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Towards a proof of Pillai and Fermat-Catalan conjectures
Jamel Ghanouchi
Ecole Supérieure des Sciences et Techniques de Tunis
jamel.ghanouchi@topnet.tn

Abstract

(MSC=11D04) We begin with Fermat-Catalan equation Z¢ = X% +Y? > 2Y"* and
see if it has solutions for ¢ + 1 = 2p or ¢ + 2 = 2p or ¢ = 2p.

(Keywords : Diophantine equations, Fermat-Catalan equation ; Approach)
An attempt of resolution of Fermat-Catalan and Pillai equations
Let Fermat-Catalan equation
YP =X+ 2% >22°

The truth is Fermat-Catalan consists in three equations : the one higher and Y? =
Z%—X%and YP = X9— 7% we will treat only the first as the others have the same
solutions by the same reasoning. Then let Z¢ = 1,1,. And Pillai one

YP=X94a=X74+1,1,

Thus
YP=X94+1,1,
We suppose firstly that
XP -1 o — XP
c= —2 >0, d=-"——<0
Y2 Y2
Hence
P 6(1
Y2 =
c+c
P 64C 7.+ 1,
XP=cY? 41, = —2 _ fa€T JaC
¢ tla c+c @ c+c
And

3641q — 1ala(c+c)?

X1=YP —1,1, =
a-a (C+C/)2

As XP > T,thenc < Oandec > ¢ but Y > 3then0 < ¢+ ¢ < 2, Two cases
A>let0< <1



¢ >1 Wehave

3641q — 1a1a(c+ )2 — (Tac+ 14¢)?

X7 - X% =

(c+)?
3641 — 3641,¢2 “0
(c+)?
Or
qg+1<2p
But

dY:=7,—XP < -Y?
Then ¢ < —1. But, let u, v verifying

Tuc + vc

c+c

Or
(Tu —4)c=(4—v)d >0

(The reasoning is the same if it is negative). As ¢ > 0 and ¢’ < 0it means Tu—4 > 0
and 4 — v < 0. Then

(T — 4)(XP — 1) = (4 — v)(Tq — XP)

Or
(Tu —v)XP =24, + To(u — v)
Hence
P To(u —v) + 24,
Tu—v
But
ctd— 4—v ol — 7u—vc,
C Tu—4 C Tu—4
Then
vE_ 6, 6o (Tu —4)
Cc+cd (Tu—w)d
And

XP (Tq(u—v) +24,)c  (T(u—v) +24)¢

vE 6l(tu—4)  6(Tu—4)

But as X? > 28, (else X, p can be calculated and Pillai equation has a finite num-
ber of solutions!) Thus

(9 +7c)YE =9(T, — XP) + T(XP — 1) = 56, — 2XP < 0= 9¢' + Tc < 0
And
(4 —v)(9¢ + 7c) > 0

Thus
9(Tu —4)c =9(4 —v)d > T(v —4)c



It means
7(Tu —4) > Tv — 14u — 20 > 7(4 —v)c’ + 2(4 — Tu)
Butif XP < X% +7 < X% then X! < X2 < X9+2 else
XX —49) > X9 > 49,1, = (XP —7,)% — 49,1, > X971 — 49,1, > 49X

= (XP —7,)? > 49(X7 + 1,1,) = 49YP = XP — 7, > 7Y%

And
Xp_7a>7yg>Y§(7(U—4)+2(4—7u))
Tu—4
p,7(4—v)d +2(4 —Tu)
YP
>V Tu—4 )
Then - v
T+ XP42VE > (Y
7o+ XP4+2Y2 > ( — )Yz
Or ,
—Ta+ XP4+2Y%
6¢
2 1 P 7(4—1)) P
= (= —= 1y
6o =67 “6ru=n’
Or 2 1 7(4 —v)d
2 s e ve
(67 =8¢ >S9
And
d T4 —v)d
__{_7
6 6(Tu—4)
_(w—v)+24)d _X? 2
6(Tu—4)  y5 6
Thus
X< X2 < VP = X4 1,1, < X!

