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Estimation of volatility functionals: the case of a v/n window

Jean Jacod* Mathieu Rosenbaum?

December 10, 2012

Abstract

We consider a multidimensional It6 semimartingale regularly sampled on [0,¢] at
high frequency 1/A,,, with A, going to zero. The goal of this paper is to provide an
estimator for the integral over [0,¢] of a given function of the volatility matrix, with
the optimal rate 1/y/A,, and minimal asymptotic variance. To achieve this we use spot
volatility estimators based on observations within time intervals of length k,A,,. In [5]
this was done with k, — oo and k,v/A, — 0, and a central limit theorem was given
after suitable de-biasing. Here we do the same with the choice k, < 1/v/A,. This
results in a smaller bias, although more difficult to eliminate.

Key words: semimartingale, high frequency data, volatility estimation, central limit theo-
rem, efficient estimation

MSC2010: 60F05, 60G44, 62F12

1 Introduction

Consider an Itd6 semimartingale X;, whose squared volatility ¢; (a d x d matrices-valued
process if X is d-dimensional) is itself another It6 semimartingale. The process X is observed
at discrete times iA,, for i = 0,1,---, the time lag A,, being small (high-frequency setting)
and eventually going to 0. The aim is to estimate integrated functionals of the volatility,
that is fg g(cs) ds for arbitrary (smooth enough) functions g, on the basis of the observations
at stage n and within the time interval [0, ¢].

In [5], to which we refer for detailed motivations for this problem, we have exhibited
estimators which are consistent, and asymptotically optimal, in the sense that they asymp-
totically achieve the best rate 1/y/A,, and also the minimal asymptotic variance in the
cases where optimality is well-defined (namely, when X is continuous and has a Markov
type structure, in the sense of [2]). These estimators have this rate and minimal asymptotic
variance as soon as the jumps of X are summable, plus some mild technical conditions.
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The aim of this report is to complement [5] with another estimator, of the same type,
but using spot volatility estimators based on a different window size. In this introduction
we explain the differences between the estimator in that paper and the one presented here.

For the sake of simplicity we consider the case when X is continuous and one-dimensional
(the discontinuous and multi-dimensional case is considered later), that is of the form

t t
Xt:XO—i—/bsds—l—/ades
0 0

and ¢; = o7 is the squared volatility. Natural estimators for fot g(cs) ds are

[t/ An]—kn+1 fen—1

1
V=8 X 9@, where & = o )

(X(ityan — X+j-1a,)®  (L1)

for an arbitrary sequence of integers such that k, — oo and k,A,, — 0: One knows that
V™(g)s N V(g): (when g is continuous and of polynomial growth).

The variables ¢ are spot volatility estimators, and according to [4] we know that E’ﬁ A

estimate ¢;, with a rate depending on the “window size” k,. The optimal rate 1/ A}/ s

achieved by taking k, < 1/v/A,. When k, is smaller, the rate is v/k,, and the estimation
error is a purely “statistical error”; when k, is bigger, the rate is 1/v/k,A, and the es-
timation error is due to the variability of the volatility process ¢; itself (its volatility and
its jumps). With the optimal choice k, < 1/1/A,, the estimation error is a mixture of the
statistical error and the error due to the variability of ¢;.

In [5] we have used a “small” window, that is k, < 1/v/A,,. Somewhat surprisingly, this
allows for optimality in the estimation of fg g(cs)ds (rate 1/y/A, and minimal asymptotic
variance). However, the price to pay is the need of a de-biasing term to be subtracted from
V"™(g), without which the rate is smaller and no Central Limit Theorem is available.

Here, we consider the window size k, < 1/v/A,. This leads to a convergence rate
1/ A, for V(g) itself, and the limit is again conditionally Gaussian with the “minimal”
asymptotic variance, but with a bias that depends on the volatility of the volatility ¢;, and
on its jumps. It is however possible to subtract from V"(g) a de-biasing term again, so that
the limit becomes (conditionally) centered.

Section 2 is devoted to presenting assumptions and results, and all proofs are gathered in
Section 3. The reader is referred to [5] for motivation and various comments and a detailed
discussion of optimality. However, in order to make this report readable, we basically give
the full proofs, even though a number of partial results have already been proved in the
above-mentioned paper, and with the exception of a few well designated lemmas.

2 The results

2.1 Setting and Assumptions

The underlying process X is d-dimensional, and observed at the times iA, for i =0,1,---,
within a fixed interval of interest [0,¢]. For any process we write ATY = Yia, — Yi_pa,



Volatility functionals 3

for the increment over the ith observation interval. We assume that the sequence A,, goes
to 0. The precise assumptions on X are as follows:

First, X is an Itd semimartingale on a filtered space (2, F, (F¢)i>0,P). It can be written
in its Grigelionis form, as follows, using a d-dimensional Brownian motion W and a Poisson
random measure g on Ry X E| with E is an auxiliary Polish space and with the (non-random)
intensity measure v(dt,dz) = dt ® A(dz) for some o-finite measure A on E:

Xy = X0—|—f0 b d8+f0 O dW —|—f0 fE’ S,z 1{||5(s z)||<1}( )(dS dZ)
+ Jo S5 (5, 2) s,y 51y 1(ds, d2).

This is a vector-type notation: the process b, is R%-valued optional, the process o is R?@R-
valued optional, and § = 6(w, t,2) is a predictable R%valued function on Q x Ry x E.

(2.1)

The spot volatility process ¢; = oy0; (* denotes transpose) takes its values in the set
./\/l;r of all nonnegative symmetric d x d matrices. We suppose that ¢; is again an Ito
semimartingale, which can be written as

¢ = co+ [ybsds+ 2T dWs+ [) [, 0(s,2) {”5(82)”<1}( v)(ds,dz)
o S5 005 2) L e oy #4(d5, d2).

with the same W and p as in (2.1). This is indeed not a restriction: if X and c are two It6
semimartingales, we have a representation as above for the pair (X, ¢) and, if the dimension
of W exceeds the dimension of X one can always add fictitious component to X, arbitrarily
set to 0, so that the dimensions of X and W agree.

(2.2)

In (2.2), b and G are optional and Sisasé ; moreover b and  are R -valued. Finally, we
need the spot volatility of the volatility and “spot covariation” of the continuous martingale
parts of X and ¢, which are

d
~ig,kl ~ij,m~kl,m f\-/l,]k‘ il~7k,l
¢ = E ooy, E oyoy .

m=1

The precise assumption on the coefficients are as follows, with r a real in [0, 1):

Assumption (A’-r): There are a sequence (J,,) of nonnegative bounded A-integrable
functions on F and a sequence (7,,) of stopping times increasing to oo, such that

t<mw) = |0(w,t,2)]|" A1+ Hg(w,t,z)H2 A1 < Jp(2) (2.3)

Moreover the processes b, = b, — [d(t,2)1 {la(t.)1<1} A(dz) (which is well deﬁned) ¢ and
¢, are cadlag or caglad, and the maps ¢ — 5(w,t,z) are Caglad (recall that § should be
predictable), as well as the processes b, + f5 t,z)(k (16(t, 2)||) — Lose z)||<1}) A(dz) for one

(hence for all) continuous function x on R, with compact support and equal to 1 on a
neighborhood of 0. O

The bigger r is, the weakest Assumption (A-r) is, and when (A-0) holds the process X
has finitely many jumps on each finite interval. The part of (A-r) concerning the jumps of
X implies that ), [[AX||" < oo a.s. for all ¢t < oo, and it is in fact “almost” implied by
this property. Since r < 1, this implies >, |AX;|| < oo a.s.



Volatility functionals 4

Remark 2.1 (A’-r) above is basically the same as Assumption (A-r) in [5], albeit (slightly)
stronger (hence its name): some degree of regularity in time seems to be needed for b, ¢, ', §
in the present case.

