(T ′)2 we set

(T⊗T ′)((x,x′),(y,y′)) := T(x,y)⊗T(x′,y′),

with the obvious compositions and units. Whenk is not a field the functor⊗ does not
preserves quasi-equivalences. However, it can be derived by the following formula

T⊗L T ′ := Q(T)⊗Q(T ′),

whereQ is a cofibrant replacement functor ondg− cat. This defines a symmetric
monoidal structure

−⊗L− : Ho(dg−cat)×Ho(dg−cat)−→ Ho(dg−cat).

Proposition 2. The monoidal structure−⊗L− is closed. In other words, for two
dg-categories T and T′ there existsRHom(T,T ′) ∈Ho(dg−cat), such that for any
third dg-category U there exists a bijection

[U,RHom(T,T ′)]≃ [U⊗L T,T ′],

functorial in U ∈ Ho(dg−cat).

Idea of proof:As for the corollary 1 we can reduce the problem of showing
that RHom(T, Int(M)) exists for aC(k)-model categoryM satisfying the same
conditions as in proposition 1. Under the same hypothesis than corollary 1 it can
be checked (using proposition 1) thatRHom(T, Int(M)) exists and is given by
Int(MT). 2

For two dg-categoriesT andT ′, one of them having cofibrant complexes of mor-
phisms it is possible to show thatRHom(T,T ′) is given by the full sub-dg-category
of Int(T⊗(T ′)op−Mod) consisting of dg-modules satifying the condition of corol-
lary 1.

Finally, note that whenM = C(k) we have

RHom(T, Int(C(k)))≃ Int(T−Mod).



Lectures on DG-categories 39

In particular, we find a natural equivalence of categories

D(T)≃ [RHom(T, Int(C(k)))],

which is an important formula.

In the sequel we will use the following notations for a dg-categoryT

L(T) := Int(T−Mod)≃ RHom(T, Int(C(k)))

T̂ := Int(Top−Mod)≃ RHom(Top, Int(C(k))).

Note that we have natural equivalences

[L(T)]≃ D(T) [T̂]≃ D(Top).

Therefore,L(T) and T̂ are dg-enhancement of the derived categoriesD(T) and
D(Top).

Exercice 22 1. Let R be an associative and unital k-algebra which is considered
as a dg-category with a unique object. Show that there is an isomorphism in
Ho(dg−cat)

RHom(R, Int(C(k))≃ L(R).

2. Show that for any two k-algebras R and R′, one of them being flat over k we have

RHom(R,L(R′))≃ L(R⊗R′).

Exercice 23 Let T be a dg-category. We define the Hochschild cohomology of T by

HH∗(T) := H∗(RHom(T,T)(id, id)).

Let R be an associative k-algebra, flat over k, and considered as a dg-category with
a unique object. Show that we have

HH∗(R) := Ext∗R⊗Rop(R,R),

where the right hand side are the ext-groups computed in the derived category of
R⊗Rop-modules.

4.3 Existence of localizations

Let T be a dg-category and letS be subset of morphisms in[T] we would like
to invert in Ho(dg− cat). For this, we will say that a morphisml : T −→ LST in
Ho(dg−cat) is alocalization of T along Sif for any T ′ ∈Ho(dg−cat) the induced
morphism
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l∗ : [LST,T ′]−→ [T,T ′]

is injective and its image consists of all morphismsT −→ T ′ in Ho(dg−cat) whose
induced functor[T]−→ [T ′] sends all morphisms inS to isomorphisms in[T]. Note
that the functor[T] −→ [T ′] is only well defined inHo(Cat) (i.e. up to isomor-
phism), but this is enough for the definition to makes sense as the condition of
sendingS to isomorphisms is stable by isomorphism between functors.

Proposition 3. For any dg-category T and any set of maps S in[T], a localization
T −→ LST exists in Ho(dg−cat).

Idea of proof (see [To1] for details):We start by the most simple example of a
localization. We first suppose thatT := ∆1

k is the dg-category freely generated by
two objects, 0 and 1, and a unique morphismu : 0→ 1. More concretely,T(0,1) =
T(0,0) = T(1,1) = k andT(1,0) = 0, together with the obvious compositions and
units. We let1 be the dg-category with a unique object∗ and1(∗,∗) = k (with the
obvious composition). We consider the dg-foncteurT −→ 1 sending the non trivial
morphism ofT to the identity of∗ (i.e. k = T(0,1)→ 1(∗,∗) = k is the identity).
We claim that this morphismT −→ 1 is a localization ofT alongSconsisting of the
morphismu : 0→ 1 of T = [T]. This in fact follows easily from our proposition 1.
Indeed, for aC(k)-model categoryM the model categoryMT is the model category
of morphisms inM. It is then easy to check that the functorHo(M) −→ Ho(MT)
sending an object ofM to the identity morphism inM is fully faithful and that its
essential image consists of all equivalences inM.

In the general case, letSbe a subset of morphisms in[T] for some dg-category
T. We can represent the morphismsSby a dg-functor

⊔

S

∆ 1
k −→ T,

sending the non trivial morphism of the components to a representative ofs in T.
We defineLST as being the homotopy push-out (see [Ho1] for this notion)

LST := (
⊔

S

1)
L⊔

⊔
S∆1

k

T.

