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Abstract

In this paper, we study the problem of non parametric estimation of the mean and
variance functions b and ¢? in a model: X;y1 = b(X;) + o(X;)e;+1. For this purpose,
we consider a collection of finite dimensional linear spaces . We estimate b using a mean
squares estimator built on a data driven selected linear space among the collection. Then
an analogous procedure estimates o2, using a possibly different collection of models. Both
data driven choices are performed via the minimization of penalized mean squares con-
trasts. The penalty functions are random in order not to depend on unknown variance-
type quantities. In all cases, we state non asymptotic risk bounds in ILo empirical norm
for our estimators and we show that they are both adaptive in the minimax sense over a
large class of Besov balls. Lastly, we give the results of intensive simulation experiments
which show the good performances of our estimator.

Keywords. Nonparametric regression, Least-squares estimator, Adaptive estimation,
Autoregression, Variance estimation, Mixing processes.
1991 Mathematical Subject Classification. Primary 62G07 Secondary 62J02.

1 Introduction

1.1 Presentation of the problem
In this paper, we study the following model:
Xit1 = 0(Xi) + o(Xi)eit, (1.1)

with ¢; i.i.d. centered random variables with unit variance. It can be considered as a
particular case of the standard regression model:

Y;' = b(Xl) + O'(Xi)ui, (1.2)

with 1.i.d. centered u;’s, Var(u;) = 1, where the (Xj, Y;)’s are not assumed to be indepen-
dent but can be B-mixing. Our results hold for this model.
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If f is an estimator of f, where f is b or o2, then we measure the risk of f via the
ILs-empirical norm:

ElIF - FI2) =B | - S O(F(%) — (X))

i=1

For a discussion about the choice of this measure of risk, see Baraud et al. (1999). Roughly
speaking, the reason for this choice is as follows: let fs be a minimizer of
() = 13 e — e
n = i+1 — % 3
i
for ¢ in a linear space S C ILy(IR, dx); then the vector (fg(X1),..., fs(Xy)) is uniquely
defined, but of course not the global function fs at any point. We shall nevertheless talk
about “the” mean squares estimator since only the associated vector (fg(X1), ..., fs(Xn))
of IR™ is involved in the computations.
In addition, under suitable assumptions, this risk can be decomposed into bias + variance
terms via:

17 - ol < o (1 - ssl + T2 (1)

where fg is the ILy(dx)-orthogonal projection of f on S, [|t]|Z = IE(t*(X1)) and £ depends
on constants of the problem.

To see how (1.3) is obtained, consider a strictly stationary sequence (X;) drawn from
model (1.1) with o = 1 and stationary [0, 1]-supported density, and let S be generated by
©1,...,¢p, the histogram orthonormal basis of IL([0,1]): ¢j(z) = \/EI[(j_l)/DJ-/D[(x).
Simple algebra leads to

Yn(t) = (s) = b —tlln = 16— sl +2(s —t,e)n (1.4)

where (t,e), = (1/n) Y 1, t(X;)eir1. Then we find from (1.4)

lbs = bl[2 < [lbs — b||2 + 2(bs — bs, &)y,
< |bs —bll2 +2[lbs —bs| sup |(t,e)n]
tesS,||t||=1
1 .
< Hbs—b\liJrﬁHbs—bsHQJrﬁla sup  (t,€)2.

tes,tl=1

Assume that, for some a > 1,

vte s, |t)* < altlly, (1.5)
then
E(|lbs — bll7) < 3|lbs — bl + 8alE | sup  (t,e)7 | . (1.6)
tes,|Itl|=1
Besides, using Cauchy Schwarz inequality yields
D 2 D
v ( wp <t,e>z) B (St ] | w2
tes,|t]=1 a3l \ = j=1



1 D n 2
- Lyw (z >)
7j=1 =1
1 D n
= TZZ (z+1)
D
= % Z D. (1.7)

Therefore (1.6) and (1.7) lead to (1.3), provided that (1.5) holds, which is generally true
with large probability.

In view of these considerations, here is now our estimation procedure. We start with two
finite collections of models denoted by {S m e MY } for bif i = 1 and o? if i = 2;

each SY) is a finite dimensional subspace of ILy(IR, dz). The functions b and ¢ are not
required to belong to any of the models. Let b, denote the least squares estimator of b

1)

on S’T(n associated to

n
V() = %Z(Xi-i-l — #(X;))?
i=1
based on the observations Xy, ..., X;,4+1 arising from model (1.1). We use a procedure that
chooses 7y in MY as the minimizer 77(11)(137,1) + pen™ (m) among all m in MS), where
pen® is a known penalty function specified later. The key point is that this procedure is
entirely based on the data and not on any prior information on b, and that it realizes a
good trade-off between the bias and variance terms, namely:

A . dim S,(,P
B (16— bal?] < € min {nb— bl + 2)} , (19

where by, is the IL?(dx)-orthogonal projection of b on 57(,%) and C is a multiplicative
constant depending on some quantities of the problem. This means that, up to the
constant C, the estimator chooses an optimal model among the collection.

In the second step, 02 is based in an analogous way on the contrast:

n . 2
WD) = = D [ XF =B, (X)) —t(X0)|
i=1

for t € Sg), with an aim similar to (1.8) and b replaced by o2, using a penalty function
pen® (m).

Both penalty functions pen®(m), i = 1,2 are found of order dim(Sy(,il)) /m. This model
selection criterion is closely related to the classical C), criterion of Mallows (1973).

It is important to notice that estimators satisfying inequalities as (1.8) have interesting
properties on the collections of models that we have in mind (piecewise polynomials,
wavelets, trigonometric polynomials). In particular, such estimators are adaptive in the
minimax sense with respect to many well known classes of smoothness (see Barron et al.

(1999) and Birgé and Massart (1997)).



1.2 Some bibliographic remarks

The autoregressive model has been extensively studied in the literature in view of appli-
cations to Finance and Econometrics in particular. People first modeled the conditional
mean of the variable of interest X; given its past as a linear function of past X;’s, the
conditional variance being constant, see Liitkepohl (1992) and the ARMA (Autoregres-
sive Moving Average) models of the time series literature. Then many financial variables
were experimented to have non constant conditional variance, and specifications of it as a
linear function of the squared values of the past innovations were developed with ARCH
(Autoregressive Conditionally Heteroskedastic) models introduced by Engle (1982) and
generalized by Bollerslev (1986). Lastly, nonlinear extensions of both types of functions
(conditional mean and conditional variance) were studied: step functions in Gouriéroux
and Monfort (1992), general non linear functions in Mc Keague and Zhang (1994) or
Hérdle and Tsybakov (1997). This is the reason why statistical methods for nonparamet-
ric estimation of variance functions were recently developed.

On the other hand, adaptive estimation methods have been studied in some frameworks
that can be related to the present one. In particular, several studies related to penaliza-
tion criteria as Akaike’s or BIC criterion for regressive models, by Akaike (1973), Shibata
(1976), Li (1987), Polyak and Tsybakov (1992), have lead to asymptotic results. More
recently, a general approach to model selection has been developed by Birgé and Massart
(1997) and Barron et al. (1999) with many applications to adaptive estimation. Their
viewpoint is non asymptotic, and so is ours. The procedure we use has been studied for
fixed design regressive models by Baraud (2000) and for [-mixing random design and
autoregressive models by Baraud et al. (1999); the variance function is constant in all
of these works and thus only the mean function is estimated. Our results here are an
extension of the latter to the estimation of the mean when the variance function is not
constant, and to the estimation of the variance function as well.

Variance estimation has been first studied in fixed design regression models, see for in-
stance Miiller and Stadtmiiller (1987) who apply to this problem a difference-based es-
timator. Hall and Carroll (1989) build a residual-based estimator and show that they
pointwise reach the optimal rate of convergence even with an unknown mean function b,
provided that b has a smoothness order larger than 1/2. Dependent models (autoregres-
sive models or regressive models with mixing random design) have been handled by Hardle
and Tsybakov (1997), Hardle et al. (1998) and Fan and Yao (1998). Hérdle and Tsybakov
(1997) study the estimation of b and o2 using local polynomial estimators; they prove
pointwise asymptotic normality with standard rates but their procedure is not adaptive.
Fan and Yao (1998) describe a data driven procedure with automatic bandwidth selection
but their theoretical results provide only a pointwise Central Limit Theorem for a non
adaptive estimator.