2.2 A First Central Limit Theorem.

For defining the estimators of the spot volatility, we first choose a sequence k,, of integers
which satisfies, as n — oo:

0
VA,

and a sequence u, in (0,00]. The M}—valued variables ¢}’ are defined, componentwise, as

ke ~ 0 € (0,00), (2.4)

kn—1
1 n
7l — !
antm = A > ARGX AR X LAz, X|<un}s (2.5)

and they implicitly depend on A,,, ky,, ty,.
One knows that Eﬁ /An] RN ¢; for any ¢, and there is an associated Central Limit Theorem

under (A-2), with rate 1/A71/4: the choice (2.4) is optimal, in the sense that it allows us to
have the fastest possible rate by a balance between the involved “statistical error” which
is of order 1/v/ky,, and the variation of ¢; over the interval [t,t + k,A,], which is of order
VEn A, because ¢ is an [t6 semimartingale (and even when it jumps), see [1, 4].

By Theorem 9.4.1 of [4], one also knows that under (A’-r) and if u,, < AY for some

w € [21;7_17” 3) we have
[t/ An]—kn+1 .
Vg =0 > g(@) BB V(g = /0 glcs) ds (2.6)
=1

(convergence in probability, uniform over each compact interval; by convention Z?: LVi=0
if b < a), as soon as the function g on M is continuous with [g(z)| < K(1+ ||z||P) for some
constants K, p. Actually, for this to hold we need much weaker assumptions on X, but we
do not need this below. Note also that when X is continuous, the truncation in (2.5) is
useless: one may use (2.5) with u,, = oo, which reduces to (1.1) in the one-dimensional case.

Now, we want to determine at which rate the convergence (2.6) takes place. This amounts
to proving an associated Central Limit Theorem. For an appropriate choice of the truncation
levels, such a CLT is available for V(g)", with the rate 1/1/A,,, but the limit exhibits a bias
term. Below, g is a smooth function on M7, and the two first partial derivatives are denoted
as O0j,g and (9]2k,lmg, since any x € M:{ has d? components z7¥. The family of all partial

derivatives of order j is simply denoted as 97g.

Theorem 2.2 Assume (A’-r) for some r < 1. Let g be a C® function on ./\/ljl_ such that

107 g(2)]| < KA+ |zP7),  j=0,1,2,3 (2.7)
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for some constants K > 0, p > 3. FEither suppose that X is continuous and wu,/AS — oo
for some € < 1/2 (for example, u, = 00, so there is no truncation at all), or suppose that

2p — 1

1
=AY — < —. 2.8
Up, n> 2(2p—r)_w<2 ( )
Then we have the finite-dimensional (in time) stable convergence in law
1 Ly—s
(V) = Vlgh) == Ap+A7+ A} + Al + 2, (29)

where Z is a process defined on an extension (Q, F,(F1)i=0,P) of (Q, F, (Fi)i0,P), which
conditionally on F is a continuous centered Gaussian martingale with variance

~ d t . .
E(z)2|F) = % /0 Or19(e) Dmgles) (k™ + Imekly ds,  (2.10)
7,k,l,m=1

and where, with the notation

1
Gla.y) = /O (9(z + wy) — wylz +y) — (1 - w)g(x)) duw, (2.11)

we have ;
Al = =5 (9(co) + g(ct))

d
t il km jm
Af = % > fo 8j2‘k71m9(cs) (C‘; ckm 4 Cgl) ds

7,k,l,m=1
3 0 d t o2 ik, lm (2.12)
Ay = —12 > fo ajk,lmg(CS)Ejs ds
7,k,l,m=1
A =05 Gles, Acy).
s<t

Note that |G(z,y)| < K(1+||z|))? |ly||?, so the sum defining A} is absolutely convergent,
and vanishes when ¢; is continuous.

Remark 2.3 The bias has four parts:

1) The first one is due to a border effect: the formula giving V" (g); contains [t/A,]—k,+
1 summands only, whereas the natural (unfeasible) approximation A, ZEZIA"] glci—na,)
contains [t/A,] summands. The sum of the lacking &, summands is of order of magnitude
(kn, —1)A,,, which goes to 0 and thus does not impair consistency, but it creates an obvious
bias after normalization by 1/v/A,,. Removing this source of bias is straightforward: since

g(cs) is “under-represented” when s is close to 0 or to ¢, we add to V"(g); the variable

N VN
B2 (o) + () ) (2.13)

Of course, other weighted averages of g(¢!) for i close to 0 or to [t/A,] — k, + 1 would be

7

possible.
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2) The second part A2 is continuous in time and is present even for the toy model X; =
Ve Wy with ¢ a constant and A,, = % and T = 1. In this simple case it can be interpreted as
follows: instead of taking the “optimal” g(¢,) for estimating g(c), with &, = > 1| (A X)?
one takes £ 3" | g(c') with € a “local” estimator of c. This adds a statistical error which
results in a bias. Note that, even in the general case, this bias would disappear, were we
taking in (2.4) the (forbidden) value 6 = oo (with still k£,A,, — 0, at the expense of a slower

rate of convergence.

3) The third and fourth parts A% and A* are respectively continuous and purely discon-
tinuous, and due to the continuous part and to the jumps of the volatility process c¢; itself.
These two biases disappear if we take § = 0 in (2.4) (with still k,, — c0), again a forbidden
value, and again at the expense of a slower rate of convergence.

The only test function g for which the last three biases disappear is the identity g(x) = .
This is because, in this case, and up to the border terms, V(g)} is nothing but the realized
quadratic variation itself and the spot estimators ¢}' actually merge together and disappear
as such.

Remark 2.4 Observe that (2.8) implies r < 1. This restriction is not a surprise, since
one needs r < 1 in order to estimate the integrated volatility by the (truncated) realized
volatility, with a rate of convergence 1/v/A,. When r = 1 it is likely that the CLT still
holds fore an appropriate choice of the sequence u,,, and with another additional bias, see
e.g. [6] for a slightly different context. Here we let this borderline case aside.

2.3 Estimation of the Bias.

Now we proceed to “remove” the bias, which means subtracting consistent estimators for
the bias from V'(g)7". As written before, we have

n,1 kn V An ~n ~n P
Ay = (9@ + 9(@} a k1) — Al (2.14)
(this comes from ¢ N co and Eﬁ/An]_an N ¢t—, plus ¢;— = ¢; a.s.). Next, observe that
A% = 2 V(h) for the test function h defined on M by
1 & . .
h(z) = 5 Z 8]2»k7lmg(x) (acjlackm + x]mxkl). (2.15)
7,.k,l,m=1
Therefore )
A2 = V(h)p - A2 (2.16)

kn\/ An

The term A} involves the volatility of the volatility, for which estimators have been
provided in the one-dimensional case by M. Vetter in [7]; namely, if d = 1 and under
suitable technical assumptions (slightly stronger than here), plus the continuity of X; and

¢+, he proves that
[t/ An]—2kn+1

BT Y. @ )
n

i=1
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converges to fg (Es + 0% (05)2) ds. Of course, we need to modify this estimator here, in order
to include the function 0%¢ in the limit and account for the possibilities of having d > 2 and
having jumps in X. We propose to take

[t/An] 2kn+1 d
,3 \/A gk gk ) 1
A= 8n Z > Bmg@) @ e @ =™ (2.7)

7,k,l,m=1

When X and c are continuous one may expect the convergence to A3 — %Af (observe that

v f" ~ % %), and one may expect the same when X jumps and ¢ is still continuous,
n

because in (2.5) the truncation basically eliminates the jumps of X. In contrast, when ¢
jumps, the limit should rather be related to the “full” quadratic variation of ¢, and indeed

we have:

Theorem 2.5 Under the assumptions of Theorem 2.2, for all t > 0 we have

Ars By %A? + AP A (2.18)
where
AP =0 G (co, Acy) (2.19)
s<t
and

1 .
Gy =—2 Y (afk,zmg( )+ 05 im 9(x + (1= w)y)) w? y?* oy dw. (2.20)
Sjklm 0

At this stage, it remains to find consistent estimators for A} — A}*, which has the form
Af = AP =0 G"(cs, Acy), where G" =G~ G
s<t
More generally, we aim at estimating

F)y =Y Fles, Acy), (2.21)

s<t
at least when the function F' on ./\/ljl' x My, where M, is the set of all d x d matrices, is C'!
and |F(z,y)| < K||y||? uniformly in  within any compact set, as is the function G” above.