The fact that each morphism∆1
k −→ 1 is a localization and the universal proper-

ties of homotopy push-outs imply that the induced morphismT −→ LST defined as
above is a localization ofT alongS. 2

Exercice 24 Let ∆1
k be the dg-category with two objects and freely generated by a

non trivial morphism u between these two objects. We let S:= {u} be the image of
u in [∆ 1

k ]. Show that LS∆ 1
k ≃ 1, where1 is the unit dg-category (one object and k as

endomorphisms of this object).
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Exercice 25 Let T and T′ be two dg-categories and S and S′ be two sets of mor-
phisms in[T] and [T ′] that contain all the identities. Prove that there is a natural
isomorphism in Ho(dg−cat)

LST⊗L LS′T
′ ≃ LS⊗LS′T⊗

L T ′.

The following proposition describesInt(M) as a dg-localization ofM.

Proposition 4. Let M be a cofibrantly generated C(k)-model category, considered
also as dg-category M. There exists a natural isomorphism in Ho(dg−cat)

Int(M)≃ LWM.

Idea of proof:We consider the natural inclusion dg-functori : Int(M) −→ M.
This inclusion factors as

Int(M)
j // M f k // M,

whereM f is the full sub-dg-category ofM consisting of fibrant objects. Using that
M is cofibrantly generated we can construct dg-functors

r : M −→M f q : M f −→ Int(M)

together with morphisms

jq→ id q j→ id id→ ri id → ir.

Moreover, these morphisms between dg-functors are levelwise inW. This can be
seen to imply that the induced morphisms on localizations

LWInt(M)−→ LWM f −→ LWM

are isomorphisms inHo(dg− cat). Finally, as morphisms inW are already invert-
ible in [Int(M)]≃ Ho(M), we haveLWInt(M)≃ Int(M). 2

Finally, one possible way to understand localizations of dg-categories is by the
following proposition.

Proposition 5. Let T be a dg-category and S be a subset of morphisms in[T]. Then,
the localization morphism l: T −→ LST induces a fully faithful functor

l∗ : D(LST)−→ D(T)

whose image consists of all T -dg-modules F: T −→C(k) sending all morphisms of
S to quasi-isomorphisms in C(k).

Idea of proof:This follows from the existence of internal Homs and localizations,
as well as the formula



42 Toën Bertrand

D(T)≃ [RHom(T, Int(C(k)))] D(LST)≃ [RHom(LST, Int(C(k)))].

Indeed, the universal properties of localizations and internal Homs implies that
RHom(LST, Int(C(k))) can be identified full the full sub-dg-category ofRHom(T, Int(C(k)))
consisting of dg-functors sendingS to quasi-isomorphisms inC(k). 2

Exercice 26 Let l : T −→ LST be a localization of a dg-category with respect to set
of morphisms S in[T], and let

Ll! : D(Top)−→ D(LSTop)

be the induced functor in the corresponding derived categories of modules. Let WS

be the the subset of morphisms u in D(Top) such thatLl!(u) is an isomorphism in
D(LSTop).

1. Show that a morphism u: E −→ F of D(Top) is in WS if and only if for any
G∈ D(Top) such that Gx −→ Gy is a quasi-isomorphism for all x→ y in S, the
induced map

u∗ : HomD(Top)(F,G)−→ HomD(Top)(E,G)

is bijective.
2. Show that the induced functor

W−1
S D(Top)−→ D(LSTop)

is an equivalence of categories.

4.4 Triangulated dg-categories

In this section we will introduce a class of dg-categories calledtriangulated. The
notion of being triangulated is the dg-analog of the notion of being Karoubian for
linear categories. We will see that any dg-category has a triangulated hull, and this
will allow us to introduce a notion of Morita equivalences which is a dg-analog of
the usual notion of Morita equivalences between linear categories. The homotopy
category of dg-categories up to Morita equivalences will then be introduced and
shown to have better properties than the categoryHo(dg−cat). We will see in the
next lecture that many invariants of dg-categories (K-theory, Hochschild homology
. . . ) factors throught Morita equivalences.

Let T be a dg-category. We recall the existence of the Yoneda embedding (see
definition 6)

T −→ Int(Top−Mod),

which is quasi-fully faithful. Passing to homotopy categories we get a fully faithful
morphism
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h : [T]−→ D(Top).

An object in the essential image of this functor will be calledquasi-representable.
Recall that an objectx∈ D(Top) is compactif the functor

[x,−] : D(Top)−→ k−Mod

commutes with arbitrary direct sums. It is easy to see that any quasi-representable
object is compact (see exercice 15). The converse is not true and we set the following
definition.

Definition 7. A dg-categoryT is triangulatedif and only if every compact object in
D(Top) is quasi-representable.

Exercice 27 Let T be a dg-category and x∈ T an object.

1. Show that for any F∈ D(Top) we have

[hx,F ] = HomD(Top)(hx,F)≃ H0(Fx).

2. Show that any quasi-representable object in D(Top) is a compact object.

Remark 3. When T is triangulated we have an equivalence of categories[T] ≃
D(Top)c, where D(Top)c is the full sub-category of D(T) of compact objects. The
category D(T) has a natural triangulated structure which restricts to a triangulated
structure on compact objects (see [Ne] for more details on the notion of triangulated
categories). Therefore, when T is triangulated dg-category its homotopy category
[T] comes equiped with a natural triangulated structure. This explains the terminol-
ogy of triangulated dg-category.However, it is not necessary to know the theory of
triangulated categories in order to understand triangulated dg-categories, and thus
we will not study in details the precise relations between triangulated dg-categories
and triangulated categories.