Lastly, adaptive procedures for variance estimation have been studied by Neumann (1994)
and Hoffmann (1999). Neumann (1994) builds an adaptive kernel (with random band-
width) residual-based estimator, but in a fixed design model with a noise admitting mo-
ments of any order. He proves optimal rates for the mean integrated squared error of
his estimator, provided that the mean function has a smoothness order al. The frame-
work the most related to the present work is Hoffmann (1999)’s who proposes an adaptive
wavelet thresholding procedure in an autoregressive framework. He requires that the noise
admits moments of any order and obtains for the general ILP-integrated risk the optimal
rates up to some logarithmic factors. The rates for b and o2 do not depend on each



other, but he assumes that both orders of smoothness are larger than 3/2. To enhance
the comparison, let us say that our procedure is adaptive, deals with random and depen-
dent regression variables including the autoregressive framework, requires for the noise
the finiteness of moments of a given order, 16 in many cases (and not any order p) and
reaches the optimal rate (without any loss) provided that the mean function is smoother
than the variance function (namely, « > 23+ 1/2 if @ and 3 are the smoothness orders of
b and o2 respectively). On the one hand, this condition is less attractive than Neumann’s
(a > 1) in his independent framework or Hoffmann’s and is only a technical loss with
no other structural reason than the use of a unique first step estimator of b to estimate
o2. Note that, contrary to Hoffmann’s result, it allows to reach low orders of smoothness
for for b (o > 1/2) and for o2 (namely 1/2 < 3 < 3/2). On the other hand, to separate
the variance of the noise from the mean function, it is empirically natural to ask that the
latter is much smoother than the former, otherwise it is hard to distinguish between them.

The plan of the paper is as follows. Section 2 presents the whole estimation procedure,
namely the building of both estimators of b and ¢ and the assumptions on the functions,
the variables and the collections of models. The results in terms of inequality of type
(1.8) and of minimax rates on Besov balls are given in Section 3. Section 4 explains our
simulation methods and describes the results of intensive simulation experiments. We
used in particular models recently studied by Hérdle and Tsybakov (1997) and Fan and
Yao (1998) but also many others. Lastly, almost all proofs are gathered in Section 5 while
section 6 contains some complementary informations about the simulations.

2 The estimation procedure

2.1 Assumptions on the linear spaces of estimation

We assume that we aim to estimate the functions on a given compact set A. We consider
families of linear subspaces S, of ILy(A,dx) and we call those families collections of

models. It is standard to set the following assumptions on the collections (Sﬁ,i)

; )mGMgp’
1=1,2:

(Hp,) 1. Each S\ is a finite dimensional linear subspace of ILa(A,dz) with dimension

dim(&(ﬁ)) = D,g? and maximal dimension denoted by Dg ).
2. There exists a constant ®; such that for any pair (m,m’) € (./\/l,(f))2, and any
te s+

m/

lloo < ®i1/dim(5% + SO 4] (2.9)
where [[t|| = [t*(z)dz = [, t*(x)da.
3. There exists a constant K such that DY) < K v/n/In(n) in the general case,

DY < K n/In%(n) for wavelets (family (W) below) and for piecewise polyno-
mials (families (DP) and (RP) below).

(H(ai,bi)) There exist some nonnegative constants a;, b;, >;, T; such that

> (DY) <N <0
mGME«P



and ]M,(f)\ < Tynbi.
Comments. 1. Assumption (Hg,) 2. is an assumption of connection between the two

norms ||.|lo and |[.||. It implies in particular that for all ¢ € S t]loo < @i\/DgL)HtH.

It follows from Barron et al. (1999), equations (3.2) and (3.3), that, for any orthonormal
basis (¢x)xea of Sffl) + Sr(r?:

[#]]oo
il

> e

AEA

sup
teSy+51) 0

(2.10)

oo

2. Assumption (H(g,p,)) is a limitation on the number of models which have the same
dimension and consequently on the global number of models. It garantees in particular
that we do not consider too many models. Note also that the choice b; = a;, T; = %;
suits. Indeed, since D%) < n, for any m € MEZ ),
D> Y D)= Y o= (MY
meM) meMm)

which implies that: |M£f)| < ¥;n%. In other words the number of models is at most
polynomial with respect to n.

We shall essentially consider in the sequel three kinds of specific families of models
(S%))me/\/lﬁf) satisfying (He,) and (H,, 4,)): trigonometric polynomials, wavelets and
piecewise polynomials that can be described as follows.

(T) Trigonometric polynomials : we consider spaces of dimension D,(,? generated by the
functions @o(z) = 1, @oj(z) = v2cos(2mjz), pajr1(x) = V2sin(2mjz) for j =
o,... ,d%), where D,(qi) = Qd%) + 1 is the dimension of 5’7(7?. Any such S,(qi) is entirely
defined by its dimension. The family of models Mﬁf) is in that case the set of all
possible dimensions such that (Hg,) 2. holds: M) = {1,...,y/n}. Here ®; = /2
in (He,) 2., a; =14¢€,Ye >0, and b; = 1/2 in (Hg, ,).

(RP) Regular piecewise polynomials: we consider the regular partitions Z,, defined by
Zm = {[j/m,(j +1)/m),j = 0,1,...,m — 1}. Given some positive integer r, we
define 57(,? to be the space of piecewise polynomials with degree bounded by r—1 on
the partition Z,,. Then DY) = rm. The maximal value of m, m(n) is the greatest
integer such that rm < n/In(n), ie. m(n) = [n/(rln%(n))] = \Mg)| where [z]
denotes the integer part of z. Here ®; = \/(r 4+ 2)(2r + 1) (see Barron et al. (1999)
p. 323), a; =1+¢, Ve > 0 and b; = 1 suit.

(DP) Dyadic piecewise polynomials: we consider now dyadic partitions Z,,, = {[j/2™, (j +
1)/2™),7 = 0,...2™ — 1}. Given some positive integer r, we define S,(fb) to be
the space of piecewise polynomials with degree bounded by r — 1 on the partition
Zm- Then Dﬁ,? = r2™. The maximal value of m, m(n) is the greatest integer
such that 2™ < n/In%(n), ie. m(n) = [In(n/(rn®(n)))/In(2)] = M. Again
®; = \/(r+2)(2r+1) (see Barron et al. (1999) p. 323), but now any positive a;, b;
suit.



(W) Compactly supported wavelets: Let A(j) = {(j,k),k =1,...,2/} and let

+oo
{bs0.k> (Jo, k) € A(Jo)} U{j (3 k) € | A}
J=Jo

be an Ly ([0, 1], dz)-orthonormal system of compactly supported wavelets of regu-
larity r built by Cohen et al. (1993); for a precise description, see Donoho and
Jonstone (1998). These new functions derive from Daubechies (1992)’s wavelets at
the interior of [0, 1] and are boundary corrected at the “edges”. For any J, > Jo,
let S, be the space spanned by the ¢y, 1’s for (Jo,k) € A(Jp) and by the ;s
for (j,k) € U, A(J). It follows that dim(S,) = 2/» < n if J, < Iny(n). For
any m € M,, = {Jo,...,Jn, — 1}, we take for ST(,? the linear span of the ¢, ;’s for
(Jo, k) € A(Jo) and of the ;s for (4, k) € UG 5 A(J). This implies that DY) < om.
We know from Barron et al. (1999), p.322, that &; =2 + V2 suits and any positive
a;, b; suit.