It is impossible! Thus ¢+ 1 =2porq+2 = 2p

0<c?<1
2X9 — X2p — 72(11(1 - 2a1a(C + C/)2 - (7(10 + 1ac’)2
(c+c)?

64 — 49¢2

— >0
(c+)?

> 1,1,
Or
X7 > x?—1

Or
q+1>2p



We have
YS=7,—XP>_-Y5

Thus ¢ > —1. But, let u, v verifying

Tuc + vc

c+c

Or
(Tu —4)c = (4 —v)d >0

Asc > 0and ¢ < Oitmeans 7u —4 > 0and 4 — v < 0. Then 7u — 4 > 0 and
4 —v<0and
(Tu —4)(XP —1,) = (4 —v)(T4, — XP)

Or
(Tu —v)XP =24, + To(u —v)
Hence
P 1a7(u—v) +24
Tu—v
But
c+d = 4;vc’—i-c’ _Tuzvy
Tu —4 Tu —4
Then
vi_ 6a _6u(Tu-4)
c+cd  (Tu—v)d
And
X (T(u—v) +24)c
vs  6(Tu—4)
But
(3¢ +7c)Y2 =3(Ts — XP) + 7(XP —1,) =4XP + 14, > 0= 3¢ + 7c > 0
And
(4 —v)(3c +7c) <0
Or
3(Tu — 4)c = 3(4 —v)d < T(v —4)c
It means
Tu—4<7v—14u —20 < 7(4 — v)d 4+ 2(4 — Tu)
But
X4 1,1a=YP > X% 41,1, > (XP — 7,)*
Thus T(v — 4) + 2(4 — Tu)
pop T(v—4)+2(4—Tu
Xp— g YP Yp v
Ta <Y2 <Y Tu—4 )
p,7(4—v)d +2(4 —Tu)
YP
<V Tu—4 )
Then T4 — v
Ty + XP 42V < (20 Yh
7o+ XP + 2<(7u_4) 2

4



7.4+ XP+2Y5 2 1.

oo oo o
7(4 - ’U) P
6(7u —4)
or 2 1 7(4 —v)d
L 2T Y)e
G =6 < S(ru—1
And
d T4 —v)d
— + - 7
6 " 6(Tu—4)
(T(u—v)+24)d XP 2
— =— > =
6(7u —4) vys 6
Thus

3X#HL > 36 X% > 4P > 3X1¢
It means that finally ¢ = 2p or ¢ + 1 = 2p or ¢ + 2 = 2p. We suppose now that

XP -1 o — XP
C= ———5— a<0, C/:—a D >0
Y2 Y2
Hence 6
Yi=_—2 >3
c+c
Thus
0<c+cd <2,
And o . |
Xp:cY%—Fla: aC +1a:M
c+dc c+dc
And

3641q — 1ala(c+)?

Xq:Yp_lala: (C+C/)2

AsXp<1a<7athenc<0andc’>—c>cbuth >3then0 < c+cd <2, Two
casesc? >1let0< ?<1

¢? >1 Wehave

AYP = (XP —1,)2 > (XP =72 =?YP > VP = XU+ 1,1, > (X2 — 1,)?

Or

qg+1<2p
Butif 7, < X? + Y% then T, < 3XP < 21, and X, p can be calculated and Pillai
equation has a finite number of solutions, else

Y =7,—XP>Y5



Then —¢’ < —1. But, let u, v verifying

Tuc + vc

c+c

Or
(Tu —4)c = (4 —v)d >0

Asc< 0and ¢ > 0itmeans Tu — 4 < 0and 4 — v > 0. Then

(Tu — 4)(XP — 1,) = (4 — v)(Tq — XP)

Or
(Tu —v)XP =24, + To(u —v)
Hence
P — To(u—v) + 24,
Tu—v
But
c+dcd = i-v d+d = Mc’
S Tu—4 C Tu—4
Then
vi_ 6,  64(Tu—4)
c+cd  (Tu—v)d
And
XP (Ta(u—v) +244)c  (T(u—v) +24)c
vE  6u(Tu—4) T 6(Tu—4)
But

