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Abstract

In this paper, we discuss the dissipativity property of Duhem hysteresis operator. Under mild assumptions on the functions
which define the Duhem operator, an explicit construction of the storage functions satisfying a dissipation inequality is given
based on the data on these functions. The constructed storage function is also related to the underlying anhysteresis function
which is commonly used to describe hysteresis in magnetic material. The results can thus facilitate analysis of systems with

Duhem operator via dissipativity approach.
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1 Introduction

Hysteresis is a nonlinear phenomenon that is commonly
found in a wide range of physical systems, such as,
magnetic material, piezo-electric material and mechan-
ical friction. For studying the influence of hysteresis in
a system, numerous hysteresis models have been pro-
posed, such as the backlash, elastic-plastic, Preisach
and Duhem models [3,15].

In the literature on magnetic materials, the hysteresis
behavior is caused by the friction/pinning of the mag-
netic domain-walls [12,20]. When the influence of the
friction/pinning of magnetic domain-walls is neglected,
the relation between the magnetization and the external
magnetic field defines the anhysteresis behavior. In this
case, Jiles and Atherton [12] propose a hysteresis model
for describing the magnetization that is composed of
an anhysteresis part and another component which is
due to the pinning of magnetic domain-walls. Similarly,
Coleman and Hodgdon [4] propose another hysteresis
model to describe the same phenomenon. These models
are particular classes of Duhem model [15].

* This paper was not presented at any IFAC meeting. Cor-
responding author B. Jayawardhana. Tel. 4+31-50-3637156.
Email addresses: bayujw@ieee.org (Bayu
Jayawardhana), r.ouyang@rug.nl (Ruiyue Ouyang),
vincent.andrieu@gmail.com (Vincent Andrieu).

Preprint submitted to Automatica

Hysteresis phenomenon that is due to the friction, ei-
ther between the magnetic domain-walls or between
mechanical surfaces, dissipates energy by heat. This is
related to the concept of dissipativity in the systems
theory literature [19,21], where the energy transfer can
be described by constructing a storage function sat-
isfying a certain dissipation inequality. Based on this
concept, various stability analysis and controller de-
signs for dissipative systems have been proposed, see,
for example, [10,17,19].

Consequently, the dissipative characterization of hys-
teresis operators can be useful for analyzing the stability
of hysteretic systems and for designing a stabilizing con-
troller. In Gorbet et al.[5], it is shown that for a Preisach
hysteresis operator ® with a non-negative weighting
function, a positive semi-definite function H : RZ — R
can be constructed such that for every continuous input
signal wu,
HDeO) < G(tyu(t),  VE=0,

where the signal y := ®(u,yo) and yo := y(0) is the
initial condition of the Preisach operator. This dissipa-
tivity property has been employed in [5] to show the
stability of electro-mechanical systems with a hysteretic
piezo-actuator. By exploiting the dissipativity property,
the controller can be designed without having to deter-
mine an inverse model of the hysteresis which is difficult
to construct but has been used to counteract the hys-
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teresis behavior (see, for example, [7]). For relay and
backlash operators, the corresponding storage function
has been proposed in Brokate and Sprekels [3].

However, the existence of such a function H for the
Duhem model is not well-known despite the applica-
bility of Duhem model for describing hysteresis phe-
nomena in magnetic materials, such as, the magnetic
electron lenses [2]. A preliminary result for a small class
of Duhem model has been presented in Jayawardhana
and Andrieu [11]. In this paper, we extend the result in
[11] by admitting a larger class of Duhem model that
admits anhysteresis function (the precise definition of
anhysteresis function is given in Section 3).

2 Preliminaries

For an open set U € R", we denote C'(U) the space
of continuously differentiable functions f : U — R and
AC(U) the space of absolutely continuous functions
f U — R. For any real valued function z,we denote
2(t) := %z(t) when it makes sense.

Using the same description as in [15,16,22], the Duhem
operator ® : AC(R;) x R — AC(Ry), (u,y0) —
®(u,yo) =: y is described by

y(t) = fr(y(t), u(®))ig (8) + f2(y (@), u(t))u—(t) , (1)

where y(0) = yo, u4(t) = max{0,4(t)}, a_(t) =
min{0,u(t)} and fi, f2 € C1(R?).