We let Ho(dg− cattr) ⊂ Ho(dg− cat) be the full sub-category of triangulated
dg-categories.

Proposition 6. The natural inclusion

Ho(dg−cattr)−→ Ho(dg−cat)

has a left adjoint. In other words, any dg-category has a triangulated hull.

Idea of proof:Let T be a dg-category. We consider the Yoneda embedding (see
definition 6)

h : T −→ Int(Top−Mod).

This is a quasi-fully faithful dg-functor. We consider̂Tpe⊂ Int(Top−Mod), the
full sub-dg-category consisting of all compact objects. As any quasi-representable
object is compact, the Yoneda embedding factors as a full embedding



44 Toën Bertrand

h : T −→ T̂pe.

Let nowT ′ be a triangulated dg-category. By definition, the natural morphism

T ′ −→ T̂ ′pe

is an isomorphism inHo(dg−cat). We can then consider the induced morphism

[T̂pe, T̂ ′pe]−→ [T, T̂ ′pe],

induced by the resytiction along the morphismT −→ T̂pe. The hard point is to show
that this map in bijective and that̂Tpe is a triangulated dg-category. These two facts
can be deduced from the followin lemma and the proposition 1.

Lemma 2. Let T be a dg-category, and h: T −→ T̂pe be the natural inclusion. Let
M be a C(k)-model category which is cofibrantly generated. Then the Quillen ad-
junction

h! : MT −→MT̂pe MT ←−MT̂pe : h∗

is a Quillen equivalence.

The proof of the above lemma can be found in [To1, Lem. 7.5]. It is based on the
fundamental fact that the quasi-representable objects inD(Top) generate the sub-
category of compact objects by taking a finite number of finite homotopy colimits,
shifts and retracts, together with the fact thatLh! andh∗ both preserve these finite
homotopy colimits, shifts and retracts. 2

The proof of the proposition shows that the left ajoint to the inclusion is given by

(̂−)pe : Ho(dg−cat)−→ Ho(dg−cattr),

sending a dg-categoryT to the full sub-dg-categorŷTpe of Int(Top−Mod) consist-
ing of all compact objects.

For example, ifR is ak-algebra, considered as a dg-category with a unique object
BR, B̂Rpe is the dg-category of cofibrant and perfect complexes ofR-modules. In
particular

[B̂Rpe]≃ Dpar f(R)

is the perfect derived category ofR. This follows from the fact that compact objects
in D(R) are precisely the perfect complexes (this is a well known fact which can
also be deduced from the general result [To-Va, Prop. 2.2]). Therefore, we see that
the dg-category of perfect complexes over some ringR is the triangulated hull ofR.

Definition 8. A morphismT −→ T ′ in Ho(dg−cat) is called aMorita equivalence
if the induced morphism in the triangulated hull

T̂pe−→ T̂ ′pe
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is an isomorphism inHo(dg−cat).

It follows formally from the existence of the left adjointT 7→ T̂pe thatHo(dg−
cattr) is equivalent to the localized categoryW−1

mordg−cat, whereWmor is the subset
of Morita equivalences indg−cat as defined above.

Exercice 28 Prove the above assumption: the functor

(̂−)pe : Ho(dg−cat)−→ Ho(dg−cattr)

induces an equivalence of categories

W−1
morHo(dg−cat)≃ Ho(dg−cattr).

We can characterize the Morita equivalences in the following equivalent ways.

Proposition 7. Let f : T −→ T ′ be a morphism of dg-categories. The following are
equivalent.

1. The morphism f is a Morita equivalence.
2. For any triangulated dg-category T0, the induced map

[T ′,T0]−→ [T,T0]

is bijective.
3. The induced functor

f ∗ : D(T ′)−→ D(T)

is an equivalence of categories.
4. The functor

L f! : D(T)−→ D(T ′)

induces an equivalence between the full sub-category of compact objects.

Exercice 29 Prove the proposition 7.

We finish this section by a description of morphisms inHo(dg−cattr) in termes
of derived categories of bi-dg-modules.

Proposition 8. Let T and T′ be two dg-categories. Then, there exists a natural
bijection between[T̂pe, T̂ ′pe] and the subset of Iso(D(T ⊗L (T ′)op)) consisting of
T ⊗L (T ′)op-dg-modules F such that for any x∈ T, the(T ′)op-dg-module Fx,− is
compact.

Exercice 30 Give a proof of proposition 8.

Exercice 31 1. Show that the full sub-category Ho(dg− cattr) ⊂ Ho(dg− cat) is
not stable by direct sums (taken inside Ho(dg−cat)).

2. Show that the category Ho(dg−cattr) has finite sums and finite products.
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3. Show that in the category Ho(dg−cattr), the natural morphism

T
⊔

T ′ −→ T×T ′,

for any T and T′ objects in Ho(dg−cattr). Note that the symbols
⊔

and× refer
here to the categorical sum and product in the category Ho(dg−cattr).

4. Deduce from this that the set of morphisms Ho(dg− cattr) are endowed with
natural structure of commutative monoids such that the composition is bilinear.
Identify this monoid structure with the direct sum on the level of bi-dg-modules
throught the bijection of corollary 1.