(9 + 7)Y % =9(T, — XP) + T(XP — 1,) =56, — 2XP > 0= 9¢ + Tc > 0

And
(4 —v)(9¢ +Tc) >0
Thus
9(Tu —4)c =9(4 —v)d > T(v —4)c
It means

7(Tu —4) > Tv — 14u — 20 > 7(4 —v)c' + 2(4 — Tu)
Butif X? < X3 +7< X5 then X7+! < X% < X+2 else
XX —49) > X9 > 49,1, = (XP — 7,)% — 49,1, > X9 — 49,1, > 49X

= (XP —7,)? > 49(X7 + 1,1,) = 49YP = XP — 7, > 7Y%

And 7 4)+2(4 -7
XP—7, > 7vE s iz F2E - T,
Tu —4
p,7(4—v)d +2(4 — Tu)
Yp

>3 Tu—4 )

Then T4 — v
— P £ —YC\yE
Tot XV 2vh > ()Y
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7.4+ XP 1 2Y5

6c
L2 Ly 10
6¢ 6 6(Tu — 4)
Or 2 1 7(4 )
I VAR
G =6~ Sru—1
And
d N (4 —v)d
6 " 6(Tu—4)
_ / p
~ (T(u—v) +24)c :X_p<g<1
6(7Tu —4) vys 6
Thus

X < X% < YP = X9+ 1,1, < X!

It is impossible! Thus ¢+ 1 =2porq+2 = 2p

0<c?<1
(XP =72 <YP = X9+ 1,1,
Or
X7 > x%-1
Or
qg+1>2p
We have

Y:=7,—XP>-Y*
Thus ¢ > —1. But, let u, v verifying

Tuc + vc

c+c

Or
(Tu —4)c=(4—v)d >0

Asc<(Qand d > 0Qitmeans Tu —4 < 0and 4 — v > 0. And

(Tu — 4)(XP — 1) = (4 — v)(Tq — XP)

Or
(Tu —v)XP =24, + To(u — v)
Hence
P 1a7(u—v) +24
Tu—v
But
;4 -v , , Tu—v,

S vy L



Then
e 6, 6o (Tu —4)

yvh — -
c+cd  (Tu—v)d
And
XP o (T(u—wv) +24)¢
ys  6(Tu—4)
But
(3 +7c)Y2 =3(Ty — XP) + 7(XP —1,) =4XP + 14, > 0= 3¢ + 7c > 0
And
(4 —v)(3c +7c) >0
Or

3(Tu —4)c = 3(4 —v)d > T(v—4)c
It means 3(7u — 4) < 7(v — 4) and

Tu—4<7v—14u—20 < 7(4 — v)d 4+ 2(4 — Tu)

But
X411, =YP > X 4+ 1,1, > (XP —7,)?
Thus 7(v — 4) + 2(4 — Tu)
pp Tlv—4)+2(4 - Tu
Xr 1, Yp Yp v
Ta <Y2 <Y Tu—4 )
p,7(4—v)d +2(4 — Tu)
YP
<V Tu —4 )
Then 4 )
Ty + XP 42V < (0 yE
Tat A < Tu —4 )Y
Or ,
_ P £
7o+ XP+2Y2 _ (i_ E)Yg
6¢/ 6¢ 6
7(4 - 1)) P
6(7Tu —4)
O 2 1., T(d—uv)d
Ly BT ve
(60 =6 < 6u—1)
And
d N (4 —v)d
6 " 6(Tu—4)
~ (Tu—v)+24)  XP S 2
6(Tu—4)  y5 6
Thus

3XPHL 5 36X%P > 4YP > 3X1
It means that finally ¢ = 2p or ¢ + 1 = 2p or ¢ + 2 = 2p. We suppose finally

Tq — XP
—2 >0, ="
Y2 Y

CXP -1,

C =

>0

[SIiS)



Hence

And
36414 — 1ala(c+)?

(c+)?
As 1, < X? < 7, then X,p can be calculated and Pillai equation has a finite
number of solutions!