The existence of solutions to (1) has been reviewed in
[15]. In particular, if for every v € R, f; and fo satisfy

(m = 2)f1(71,0) = fi(y2,0)] < A (v)(11 —72)?,

(11 = 2)[f2(01,0) = f2(72,0)] = = A2 (v) (71 — 22)?,

for all v1, v2 € R, where A\; and Ao are nonneg-
ative, then the solution to (1) exist and ® maps
The Duhem operator in (1) encapsulates many different
models which have been proposed in literature, such as,
the Bouc-Wen model [8], the LuGre friction model [23],
the Coleman-Hodgdon model [2,4], the Dahl model and
the Jiles-Atherton model [12].

Definition 2.1 The Duhem operator as in (1) is said to
be dissipative with respect to the supply rate yu if there
exists a non-negative function H : R? — R, such that
for everyu € AC(Ry) and yo € R

WMD) < goyucry ©)

holds for almost allt € Ry with y := ®(u,yo).

By integrating the dissipation inequality (2) from
0 to T, we have H(y(T),u(T)) — H(y(0),u(0))

<
[ g(r)u(r)dr. Since H > 0, [ g(r)u(r)dr >

—H(y(0),(0)) holds for all T > 0. By relating it to the
work by Angeli [1], this inequality implies that such a
Duhem operator satisfying (2) has a counter-clockwise
input-output dynamics which, for linear systems, is
equivalent to the negative-imaginary linear systems as
discussed in [14]. We remark that the inequality (2) in
the Definition 2.1 has also been used in the study of dis-
sipativity for Preisach model [5] and semi-linear Duhem
model [18]. This dissipation inequality belongs also to
the family of generalized dissipation inequality as de-
scribed in [21]. In this paper, the dissipation inequality
of the Duhem operator is studied based on the solutions
(y,u) of the underlying differential equation (1).

3 Main results

In this section, we show that under mild assumptions on
f1 and f5, we can obtain explicitly a family of storage
functions H which satisfies (2). It is constructed based
only on the knowledge of f; and fo.

Before we can state our main results in Theorem 3.3
and 3.4 given respectively in subsections 3.4 and 3.5,
we need to introduce three functions in the following
subsections: an anhysteresis function f,,, a traversing
function wg (or ve) and an intersecting function 2 (or
T). These functions are defined based on f; and fs, and
they play important roles in the construction of the stor-
age function and in the characterization of dissipativity.
Generally speaking, the anhysteresis function f,, de-
fines the curve where f; = f2, the traversing function
wg describes the trajectory of ® when a monotone in-
creasing u or a monotone decreasing u is applied from a
given initial condition, and the intersecting function 2
defines the intersection of f,, and ws from a given ini-
tial condition. The dual interpretation is applicable to
the traversing function vg and its corresponding inter-
secting function Y.

3.1 The anhysteresis function

In order to define the anhysteresis function, we rewrite
f1 and f5 as follows

fl(’)/a U) = F(Py’ U) + G(Py’ U)v

Y(v,v) € R?. (3)
fQ('YaU) = _F(’%’U)_'_G('%UL } (

where F' := fl;—fQ, G = # We assume that the
implicit function v — {v € R, F(y,v) = 0} admits a
unique explicit solution 7 = fon(v) (or v = gan(7))
where fun, (0T gan) is C*. Such function fu, (or gan) is
called an anhysteresis function and the corresponding

graph {(v, fan(v))lv € R} (or {(gan(7),7|7 € R}) is
called an anhysteresis curve. Using f,,, it can be checked

that f1(fan(v),v) = fa(fan(v),v) holds for all v € R.
The dissipativity property for Duhem model with g4, =
0 has been presented in our preliminary work in [11].



3.2 The traversing function

For every pair (yo,uo) € RZ? let we1(:,Y0,uo0)
[to,00) — R be the solution z of

z(v) —yo = f:o f1(z(0),0) do, for all v € [ug,00) and
let wae 2(+, Yo, uo) : (—00,up] — R be the solution z of
z(v) —yo = f;jo f2(z(0),0) do, for all v € (—o0,ug).
Using the above definitions, for every pair (yo,uo) € R?,
the function we (-, yo,uo) : R — R is defined by the
concatenation of we 2 (-, Yo, uo) and we,1 (-, Yo, Uo):

wa 2(V, Yo, uo) Yv € (—00,up)

wa (v, Yo, ug) = { (4)

wa,1(v, Yo, uo) Y € [ug, 00).