Exercice 32 Let T−→ T ′ be a Morita equivalence and T0 be a dg-category. Show
that the induced morphism

T⊗L T0−→ T ′⊗L T0

is again a Morita equivalence (use the lemma 2).

Exercice 33 Let T and T′ be two triangulated dg-catgeory, and define

T⊗̂
L
T ′ := T̂⊗L T ′pe.

1. Show that(T,T ′) 7→ T⊗̂
L
T ′ defines a symmetric monoidal structure on Ho(dg−

cattr) in such a way that the functor

(̂−)pe : Ho(dg−cat)−→ Ho(dg−cattr)

is a symmetric monoidal functor.

2. Show that the monoidal structurê⊗
L

is closed on Ho(dg−cattr).

Exercice 34 1. Let T and T′ be two dg-categories. Prove that the Yoneda embed-
ding h: T →֒ T̂pe induces an isomorphism in Ho(dg−cat)

RHom(T̂pe, T̂ ′pe)−→ RHom(T, T̂ ′pe).

2. Deduce from this that for any dg-category T there exists a morphism in Ho(dg−
cat)

RHom(T,T)−→ RHom(T̂, T̂pe)

which is quasi-fully faithful.
3. Deduce from this that for any dg-category T there exist isomorphisms

HH∗(T)≃ HH∗(T̂).
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5 Lecture 4: Some applications

In this last lecture I will present some applications of the homotopy theory of dg-
categories. We will see in particular how the problems mentioned in §1.2 can be
solved using dg-categories. The very last section will be some discussions on the
notion of saturated dg-categories and their use in the definition of asecondary K-
theoryfunctor.

5.1 Functorial cones

One of the problem encountered with derived categories is the non existence of
functorial cones. In the context of dg-categories this problem can be solved as fol-
lows.

Let T be a triangulated dg-category. We let∆ 1
k be the dg-category freely gener-

ated by two objects 0 and 1 and freely generated by one non trivial morphism 0→ y,
and1 be the unit dg-category (with a unique object andk for its endomorphism).
There is a morphism

∆1
k −→ 1̂pe

sending 0 to 0 and 1 tok. We get an induced morphism inHo(dg−cat)

RHom(1̂pe,T)−→ RHom(∆1
k ,T).

As T is triangulated we have

RHom(1̂pe,T)≃ RHom(1,T)≃ T.

Therefore, we have defined a morphism inHo(dg−cat)

f : T −→ RHom(1̂pe,T) =: Mor(T).

The dg-categoryMor(T) is also the full sub-dg-category ofInt(Mor(Top−Mod))
corresponding to quasi-representable dg-modules, and is called the dg-category of
morphisms inT. The morphismf defined above intuitively sends an objectx∈ T to
0→ x in Mor(T) (note that 0 is an object inT becauseT is triangulated).

Proposition 9. There exists a unique morphism in Ho(dg−cat)

c : Mor(T)−→ T

such that the following two(T⊗L Mor(T)op)-dg-modules

(z,u) 7→Mor(T)(u, f (z)) (z,u) 7→ T(c(u),z)
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are isomorphic in D(T⊗L Mor(T)op) (In other words, the morphism f admits aleft
adjoint).

Idea of proof:We consider the following explicit models forT, Mor(T) and
f . We let T ′ be the full sub-dg-category ofInt(Top−Mod) consisting of quasi-
representable objects (or equivalentely of compact objects asT is triangulated). We
let Mor(T)′ be the full sub-dg-category ofInt(Mor(Top−Mod)) consisting of mor-
phisms between quasi-representable objects (these are also the compact objects in
Ho(Mor(Top−Mod)) becauseT is triangulated). We note thatMor(T)′ is the dg-
category whose objects are cofibrations between cofibrant and quasi-representable
Top-dg-modules. To each compact and cofibrantTop-dg-modulez we consider
0→ z as an object inT ′. This defines a dg-functorT ′ −→ Mor(T)′ which is a
model for f . We definec as being aC(k)-enriched left adjoint toc (in the most
naive sense), sending an objectc : x−→ y of Mor(T)′ to c(u) defined by the push-
out inTop−Mod

x //

��

y

��
0 // c(u).

We note that theTop-modulec(u) is compact and thus belongs toT ′. It is easy to
check thatc, as a morphism inHo(dg−cat) satisfies the property of the proposition.

The unicity ofc is proved formally, in the same way that one proves the unicity
of adjoints in usual category theory. 2

The morphismc : Mor(T) −→ T is a functorial cone construction for the trian-
gulated dg-categoryT. The important fact here is that there exists a natural functor

[Mor(T)]−→Mor([T]),

which is essentially surjective, full but not faithful in general. The functor

[c] : [Mor(T)]−→ [T]

does not factor in general throughtMor([T]).

To finish, proposition 9 becomes really powerful when combined with the fol-
lowing fact.

Proposition 10.Let T be a triangulated dg-category and T′ be any dg-category.
ThenRHom(T ′,T) is triangulated.

Exercice 35 Deduce proposition 10 from exercice 32.

One important feature of triangulated dg-categories is that any dg-functorf :
T −→ T ′ between triangulated dg-categories commutes with cones. In other words,
the diagram
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Mor(T)
c //

c( f )
��

T

f

��
Mor(T ′) c

// T ′

commutes inHo(dg− cat). This has to be understood as a generalization of the
fact that any linear functor between additive categories commutes with finite direct
sums. This property of triangulated dg-categories is very useful in practice, as then
any dg-functorT −→ T ′ automatically induces a triangulated functor[T]−→ [T ′].