The solution to this problem is not as simple as it might appear at first glance. We first
truncate from below, taking any sequence u/, of truncation levels satisfying

/
1
=0, Auw — oo for some @’ € (0, 8) (2.22)

U,

Second, we resort on the following trick. Since ¢’ is “close” to the average of ¢; over the
interval (iA,, (i + k,)A,], we (somehow wrongly) pretend that, for all j:
ds € ((j — DknAnp, jknAy] with HACSH >, & e, — (j Q)an

I
n
Acs ~ iy, = g N1k, — bl VIEG 1)k, = EG 1k | < 1k, = €y, I
(2.23)
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The condition (2.22) implies that for n large enough there is at most one jump of size bigger
than ], in each interval (i — 1)A,, (i — 1 + ky,)A,] within [0,¢], and no two consecutive
intervals of this form contain such jumps. Despite this, the statement above is of course
not true, the main reason being that ¢}' and ¢}’ do not exactly agree. However it is “true
enough” to allow for the next estimators to be consistent for V(F');:

n _ Mt/ knlAn]-3 na
V(E) =30 F(Ci—gyin+195°) Llp @viien, elver, <isyaly (2.24)

no _ on _-n
where 5]' €= g1 — Cjmayint1

Since this is a sum of approximately [t/k,A,] terms, the rate of convergence of V(F)}

toward V(F); is law, probably 1/ A,l/ 4 only. However, here we are looking for consistent
estimators, and the rate is not of concern to us. Note that, again, the upper limit in the
sum above is chosen in such a way that V(F')} is computable on the basis of the observations
within the interval [0, ¢].

Theorem 2.6 Assume all hypotheses of Theorem 2.2, and let F' be a continuous function
on Ry x R satisfying, with the same p > 3 as in (2.8),

|F(z,y)| < K+ el + lylDP= llyll*. (2.25)

Then for allt > 0 we have
V(F) — V(F);. (2.26)

2.4 An Unbiased Central Limit Theorem.

At this stage, we can set, with the notation (2.15), (2.16), (2.17) and (2.24), and also (2.12)
and (2.20) for G and G':

knAg,
2

3 n n n
(9(6?) +g(/€§/An}_k'n+1) — VA, <§ Ay 2t Ay ’3) — kA V(G =G
(2.27)

V(g = V(g +

We then have the following, which is a straightforward consequence of the three previous
theorems and of k,v/A,, — 6, plus (2.14) and (2.16) and the fact that the function G — G’
satisfies (2.25) when g satisfies (2.7):

Theorem 2.7 Under the assumptions of Theorem 2.2, and with Z as in this theorem, for
all t > 0 we have the finite-dimensional stable convergence in law

=T~V 5 (2.29

Note that 6 no longer explicitly appears in this statement, so one can replace (2.4) by

the weaker statement 1

VA,

(this is easily seen by taking subsequences n; such that k,, \/A,, converge to an arbitrary
limit in (0, 00)).

kn = (2.29)
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It is simple to make this CLT “feasible”, that is usable in practice for determining a
confidence interval for V' (g); at any time ¢ > 0. Indeed, we can define the following function
on ./\/lji':

d
h(z) = Z ik 9(x) O g() (a:jlka + :Ujma:kl). (2.30)
7,k,lm=1

We then have V(h)" =% V(h), whereas V(h); is the right hand side of (2.9). Then we
readily deduce:

Corollary 2.8 Under the assumptions of the previous theorem, for any t > 0 we have the
following stable convergence in law, where Y is an N'(0,1) variable:

M £ Y, in restriction to the set {V(h); > 0}, (2.31)
A,V (h)

+3

Finally, let us mention that the estimators V(g)? enjoy excatly the same asymptotic

efficiency properties as the estimators in [5], and we refer to this paper for a discussion of
this topic.

2

Example 2.9 (Quarticity) Suppose d = 1 and take g(x) = z°, so we want tho estimate

the quarticity fg c2 ds. In this case we have

2
ha) =22%  Gla,y) -G lo,y) = -
Then the “optimal” estimator for the quarticity is
[t/An]—kn+1 [t/An]—2kn+1
An kn —1 An
MDY @ Y @ R (@@ s )
" i=1 i=1

The asymptotic variance is 8 fg ¢t ds, to be compared with the asymptotic variance of

the more usual estimators ﬁ Z&Zf”](A?X)‘l, which is 22 gc‘sl ds.

3 Proofs

3.1 Preliminaries.

According to the localization lemma 4.4.9 of [4] (for the assumption (K) in that lemma), it is
enough to show all four Theorems 2.2, 2.5, 2.6, 2.7 under the following stronger assumption:

Assumption (SA’-r): We have (A’-r). Moreover we have, for a A-integrable function J
on E and a constant A:

161, 181, 1ol llell, (12l 120, T < A, 6w, t, )" < I(2), 6w, t,2)|* < J(2), (3.1)
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In the sequel we thus suppose that X satisfies (SA’-r), and also that (2.4) holds: these
assumptions are typically not recalled. Below, all constants are denoted by K, and they
vary from line to line. They may implicitly depend on the process X (usually through A in
(3.1)). When they depend on an additional parameter p, we write K.

We will usually replace the discontinuous process X by the continuous process

t t
X :/ v, ds—{—/ os dWs, (3.2)
0 0

connected with X by X; = Xo+ X/ + > ., AX,. Note that b is bounded, and without loss
of generality we will use below its cadlag version. Note also that, since the jumps of ¢ are
bounded, one can rewrite (2.2) as

t t t oo
¢t =co+ / bsds + / osdWs + / / 0(s,z) (n —v)(ds,dz). (3.3)
0 0 0 JE

This amounts to replacing b in (2.2) by b + [ 0(t+, 2) (k|6 (t+, 2)|) — Loses Z)||§1}) A(dz),
where # is a continuous function with compact support, equal to 1 on the set [0, A]. Note
that the new process b is bounded cadlag.

With any process Z we associate the variables

(Z)s = \JE(50Pye i) | 20 — Zil12 | F2), (3.4)

and we recall Lemma 4.2 of [5]:

Lemma 3.1 For allt > 0, all bounded cadlag processes Z, and all sequences v, > 0 of reals
tending to 0, we have AnE(ng”] n(Z)(i,l)Amvn) — 0, and for all 0 < v < s we have

E((2)t 0,5 | Fo) <0 Z),s-

3.2 An Auxiliary Result on It6 Semimartingales

In this subsection we give some simple estimates for a d-dimensional semimartingale

t t t
Y, = / by ds + / oy dw, —|—/ / 6 (s,2) (n — v)(ds, dz)
0 0 0 JE

on some space (2, F, (F¢)t>0, P), which may be different from the one on which X is defined,
as well as W and p, but we still suppose that the intensity measure v is the same. Note
that Yy = 0 here. We assume that for some constant A and function JY we have, with

¥ =oYoV"