Similarly, we can introduce the function rg which is
dual to construction of we. For every pair (yo,ug) € R2,
let vs,1(-,y0,u0) : [uo,00) — R be the solution z of
z(v) —yo = f:o f2(z(0),0) do, for all v € [ug,00) and
let va 2(-, Yo, u0) : (—o0,ug] — R be the solution z of
z(v) —yo = [, f1(2(0),0) do, for all v € (=00, ug]. Us-
ing the above definitions, for every pair (yo,ug) € R?,
the function ve (-, yo, up) : R — R is defined by the con-
catenation of ve o(+, Yo, uo) and ve. 1 (-, Yo, Uo):

vs,2(v, Yo, ug) Yu € (—00,up) (5)

Vfb,l(v7y07u0) Yo € [anOO)'

V@(U,yoauo) = {

3.8 Intersecting function

As indicated before, the function €2 defines the inter-
section between wg(-,7,v) and fu,(-). More precisely,
the function © : R? — R is an intersecting function
(corresponding to we and fu,) if we(Q(y,v),v,v) =
fan(Q(7,v)) for all (y,v) € R?% and Q(v,v) > v when-
ever v > fan(v) and Q(v,v) < v otherwise. This implies
that the two functions we (-, 7, v) and fa, () intersect at
a unique point larger or smaller than ug depending on
the sign of v — fgn(v). In our main result, we also need

that % exists for every solutions (y,u) of (1).

The following lemma gives sufficient conditions on f;
and f5 for the existence of such an intersecting function
Q.

Lemma 3.1 [9, Lemma 3.1] Assume that f1 and f in
(3) be such that f1, fo and fa,, are C*. Moreover, assume
that fan 1s strictly increasing and there exists a positive
real number € such that for all (v,v) € R?

fily,v) < dfadir;(v) — ¢ whenever vy > fqn(v) and (6)
By < YO _ o pencver v < fun(v) ()

dv

hold. Then there exists an intersecting function Q) €
CH(R?) (corresponding to we and fan) such that for all
u € AC(RJr)’ Yo € R andy := (I)(uayO); %Q(y(t)au(t))
exists for almost all t.

For the proof of Lemma 3.1, we refer to [9, Lemma 3.1].

Similarly, we can define an intersecting function Y de-
scribing the intersection between vg (-, v, v) and fan(-).
The function YT : R? — R is an intersecting function
(corresponding to vg and fg,) if ve(T(y,v),v,v) =
Jan(Y(v,v)) for all (y,v) € R?% and Y(v,v) > v when-
ever 7 > fon(v) and Y(v,v) < v otherwise. We also re-

quire that $X@H0M) oviges for every solutions (y,u) of
(1). The following lemma gives sufficient conditions on
f1 and f5 for the existence of such an intersecting func-
tion Y.

Lemma 3.2 Assume that f1 and f2 in (3) be such that
fi, fo and fan are C*. Moreover, assume that fa, s
strictly increasing and there exists a positive real number
€ such that for all (y,v) € R?

faly,v) < dfziz(v) — € whenever v > fun(v) and (8)
fily,v) < dfadir;(v) — ¢ whenever v < fon(v) 9)

hold. Then there exists an intersecting function T €
CY(R?) (corresponding to ve and fun) such that for all

u € AC(RJr); Yo € Randy := q)(uvyO); %T(y(t)vu(t))
exists for almost all t.

3.4 Storage function using wg

Under the hypotheses in Lemma 3.1, we can define a
candidate storage function H; : R? — R by

Q(v,v) Q(v,v)
W¢(077av)da_/ fan(o)do,
0

(10)
where Q is the intersecting function (corresponding to
wWe and fan)'

H1(7,0) = ot

v

Theorem 3.3 Consider the Duhem hysteresis operator
® defined in (1)-(3) with C* functions F,G : R? — R
and the corresponding anhysteresis function fq, be CL.
Suppose that there exists an intersecting function Q) and
the following condition holds for all (v,v) € R?

(A) F(y,v) > 0 whenever v < fun(v), and F(y,v) <0
otherwise.