Exercice 36 Prove the above assumption, that

Mor(T)
c //

c( f )
��

T

f

��
Mor(T ′) c

// T ′

commutes in Ho(dg−cat) (here T and T′ are triangulated dg-categories).

5.2 Some invariants

Another problem mentioned in §1.1 is the fact that the usual invariants, (K-theory,
Hochschild homology and cohomology . . . ), are not invariants of derived categories.
We will see here that these invariants can be defined on the level of dg-categories.
We will treat the examples of K-theory and Hochschild cohomology.

1. LetT be a dg-category. We considerTop−Modcc the full sub-category of com-
pact and cofibrantTop-dg-modules. We can endowTop−Modcc with a struc-
ture of an exact complicial category (see [Sch]) whose equivalences are quasi-
isomorphisms and cofibrations are the cofibrations of the model category struc-
ture onTop−Mod. This Waldhausen category defines aK-theory spaceK(T)
(see [Sch]). We note that ifT is triangulated we have

K0(T) := π0(K(T))≃ K0([T]),

where the lastK-group is the Grothendieck group of the triangulated category
[T].
Now, let f : T −→ T ′ be a morphism between dg-categories. It induces a functor

f! : Top−Mod−→ (T ′)op−Mod.

This functor preserves cofibrations, compact cofibrant objects and push-outs.
Therefore, it induces a functor between Waldhausen categories
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f! : Top−Modcc−→ (T ′)op−Modcc

and a morphism on the corresponding spaces

f! : K(T)−→ K(T ′).

This defines a functor
K : dg−cat−→ Sp

from dg-categories to spectra. It is possible to show that this functor sends Morita
equivalences to stable equivalences, and thus defines a functor

K : Ho(dg−cattr)−→ Ho(Sp).

We see it particular that two dg-categories which are Morita equivalent have the
same K-theory.

2. (See also exercice 34) LetT be a dg-category. We considerRHom(T,T), the
dg-category of (derived) endomorphisms ofT. The identity gives an objectid ∈
RHom(T,T), and we can set

HH(T) := RHom(T,T)(id, id),

the Hochschild complex ofT. This is a well defined object inD(k), the derived
category of complexes ofk-modules, and the constructionT 7→HH(T) provides
a functor of groupoids

Ho(dg−cat)iso−→ D(k)iso.

Using the results of §3.2 we can see that

HH∗(T)≃ Ext∗(T,T),

where the Ext-group is computed in the derived category ofT ⊗L Top-dg-
modules. In particular, whenT is given by an associative flatk-algebraR we
find

HH∗(T)≃ Ext∗R⊗R(R,R),

which is usual Hochschild cohomology. The Yoneda embeddingT −→ T̂pe, pro-
vides an isomorphism inHo(dg−cat)

RHom(T̂, T̂)≃ RHom(T, T̂),

and a quasi-fully faithful morphism

RHom(T,T)−→ RHom(T, T̂).

Therefore, we get a quasi-fully faithful morphism inHo(dg−cat)
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RHom(T,T)−→ RHom(T̂, T̂)

sending the identity to the indentity. Therefore, we obtain a natural isomorphism

HH(T)≃ HH(T̂pe).

We get that way that Hochschild cohomology is a Morita invariant.
3. There also exists an interpretation of Hochschild homology purely in termes of

dg-categories in the following way. We consider two dg-categoriesT andT ′, and
the Yoneda embeddingh : T →֒ T̂. We obtain an induced functor

h! : RHom(T, T̂ ′)−→ RHom(T̂, T̂ ′).

It is possible to show that this morphism is quasi-fully faithful and that its quasi-
essential image consists of all morphismsT̂ −→ T̂ ′ which are continuous (i.e.
commute with direct sums). We refer to [To1, Thm. 7.2] for more details about
this statement. This implies that there is an isomorphism inHo(dg−cat)

RHom(T, T̂ ′)≃ RHomc(T̂, T̂ ′),

whereRHomc denotes the full sub-dg-category of continuous dg-functors.
Let nowT be a dg-category and consider theT⊗L Top-dg-module sending(x,y)
to T(y,x). This dg-module can be represented by an object in the dg-category

L(T⊗L Top)≃ RHom(T⊗L Top, 1̂)≃ RHomc(
̂T⊗L Top, 1̂),

and thus by a continuous inHo(dg−cat)

L(T⊗L Top)−→ 1̂.

The image ofT, considered as a bi-module sending(x,y) to T(y,x), by this mor-
phism is denoted byHH(T)∈D(k)≃ [1̂], and is called the Hochschild homology
complex ofT. WhenT is a flatk-algebraR then we have

HH(T)≃ R⊗L
R⊗Rop R∈ D(k).

From its definition, it is not hard to show thatT 7→HH(T) is invariant by Morita
equivalences.