X1=YP — 1,1, =

main result and relation with Fermat and Catalan equations It means
that finally ¢ = 2p or ¢ + 1 = 2p or ¢ + 2 = 2p. We see that for Catalan equation
(as ¢ and 2p do not have the same parity) ¢ + 1 = 2p (for this equation, we have
¢ > 0and ¢ < 0) and for Fermat equation there are only two solutions ¢ + 2 =
2p=2n=n+2=4o0rq+1=2p=n+1=2n= 2. We will prove now that there
is only one value of p for the solution, it is p = 2. If the exponent of X is even, we
must do as it follows

YP = X2y X 41,1—X = (X+1)X (X202 X2~ 203 L X4 41,10—X = uX (X+1)+1,1,—X
We have also

YP = X272 X 4 1,1,4X = (X-1)X (X202 X203 L X4 1) 41010+ X = 0X (X —1)+11,+X
Else if the exponent of X is odd and it will be the case that we will treat :

YP = X2 14 1,1,—1 = (XH+1)(XP 2 X231 X 4+1) 41,101 = w(X+1)+1,1,—1

We have also

YP = X2 141,141 = (X—1)(XP 24 X234 4 X41)+1,10+1 = 0(X —1)+11,+1

Hence in all cases

2=u(X+1)—v(X-1)=X+1—-(X-1)

And
2Yp—2a1aZUX(X+1)+UX(X—1)
Thus
(u—1DX+1)=@w-1)(X-1)

Thus 5

X — u+v-—

V—u
And ,
VP — 2,1, = (u+v)X +u—v= (U—I—U)(U—i-v— )—|—u—v

v—u
w4+ v+ 2uv —2u— 20 —u? —v? + 2w 2u(v— 1)+ 2v(u — 1)

v—u v—u




Hence
v—1)+v(u—1)4+114(v — u)

v—Uu

yr = 4

= X*1 41,1,
If we suppose p even
YP—Y =0Y(Y -1)=X*14+1,1,-Y

YP4+Y =dY(Y +1)=XP 1 41,1, +Y
2V = Y(Y +1) =YY -1) =YY +1)-Y(Y - 1)

And
2X2P 1 12,1, =dY(Y +1)+20Y(Y - 1)
Or
(W -1 +1)=0w -1 -1)
Thus ) )
v u + v -2
o —u
And

w40 =2 20 (v —1)+ 20 (u — 1)

(

2X7 1 19,1, =Y((W +0)Y + (v =) =

)

o — o — !
Or

v =2 W@ —-1)+0 (W - 1)

/ / ( / / )

YP =Xt 41,1, =

v —Uu v —Uu
We have for equations with four unknowns
/ I _ 2 )
yP — (u +v )p _ X2p—1 + 1a1a _ (U +v )Zp—l + 1a1a
v = v—u

B u’—i—v’—2(u’(v’—1)+v’(u’—1)
- / /

v —=Uu

) = ufv—1)+v(u—1)+114(v —u)

v — vV —u

The solutions of those equations are v’ = v" = 2. Let us prove it : we have also

YP=YP Y 4+Y =YY -1 +Y =XP1 111, =X +1)+ 1,1, -1

YP=YP+Y-Y =YYV +1)u'-Y = XP 1 41+41,1,—1 = u(X+1)+1,1,—1
YP=YP+Y-Y =Y (Y+1)u/'-Y = X1 141,141 =0(X—1)+1,1,+1

w
~—

(
YP=YP-Y+Y =Y (Y -1)'+Y = XL 141,141 =0v(X—1)+1.1a+1 (2)