Then for every u € AC(RL) and for every yo € R, the
function t — Hy((y(t), u(t)) withy := ®(u,yo)) and Hy
as in (10) is differentiable and satisfies (2). Moreover, if
f1 >0 and fo > 0 then ® is dissipative with respect to



the supply rate yu with the storage function Hy, i.e., Hy
18 non-negative.

The proof can be found in the Appendix A.

3.5 Storage function using ve

Dual to the results from the previous subsection, under
the hypotheses of Lemma 3.2 we can also define a storage
function based on vg. The candidate storage function
H, : R? = R is given by

Y(v,v) Y(v,v)
f&wﬂozqw+/ Mﬂm%vwv—/ fan(0)do,
v 0

(11)
where T is the intersecting function (corresponding to
ve and fon)-

Theorem 3.4 Consider the Duhem hysteresis operator
® defined in (1)-(3) with C* functions F,G : R? — R
and the corresponding anhysteresis function fu, be C*.
Suppose that there exists an intersecting function Y and
Assumption (A) in Theorem 3.3 hold. Then for every
u € AC(Ry) and for every yo € R, the function t —
Hs((y(t),u(t)) withy := ®(u,y0)) and Hy as in (11) is
differentiable and satisfies (2). Moreover, if f1 > 0 and
f2 > 0 then ® is dissipative with respect to the supply rate
yu with the storage function Hs, i.e., Hy is non-negative.

The proof is similar to the proof of Theorem 3.3.

Remark 3.5 If f1 and f2 satisfy the assumptions in both
Theorem 3.3 and Theorem 3.4, the convexr combination
of Hy and Hy is also a storage function which satisfies
(2). Moreover, if additionally, it is assumed that fi and
fo are positive then the convex combination of Hi and
Hs is also a non-negative storage function. A

4 Stability analysis

The functions H; and Hy which are used in Theorem 3.3
and 3.4, respectively, are non-negative if both f; and fs
are positive-definite. Moreover, from the definition of Hy
in (10), the null-set of Hy, i.e., {(y,v) € R?| Hi(y,v) =
0} is given by R x {0}. This set is also the same as that of
Hj in (11). Consider now an interconnected system with
Duhem hysteresis operator ® satisfying the hypotheses
of Theorem 3.3 with positive-definite f; and f3 as follows

&= flz,y), u=hlzy), y=2(uy) (12)
where f,h are smooth functions with f(0,0) = 0,

h(0,0) = 0 and x € R™ is the state of the first subsystem.

Proposition 4.1 Assume that f1 and fo satisfy

1—ﬁ@m@%&ﬁ>e,

1—h@m€%¢w26

(13)
for all (£,7) € R™™ where v = h(&,7) and € > 0.
Suppose that there exists a radially unbounded function
W Rt 5 R, for the first subsystem such that

IW (£,7) W (£,7)

e+ =5

ag w < _a(gar}/) - h(fv')/)w

for all £ € R™ and for all v, w € R, where « is a positive
semi-definite function. Then the solutions of the closed
loop system (x(t),y(t)) converges to the set {(£,7y) €
R™ [ a(€,7) = 0}.

Proof:Let V(x,y) = W(x,y)+H;i(y, u) be the Lyapunov
function for (12) where

oW (z,y)

o 3W(x,y)y+ dHl((I)(uaZO)au)

dy dt
< —a(:c,y) - h(xvy)y + (I)(ya ZO)U’ = —a(m, y)

V= flz,y) +

Since V is lower-bounded, the solutions (z(t),y(t)) are
bounded for all ¢ > 0. With (12), it yields that the time
function z(t) is uniformly continuous. Moreover, for all
t such that u(t) > 0, we have

§ = Fily,u) | 3@y ,y) + L, y)i) -

Hence,

i 1= Al 0@ y)] = A0 L@y ).
Also, when u(t) <0, it yields

i1 £ W@y = L4058 @) fay).