5.3 Descent

In this section we will see how to solve the non-local nature of derived categories
explained in §1.1. For this, letX be a scheme. We have the Grothendieck category
C(OX) of (unbounded) complexes of sheaves ofOX-modules. This category can be
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endowed with a model category structure for which the equivalences are the quasi-
isomorphisms (of complexes of sheaves) and the cofibrations are the monomor-
phisms (see e.g. [Ho2]). Moreover, whenX is a k-scheme then the naturalC(k)-
enrichement ofC(OX) makes it into aC(k)-model category. We let

L(OX) := Int(C(OX)),

and we letLpe(X) be the full sub-dg-category consisting of perfect complexes onX.
TheK-theory ofX can be defined as

K(X) := K(Lpe(X)),

using the definition ofK-theory of dg-categories we saw in the last section.
When f : X −→ Y is a morphism of schemes, it is possible to define two mor-

phisms inHo(dg−cat)

L f ∗ : L(OY)−→ L(OX) L(OY)←− L(OX) : R f∗,

which are adjoints (according to the model we choseL f ∗ is a bit tricky to define
explicitly). The morphism

L f ∗ : L(OY)−→ L(OX)

always preserves perfect complexes are induces a morphism

L f ∗ : Lpe(Y)−→ Lpe(X).

The following proposition will not be proved in these notes. We refer to [Hir-Si]
for more details about the descent for perfect complexes.

Proposition 11.Let X = U ∪V, where U and V are two Zariski open subschemes.
Then the following square

Lpe(X) //

��

Lpe(U)

��
Lpe(V) // Lpe(U ∩V)

is homotopy cartesian in the model category dg−cat.

Let us also mention the following related statement.

Proposition 12.Let X and Y be two smooth and proper schemes over Speck. Then,
there exists a natural isomorphism in Ho(dg−cat)

RHom(Lpe(X),Lpe(Y))≃ Lpe(X×kY).
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For a proof we refer the reader to [To1]. It should be emphasised here that the
corresponding statement is false on the level of derived categories. More precisely,
let E ∈ Dpar f(X×kY) and let

φE : Dpar f(X) −→ Dpar f(Y)
F 7→ R(pY)∗(E⊗L p∗X(F))

be the corresponding functor. The constructionE 7→ φE defines a functor

φ− : Dpar f(X×kY)−→ Funtr(Dpar f(X),Dpar f(Y)),

where the right hand side is the category of triangulated functors fromDpar f(X)
to Dpar f(Y). WhenX andY are projective overSpeck(and thatk is field) then it is
known that this functor is essentially surjective (see [Ro]). In general it is not known
if φ− is essentially surjective or not. In any case, even for very simpleX andY the
functor φ− is not faithful, and thus is not an equivalence of categories in general.
Suppose for instance thatX = Y = E and elliptic curve overk = C, and let∆ ∈
Dpar f(X×kX) be the structure sheaf of the diagonal. The image byφ− of the objects
∆ and∆ [2] are respectively the identity functor and the shift by 2 functor. Because
X is of cohomological dimension 1 we haveHom(id, id[2]) = 0, where this hom
is computed inFuntr(Dpar f(X),Dpar f(X)). However,Hom(∆ ,∆ [2]) ≃ HH2(X) ≃
H1(E,O)≃ k.

5.4 Saturated dg-categories and secondary K-theory

We arrive at the last section of these lectures. We have seen that dg-categories can
be used in order to replace derived categories, and that they can be used in order to
define K-theory. In this section we will see that dg-categories can also be considered
ascoefficientsthat can themselves be used in order to define a secondary version of
K-theory. For this I will present an analogy between the categoriesHo(dg− cattr)
andk−Mod. Throught this analogy projectivek-modules of finite rank correspond
to the notion ofsaturated dg-categories. I will then show how to define secondary
K-theory spectrumK(2)(k) using saturated dg-categories, and give some ideas of
how to define analogs of the rank and chern character maps in order to see that this
secondary K-theoryK(2)(k) is non-trivial. I will also mention a relation between
K(2)(k) and the Brauer group, analog to the well known relation betweenK-theory
and the Picard group.

We start by the analogies between the categoriesk−Mod of k-modules and
Ho(dg− cattr). The true analogy is really betwenk−Mod and the homotopy the-
ory of triangulated dg-categories, e.g. the simplicial categoryLdg− cattr obtained
by simplicial localization (see [To2]). The homotopy categoryHo(dg− cattr) is
sometimes too coarse to see the analogy. We will however restrict ourselves with
Ho(dg− cattr), even thought some of the facts below aboutHo(dg− cattr) are
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not completely intrinsic and requires to lift things to the model category of dg-
categories.

1. The categoryk−Mod is a closed symmetric monoidal category for the usual
tensor product. In the same way,Ho(dg−cattr) has a closed symmetric monoidal
structure induced from the one ofHo(dg− cat) (see §3.2). Explicitly, if T and
T ′ are two triangulated dg-category we formT⊗L T ′ ∈Ho(dg−cat). This is not
a triangulated dg-category anymore and we set

T⊗̂
L
T ′ := ̂(T⊗L T ′)pe∈ Ho(dg−cattr).

The unit of this monoidal structure is the triangulated hull of1, i.e. the dg-
category of cofibrant and perfect complexes ofk-modules. The corresponding
internal Homs is the one ofHo(dg−cat), as we already saw thatRHom(T,T ′)
is triangulated ifT andT ′ are.