(

(

Hence, with

X:u+v—27 Y:u’+v’—2
V—Uu v —
We have
/ / / / /
U Fv =220 -2 w4 v -2 20 —2
(1) v v = v’—u’+ v = :uv—u+1a1a_1
wH+v =220 -2 W4V —2 2u — 2
(2) o +——=v + 1,1+ 1

v —u v = v — V— U

10



u 4+ =220 -2 W4 =2 20— 2
w _ _

(3) v —u v = o —u v—u+1a1a_1

() u,u/+v'—221/—2 U4 -2 :UQU—Q 11 +1
Or
(1) (v—w)(u' +v =2)(20 (W - 1)+ —u') = u(v — 1) + (1g1y — 1)(v — u)) (v — o)?
(2) (v—uw)(u +v —=2)(2' (W = 1)+ =) =2v(u—1)(v —u)? + (1,14 + 1) (v — u)(v' — u')?
(3) (w—w)(u +v =2)2u' W —1) — (v —u)) = u(v —1) + (1a1s — 1)(v — u)) (v —/)?
(4) (v—w) +v =2)2u' W —1) = (v =) =2v(u —1)(v —u)? + (1a1q + 1) (v — u) (v — o)?
But

(1),(3) (v —u)( +v" —2)2uv —u —v') = (2uv — 2u) (v — ') + (1a1y — 1) (v —u) (V' —u')?

2),4) (v—u)( +v —2)2uV —u =) = 2uu—20) (¥ — )+ (1ale + D)(v — ) (¥ —/)?
Hence if we suppose v’ — v’ # 0
(0 =w)((W =D =1+ @ =D =)' - 1))+ = DY - 1))
=@-u)((W - =1+ @ - DI+ 1) - DY + 1)+ =Y - 1))
=2(v —u)(u = 1)?Y (W (Y + 1)+ (Y - 1))
=4(v—u)(u —1)*Y (X1 4 1)
= (2vu — 2u) (v — ) 2(Y = 1)(Y = 1) + (1aly — (v —u)(v' —u)?(Y = 1)(Y +1)
= (2vu—2u+ (Igly =D —u)@W —1—-@W -D)Y =D —1— (/' = 1))(Y - 1)
= (2vu—2u+(1414—1)(v—u))((v' = 1) (Y +1)—(u'=1) (Y =1)) (/= 1) (Y +1)— (/= 1) (Y —1))
= (8u(v —1) +4(141q — 1)(v — u)) (1’ —1)?
(W —1)?2u(v — 1) + (Lely — D)(v —u) — (v —w)Y (X1 +1,1,)) = 0
If the expression in the right of the parenthesis is equel to zero
(W=1)2u+14ly =1 =Y (X 4 1,1,) = —(u— 1Y (X 41,1, — 1,10 + 1)

S(X +1 B
- %(m Flale — 1 - V(X* 1 41,1,))

Thus
(u—1)((X4+1)2u+141,—1-Y (X141, 1) +(X-1)Y (X 4141,14—1,14)) = 0

— (1= 12V + (Lle — (X — 1) = 2V (XZ 1 4 1,1,) + (1 - L,1)(X — 1)) =0
=(u—1)YP(2-2Y) =0

Consequently

u—1=0=(u-1)X+1)=@w-1HX-1)=0=v=1

11



Impossible (because Y is not equal to X + 1) ! Thus

/ /
vV =Uu

_ QU(U - 1)(?}/ — u’)2
20" — v — !
uv + 20 — du) (v — u)? wo — 2u) (v — )2
@.(4) (0w +of —2)= B H AW ) (2w = 2u)( )

uv —u — v wv —u — v

(1),3) (v—u)(u +v —2)

If v — u = 0 then
w—uw)X=ut+v—-—2=2u—-2=2v—-2=0
And it is impossible, because Y? is different of X + 1. Thus ' — v/ = 0, it means
(W =d)Y =u+0v-2=20-2=2"-2=0

Thus
VYY - D) 4+Y =u(X+1)=Y?=Y?
And p = 2. And if pis odd
YP—1=v(Y —1)
YP+1 =4 (Y +1)
2=d'(Y+1) =Y -1)=(Y+1)— (Y -1)
2YP = 2XP7 1 4 2.1, = (v + )Y +u' =

And
(W -1 +1)=@0" -1)(Y -1)
Thus , ,
v — U —|/—v -2
v —
(W —=1)+0 (W —1)