2.2 The assumptions on the model

All along the paper, we consider model (1.1) with g; i.i.d., IE(s;) = E(¢) = 0 and
Var(e1) = 1. We assume that the process (X;) is strictly stationary. Let us recall that
a stationary process (X;) is said to be absolutely regular or f-mixing (Kolmogorov and
Rozanov, 1960) if

I J
1
5 Sup Z Z IIP(A; N B;) — P(A)P(B;)| p = B — 0 when k — +o0.
=1 j=1
where the supremum is taken over all finite partitions (A;)i1<i<r and (Bj)i<j< of the

probability space  respectively F°_ and F° measurable where .’/’-"z-’C is the o-algebra

generated by {X;,7 < j < k}. The mixing is said to be geometrical if there exist positive
M and 6 such that 8, < Me % . The mixing is said to be arithmetical if there exist
positive M and @ such that g, < Mk=?.

We work under the following assumptions:

Al (Xi),c7 is geometrically S-mixing.
A2(p) X, b(X), o(X) and £ admit moments until order p, p > 4.
A3 b and o are bounded on compact sets.
A4 X admits a density hx such that for any compact set A in the support of hx, there
exist ho, h1 (depending on A) such that
Vee A, 0<hy<hx(x)<hy. (2.11)

Under A2(p), we denote by my = IE[(e? — 1)?](< o) and by of = IE(|e1]4) for ¢ € (0, p].
Note that assumptions Al, A2(p), A3 are fulfilled under standard assumptions given by
Ango Nze (1992), Proposition 3, (see also Doukhan (1994) p. 107). More precisely, here
is a set of assumptions implying A1-A4:

B1 There exists constants C; > 0 and Cs > 0 such that, for all y € R,

b(y)l < Cr(1+ 1)), lo(y)l < Ca(1 +[yl)-



B2 The function ¢ satisfies inf, (g o(y) > C3 for a C5 > 0.
B3(p) IE(|e1|P) < +oo for some p > 4 and IE[C} + Cale1|]P < 1.
B4 The density h. of ¢ exists and h. is continuous on its support.

Those assumptions are quite near of those required by Hérdle and Tsybakov (1997). Under
B1-B4, the Markov chain (X;) given by (1.1) is geometrically ergodic and the stationary
law is geometrically absolutely regular; this ensures Al.

Under B3(p), we know (see Duflo (1990), p.178) that for any initial condition Xy in ILP
independent of ¢, the X;’s admit moments of the same order as the ¢;’s (and thus, so do
o(X;) and b(X;) with B1). Thus B3(p) ensures A2(p).

As a consequence of B1, it is clear that b and o are bounded on compact sets, which
gives A3. Note that we estimate b and ¢ on the compact set A only, the same for both
functions.

Moreover, if p denotes the stationary law of X; (which exists under B1-B4), we know
with B2 and B4 that du(x) = hx (z)dz with:

) = [ e <x ;<Z(>u)> T

Indeed the positivity of o ensures that the change of variable can be done and the continu-
ity of h. implies the continuity of hx. Thus hx is positive on its support and continuous
which ensures A4 for any compact set A in the support of hx.

In other words B1-B2-B3(p)-B4 imply A1-A2(p)-A3-A4.

Since the random variables X; are geometrically S-mixing, this will allow to apply
some results established in Baraud et al. (1999).

Comments: 1. Ango Nze (1998) gives also conditions on autoregressive models to
generate arithmetically mixing variables still admitting a stationary ergodic law. Moreover
the results of Baraud et al. (1999) also allow to consider arithmetically mixing variables.
This implies some robustness of the results with respect to stronger types of dependence.
But such results lead to much stronger conditions on the errors and on the size of the
collections of models.

2. All the given results would hold for model (1.2) with u; i.i.d., E(u1) = [E(u$) = 0 and
var(uy) = 1, (see for such extensions Baraud et al. (1999)) under the assumptions A3, A4
and

Cl (Y3, Xt),c7 is geometrically S-mixing.
C2(p) Y, b(X), o(X) and € admit moments until order p, p > 4.

3. Lastly the real valued random variables X; could be replaced by a r-dimensional
random vector )?Z = (X i(l), . ,Xi(r)) under the same kind of assumptions and the autore-
gression of order one can in the same way be generalized into an autoregression of order
r. For the extension of assumptions B1-B4 ensuring A1-A4, see Ango Nze (1992) or the
application of these results in Héardle et al. (1998). The functions b and o remain real

valued and the errors ¢; as well, which makes most extensions straightforward.



2.3 First step of the estimation procedure

To estimate b on a given compact set A, we consider the contrast

n

1

M) =~ [Xip1 — (X)) (2.12)
i=1
based on the observations X1, Xs, ..., X,,+1. We consider a collection of linear subspaces

of ILe(A, dx), (Sﬁ,p)meMu) of dimension Dﬁ,}b), as described in section 2.1 and satisfying
Assumption (Hg,). Baraud et al. (1999) proved non asymptotic risk bounds for the
estimate b5, defined as follows, when the variance is a known constant denoted by os.
Let

by, be a minimizer of 4 (t), over t € SV,

The gm’s define a collection of estimators of b. Then choose:

(1)

. Dry,

mp = arg min ('yq(ll)(bm) + pen(m)) where pen(m) = kos ——,
mem n

and k is a universal constant. Baraud et al. (1999)’s results extend straightforwardly to
a known varying variance function by considering the estimate by, with:

1
,Dff

mp = arg min (fyﬁll)(i)m) + penﬁf(m)) where pengi)(m) = n@%HaHMT,

mGMn

where p is the stationary law of the X;’s and x a universal constant. Then i)ml has the
same properties as in the case of a known constant variance.
As ||O'Hi is unknown, we complete the procedure by replacing this quantity by an estimate.
Let

o1 - 7 2

= ;(Xl+1 — b, (X4)) (2.13)

(1)

where Sn%n is a space of the family for a given m, € M
chosen in Theorem 3.1 (see also the comments herewith).
Then we define the final estimate as

S) with dimension Dq(yll) to be

n

b := by, where 7y = arg min (vél)(lam) + pen(l)(m)> (2.14)
memP
with
pib
pen™(m) = k®2#2 =" and #2 given by (2.13). (2.15)
n

Comment: It is now well-known that it is safer to take for k too great than too small
values. An empirical calibration study, similar to the one extensively done for density
estimation by Birgé and Rozenholc (2000), can be lead in order to compute x. When the
collection of models is chosen, ®; is known but it is probably a computational artefact
rather than a structural constant of the penalty. Indeed, in an independent fixed design
framework with constant volatility o3, the optimal penalty is found by Baraud (2000) to

be QU%D%)/TL.



2.4 Second step of the estimation procedure

We consider now the following procedure. Let 57(3), m € MS), be a collection of linear

subspaces of ILg(A,dz), of dimension Dg), as described in section 2.1 and satisfying

assumption (Hg,). Let

20 = 230 [x2, - i) - ) (216)
i=1

and define E'Em as a minimizer of 77(12) (t) over t € S, Then our estimate is

o2 = EETM with 7y = arg  min (’y,(f) (r;am) + pen® (m)) (2.17)
mEMg)
where
D@
pen® (m) = n@%éiTm. (2.18)
and
. 1 X . R 2
82 = - Z(Xizﬂ — Gm,, (X:))? and G, = arg II;I(IQl) - Z [Xi2+1 — t(Xi)} (2.19)
i=1 t€5my 7 =1

(2)

on some well chosen ST(,?L) = Sy}, The theoretical value of the penalty that pen(?) estimates

1S:

DY
penii) = k®3(myIE, (0*) + 4Eu(b2‘72))7-

Comment. The choice (1/n) Y7 [(Xit1 — b(X:))? — t(X;)]? for the contrast is more
standard and is the one empirically used. Only technical reasons lead to our slightly
different choice.