2. The categoryk−Mod has a zero object and finite sums are also finite products.
This is again true inHo(dg−cattr). The zero dg-category (with one object and
0 as endomorphism ring of this object) is a zero object inHo(dg−cattr). Also,
for two triangulated dg-categoriesT andT ′ their sumT

⊔
T ′ as dg-categories is

not triangulated anymore. Their direct sum inHo(dg−cattr) is the triangulated
hull of T

⊔
T ′ , that is

̂T
⊔

T ′
pe
≃ T̂pe× T̂ ′pe≃ T×T ′.

We note that this second remarkable property ofHo(dg− cattr) is not satisfied
by Ho(dg− cat) itself. We can say thatHo(dg− cattr) is semi-additive, which
is justififed by the fact that the Homs inHo(dg−cattr) are abelian monoids (or
abelian semi-groups).

3. The categoryk−Mod has arbitrary limits and colimits. The corresponding state-
ment is not true forHo(dg−cattr). However, we have homotopy limits and ho-
motopy colimits inHo(dg− cattr), whose existence are insured by the model
category structure ondg−cat.

4. There is a natural notion of short exact sequences ink−Mod. In the same way,
there is a natural notion of short exact sequences inHo(dg− cattr). These are
the sequences of the form

T0
j // T

p // (̂T/T0)pe,

wherei is a quasi-fully faithful functor between triangulated dg-categories, and

(̂T/T0)pe is the quotient defined as the triangulated hull of the homotopy push-
out of dg-categories
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T0 //

��

T

��
0 // T/T0.

These sequences are natural in terms of the homotopy theory of triangulated dg-
categories as it can be shown that quasi-fully faithful dg-functors are precisely
thehomotopy monomorphismsin dg−cat, i.e. the morphsmsT −→ T ′ such that
the diagonal map

T −→ T×h
T ′ T

is a quasi-equivalence (the right hand side is a homotopy pull-back). This de-
fines a dual notion of homotopy epimorphisms of triangulated dg-categories as
being the morphismT −→ T ′ such that for any triangulated dg-categoriesT ′′ the
induced morphism

RHom(T ′,T ′′)−→ RHom(T,T ′′)

is a homotopy monomorphisms (i.e. is quasi-fully faithful). In the exact se-
quences abovej is a homotopy monomorphism,p is a homotopy epimorphism,
p is the cokernel ofj and j is the kernel ofp. The situation is therefore really
close to the situation ink−Mod.

If k−Mod andHo(dg−cattr) are so analoguous then we should be able to say
what is the analog property of being projective of finite rank, and to define aK-
group or even aK-theory spectrum of such objects. It turns that this can be done
and that the theory can actually be pushed rather far. Also, we will see that this new
K-theory migt have some geometric and arithmetic significance.

It is well know that the projective modules of finite rank overk are precisely
the dualizable (also called rigid) objects in the closed monoidal categoryk−Mod.
Recall that anyk-moduleM has a dualM∨ := Hom(M,k), and that there always
exists an evaluation map

M∨⊗M −→ Hom(M,M).

Thek-moduleM is dualizable if this evaluation map is an isomorphism, and this is
known to be equivalent to the fact thatM is projective of finite rank.

We will take this as a definition ofprojective triangulated dg-categories of finite
rank. The striking fact is that these dg-categories have already been studied for
other reasons under the name ofsaturated dg-categories, or smooth and proper dg-
categories.

Definition 9. A triangulated dg-categoryT is saturatedif it is dualizale inHo(dg−
cattr), i.e. if the evaluation morphism

RHom(T, 1̂pe)⊗̂
L
T −→ RHom(T,T)



56 Toën Bertrand

is an isomorphism inHo(dg−cattr).

The saturated triangulated dg-categories can be characterized nicely using the
notion of smooth and proper dg-algebras (see [To3, To-Va, Ko-So]). Recall that a
dg-algebraB is smooth ifB is a compact object inD(B⊗L Bop). Recall also that
such a dg-algebra is proper if its underlying complex if perfect (i.e. ifB is compact
in D(k)). The following proposition can be deduced from the results of [To-Va].
We omit the proof in these notes (see however [To-Va] for some statements about
saturated dg-categories).

Proposition 13.A triangulated dg-category is saturated if and only if it is Morita
equivalent to a smooth and proper dg-algebra.

This proposition is interesting as it allows us to show that there exists many
examples of saturated dg-categories. The two main examples are the following.

1. LetX be a smooth and properk-scheme. ThenLpe(X) is a saturated dg-category
(see [To-Va]).

2. For anyk-algebra, which is projective of finite rank as ak-module and which is of
finite global cohomlogical dimension, the dg-categoryÂpe of perfect complexes
of A-modules is saturated.

The symmetric monoidal categoryHo(dg−catsat) of saturated dg-categories is
rigid. Note that any objectT has a dualT∨ := RHom(T, 1̂pe). Moroever, it can be
shown thatT∨ ≃ Top is simply the opposite dg-category (this is only true whenT
is saturated). In particular, forT andT ′ two saturated dg-categories we have the
following important formula

Top⊗̂
L
T ′ ≃ RHom(T,T ′).