O O R ALC S O IO PYCR P R L

B
The compensator of the quadratic variation of Y is of the form fg ¢’ ds, where ¢ = ¢} +
[ 6 (t,2)8Y (¢, 2)* A(dz). Moreover, if the process ¥ is itself an It6 semimartingale, the
quadratic covariation of the continuous martingale parts of Y and ¢¥ is also of the form

fg Y ds for some process &Y, necessarily bounded if both Y and ¢! satisfy (3.5) (and, if
Y = X, we have ¢V = cand ¥ =7).
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Lemma 3.2 Below we assume (3.5), and the constant K only depends on A.
a) We have for t € [0,1]:

|E(Y; | Fo) — by || < tn(dY oy < Kt

IB(Y Yy | Fo) — te ™| < Kt(t + VEn(d¥ )os +n@ )os) < Kt, (3:6)
and if further |E(el —ey | Fo)|| < A%t for all t, we also have
[E(Y] Y™ | Fo) — tey /™| < 2t32(24%VE + An(bY )o,) < Kt/ (3.7)
b) When'Y is continuous, and if E(||e} — ¢ ||? | Fo) < A%t for all t, we have
E(Y/ VY Y™ | Fo) — () g™ + g ey M ey ey M| < KO/, (3.8)

c) When c¥ is a (possibly discontinuous) semimartingale satisfying the same conditions
(3.5) as Y, and if Y itself is continuous, we have

E((Y7 Y — teg ) (e "™ — g™ | Fo) < KE2(VE+ 0@ )oy). (3.9)

Proof. The first part of (3.6) follows by taking the Fy-conditional expectation in the
decomposition Y; = M; +tbY + fot (bY —bY')ds, where M is a d-dimensional martingale with
My = 0. For the second part, we deduce from It6’s formula that Y’/Y"™ is the sum of a
martingale vanishing at 0 and of

ot t t t '
b / Y™ ds+bg' / Y ds+ / Y (bl—by) ds+ / Y7 (b —bf) ds+ey 7" e+ / (@Im gy ™) ds.
0 0 0 0

Since E(||Y;]| | Fo) < KAV, as in (3.10), we deduce the second part of (3.6) and also (3.7)
by taking again the conditional expectation and by using the Cauchy-Schwarz inequality
and the first part.

(3.8) is a part of Lemma 5.1 of [5]. For (3.9), we first observe that Y}’ Y’“—tc Yk — B+ M,
and ctYlm cé/ m Bj + M/, with M and M’ martingales (M is continuous). The processes
B, B, (M,M), (M',M') and (M, M") are absolutely continuous, with densities bs, b, hs,
h's and h! satisfying, by (3.5) for Y and ¢¥:

[bs] < 20YGll BT 1|+ lles — o I, Wil < K, |h| < KIYS]?, IR < K,

whereas h! = YJ&Yhim 4 ykeViaim - Ag seen before, E(||Y;]|9 | Fo) < K 92 for all ¢, and
E(lled — || | Fo) < Kt. This yields E(B? | Fy) < Kt and E(M? | .7-"0) < Kt?. Since
|Bj| < Kt and E(M]? | o) < Kt, we deduce that the Fy- conditional expectations of B;B,
and B;M] and M;Bj are smaller than Kt2.
Finally E(M;M] | Fo) = E((M, M"); | Fo), and (M, M"); is the sum of ¢, Yikiim fo Vi ds+
by? (%Y’k’lm — /CJOY’k’lm) ds and a similar term with k and j exchanged. Then using again
E(||Y:||? | Fo) < Kt, plus |[E(Y; | Fo)|| < Kt and Cauchy-Schwarz inequality, we obtain that
the above conditional expectation is smaller than K (t? + t3/2n(@");). This completes the
proof of (3.9). O
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3.3 Some Estimates.
1) We begin with well known estimates for X’ and ¢, under (3.1) and for s,¢ > 0 and ¢ > 0:

E(supyefo.s) 1 Xitw — Xl Fr) < Kqs7?,  [|E(X{;, — X[ | Fo)|| < Ks (3.10)
E(supyepo,s) lcerw = cill? | Fi) < Ko™ 2 [ Ecrys — e | Fo)ll < K.

Next, it is much easier (although unfeasible in practice) to replace ¢} in (2.6) by the
estimators based on the process X’ given by (3.2). Namely, we will replace ¢ by the

following;:
kn—1

/ n /%
Cz’ k: A Z Al+]X AZ+]X

The difference between ¢' and ¢ is estimated by the following inequality, valid when w,, =<
A% and ¢ > 1, and Where an denotes a sequence of numbers (depending on u,,), going to 0
as n — oo (this is Equation 4.8 of [5]):

(e —2"[1?) < Kqan AZT=H, (3.11)

2) The jumps of ¢ also potentially cause troubles. So we will eliminate the “big” jumps
as follows. For any p > 0 we consider the subset £, = {z : J(2) > p}, which satisfies
A(E,) < 0o, and we denote by G” the o-field generated by the variables x([0,t] x A), where
t > 0 and A runs through all Borel subsets of E,. The process

N? = u((0.4] x E) (3.12)

is a Poisson process and we let S7, 5%, - -+ be its successive jump times, and €, , be the set
on which S% ¢ {iA,, : i > 1} for allj > 1 such that S§ <t,and S7,; > ¢t A ST+ (6k, +1)A,
for all j > 0 (with the convention S} = 0; taking 6k here 1nstead of the more natural k,
will be needed in the proof of Theorem 2.6, and makes no difference here). All these objects
are GP-measurable, and P(Q,,¢,) — 1 as n — oo, for all ¢,p > 0.

We define the processes

b(p)e = by — : 5(t+,2) A(dz),  €lp), =507 + /( . 5(t+, 2) 0(t+, 2)* A(dz)
L I3
c(p)t fO fE w(ds dz) = c(l)( )¢ +C(2)(P)t, where
0(1)( )t = Co —|— fo sds + fo os dWs (3.13)

t_fo f(Ep cO(t—,2) (u—v)(ds,dz),

so ¢(p), which is R ® Rd2—valued, is the cadlag version of the density of the predictable
quadratic variation of ¢(p). Moreover G# = {0, Q} and (b(p),c(p)) = (b,c) when p exceeds
the bound of the function J. Note also that b(p) and ¢(p) are cadlag.
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By Lemma 2.1.5 and Proposition 2.1.10 in [4] applied to each components of X’ and
c?(p), plus the property ||b(p)|| < K/p, for all t >0, s € [0,1], p € (0,1], ¢ > 2, we have

E(SUPwe[O,s} Hnger - ngHq | FiV gp) < Kq Sq/2
IB(Xis — Xi | Fs VGO + [ EB(e(p)its — c(p)e | Fs vV GF)|| < Ks

3.14
E(suPueios) €2 (0o — e ()7 | Fo v G7) < Ky 6, (s 4 592) (314
E(supueio,s) [€(0)irw = c(p)el? | Fe Vv GP) < Ky(dps+ 577 + 5) < Kyps.
where ¢, = f(Ep)c J(2) A(dz) — 0 as p — 0. Note also that |[b(p):|| < K/p.
3) For convenience, we put
an =b i—1)Ap» G = Cli—1)A,
b(p)f = b(P)(i—l)An, c(p)i = E(p)(i—l)An, c(p)i = C(p)(i—l)An (3.15)
Fi'=Fi-1)An: FiP=Frvgr.