3 The theoretical results

3.1 Estimation of the mean

Recall that the empirical euclidian norm is [|ul|2 = (1/n) > I, «*(X;) and that A is the
given compact set on which we aim to estimate the functions. We denote by b, the
1Ly (A, dz)-orthogonal projection of b on S,,. We have the following result:

Theorem 3.1 Let X1,...,X, be a stationary sequence drawn from model (1.1) and con-
sider a collection of models satisfying (He,) and (H(q, p,)). Assume that A1, A2(p), A3,
A4 are fulfilled with

p>8, p>2(1+a1) and p > 6+ 4by, (3.20)

then b, defined by (2.14)-(2.15), with 72 defined by (2.13) and such that
dim(SY)) = DY) < pl/2=2/p, (3.21)

n —

satisfies

(1)

_ ' , DY ) R
EJ[bT4 —0bl[;] <C inf | [[6Ta — bl + —— (0]l + o) | + —
meMy, n n

10



where C' is a universal constant and R is a constant depending on op, P1, [[014lloo,
HO—IAHOO; El; Cl-

Comments: 1. The estimate performs almost as well as the best estimator that could
be chosen among the collection. We insist on the fact that the procedure automatically
selects a model very close to the (unobservable) best model (called oracle) in the collection
i.e. the most adequate dimension for the space of approximation.

2. For the families (W) and (DP), any a;,b; > 0 suit so that condition (3.20) reduces
to p > 8. For the family (T), as a; = 1 + ¢ for any € > 0 and b; = 1/2, condition (3.20)
becomes p > 8. For family (RP), if we want to consider the maximal number of possible
models, we find p > 10.

3. In the general case, under condition (3.20), the constraint (3.21) is fulfilled as soon as

Dgi < nl/4, For Gaussian errors, we can take p — +o0 and we find D,glbi </n.

This kind of result is known to lead to results of adaptation to unknown smoothness. For
further applications, see Barron et al. (1999). We first recall that a function f belongs to
the Besov space Bq,00([0,1]) if it satisfies

‘f|a,l = sup y_awd(fvy)l < Ho00, d= [OZ] + 17
y>0
where wq(f,y); denotes the modulus of smoothness. For a precise definition of those
notions, we refer to DeVore and Lorentz (1993) Chapter 2, Section 7, where it also proved
that Ba100([0,1]) C Ba2,00([0,1]) for I > 2. This justifies that we now restrict our
attention to By 2 .00(A).

Proposition 3.1 Assume that the Assumptions of Theorem 3.1 hold and consider the
families (RP), (DP), (W) or (T). Let « be a real number greater than 1/2, o < r for
(RP), (DP) and (W) and assume that b belongs to some Besov space By 2.00(A). Then

1

2
( sup 1E||bIA—z3H3> < C(a, Lyn~ 771 (3.22)
beBa,Q,oo(L)

where By 2.00(L) = {t € Ba2,00(A), [t|a2 < L}.

Proof. The result is straightforward with Lemma 12 in Barron et al. (1999) which imply

that ||bI4 — by, || is of order (D%))_a on the specified collections of models. Moreover the
norm g on the compact A is bounded by h; times the Lebesgue-norm as mentioned in
(2.11). O

Remark. Since the optimal choice is ngl = pl/atl) it satisfies in particular DSLZ <

Vv/n, Ya > 1/2. This allows to reach the optimal rate even with the family (T), restricted
to dimensions less than /n.

3.2 Estimation of o2

The result for the variance function can be given in two steps. o2, denotes the ILy projec-
tion of o2 on 57(3).
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Theorem 3.2 Let Xi,..., X, be a stationary sequence drawn from model (1.1) and con-
sider a collection of models satisfying (He,) and (H(q,p,)). Assume that A1, A2(p), A3,
A4 are fulfilled with

p>16, p>4(1+a2) and p > 8by + 12, (3.23)

then o2, defined by (2.17)-(2.18), with 82 defined by (2.19) and such that

dim(S{2)) = DR) < nl/2=4/p, (3.24)
satisfies
— D&
Eflo*Ta—o?[]7] < C inf | [lo®1a —op | + S @5—"
mer) n
R / 2 7202
+ﬁ + C'E]||b°14 — b7|7] (3.25)
where C and C' are universal constants, S* = ||b? + 02||i + m4\|02\|i + 4Hb0\|i and R is

a constant depending on 015, P2, [|b14]lco, ||o14]co-

Condition (3.23) reduces to p > 16 for families (DP) or (W), to p > 20 for family (RP)
and to p > 16 for the family (T).

Remark. Note that considering the contrast

ult) = 3 3 (X2 — (%)
=1

leads to an estimate f of f = b? 4 ¢2. In particular, it is possible to provide in an analo-
gous way a bound for ||f — f||2. This gives the rate n=?/27+1) where 4 = min(o, 8) if b
belongs to a Besov space B, 2, and o2 to a Besov space B3 2,00- But it does not allow to
separate the smoothness a and G of b and o, without avoiding the loss in the rate when
coming back to the evaluation of the rate of convergence of the estimator of o? given by

f=®)?

The interest of (3.25) is to illustrate the dependency in the first step estimator, and to
show where some loss in the rates of convergence can happen. Indeed as

[62T4 — %12 = [|(b1a — b)(bLa +D)||2 = [|(bLa — b)(2b14 — (b1a — b))|2
A[[bTa oo |[bTa — B||Z + 2]|(bTa — b)?||2

<
< 4[bLalloo|[bTa — b]|2 + 2n||bLs — b||2,

so that we can find as another extension of Theorem 3.1 and as a tool for completing
(3.25) in Theorem 3.2, the following bound:

Proposition 3.2 Under the Assumptions of Theorem 3.1 and if

p>2(ar+2) and p>4by + 10, (3.26)

12



we have:

E(|pIs - b|h) < C inf(l) (HbIA — b |I* + 3

meMsy,

bl — b2 (D)2
| An I, (D)

42 (3.27)

where C depends now on C, hy, M, 6 and |[b]|2 + ||o||2 and ||f]|§ = [|f(z)[Pdx.

Therefore if b belongs to some Besov space By 2,0 for a > 1/2, then [[bI4 —byy||s is of order
(D%))*(a*(l/%l/s)), |614 — by || is of order (D%))*a. Therefore, choosing DY of order
n!/(a+1) ensures that the infimum in (3.27) is less than Cn =4/ (a+1)[] 4~ (2a=1/2)/2a+1)]
and therefore less than 2Cn~4/(2¢+1) /o > 1/2. The rate corresponding to the term
depending on b via nIE(|[bT4 — b||*) is

n x n—4a/(2a+1) _ n—(2a—1)/(2a+1).

Next if 02 is in some Bg 2 oo, then the first term of the right-hand-side of (3.25) is of order

28
n 26+1,

Thus it is easy to see that the minimax rate is obtained for o if
a>260+1/2,

Le. it requires the regularity of b to be significantly greater than that of o?. Moreover
for the part IE(||bI4 — b||?) which has rate n=2%/(2¢+1) it is negligible with respect to
n~26/20+1) a5 soon as af. Therefore, we proved the following result:

Proposition 3.3 Assume that the Assumptions of Theorems 3.1, 3.2 and (3.26) hold
and consider the collections of models (DP), (RP), (W) or (T). Let o and (3 be real
numbers greater than 1/2 and less than r for families (RP), (DP) or (W) and assume
that b belongs to some Besov space By 200(A) and that o2 belongs to some Besov space
B 2.o0o(A) with o > 26+ 1/2. Then

—_— 23
sup IE||o*14 — 2|2 < C(a, L, Ry, Ry)n” 2541 (3.28)
bGBayzyoo(Rl,R2)702€Bg72’00([/)

where Ba,2,oo(RlaR2) = {t c Ba,2,oo(A)7 ‘t‘a,2 < Ry, |t|oo < R2} and BBQ,OO(L) = {t €
Bp2,0o(A), |tlga < L}

Comments: 1. If the condition o > 28 + 1/2 is not fulfilled, the rate becomes
n—(20=1/2)/2o+1) and is clearly suboptimal.