X 1,1, =YP =

v —
We have four equations with four unknowns

uw+v -2

/ /

u+v—2

v —Uu )217/*1 + 1a1a

YP = ( P =X 41,1, = (

vV —u

AW =) 40 (W =1)  w(v—1)+o(u—1)+ 1a1(v — u)

v — v — U

The solutions are v’ = v' = 1. Let us prove it : we have also

YP=YP 1 +1=(Y -1 +1=X"" 4 11, =u(X +1)+ 1,1, -1 (1)
YP=YP - 14+1=(Y -1/ +1=X?*"T1 14+ 1,1, +1=0v(X 1) +1,1,+1 (
VP=YP4+1-1=Y+1u'-1=XP1+1+1,1,—1=u(X+1)+1,1,—-1 (3)
VP =YP41-1=(Y+1)u' -1 = X1 14+1,1,4+14+2 = v(X = 1)+1,1,+1 (4)

2)

12



Hence, with

J— I p—
X:u—i—v 2, v u—i,—v /2
v—u v —u
We have
,2u' — 2 2v
(1) o= " 1l=u + 1,1, -1
U p—
I_ p—
(2) v ? =22 g, 41
v —u —
/_
) w22 =W,
v —u v—u
/_
(4) u’fj,) u% 1= vzv“_ 2 1,41
Or
(1) (v—u)2' (W 1)+ =) =2u(v — 1) —u) + (141 — 1) (v —u) (v — o)
(2) (v—u)2 (W 1)+ —u)=2v(u—1)0 —u)+ (11s + 1) (v —u) (v —u')
3) (v—u)u (W =2)— @ =) =2ulv -1 —u)+ (11l — (v —u)(v' =)
4) (v—u)u @ —-1) =@ —u)) =20u—- 1) —u)+ (1l + 1)(v —u) (v — )
But

(1),(3) (v—u)2uv —u —v") =2u(v — 1) =)+ (1a1la — 1) (v — u) (v — o)
(2),(4) (v—u)2u'v —u =) = (2vu —20)(v' —u') + (1a1a + 1) (v — u)(v' — o)
Hence if we suppose v’ — v’ # 0
(0 — )Wo' = )Y = 1) + /(o = 1)(¥ = 1))
= -u)(u@ -DY + 1)+ - - 1))
= (v—u)(v —1)2X?71 42,1, —2)
= (2vu—2u+(1414—1))(v'—u') (Y —1) = 2u(v—1)+(141,—1)(v—u)) (v —1—(u'—1)) (Y -1)
= (2u(v—1) + (lala = (v —w)((v' = DY +1) = (' = DY - 1))
=4 (v—1)+2(1 Iy —D)(v—u) —1)
Thus

(' —1)2u(v —1) + (1g1q — 1)(v —u) — (v —u)(XP7 L +1,1,)) =0

If
(=X 41 —-2u) = (u—1)(X>P 1 +1)
W= DX 1), g
= X 12
And

(u—D((X+D)(XP 1 +1—2u— (X —1)(X?P 1 +1))=0
= (u—1)2X¥ 143 -2u)=0

13



Consequently
u—1=0=(u-1)X+1)=@w-1)(X-1)=0=v=1

Impossible (because Y? is not equal to X + 1)! Thus

And

Thus
VY -1)+1=uX+1)=Y=Y?

It is impossible ! Thus p = 2. We deduce that Fermat-Catalan equation implies six
equations-solutions which are

(I) Y?=X342°

(II) Y?=Xx*+2°
(IIT) Y?+Xx3=2°
(IV) Y +xt=2°
(V) Y242 =X°

VI) Y?+2z°=X"*

Known solutions We have
1+2° =3
7 +3° =3
132 4+ 7% =2
712 =17° 427
30 4+ 11% = 1222
1549304% + 33% = 156133
22134592 + 1413% = 657
153122832 = 1137 — 9262°
210629382 = 762713 4 177
30042907% = 962223 + 438

Conclusion
Fermat-Catalan equation Z¢ = X® + Y does not have solutions for both a > 2,
b > 2 and ¢ > 2. In fact, at least one of the exponents must be equal to 2. We have
shown a way to discuss the solutions.
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