Using (13) and using the fact that (z,y) is bounded, we
obtain that y is a uniformly continuous function. Con-
sequently, using the Barbalat’s lemma, the solutions of
the closed loop system (z(t),y(t)) converges to the set

{(&,7) e R*"* ! a(g,~) = 0}. O

5 Conclusions

In this paper, a class of Duhem model which is dissipa-
tive with respect to the supply rate yu has been iden-
tified and the corresponding family of storage functions
has been presented. The class includes models that are
widely-used to describe magnetic material, such as, the
Jiles-Atherton and Coleman-Hodgdon models. There-
fore the analysis that is presented in this paper is relevant
to the stability analysis and control design for systems
that use electromagnetic-based actuators, e.g., voice-coil
actuators. A possible control design methodology that



can exploit this dissipativity property is based on the in-
terconnection of counterclockwise systems as discussed
in [1] and [14].

A  Proof of Theorem 3.3

It can be checked that the hypothesis (A) on F im-
plies that fi(v,v) > fa(y,v) whenever v < f,,(v), and
fi(v,v) < fa(ry,v) otherwise.

Let u € AC(R4),y0 € R and denote u* := Q(y,u).
First, we would prove that for almost all ¢ € Ry,
H, ((®(u,40))(t), u(t)) exists. Using (10) and with Leib-
niz derivative rule and denoting y := (®(u, yo)), we have

w = §(t)u(t)

+[w¢aﬁ@xyuxu@»—annaﬁ@» i (1)

u (1)
e[ Sttt o

where we use the relation we (u(t), y(t), u(t)) = y(t).

Let ¢ > 0. The first term in the RHS of (A.1) exists
for almost all ¢ > 0 since y(t) satisfies (1). Note that
since we (u*(t), y(t), u(t)) = fan(u*(t)), the second term
of (A.1) is zero since 4*(t) exists by the definition of (.
In order to get the dissipativity with the supply rate (2),
it remains to check whether the last term of (A.1) exists,
is finite and satisfies

u”(t)
[ Seswaamio<o. (a2)

It suffices to show that, for every v € [u(t),u*(t)], the
following Dini’s derivative :
1
lim =lwe (v, y(t+€), u(t+e)) —wa (v, y(t),u(t))] (A-3)

e\O0t+ €

exists and the limit is less or equal to zero when u*(t) >
u(t) and the limit is greater or equal to zero elsewhere.

For any € > 0, let us introduce the continuous function
we : R = R by we(v) = wa(v,y(t + €),u(t + €)). More
precisely, for every € > 0, w, is the unique solution of

yu+a+/mwﬁwxm

y(t+6)+/v

u(t+e)

we(v) =
f2 (We(a)a

(A.4)

Note that wo(v) = u(t)) for all v € R and

we(u(t +¢€))

wa (v, y(t),

=y(t+e) Ve e Ry. (A.5)

o)do Yo > u(t + ¢),

o)do Yu < u(t + ¢€).

In order to show the existence of (A.3) and the validity
of (A.2), we consider several cases depending on the
sign of 4(t) and y(t) — fan(u(t)).

First, we assume that u(t) > 0 that is not of mea-
sure zero. This implies that there exists a suffi-
ciently small 6 > 0 such that for every ¢ € (0,4],
we have u(t + €) > wu(t) and wo(u(t + ¢)) =

y(t) + [17 fi(wol0), o) do
change of 1ntegrat10n Varlable o = u(r) we obtain

wo(u(t + €)) = y(t) + [} filwo(u(r)), ul(r)) @(7) dr,
for all € € [0 J].
The functions € — wo(u(t + €)) and € — y(t + ¢)
with ¢ € (0,4] are two AC functions which are so-
lutions of the same locally Lipschitz ODE and with
the same initial value. By uniqueness of solution, we
get wo(u(t + €)) = y(t + €). This fact together with
(A.5) shows that we(u(t + €)) = wo(u(t + €)) for all
e € [0,4]. Let us evaluate (A.3) when y(t) > fon(u(t)).
In this case, we have u(t) < u*(t) from the prop-
erty of Q. Also, since for every ¢ € (0,0] the two
functions w(v) and wp(v) satisfy the same ODE for
v € [u(t + ¢€),u*(t)], we have w.(v) = wo(v) for all
€ [u(t+e€),u*(t)] and for all € € [0, §]. This implies that
lime o+ 2 [we(v) — wo(v)] = 0, for all v € [u(t), u*(t)].
Therefore, the inequality (A.2) holds for almost all
u(t) >0 and y(t) = fan(u(t)).
Now, we check (A.2) when y(t) < fon(u(t)) and a(t) > 0
that is not of measure zero. Note that by the definition
of Q, u*(t) < wu(t) which implies that the integrand
in (A.2) is evaluated for all v € (u*(t),u(t)). Also,
since u(t) > 0, there exists § > 0 such that we have
v < u(t) < u(r) and u(r) > 0 for all 7 € (t,t+7). It
follows from (A.4) and assumption (A) that for every
€ (0,9),