2. It has already been mentioned in the introduction that Neumann (1994) reaches the
optimal rate for the estimation of o2 under the simpler condition a > 1; but he works
with a fixed design regressive model under moment condition of any order for . It is also
worth comparing this result with Hoffmann (1999) who deals with a more general risk 17
and with functions belonging to more general Besov spaces Bsj 4, with s = o or 5 = (3.
Taking p’ = p = 2 and ¢ = oo in his main result for comparison shows that his conditions
reduce simply to o > 3/2 (even when estimating b alone) and 3 > 3/2. Moreover, he
requires the finiteness of exponential moments of the noise and reaches the optimal rate
up to In(n) factors. Therefore, the result given in Proposition 3.1 is always better, and
the result given by Proposition 3.3 is better if a > 25+ 1/2.
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4 Simulation results

We generate samples using several regressive and autoregressive models. All models are
denoted by Y; = b(X;) + o(X;)ei+1, with possibly Y; = X;41 in the autoregressive case.
For all paths, to make sure that the process has reached stationarity in the autoregressive
case, we forget the 200 first data. For each model, we consider S = 400 samples with
length n = 500 which provides paths denoted by (Yi(s), Xi(s))lgign fors=1,...,5. We
consider various couples of regression or autoregression functions (b,c). The couples of
functions are gathered in Table 1. The values of the parameters in the regressive and

autoregressive cases are given in the appendix (section 6).

Model drift and volatility
M1 b(x) =04z +1, o(x) =0
M2 b(x) = (0.54 0.25z) exp(0.5 — 0.25z), o(x) =0
M3 b(z) = 0.5(x + 2exp(—162?), o(r) =0
M4 b(z) = sin(2x) + 2exp(—162?%), o(z) =0
M5, M6 & M7 b(x) =sin(Qwrzr +7/3), o(z) =0
M8 b(x) = sin(2nx + 7/3), o(x) = oy/|z]

b(x) = sin(2mx + 7/3)

M9 7(x) = 5(0.31 + 0.7 exp( e
MI0 al():gx) (é@foegip(l " ))))
M o(z) = e (g)o(_:c 11?5?5;0(;)_ 1.2))
Mi2 & M13 o(z) = 0%?517(61 + Ba2)
M14 & M15 b(x) = ax, o(x) = 0.05+ 7/2 + arctan(fx)
o | =] g s

Table 1. Couples of functions used to generate the models

Note that the regressive case corresponds to the independent framework and the au-
toregressive case corresponds to the dependent context. Moreover models M1 to M7
correspond to (auto-)regressive models with constant volatility. Model M8 studies the
problem of possible nullity of the variance function, together with some regularity prob-
lems in the volatility function. The models M10 and M11 are the one studied by Fan and
Yao (1998) and Hérdle and Tsybakov (1997) respectively. Lastly, model M16 studies the
effect of a discontinuity in the mean function.

In the regressive case, the parameters are chosen to give some fixed level of the signal
to noise ratio, denoted in all the following by s2n Since in the regresswe case, the X;’s are
taken uniform on [—2, 2], we have s2n(reg) f V2 (z)dz/ [, 0 o 0°(x)dz. In the autoregres-
sive case, the choice of the parameters is done both to ensure the stablhty of the models
and to provide some given signal to noise ratio. Since the law of the X;’s is unknown in
this case, we compute for a given long sample s2n(autoreg) = Y1 | b*(X;)/ >, 02(X3)
and choose the coefficients giving the desired value of s2n(autoreg) in this particular case.

Ly is the normal density

14



The results for models M12, M14, M16 are not reported in that context because the
adjustment of most s2n ratios generate unstable models.

The estimation procedure is done using for both b and 2 the collection of models (RP)
with degree r < 5. We have implemented several procedures: six procedures working with
piecewise polynomials of given (fixed) degree from r» = 0 to r = 5, and a seventh procedure
that chooses among those six global degrees the best one in terms of a penalized contrast.
The interest of fixed degree estimation is that we can compute oracles which provide a
benschmark to evaluate the performances of our estimates. More precisely, for each model,

each degree r, each given dimension D =1,..., Dyae = [n/((r + 1) In(n))], we compute
1 (1 .
L(b,r. D)= 53" (n >_bx[”) — by <X}S>>]2> ,
s=1 i=1

)

mation of IE[[|b — bp||2]. Then we know

is a mean square estimator based on the sample (Y-(S), X-(S))lgign, as an esti-

/\(S
where b i i

L2,(b,r)= min  L*b,r, D) and Doy = argKDmin L*(b,r, D).

opt 1<D<Dynas

7Dmaz

The oracle is then given by

L(Zn“acle (b) = 0I<nri£l5 L?)pt(b7 T)'

2,1(0% 1) by using (v, —
b(XZ-(S))]Q,Xi(S)) as new data set and keep L2 (0%) = ming<y<5 L2,;(0%, 7). Note that
the oracles for o are computed with assuming that b is known. The oracles gives the best
reachable performance, and are in practice unknown since the choice is performed with
respect to the true function. The computation of the oracles represents the (very) long

part (in time) of the numerical procedure.

We define and compute analogously the oracles for o2, L2

s2n=1 s2n=3 s2n="7 s2n=10
b o b o b o b o
M1 26 07| 1.7 (07| 12|07 1.1 0.7
M2 1510721071 14|07 15|07
M3 14107 18071 14|08 17|08
M4 161071 14081 17081 14|08
M5 1.7 107 1.1 |07 14|07 14|07
M6 || 1.3 107 13|07 15|08 15| 0.3
M7 141091309 13|10 13|10
M8 13|14 12|13} 16 14| 12|15
M9 16 | 1.2 14|12} 15 12| 16| 1.2
M10 || 1.8 | 14| 21|14 | 15|15 16|14
MIi1 || 272116 |20 1.2 |21 1.1 |21
Mi12 || 1.7 {10 1.2 10| 1.1 |10} 1.1 | 1.0
M3 | 22|11 18|11 16|11 16| 1.1
Mi4 || 1.9 (1.7 | 1.3 | 1.7 | 1.1 | 1.7 || 1.1 | 1.7
M5 || 19|12 13|12 1.1]12] 1.1 | 1.2
M16 || 1.2 [ 09| 0.8 | 1.8 |/ 0.3 | 42| 0.3 | 12
Table 2. Ratio to the oracle of the Lo risk for the first step estimator in the regressive
case for gaussian errors

15



Let Sy, p be the space of piecewise polynomials of degree r on the partition [(d—1)/D,d/D],
d=1,...,D. Let X,Y,sX be vectors of IR" with coordinates Xj;, Y;, sX;, where sX; will
be defined later, and let be t a function in some S, p. We define here the contrast and
the penalty function as
1 (Y —t(X))
XY, sX;t)=— e
mxvsxin =1 3 (H

2
> and pen(D) = D + In*(D).
i=1

Then we consider the following general procedures: &.(X,Y,sX, fX) for r =0,...,5 and
E(X,Y, sX, fX), with input the R" vectors X, Y, sX previously described and fX with
coordinates f(X;) for some given function f. The procedure &.(X,Y, sX, fX) proceeds
as follows.
e For D = 1,...,Dpaz = [n/((r + 1)In(n))], compute f.p (in fact f,.p(X;),i =
1,...,n) the piecewise polynomial of S, p minimizing g¢,(X,Y,sX;t) over all ¢ in
Sy.D-

e Compute Ar:arg min  |gn(X,Y,s ;ATDJr&pen r+ where
C D i X,Y,sX; f,. 262pen(D(r 4 1))] wh

a,z — gn(X, Y, sX, fr,[min(\/ﬁ,n/((r—‘,—l)ln(n))]) if sX; =1, Vi=1,....,n
1 else

A~

o Keep 62, (f, p, (X1),-- - [ p, (Xn)) and | f=f, 5 12 = (1/n) S0, (F(Xi)—f, p, (X0))%
The procedure £(X,Y, sX, fX) follows then and selects

7 = arg Or<mn {gn(X, Y,sX, fr.p,) + 262pen((r + 1)157,)} .