All the above variables are F;"”-measurable. Recalling (3.4), and writing 1(Z, (H¢))s,s if we
use the filtration (H;) instead of (F;), we also set

n(p)i; = max(n(Y, (G° \/ Fi))i—vyanja, : Y =V.b(p),¢,ep), @), 1(p)} =1(p)}is o,

Therefore, Lemma 3.1 yields for all £, p > 0 and j, k such that j + k& < 2k,:

[t/A0]
AE(DY T n(p)f) =0, Em(p)is | Fi) < nlp)i (3.16)
=1

We still need some additional notation. First, define GP-measurable (random) set of

integers:

L(n,p) ={i=1,2,: N[y x = Nb_ o =0} (3.17)

(taking above, 2k, instead of k,, is necessary for the proof of Theorem 2.5). Observe that

i€ L(n,p), 0<j<2k,+1 = cy;—c' =clp)iy; —clp)i (3.18)

Second, we define the following R% @ R%valued variables

af = APXTAPX — A,

1 fen—1
Br = :C:Zn _ C?A,: o Zjio (azﬂj + (C?Jrj — c?)An) (3.19)
Vi =G, — G = Bk, — B+ Gl — G

4) Now we proceed with estimates. (3.14) yields, for all ¢ > 0:

E(lal|7 | F) < KqAd, ey | 770l < KA 3.20
E kn—=1 _n q FP < K A3Q/4 E(l[@n)|e | FMP) < K. ( ’ )
(”Zj:o aiJer | F; ) = Rgaan (le™ (17 | 7:°7) < Kq

the third inequality following from the two first one, plus Burkholder-Gundy and Holder
inequalities, and the last inequality form the third one and the boundedness of ¢;. Moreover,
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since the set {i € L(n,p)} is GP-measurable, the last part of (3.14), (3.18), and Holder’s
inequality, readily yield

. . A/
022 i Linp) = BB 7| < Ky(VBigp+ 884+ Z00) (321)

5) The previous estimates are not enough for us. We will apply the estimates of Lemma 3.2
with Y; = (Z ) Antt X(,i—l)An for any given pair n, 4, and with the filtration (F;_1)a, 4+ V
G”)i>0. We observe that on the set A(p,n,i) = {3j < 2k, : i —j € L(n,p)}, which is G°-
measurable, and because of (3.18), the process ¢ coincide with c(P)i—1)An+t — €(P)i-1)A,
if t € [0,A,]. Then in restriction to this set, by (3.7) and (3.8) and by the definition of
n(p)i1, we have

[B(ARXYT APX™ | FM) = eI M| < Ko (VBG4 (o))
[E(ARX"T APXR ARXTAPX™ | FP) — (hakdmim g gmitgibm o gnamnkhy \2 | < g A/

i i i

(the constant above depends on p, through the bound K/p for the drift of ¢(p)). Then a
simple calculation gives us

E(al | F¥)|| < K,AY (VA n
H 7]]’9 fz lm H 0 n(,jl n,rllcn—: n(prg,lj?ln) n,kl 2 5/2 on A(,O, n, Z) (322)
|E (o | FP) = (e 4 A A | < KA
Next, we apply Lemma 3.2 to the process Y; = c(p)(i_l)AmLt — C(P)(z‘—l)An for any given
pair n,i, and with the filtration (F;_1)a,++V G’ )i>0. We then deduce from (3.6), plus again
(3.18), that

i€ L(n,p), 0< t < knl, =
m 7, ,Jklm
[E((c( (z DAntt (z 1)An)(c ntt T (z na,) | Fi7) —te(p);” | < Kptn(p)iy,
IE(cG—1)an+t — C—1)An | z’)—tb H<Kf77( )ik, < Kpt.
(3.23)
Moreover, the Cauchy-Schwarz inequality and (3.20) on the one hand, and (3.9) applied
with the process Y; = Xéi—l)AmLt - Xéi—l)An on the other hand, give us
[E (o} ATB(o)™ | F™°)| < K Aun(p)y

3.24
B (o™ Ancms | F)| < KA (VB + (o)), o

i€ L(n,p) :>{

6) We now proceed to estimates on [5!':

Lemma 3.3 We have on the set where i belongs to L(n,p):

[B(58 B | F0) = g (0 ) — B ()

n,jklm‘
i i i

7

| <Kp¢— (A + n(p)p)
[E(BIF (el — iy | Fiory — kb g( )ik < KB (/B 4 1)),
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Proof. We set ('; = o, ; + (cf'y; — ¢') Ay, and write B?Jkﬂ?’lm as

kn—1 kn—=2 kn—1 kn—2 kn—1
,]k nlm ,]k: nlm nlm n,jk
k;ZA? ZC i k2A2 > > G kQAZ DD s (3.25)
TN y=0 v=u+1 u=0 v=u+1
For the estimates below, we implicitly assume i € L(n, p) and u,v € {0,--- , k, — 1}.

First, we deduce from (3.22) and (3.23), plus (3.24) and successive conditioning, that

[E(CIRC™ | FPY = (7M™ 4 eI R AZ) < KAY2, (3.26)

u ZU 3

Second, if u < v, the same type of arguments and the boundedness of E(p))t and ¢; yield

)’ k T ) k? ,Ak' T n, k?
IE ( il ‘ -7:@+Z+1) (c erjqul ¢ 7 JA, — b(p)iJrjqulA%L(v —u—1)]
3/2 n
< KAn/ (knvAn + n(p)i—i—v,l)

B (er2F g — &8 | Fii)| < K, AY P (VG + (0 )

[E(afia (s — ™) | Fil < KA (VAL +n)

BT (Blo)ikey = b)) | Fistdl < KoY (VB 4 0(p)fy )

IE(a m Do)k | Fro) < KoAY (VB + 0(p)?y 1)

E((m — &y (R — R | FP) — ()M A ] < KA n(p)?
B = ™ BN | F) < Ko

Since Zk" QZﬁnzi_lu = k3/6+ O(k2), we easily deduce that the F;"’-conditional ex-
1

pectation of the last term in (3.25) is c(p)?’jklmknAn, up to a remainder term which is
oA, (A1/4 +n(p))), and the same is obviously true of the second term. The first claim
of the lemma readily follows from this and (3.25) and (3.26).

The proof of the second claim is similar. Indeed, we have

kn—l
7']{“ 7l 7l I k 7']{“ 7']{“ 7l 7l
BN — ) = S (o (g - A (e )

and

)l ) N/ ) Y l
|E(C?+IZZL_ ? " }-Z:LZH) C?HTH_C? " —b(p )ZL:LHHA (kn_u_l)‘ < KAnn(p)?Jrqul,knfu'

Using the previous estimates, we conclude as for the first claim. O

Finally, we deduce the following two estimates on the variables ;" of (3.19), for any
q=>2

‘E( ]kﬂynlm ‘ fnp) kl(cz n,jl nkm+c jm sz:l)

i€Linp) = B g < g JRD(AYS L)) (327
n n, 4 q/2
E(|2 ] | F p)smw wbp+ AF 4 R,
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To see that the first claim holds, one expands the product ~;' n.jk A M and use successive

conditioning, the Cauchy-Schwarz inequality and (3.14), (3.18) and(3.23), and Lemma 3.3;
the contributing terms are

n,jk on,l n,jk on.l ik ik 1 I
Bk B mt@ﬁﬂkn ﬁ?+$l+ <c§‘ﬁknl— o ?k><c2‘+22k— ™)
B n,tm n,tm,/  n, T,

5@ ’ (Cerk —c") = B; (chrjkn -G 7).

For the second claim we use (3.14), (3.18) and (3.21), and it holds for all g > 2.

3.4 The Behavior of Some Functionals of ¢(p).

For p > 0 we set

Ul = S5 2 o) 12 1oy jays  where

(3.28)
N(P)? = kln Zﬁ" 01( (P)?kn-i-w - C(P)?j_g)kn_;_w)-

The aim of this subsection is to prove the following lemma:

Lemma 3.4 Under (SA’-r) and (2.22) we have

lim limsup E(U(p)}') = 0.

P=0  nooco

Assumption (SA’-r) is of course not fully used. What is needed is the assumptions
concerning the process ¢; only.

Proof. With the notation (3.13), and for [ = 1,2 we define ) (p )7 and UD(p)7 as above,

upon substituting ¢(p) and «/, /4 with ¢ (p) and «/, /8. Since U(p)P < 4UWM (p)p+4U (p)7,
it suffices to prove the result for each U® (p)7.

R First, ||,u(1)(p)?\|2 L (o)r >, 8y 18 smaller than KH,u(l)(p)?H‘l/u’nz, whereas (recalling
1b(p)|| < K/p) classical estimates yield E(||u(1)(p)?\|4) < KA,(1+A,/p). Thus the expec-
tation of UM (p)7 is less than KAl/Q_Qw,(l + A, /p), yielding the result for UM (p)7.