M = fa(we(u(r)), u(r)) a(r)
< fi(we(u(r)),u(r)) @(r) VT e [t,t+ €,

and the function y satisfies dz(T) = fi(y(7),u(r)) u(r)for
all 7 € [t,t + €]. Since we(u(t +¢€)) = y(t + ¢) and
using the comparison principle (in reverse direction),
we get that for every e € [0,9), we(u(r)) > y(r) for all
T € [t,t+€]. Since the two functions w.(v) and wg(v) for
v € [u*(f),u(t)] are two solutions of the same ODE, it

follows that we(v) > wp(v) and we get that if it exists:

Moreover, with the

El\i‘r(r)l+ %[we(v) —wo(v)] >0 Yu € [u*(t),u(t). (A.6)

In the following, to show the existence of the limit given
n (A.6), we compute a bound on the function ¢ —
Llwe(v) — wo(v)]. Note that for every € € [0, 4],

u(t+e)

w&»—mwMSW@+o—mm+/‘ Fawe(0),0

(t)
u(t)
+/ falwe(0),0) — folwo(o), 0)ldo,



for allv € [u*(t), u(t)]. By the locally Lipschitz property
of fo, by the boundedness of f3 and by the boundedness
of we on [v, u(t)] for all € € [0, ], we obtain

fwe(v) ~wo(0)] < ly(t + )~ y(0)

+ [ L welo) = wolo)| do + afut +¢) — u(t)]
where « is a bound of fy on a compact set and L is
the Lipschitz constant of fa on [Wmin , Wmax ] X [V, u(t)]
with wpin = min(e,a)e[o,é]x[v,u(t)] we(o) and wimax =
MaX (¢, 0)€[0,5] x [v,u(t)] We (). With the Gronwall’s lemma
[13], this implies that for every e € [0,d] , |wc(v) —

wo(v)| < exp((u(t) —v)L) [Iy(t+6)—y(t)|+QIU(t+6)—

u(t)

o (0)] < exp((u(t) =)L) | (t), u() |+ i(0) for al
€ [u*(t ) u(t)]. Consequently the limit given in (A.6)

ex1sts. It implies that the inequality (A.2) holds for al-

most all 4(¢) > 0 and y(t) < fon(u(t)).

We can use similar arguments to prove that (A.2) is sat-

isfied for almost all u(t) < 0.

Finally, when i(t) = 0, we simply get lim o+ % |we(v) —

wo(v)] = 0, by the continuity of the above bound.

To prove the last claim, we need to show that H; is non-

negative.

)
} for all v € [u*(£), u(t)]. Hence lime o+ Llwe(v) —
)

It is assumed in the hypotheses that f; is positive. If
u(t) > 0 and y(t) > fan(u(t)), we have that fu,(v) <
y(t) forallv € [0, u(t)] and fon(v) < wa(v,y(t), u(t)) for
allv e [ (t) Q(y(t) u(t ))} by the definiton of Q. Hence

H(y(0)u(t) = f; y(t) = fan(v) d
+Lm mde%ﬂw@D—hdwdvzﬂ

On the other hand, if u(t) < 0 and y(t) > fan(u(t))

we have that y(t) § wa (v, y(t),u(t)) for all v € [u(t),0

(due to the positivity of f1). Also, by the definition of Q,

Qy(t). u(t)) > 0 implies that fo (1) < w (v, y(2), u(t)

for all v € [0,Q(y(¢),u(t))]. Similarly, Q(y(¢),u(t)) <
S

0 implies that fe,(v) > we(v,y(t),u(t)) for all v
(), u(), 0]. Hence

Hﬂ(ﬂw@ﬂ=—f%w@) o (v, y(t), u(t)) dv

+ OO G 0, y(8),ult)) = fan(v) dv = 0.

For the case y(t) < fan(u(t)), the non-negativity of H;
can be checked using the same routine and using the
positivity of fs.

i
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