We can now define the secondaryK-group. We start byZ[sat], the free abelian
group on isomorphism classes (inHo(dg− cattr)) of satuared dg-categories. We

defineK(2)
0 (k) to be the quotient ofZ[sat] by the relation

[T] = [T0]+ [(̂T/T0)pe]

for any full saturated sub-dg-categoryT0⊂ T with quotient(̂T/T0)pe.
More generally, we can consider a certain Waldhausen categorySat, whose ob-

jects are cofibrant dg-categoriesT such thatT̂pe is saturated, whose morphisms
are morphisms of dg-categories, whose equivalences are Morita equivalences, and
whose cofibrations are cofibrations of dg-categories which are also fully faithful.
From this we can construct a spectrum, denoted byK(2)(k) by applying Wald-
hausen’s construction, called thesecondary K-theory spectrum of k. We have

π0(K
(2)(k))≃ K(2)

0 (k).
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We no finish with some arguments thatK(2)(k) to show that is non trivial and
interesting.

First of all, we have the following two basic properties.

1. k 7→ K(2)(k) defines a functor from the category of commutative rings to the
homotopy category of spectra. To a map of ringsk→ k′ we associate the base
change−⊗L

k k′ from saturated dg-categories overk to saturated dg-categories
overk′, which induces a functor of Waldhausen categories and thus a morphism
on the correspondingK-theory spectra.

2. If k = colimiki is a filtered colimit of commutative rings then we have

K(2)(k)≃ colimiK
(2)(ki).

This follows from the non trivial statement that the homotopy theory of saturated
dg-categories overk is the filtered colimit of the homotopy theories of saturated
dg-categories over theki (see [To4]).

3. The monoidal structure onHo(dg−cattr) induces a commutative ring structure

on K(2)
0 (k). I guess that this monoidal structure also induces aE∞-multiplication

onK(2)(k).

Our next task is to prove thatK(2)(k) is non zero. For this we construct a rank
map

rk(2)
0 : K(2)

0 (k)−→ K0(k)

which an analog of the usual rank map (also called the trace map)

rk0 : K0(k)−→ HH0(k) = k.

Let T be a saturated dg-category. AsT is dualizable inHo(dg−cattr) there exists
a trace map

RHom(T,T)≃ Top⊗̂
L
T −→ 1̂pe,

which is the dual of the identity map

id : 1̂pe−→ Top⊗̂
L
T.

The image of the identity provides a perfect complex ofk-modules, and thus an
element

rk(2)
0 (T) ∈ K0(k).

This defines the map

rk(2)
0 : K(2)

0 (k)−→ K0(k).

It can be shown thatrk(2)
0 (T) is in factHH∗(T), the Hochschild homology complex

of T.

Lemma 3. For any saturated dg-category T we have
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rk(2)
0 (T) = [HH∗(T)] ∈ K0(k),

where HH∗(T) is the (perfect) complex of Hochschild homology of T .

In particular we see that forX a smooth and properk-scheme we have

rk(2)
0 (Lpe(X)) = [HH∗(X)] ∈ K0(k).

Whenk = C thenHH∗(X) can be identified with Hodge cohomologyH∗(X,Ω ∗X),

and thusrk(2)
0 (Lpe(X)) is then the euler characteristic ofX. In other words, we can

say that the rank ofLpe(X) is χ(X). The maprk(2)
0 shows thatK(2)

0 (k) is non zero.

The usual rankrk0 : K0(k)−→ HH0(k) = k is only the zero part of a rank map

rk∗ : K∗(k)−→ HH∗(k).

In the same way, it is possible to define a secondary rank map

rk(2)
∗ : K(2)

∗ (k)−→ K∗(S
1⊗L k),

whereS1⊗L k is a simplicial ring that can be defined as

S1⊗L k = k⊗L

k⊗L
Z

k
k.

Note that by definition of Hochschild homology we have

HH∗(k)≃ S1⊗L k,

so we can also write
rk(2)
∗ : K(2)

∗ (k)−→ K∗(HH∗(k)).

Using this map I guess it could be possible to check that the higher K-groupsK(2)
i (k)

are also non zero in general. Actually, I think it is possible to construct an analog of
the Chern character

Ch : K∗(k)−→ HC∗(k)

as a map

Ch(2) : K(2)
∗ (k)−→ HC(2)

∗ (k) := KS1

∗ (S1⊗L k),

where the right hand side is theS1-equivariantK-theory ofS1⊗L k (note thatS1 acts
onS1⊗L k), which we take as a definition of secondary cyclic homology.

To finish we show thatK(2)
0 (k) has a relation with the Brauer group, analog to

the relation betweenK0(k) and the Picard group. For this, we defineBrdg(k) to be
the group of isomorphism classes of invertible objects (for the monoidal structure)
in Ho(dg− cattr). As being invertible is stronger than being dualizable we have a
natural map
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Brdg(k)−→ K(2)
0 (k)

analog to the natural map
Pic(k)−→ K0(k).

Now, by definitionBrdg(k) can also be described as the Morita equivalence classes
of Azumaya’s dg-algebras, that is of dg-algebrasB satisfying the following two
properties

1.
Bop⊗L B−→ REndC(k)(B)

is a quasi-isomorphism.
2. The underlying complex ofB is a compact generator ofD(k).

In particular, a non-dg Azumaya’s algebra overk defines an element inBrdg(k),
and we thus get a mapBr(k) −→ Brdg(k), from the usual Brauer group ofk (see

[Mi]) to the dg-Brauer group ofk. Composing with the mapBrdg(k)−→K(2)
0 (k) we

get a map

Br(k)−→ K(2)
0 (k),

from the usual Brauer group to the secondary K-group ofk. I do not know if this
map is injective in general, but I guess it should be possible to prove that it is non
zero in some examples by using the Chern character mentioned above.
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