Secondly, we have U@ (p)r < [t/ k” @) (p)||? and the first part of (3.14) yields
y HAP); y
IE(H,u(2 (P)2?) < K¢pVA,. Slnce qﬁp — 0 as p — 0, the result for UM (p)? follows. O

3.5 A Basic Decomposition.

We start the proof of Theorem 2.2 by giving a decomposition of V(g)" — V(g), with quite
a few terms. It is based on the key property ¢ = ¢ + " and on the definition (3.19) of

o} and 4" = (V(9)7 = V(9)) = S5, Vi, as soon as
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t > kpA,, where (the sums on components below always extend from 1 to d):

Vit = VR, SR (@) — g(@m)

n,2 1 [t/An]_knt1 iA
Vit = VA Z:l f(l-f{mn(g(C?) —g(cs))ds
. X [t/ An]—kn+1 bpsl
‘/t C= knv/Dn Zl lzalmg(c?) 20 aijru
)/ An]—knt1 fop—1
vt = Vi X Yol & (e = "™ = Zhe Jan(/an-n,+19(cs) ds
[t/An]— kn+1 i
=VAn Z (g(c} + B1") = g(c) = 32 Aumg(c) B™).

L,m

The leading term is V™3, the bias comes from the terms V™% and V™5 and the first
two terms are negligible, in the sense that they satisfy

=12 = V™ 50  forallt>0. (3.29)

We end this subsection with the proof of (3.29).

The case j = 1: (2.7) implies

9@ —g@M)] < K QG+ )P~ Ie! = < K Q-+ P~ [e —e |+ K ey — e |17

7

Recalling the last part of (3.20), we deduce from (3.11), from the fact that 1 — rw — p(1 —
2w) < M for all ¢ > 1 small enough, and from Hélder’s inequality, that E(|g(c}') —

g@m)) < KanA(2p rj@tl- P Therefore
E(sup ‘Vsn1’> <KtanA(2p ryw+1/2—p

s<t

and (3.29) for j = 1 follows.

The case j = 2: Since g is C? and ¢; is an It6 semimartingale with bounded characteristics,
the convergence V™2 =2 0 is well known: see for example the proof of (5.3.24) in [4], in
which one replaces p.,(f) by g(cs).

3.6 The Leading Term V™3,

Our aim here is to prove that
yn3 £ 7 (3.30)
(functional stable convergence in law), where Z is the process defined in Theorem 2.2.

A change of order of summation allows us to rewrite V" as

[t/An)] (i—1)A(kn—1)

Iim _n,l N 1
Z Z ™ where w) " = ™ Z Amyg(ci;)-

n i=1 Im nj:(i_[t/An]‘f'kn_l)7L
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Observe that w}' and «' are measurable with respect to F;' and FJ', |, respectively, so by

Theorem IX.7. 28 of [3] (Wlth G =0 and Z = 0 in the notation of that theorem) it suffices to
prove the following four convergences in probability, for all £ > 0 and all component indices:

t/An]—kn+1

1 n,lm n,lm P
E w," " E(a, " | F) — 0 (3.31)
VAL 1 ! ! !

1 t/An]—kn+1

- . t . .
i w;wk w?’lm E(a?’ﬂk O/Z@,lm | F1) & / ajkg(cs)almg(cs) (cglcl;m +c§mc§l) ds
" i=1 0
(3.32)
1 t/An]—kn+1
P
= Y It E(er ) F) s o (3.39)
n =1
2
n,lm n,dm An P
— > wPME(AIN | F) — 0, (3.34)
An i=1

where N = W/ for some j, or is an arbitrary bounded martingale, orthogonal to W.

For proving these properties, we pick a p bigger than the upper bound of the function
J, so GP becomes the trivial o-field and F* = F,"* and L(n, p) = N. In such a way, we can
apply all estimates of the previous subsections with the conditioning o-fields F;*. Therefore
(3.20) and the property ||wl'|| < K readily imply (3.31) and (3.33). In view of the form of
al', a usual argument (see e.g. [4]) shows that in fact E(a?’lm AN | F') =0 for all N as
above, hence (3.34) holds.

For (3.32), by (3.22) it suffices to prove that

[t/ An]—knt+1
A, Z Ik el (gl nkm  gm ikl )2, /(9]kg ¢5) Omg(cs) (™ I s,
i—1

In view of the definition of w?, for each ¢ we have w], i ]z) — 0jr9(ct) and ¢ (’]l;

)y~ czk almost
surely if |i(n,t)A, —t| < k,A, (recall that ¢ is almost surely continuous at t, for any fixed
t), and the above convergence follows by the dominated convergence theorem, thus ending

the proof of (3.30).

3.7 The Term V™%,

In this subsection we prove that, for all ¢,

v, N / Omyg(cs— —0g(ct). (3.35)

We call V™ ™4 and V;/ n.d , respectively, the first sum, and the last integral, in the definition
of th Since k,vA, — 6? and c is a.s. continuous at ¢, it is obvious that V nrd converges
almost surely to —60 g(¢;), and it remains to prove the convergence of V; 4 to the first term
in the right side of (3.35).
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We first observe that ¢}, — ¢} = > I~ IAZ"_H)C Then, upon changing the order of

7
m,4
summation, we can rewrite V, as

[t/An]-1 — i—1)A(kn—2)
n m n m n,m An n
Z Z t And w; dm _ V2 Z (kn, —1—u)Oumg(ci,,)-
i=1 " u=0V(i+kn—1—[t/Ap)

In other words, recalling k,v/A, < K and ||0g(cs)|| < K, we see that

t
vet=3" / H(n, )™ dcm
L,m 0

where H(n,t)s is a d x d-dimensional predictable process, bounded uniformly (in n,s,w)
and given on the set [k, A,,t — k,A,] by

kn—Z
(i—1A, <s<iA, = H(n, lm: Z —1—u)Omg(cy)

(its expression on [0, k,A,) and on (t — k, A, t] is more complicated, but not needed, apart
from the fact that it is uniformly bounded). Now, smce zk" 2(k —1—u) =k2/2+ O(k,)
as m — oo, we observe that H(n,t)"™ converges to & 9;,g(cs—) for all s € (0,t). Since ¢
is a.s. continuous at t, we deduce from the dominated convergence theorem for stochastic
integrals that Vtm’4 indeed converges in probability to the first term in the right side of
(3.35).

3.8 The Term V™5,

The aim of this subsection is to prove the convergence

v, N A? —2A3 + 0 Z/ _ +wAcs) — gles—) —w Z Omyg(cs—) Aci,m) dw (3.36)

s<t lym

We have V" = Z[t/ Anl=kntlyn where

o = VA (g + 8] — Zalmg ) 5.

We also set
_ fen—1 _ fen—1
Oé? = knlAn Zu 0 al+u’ 18 571 n = lkln u=1 (C?qtu - C?) 337
o = VB (9 BT) — () — X gl FIT), m—up o, (337)

Im

We take p € (0,1], and will eventually let it go to 0. With the sets L(n, p) of (3.17), we

associate
E( ) { 7[t/An]_kn+1}mL(nap)
L( ) { 7[t/An] _kn+1}\L(nap)'
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We split the sum giving V;” into three terms:

Ur = Z v, UMt = Z v, U/t = Z o™ (3.38)

i€L(n,p,t) i€L(n,p,t) i€L(n,p,t)

A) The processes U™". A Taylor expansion and (2.7) give us

v(1)} = \/§7 > getim Oieam (e E E(57* g™ | FP)
v = v(1)f +v(2)i+v(3);, where ¢ y(2)r = \/EL Y iktm Ceam(€) B ik gmlm g (1)n
)i

(2

lv(3 _Kv (1+Hﬁ"H)p3Hﬁ?H3-
Therefore 5
U™ =3 "U@G)™, where UGy = > o) (3.39)
Jj=1 1€L(n,p,t)