The output is therefore f = ff p. and the associated error || f — fl13.

s2n=1 s2n=3 s2n="7 s2n=10
b o b o b o b o
M1 14108 14081 14] 08 14| 0.8
M2 22112121081 2.1]08 | 21|08
M3 1.2 108 (|| 15101 14] 09 | 1.2 | 0.8
M4 1.1 13| 12|12 | 1.7] 126 || 0.6 | 0.7
M5 1.3 109 (14|12 15| 1.1 1.4 ] 0.8
M6 13113 12|10 | 12| 1.1 || 1.1 | 1.2
M7 16 26| 1429 14| 11| 13|14
M8 1.1 4111223 | 13| 23| 1116
M9 1516 | 1.1 | 17| 13| 17| 15|16
MiO | 15|16 | 16| 13| 15| 1.3 | 1.2 |22
M1l || 15|22 16 |17 14| 12| 14|12
Table 3. Ratio to the oracle of the Lo risk for the first step estimator in the
autoregressive case for gaussian errors.

It follows that, as an output of the procedure £.(X®), V() 1,6X (), where (X, Y (®))
is the sth sample drawn from a given regressive model, we obtain Bﬁs), and b®) as an output
of (X, Y ) 1,6X()). We compute ||[b—b®)||2 for each sample. This allows to compute
the mean IL2-empirical error:

emp (

b,b) =S [[Ib— b, 2] =

Z <X§S’>F) .

3\*—‘

CD\
AN
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Therefore, we are interested in the ratios L2, (b,b)/L2 . (b). They are generally greater

emp oracle
than one. The nearer of one, the better our method.

We also computed the output of 8(X(S),Y(S), oX ), bX(S)), where ¢ X ) has coordi-

nates O'(Xi(s)) for i =1,...,n, which delivers an estimator denoted by B of b if o were
known. We compared the associated ratio L2, (b, bs) /L2, (b) to the previous one.

Analogously, & (X©®), [Y(®) — &) (X2 1,62X ) where [Y(5) — p()(X())]? has co-
(s ) and £(XO, [y —
b (X N2, 1,02X %)) gives 02(3). When s is varying we compute the error:

S n
12 2 S, 1 1 2(x () ) x ) ’
emp(avg >7SZ nza(z) o (z) :
s=1 i=1

It can be compared with the estimate, denoted by ;51()3) of o2 if b were known by using
E(XE) [YE) —p( XN 1,02X (),

ordinates [V} — b(®) (XZ-(S))]2 for i =1,...,n, gives estimators ;:ET ,

z(s)
Moreover, we studied a second stage of the procedure by computing b  as the output of
— ==(s) ~(s)
E(XB) Y (), 02(8), bX®))and 02  as the output of £(X ), [Y&) —p (X &)))2, 1,02X ().
But this procedure happened to be very unstable in spite of several attempts to stabilize
it.
We need to make two remarks about our procedure. First, when we have to divide

z(s)
by some estimate of the variance, when computing b  for instance, we divide in fact by

the supremum of the value of interest and the 2%-quantile of all the positive estimated
values. Secondly, there may be some restrictions on the values of the degrees when too
few observations lie in one bin. In the regressive case, when working with global degree
r, we take in fact locally on the subinterval [d — 1/D,d/ D], the degree

o el 5480}

In the autoregressive case, we take min(r, Ry—1) where Ry = rank(V (d, D)) and V(d, D) =
(Xgp71/5(Xip))1§p§k,1§q9+1, for iy, ... the indexes of the X;’s in [(d—1)/D,d/D]. This
is required for the inversion of the local linear system associated to the local computation
of the estimator.

Our results are gathered in the Tables 2 and 3 in the case of gaussian errors. Table
4 and 5 give the results for uniform errors and since they are of the same type, they are
deferred to the appendix in section 6. All tables give the error ratios Lzmp JL? .. for b
and o as in the models given in Table 1 and for different values of the signal-to-noise ratio

s2n. We can give several comments about these tables and other unreported results.

1. We can see that most ratios are near of 1, and almost all are less than 2, which
means that our estimates perform very well.

2. We give the results of the first step estimator for b and o because the second step is
often unstable.

3. The results for b are most of the time better as those obtained by working with
known o and the knowledge of b does not improve significantly the estimation of o.

4. We must also emphasize that the last step of the procedure which chooses the de-
gree performs quite well and gives empirical errors of the same order as the error
associated to the degree implying the lowest error.
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Figure 1: True functions (thick curves) b and o2 in the autoregressive model M9 with value of
the parameters corresponding to s2n=3 and gaussian errors. Tenth and nineteenth percentiles
(dotted curves) for S = 100 samples with length n = 500 of the estimation of b (right curves)
and o? (left curves) given by the algorithm.

5. When the s2n ratio become higher, the results do not improve significantly because
the oracle decreases considerably in the same time.

In order to give a visual illustration of the results, we give confidence intervals (tenth
and nineteenth percentiles) for curve estimation of b and ¢ in 3 cases: Model M9 in the
gaussian autoregressive case for s2n=3 (Figure 1), Model M10 for s2n=7 in the gaussian
regressive (Figure 2) and autoregressive (Figure 3) cases. We generated here S = 100
samples with length n = 500. It appears clearly that the estimation of the mean function
b is always very good, whereas the estimation of o2 is generally better in the regressive
context than in the autoregressive one.

5 Proofs
5.1 Proof of Theorem 3.1

For the sake of simplicity, we omit the superscript (1) for the spaces and the dimensions
and write 5, for Sq(ﬁ), D,, for Dr(%), M, for /\/lg). There is no ambiguity all along this
proof.
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Figure 2: True functions (thick curves) b and o2 in the regressive model M10 with value of
the parameters corresponding to s2n=7 and gaussian errors. Tenth and nineteenth percentiles
(dotted curves) for S = 100 samples with length n = 500 of the estimation of b (right curves)
and o? (left curves) given by the algorithm.

We follow the line of the proof of Theorem 1 in Baraud et al. (1999) and we use the same
notations. We only recall that Q* is the event

O ={(ei+1, Xi) = (541, X[ ),i=1,...,n}

where the variables (¢}, X;) are associated to the (g;41, X;) as in Claim 2 of Baraud et
al. (1999) recalled below:

Claim 2: Let ¢, gn1 be integers such that 0 < ¢,1 < ¢,/2, ¢, > 1. Set u; = (&, X3),
i = 1,...,n, then there exist random variables v} = (¢}, X7), i = 1,...,n satisfying the
following properties:

e For {=1,...,4, = [n/q,], the random vectors

!/
= / T * *
Urt = (Ue-1)gu+15 - Ue-1)gutqn1) a0d Ufy = (“(6—1)qn+1’ ---v“(éfl)qﬁqn,l)
have the same distribution, and so have the random vectors

/
5 / Tk * *
Us2 = (00 1)gu s 15 - a,) @0 Uy = (Wl 1yg g1 o0 Ui, ) -
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Figure 3: True functions (thick curves) b and ¢ in the autoregressive model M10 with value of
the parameters corresponding to s2n=7 and gaussian errors. Tenth and nineteenth percentiles
(dotted curves) for S = 100 samples with length n = 500 of the estimation of b (right curves)
and o? (left curves) given by the algorithm.

e Forl{=1,....0,,

P |To # U] < Bigu-gus) and P |[Tos # Uiy| < B, (5.29)

e For each 0 € {1, 2}, the random vectors ﬁié’ - ﬁ;n,é are independent.