On the one hand, and letting

. k. /A .
n o 2 n n,jl _n,km n,jm ﬂ,kl n n _ n,]klm
w(p) = > Phim(c] >(% o (G I ¢ SR () ),

j7k7l7m
the cadlag property of ¢ and ¢(p) and k,+/A,, — 6 imply

[t/An]—kn+1

n n ]P m
W(p)i = Ay w(p)f — U(1)} § / 2 im0 (cs) Tp)IF™ ds.
i=1 J k,l,m

On the other hand, Lemma 3.3 yields [v(1)} — Ayw(p)?| < KA, (A1/4 + n(p)!") when
i € L(n,p), whereas |w(p)!'| < K always. Therefore

[t/An]

E(UL)” =W (p)) SKpAnE( > (VAu+n(p) )+m E(#(L(n, p,t)))-

Now, #(L(n,p,t)) is not bigger than (2k, + 1)Nf, implying that A,E(#(L'(n,p,t))) <
K,\/A,. Taking advantage of (3.16), we deduce that the above expectation goes to 0 as
n — 0o, and thus

U 2 Uy (3.40)

Next, v(2)]" is f:ﬁ; -measurable, with vanishing .7-"? ’_conditional expectation, and each

set {i € L(n,p)} is Fy _measurable. It follows that

E(U@5)2) < 2k B( Cicpmpn B(0@)F2 | 7))
< Kk:nAnE(ZieL(n,pJf)IE(IBZ‘I4 | f;%ﬂ)) < Ktg, + K tv/A,,

where we have applied (3.21) for the last inequality. Another application of the same
estimate gives us

E(UGN) < Kt + KAl
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These two results and the property ¢, — 0 as p — 0 clearly imply
lim limsup E(|U(2);""| + |U(3);""|) = 0. (3.41)

=0 pnooco

B) The processes U'™*. We will use here the jump times S7, S5, - -+ of the Poisson process
N?, and will restrict our attention to the set €, , defined before (3.13), whose probability
goes to 1 as n — oo. On this set, L(n,p,t) is the collection of all integers i which are
between [S]/A,] — 2k, + 2 and [S§/A,] + 1, for some g between 1 and Nf. Thus

[S§/An]+1

t
Utm’p:ZH(n,p, q), where H(n,p,q)= Z vi". (3.42)
i=[S5/An]—2kn+1

The behavior of each H(n,p,q) is a pathwise question. We fix ¢ and set S = S and

n = [S/Ay], so S > a,A, because S is not a multiple of A,. For further reference we
consider a case slightly more general than strictly needed here. We have ¢! — cg— when
an —6kn+1 <i<a,+1and ¢ — cg when a, +2 < i < a, + 6k, uniformly in 7 (for each
given outcome w). Hence

(kp —an+1i—2)T A (k, — 1)
kn

Bl — Acg — 0 uniformly in i € {a,, — 6k, +2,--- ,a, + 5k, }.

(3.43)
Thus, the following convergence holds, uniform in i € {a,, — 2k, + 1,--+ ,a, + 1}:

\/15 v = <9(Csf + Eamnti=2 Ncg) — g(cs-)
— 3 Oimgles_ ) (f + Fn=tntiz2 Acgm)) Lo,

which implies

kn—3

H(n,p,q) — A Z < glcs,— Acsq g(cs,— Zalmg (cs,— Ac ) — 0
and by Riemann integration this yields
1
H(n,p,q) — 9/ (g(csq_ +wAcs,) — g(cs,—) —w Zalmg C5,— ) dw.
0

Henceforth, we have

Ut — U =6 Z/ g(cs,— +wAcs,)—g(cs,—)—w Z Oimg(cs,—) ACZZ) dw. (3.44)
lm

C) The processes U"™". Since |37 < K we deduce from (2.7) that [0/ < K+/A,, (|[a?||+
[a|P). (3.20) yields E(|[@?||? | F;"*) < Kqu/4 for all ¢ > 0. Therefore

E(lU/™")) < KAY'EGH(L(n,p,1)) < KA
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by virtue of what precedes (3.40). We then deduce

u/me 0. (3.45)

D) Proof of (3.36). On the one hand, V™® = U(1)™ + U(2)"* + U(3)™* + U™ 4 U"™P;
on the other hand, the dominated convergence theorem (observe that ¢(p); — o7 for all t)

yields that U(1)Y Ny - + A3 and

1
U =563 /0 (9les— +wAcs) = gles) —w Y Dmgles—) Ad™) dw
Im

s<t

as p — 0 (for the latter convergence, note that |g(z +y) — g(x) =, Omg(@)y'™| < K|y||?
when z, y stay in a compact set). Then the property (3.36) follows from (3.40), (3.41), (3.44)
and (3.45).

E) Proof of Theorem 2.2. We are now ready to prove Theorem 2.2. Recall that

ﬁ (V(ging — V(g)) = 3’?:1 V™I, By virtue of (3.29), (3.30), (3.35), (3.36), it is enough

to check that

Atl + A% + A? + AtS = g Zl,m fg 8lmg(csf) dcém o Hg(ct)
1
_2*’41:5)) +0 ngt f() (g(csf + WACS) - g(cs,) —w Zlﬂn almg(csf) Aclsm) dw.

To this aim, we observe that [t6’s formula gives us

gler) = Q(CO)‘F;/O Imyg(cs—) dcim—gAg’—{—Z (g(cs,—FAcs)—g(cs,)—Z Amg(cs—) Aclsm)’

s<t lm

so the desired equality is immediate (use also fol wdw = %), and the proof of Theorem 2.2
is complete.

3.9 Proof of Theorem 2.5.

The proof of Theorem 2.5 follows the same line as in Subsection 3.8, and we begin with an
auxiliary step.

Step 1) Replacing & by @". The summands in the definition (2.17) of A/"® are R(¢}, )
where R(z,y) = >, 1m 8]2k7lmg(x)(yjk — 2I®)(y'™ — ™), and we set

[t/ An]—2kn+1
VA
APt = XSmO R@ ).
i=1
We prove here that
Apd a3 By g (3.46)
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for all ¢, and this is done as in to the step j = 1 in Subsection 3.5. The function R is C'' on
R? with ||/ R(z,y)|| < K(1+ ||z|| + [ly||)P~7 for j = 0,1, by (2.7). Thus

|R(c}, ¢l y,) — R(@M ey, )l < K1+ ([ "‘ﬂ! e ) DPriE = el + 16, — e, 1)
+K[E =P + K&y, — g, 17
Then, exactly as in the case afore-mentioned, we conclude (3.46), and it remains to prove

that, for all ¢, we have

P

1
A —§A§+A§+A;4.

Step 2) From now on we use the same notation as in Subsection 3.8, although they denote
different variables or processes. For any p € (0,1] we have A™3 = U™ + U™P + U"P  as
defined in (3.38), but with

Ap
v@n \/7 R(C + 182 ’ Z+kn + 'B_ZnJrkn)
on = \/_ R(c + @ REP 5?_”%), Vi =t — o,

7 K3

Recalling +7 in (3.19), the decomposition (3.39) holds with

n n,jk nlm ,
v(1)] = \/_ S iikm O . ko 9(c7) E(7; | F°)

n
i
\/An Jk l
0(2)? = Z],l,km 7l kmg(C?)’yi ! Wz'n " —’U(l)?

v(3) =l — v(l) —v(2)7.

Use ¢ — ¢ = g and (2.7) and a Taylor expansion to check that

[0(B)P] < K/ A 712 18711 (1 + 1187 )P
We also have [v(2)?| < Kv/A, |77, hence (3.21) and (3.27) yield

A
E(v(®)7]16%) + (o) 167) < KA (9 + A"+ 22 ),

and thus (3.41) holds here as well, by the same argument. Moreover, (3.27) again yields
(3.40), with now

6? , 1 . ,
= 3 [ Gt (55T 4 (4 ) ds.
7.k, lm
This goes to A} — 1 A? as p — 0.
Another application of (2.7) gives us
0" < K/ Ay (14 971 (1 1+ ([, |+ 1@ )P + @, 7).