The variables u} are built using Berbee’s coupling Lemma as in  Viennet (1997). For sake
of simplicity, we assume that n = ¢,¢,. For p > 1 we also recall that €, is the event:

Q=2 <pltl2, Wt e | St Swp,

m,m’eMy,

that is ©, is the event where the norms ||.|| and ||.||, can be compared. Lastly, we add,
for some 7 €]0, 1[, the definition of the following event:

Q- = {1 =7)llollf <77 <20+ )bl + ol } (5.30)

where 7, is defined by (2.13). We denote by Q7 , := Q. N Q, NQ*, by B(m',u) = {t €
Sm A+ S, It]|n < 1}, and by D(m/) = dim(Sy, + Syy). Since m is fixed, we do not mention
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the dependence on m of the previous terms. Then we write the decomposition
Yo (t) = n(s) = [lba — 3 = [[ba — s|7 +2(s — t,0¢),

where (t,0e), = (1/n) 37, t(X;)o(X;)eir1. Moreover the definition of b implies that
Ym e M,, 3
30(B) + pen (1) < 70 (byr) + pen® (m)

with pen!) defined by (2.15). Therefore, using that 2ab < za® + z~'b? and (a + b)?
(14+y)a?+ (1 +y~1)b? for all positive a, b, x and y, we find, analogously to (38) in Baraud
et al. (1999), Claim 3, that on Q7 ,

14y
(1 —p) 6L — B

) 1BL4 — b2 + pen® (m)

AN
Y
—
_l_
—_
+
<

n 2
_|_£ < sup Z €:<+1O-(Xz*)t(Xl*)> - pen(l) (m)

1+y ! D
< <1+p . )IIbIA—bmlli+2(1+7)f<(llblli+Holli)nmiﬁ
2
X N
+ ( sup ZqHa )) — 2’nD (1) ®%|o||?
n teB(m,p) ;—1

_l’_

23D (1h) k(1 —7)||o||2 Dy @7
o} - —

n

The real numbers x and y are positive constant numbers to be chosen. Then setting

2
W, (m') = ( sup nga .)> — 2®nD(m/)®3|o||?

teB(m/,u)
+

we find that if z, p are numbers satisfying z > p > 1, y = (z — p)/(x + p), 7 > 0, and if
k=2%/(1—7) in pen), then:

~ b 2 + o 2 D
16T = b2 1g: , < Ki(z,p) [\bIA — |2 + M—mqﬁ
e 1—7 n
Tz .
+ 5 Wa(m). (5.31)

with Ki(z, p) = (z + p)?/(z — p)*.

In Baraud et al. (1999), W, (m’) for o = o5 where o9 is a constant is denoted by W,,(m/)
and Proposition 6 in Baraud et al. (1999) states that, under assumptions analogous to
the assumptions of Theorem 3.1, for any p < p/2,

D
N 5 —p/2+p Gn| M|
ZM E(Wn (m)7) < Kon? ZM L e i L (5.32)
m/eMy, m'eMy
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where Ky = C(pﬁ,:c)(q)lhalﬂ)pa , ob =1E(|e1|P) and C(p, p, ) is a constant depending

on p, p and z.

This result has a straightforward extension to non constant variance function with only
a ||oalloo Teplacing o2 and (||oalleo0p)?P replacing ap The only point to check is indeed

the bound for the analogous of IE [sup 25:1 Go(t )] with now

= > erpoalX)HHXT).

iez(V
We still find that for ¢t = ZJD:(T/) ajp; where (¢;)i<j<p(m) is a p-orthonormal basis of
Sm + Sm’7

1/2

DoY) 202 o) 6,
S E (Z Gz(cpj)) = Z (Ge ®; )
(=1 {=

J=1 Jj=1

Gyl
©| o, B

since the blocks are independent and centered. The difference is that here

E(Gi () = Y Eef )E(04 (X))@} (X)) = gnalloag]l2-
iezV

Then using consequence (2.10) of assumption (Hg,) 2., we have || >, QD?HOO < ®2D(m/),

and therefore
[ sup ZGg

< @illolluy/ fagn D).

This gives the announced extension of Proposition 6 of Baraud et al. (1999), namely, for
p=1:

Wn(m/) -1 —p/2+1 Q£|Mn|
> E [ > ] <Ksn™ | D D e i | (5.33)
m/eMp, m/eMp,
where K3 = C(z,p)|loall2.0(®Thy Yp/2 Thus, in view of (Hq, 0,)), the last bracketed

term in (5.33) is uniformly bounded if
p/241 < —ay and b+ 1~ {plp - 2)/[(p— D]} <0. (5.34)

Since p(p — 2)/[(p — )] = (0~ 2)/4 + (p — 2)/[4(p — 1] > (p — 2)/4, (5.34) if fulfilled
under (3.20).

SmceIE[ W) /n ] <Y vent IE[ A (m )/n} (5.31), (5.33) and (3.20) imply that

_ 2, UblE+lloll?) D
E([b14 - 0l[3T0: ) < Ki(z,p) [IIbIA—bmllnHl_T e
K
ey (5.35)
n

where Ky = K4(z, p, ®1, ho, X1,71). It remains to bound the expectation on the comple-
mentary of 27 . Let C' denote a constant that may change from line to line. It follows
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from Claim 5 in Baraud et al. (1999) that IP((£2,NQ*)¢) < C/n? under geometrical mixing
condition and (Hg,) 3. and that

B[ L — B2 Koy, | < Clho, b, @1, p)”!

as soon as C
P((Q,)°) < 5. (5.36)

Since IP((Q27 ,)¢) < IP(Q7) + IP((£2})¢) with obvious notations, and since

IP(Q) =P(Q5 N Q, NAOT) +TP((2, N,
we find that (5.36) holds if we have
P(QENQ,N Q%) < C/n
This is ensured by the following Lemma:
Lemma 5.1 Under the Assumptions of Theorem 3.1 and if

D%ZL <nt2RP for k=2 or k =4, (5.37)
andp > 8 if k=2 and p > 16 if k =4 (so that D%ZL can always be taken of order n*/*),
then

P(QENQ,NQY) <On "

where C is a constant depending in particular on @1, p p, ||o|lx, [[oalloo, |bAllso-

Recall that p denotes the order of the moment of the ¢;’s in model (1.1) and that D%}I is
defined by (2.13) and the line following. This ends the proof of Theorem 3.1. [J.

The limit choices 7 — 0 and x — 0 give kK — 1 but imply that the multiplicative constant
tends to infinity. The choice 7 = 1/2, x = 2 and p = 1 gives kK = 4 and reasonable
orders for the multiplicative constants. The value of x must be investigated by simulation
experiments.

Proof of Lemma 5.1. Most elements of this proof (in the case of a simpler model) can be
found in a first draft of Baraud et al. (1999) but it disappeared of the final version.

For the sake of simplicity, we work on a space S,, with dimension D,, (instead of D%L)
We shall denote by !X the transpose of a vector X. Let R = {Xo,...,X,41) and let
e = Yeo,...,eny1). All along this section we abusively denote the same way a function
g mapping IR into IR and the vector of R" {g(X1),---,9(X,)). IR™ is provided with
the inner product (u,v) = > | u;v;, we denote the corresponding norm by ||.|| and by
||l the empirical norm: [jul|2 = (1/n) Y~ , u?. From now on {px, A € A,,} denotes an
orthonormal basis of S, relatively to p and ®,,(X) is the D,, x D,, normalized Gram
matrix defined by

P, (X) = (:L Z @/\(Xi)SOA/(Xi)>
i—1

It follows from the definition of Bm that

AN EAm

1
b = Vi [n® (X)L VR = ﬁthb,;l(X) YR
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where V, denotes the n x Dy, matrix satisfying (Vin) ) = @a(Xi) for i = 1,---,n and
A € A,,. We denote by I1,,,(X) the projection matrix V,,®1(X)W,,. Note that

1L, (X) T (X) = Vi@, (X)) (Vi Vi) @5, (X) Wiy = 0V @ H(X) Wiy = 0L (X).
Since 72 = ||R — by,||2 for R = b+ oe, we have
fn = IR - (X)R|;
= ||b—TLu(X)b + o — M, (X)oe||?
= {llo— T (DB + el — [T (X0l + 26 — T (X)b, 0%)]
We define the measure IP** by IP**(B) = IP(BNQ*N§,), and we take 7 = 4.
Po (i < (L—dn)lloll7) < P**(Joel; < (1 —n)llo]l7)
HIP(|[ I (X)oacn = nllol)
PP (2](b — I (X)b, o€)| > 2nm]|o]).

We denote by o4 = 014. Note that o can be replaced by o4 each time it is multiplicated
by A-supported functions. The same holds for b and b4 = b1 4.
Let us bound first IP**(||TL,,(X)oacl|2 > 277H0Hi).