Then another application of (3.20), (3.21) and (3.27) yields E(|v)"| | G#) < KAY* and we
conclude (3.45) as previously. We are thus left to prove that

p>0 = U™ U, with,as p— 0, UP - A (3.47)
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Step 3) On the set €2, ; , we have (3.42) and we study H(n, p,q), in the same way as before,
on the set Q¢ ,. We fix ¢ and set S = S; and a,, = [S/A,]. We then apply (3.43) and also
¢’ — cg— or ¢! — cg, according to whether a, — 2k, +1 <1 < a,+1ora,+2 <i < a,+k,,
to obtain v/ — 7" — 0, uniformly in ¢ between a, — 2k, + 1 and a,, + 1, where

0 ifa, — 2k, +1<i<a,—2k,+2
2kn —an—+1 2 ik
- . 8152 \/_ij,l,m ]klmg(CS )ACJS Aclsm
T = ifa, — 2k, +3<i<a,—k,+1

(aZST zg Elm ]k lmg(cS + k‘}ginﬂw Acs> Acfg Acg”
if ap, =k, +2<i<a,+1.

We then deduce, by Riemann integration, that

H(n,p,q) = —= Z/ i 9(¢s,—) + O 9(cs,— + (1 — w)Acg,)) w? Ac]kAc " dw,
jk,l,m

which is 0G'(cg,—, Acs, ), hence the first part of (3.47), with U’ = Hzgl G'(cgp_, Acgp).
The second part of (3.47) follows from the dominated convergence theorem, and the proof
of Theorem 2.5 is complete.

3.10 Proof of Theorem 2.6.

The proof is once more somewhat similar to the proof of Subsection 3.8, although the way
we replace ¢ by ¢/" and further by @l + 5! is different.

A) Preliminaries. The jth summand in (2.24) involves several estimators ¢]', spanning
the time interval ((j —3)knAp, (j+2)k,Ay]. It is thus convenient to replace the sets L(n,p),
L(n, p,t) and L(n, p,t), for p,t > 0, by the following ones:

L'(n,p) ={j =341 N{ o, — N ap.a, =0}
E(n,[), )—{3,,[t/kA]—3}ﬂL’(n,p)
L/(’I’L, P t) = {3’ B [t/knAn] - 3} N (N\L/(’I’L, ,0))

For any p € (0,1] we write V(F)? = V"’ + V"’ where

v = F(C;_3)5,41-950) Ljor_ alivien, @lvas, <llonel}

n,p __ o™ YP — I3iA
Vo ZjEL’(n,p,t) jo Vi szL’(n,p,t) 7

We also set
e = /c\;;;cnﬂ - ’c’(?iz)kmq, 078 = Bli11— /8(nj72)kn+1
w? - Zmsz ”E?j+m)kn+1 - Ey(?+m)kn+1Hv w;n =1+ Hg(?—s)kmtl”)pil (1+ ”5?0”)2'

(3.11) and the last part of (3.20) yield

¢>1 = E(w])?) < K, AR=H0 B < K, (3.48)



Volatility functionals 25

Observe that 5]”5’ is analogous to 7', with a doubled time lag, so it satisfies a version of
(3.27) and, for ¢ > 2, we have

; ney NG
i€ L'(n,p) = E(||67¢]| TG ki )| < Ky(VAL ¢, + AV + 7), (3.49)

B) The processes V™", (2.25) yields
07| < K (14 11 _ay, 1 D772 185 €l Lsmay suy + K167

Thus a (tedious) computation shows that, with the notation

_ (w])®
af = (1+ [e}_syp, 2 D72 1187 Lorarlsuy, 2y, a5 = wf' (w? + (Wi ) + = ),
n

with v > 0 arbitrary, we have [v7| < K(a} + [|67¢[|P + a]') (with K depending on v).
Therefore we have |V;"’| < K(B;"" + C{"* + D}'), where

[t/kndn]

Be= Y @ Y= Y Iger. D= Y apn
j=3

JEL (n,p,t) JEL (n,p,t)

First, (3.48) and Holder’s inequality give us E(a}") < Ky, Ay Haw) oy any ¢ > 1 and v > 0,

where (recalling (2.8) and (2.22) for w and @’) we have set l(g,v) = 1‘% - (p(1 = 2w) Vv

v(l—2w+ @ )) Upon choosing v small enough and ¢ close enough to 1, and in view of
(2.8), we see that l(q,v) > %, thus implying

E(D}) — 0. (3.50)
Next, we deduce from (3.49) that
N
E(C;) <KE(E( > 167217 16°)) < Kt(@, + A" + =),
€L/ (n,p,t) P
and thus, since p > 3,
hn}) limsup E(|C;"*]) = 0. (3.51)
n—oo

The analysis of B;"” is more complicated. We have 5;‘3 =z + z;", where

kn
— _ 1
Zj = Qg1 — 04?]'72)kn+1= j - Tk, Z ot — C?jq)igﬁm)
m:
(recall (3.37) for @), hence

af <40+ 80 gy, DP (HZ}?W Ljpanysu a3 + 127112 1{||z;"||>ufn/4})-
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It easily follows that for all A > 1,

op
By < 16 B 444772 BI? 4 = B, (3:52)
where ll=7 1%
— 2%
B = 2 jer (n,p,t) UM a(l)f = (1+ HA/(] k117 ’ o,
a(2)F = 1271 L sug rays - aB)F = 15 _gpp, 2 [P 12717

On the one hand, (3.20) and Hélder’s inequality yield E(a(1)} | G#) < KA and,
since @’ < %, we deduce
E(B]"Y) — 0. (3.53)
On the other hand, observe that 2" = u(p)}, with the notation (3.28), and as soon as
j € L'(n,p), so Lemma 3.4 gives us

lim limsup E(B""?) = 0. (3.54)
=0 nooo
Finally, (3.14) shows that E([|27"]|7] | .7-"j 2)kle) KqpV/ Ay for all ¢ > 2 and j € L'(n, p),
whereas ¢ Ci—s)knt1 18 F(j_oyp, +1-measurable, so (3.14), (3.20) and successive conditioning

yvield E(a(3)%] | G”) < Ky,pv/Apn. Then, again as for (3.53), one obtains
E(B}"®) < K,t. (3.55)

At this stage, we gather (3.50)—(3.55) and obtain, by letting first n — oo, then p — 0,
then A — oo, that
lim  lim sup E(Vi*l) = o. (3.56)

n—o0

C) The processes V"*. With the previous notation S]P and N/, and on the set Qppit, We
have

N? 2
VP =2 D st ki (3.57)

m=1 j=-2

This is a finite sum (bounded in n for each w). Letting S = S5, for m and p fixed and
Wy, = anAn - [k SA ], we know that for any given j € Z the variable ¢ N T

converge in probablhty to cg_ if j§ < 0 and to cg if j > 0, whereas for y = 0 we have
[S/knAn]an —wpes — (1 —wy)cs 5 0. This in turn implies

~ P
]<00r]>2 = 5[S/kA} c—0

~ ~ P
5[%/knAn]c — (1 — wy)Acg N 0, 5[S/knAn]+1c N Acg, 5[S/kn +2C — wpAcg — 0.
By virtue of the definition of v}, and since u), — 0 and also since w,, is almost surely in
(0,1) and F is continuous and F'(x,0) = 0, one readily deduces that

{ F(es—,Acg) ifj=1

n P
VS/katdal+i 7\ 0 if j £ 1.
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Coming back to (3.57), we deduce that

Ve B V2= N7 Flegp _, Acgp). (3.58)

m=1

In view of (2.25), an application of the dominated convergence theorem gives Vi — V(F);.
Then (2.26) follows from V(F)} = V;"” + V"’ and (3.56) and (3.58), and the proof of
Theorem 2.6 is complete.
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