1

L (X)oac]? = ﬁt(UAff)Hm(X)Hm(X)(UA&): (Vim0 42) @, (X)( Vinoae)

S|

1
= E< Vo ae, @1 X) (Vo a¢))

p(2,)

< ﬁ” t‘/maAs|]2,
n

where p(M) denotes the spectral radius of the matrix M. We know from Baraud (2000),
Lemma 3.1 p. 475, that

. B @
p(®,, (X)) = sup L.
teSm /{0y 11117

Therefore on §,, we have p(®,,!(X)) < p. This implies that on Q* N,

2
1 n

I (X)o a2 < %H Wnoael* = p Z (n Zl€i+1<PA(Xz')UA(Xi)) :
1=

AEAM,

Therefore

P ([ (X)oelf7, > nllo]]7)

2
I N I (nzﬁz’H@/\(Xi)C’A(Xi)) Z;HU”i
i=1

AEAM,

IN

b
2

n 2\ 3
(HH;ZHQ) B( Y (;Zaam(m)m(x:))
=1

AEAM

. p
anO" M AEAm

p

1o XT)aa(X)
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This term is handled by using a Rosenthal moment inequality (see Petrov (1995) or a

recall in Baraud (2000), Theorem 8.1) applied to centered and block-independent variables
L (1,2)

admitting moments of order p (Z,

constant ¢(p) such that

is set for successively Ilgl) and Iéz)): there exists a

24 P/2
P ln In
<2(p)SY BN D> Zi| + D E| D Z (5.38)
(=1 ezt t=1 iez(?
where Z; = e} 1 oA(X[)oa(X]). Next we bound both terms separately.
P P
U Ly
Z < Z]E Z leir1oA(Xi)oa(Xs)|
(=1 |je702) =1\ e
Ly
S q) V ‘O-AHOOq’n 1ZIE Z ’Ei-l-l’p
=1 iezH?
< (20]loallce0p)Pgl DY
using that n = ¢,q, and
2\ P/2
ln n p/2
YE| > Z < lloallfob [Z E@i(Xz‘)] < (loallocoa)Pn?’?.
=1 iez>? i=1
Therefore
2 n Dp/2
o [ T2 nl—pgp1 m
€

(5.39)
where C' = C(p, p, 7, ®1,0p, ||0allsc). Therefore, under (5.37), and for p > 8, we have

P (| (X)ellz > nllo]l7) < C(7,p, @1, p)n "

A bound for IP(||oe||2 < (1—1n) Ha||i) is obtained by applying a Rosenthal type inequality
as well.

P (floells < (1=n)lol2)

P*r ( Za z+1 1)+ ;Z[UQ(XO - IE(UQ(XU] < —77Ha||,3>

S ]P*yp ( ZO- Z+1 1)




E Y, [02(X]) — E(o2(X7)] [
nr2(4o|2)r?

2¢(p)IE, (|o|P _ _
< np/(QZz)HHZT”?)L/)Z (P22 Bl = 1P/ 4 i 4 27 gl 2 g 2 el
211911,

n * * 2
E Y, o(X7) (2, - 1)

P2 (FlelI5)rr

_l’_

Since p > 4, n'7P/2 < p~P/* and thus the order is n~?/% which is less than n=2 if p > 8
and less than n=4 if p > 16.
To bound the last term IP*?(2[(b — IL,,(X)b, 0€),| > 2n]|o]|2), we consider the two terms

PP (b, 0e)n| = nllo|i/2) and 7 (|(In (X)b, o€)n| = nllo|},/2)-
Again, we clearly have

| Y7 b(X7)o(X])erp [P/

2 /2
PRI, 05)l 2 nllol2/2) < 2 e

The moment of order p/2 is bounded by applying again the moment inequality (5.38) to
the blocks of b(X})o (X[ )ej,

n
E|Y b(X))o(X))erqlP < clp) [(21Eu(|balp/2)0£HQ£/2_1 +nP b [IE, (026774 .
i=1
Thus as previously and since g, is of order In(n), p > 4, the order is n~P/* g0 that:
P { |(b S MR i 2 (b7), B (o 7), 0
|<,U@n|_“zf" < C(p,T, u(")a MOU|)M%JH .

A2(p) ensures that IE,(|b?),IE,(|o|?) are finite.
In the same way as previously,

(T (X)) = —

— | BaVin®n(X) " Vo ae| < 2| Winba [l Vinoac]).
n n

Since

n 2 n
Vbl = > ( SOA(Xi)bA(Xi)> <nfballl D D eR(X0)
1

AEA, \i= AEA,, =1
2

n’bal’ || Y AA| < n?lbal3®iDm.
AEAm

IN

o0

This implies
N 1
P (L CO o) = nllol/2)
! Plol
< P =W, > b
- (ng” 74l 2 i aiz.e7D,
2
1 Ploll
= P - AXD)oa(X;)ei > L
AEZA (n;w Doa(X) m> T
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This term is nearly the same as (5.39) except that there is a loss of D% % in the final order.
Ignoring the constants, we find for this probability an order D%f / inqufl_l + Db nP/2,
The final order is Dﬁ'}m_p/2 and is less than n=* as soon as D,, < nt/2=k/p,

Lastly, we have to bound IP(72 > 2(1 + 7')(||b”i + ||UHZ)), but

~2
n

2[|b — Ty (XDl + 2lloel7 < 2[[bTacll; +2[[ba — M (X)ballp + 2lloelf;

<
< 2lbaclly + 2[balls, + 2lloell = 2(bll2 + 2|0z
= A n A n n n n
so that

P (77 > 200+ 1) (Bl + llollR)) < P (lloellz > (1 +7)llo]l;)
+IP ([[Bll7 = (1 +7)[1BI13)

and the first right-hand-side term has already been studied; the second one gives the same
order with a Rosenthal inequality again. This completes the proof of Lemma 5.1.0]

5.2 Proof of Theorem 3.2

We have
Y2t =AP(s) = |t—a|2 —|s— |7+ Zb i) (s — t)(Xi)eit

o*(Xi)(s = t)(Xi)(efia — 1)

SN

@
I
-

+

(6% = b*)(Xi)(s — £)(X3)

SN

@
Il
—_

_|_

Since all functions s, t are A-supported, we can replace b and o by bI4 = bg and 014 = 04
everywhere. Moreover, for any 6 > 0,

. 2
*Zb = B)(X3)(s = £)(X:) < 063 = b*[1% + S (llo — 1% + ok — sl)-

Next, as 7, (02) — vn(02,) < pen(m) — pen(1n), we have, taking = 16,

7.5 9 ~
gHUQ—U%Hi < é”ffz — a4l + ZbA Xi) (02 — op)(Xi)eir
2 o ~ :
+ - oA (Xi)(0? = o) (X)(eF 1 — 1) + 16|65 — b%|17
=1

+ pen®(m) — pen® ().

The terms to control are

sup Z ba(X, )t(Xi)eir1 and sup Z o4(X ) Uit1
teBa(m! u) T teBa(m
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where u; = e2—1 arei.i.d. centered variables, with u; independent of X;_1 and Ba(m/, 1) =
i Iz

{t e S 4+ Sg,), Itll, < 1}, Do(m') = dim(S,(g) + 57(3,)) They both are of the type of W
previously studied. We set:

2
Wi (m') = ( sup, Z€z+1bz4 oa(X )t(X?)) — a®nDsy(m') 83 |bo|}:
teB
€Ba(m +
2
W (m') = ( sup ZumaA HX: )) — 2 Ds(m')3ma |22
tEBQ ,,LL
+
and we consider the new Qi =Q, N, N Q" where now
Qr={(1-1)s> <35 <2(1+7) [EL[(0* + )% + 5°]}, (5.40)
with
s% = 4, (b%0?) + myIE, (0%).
We recall that S? = s? + IE,[(b* + 02)?]. Therefore, we find:
[ 212 9 9 212 (2) 2,22 53)
ot - ATy, < cllo — Al + pen®(m) + 8937
+32W{1) (11z) + 8W, (11z) + Lo” — o2, 12
- Do
+16][b% — 022 + 8@%3:252% — pen® (1n). (5.41)
For simplicity, we choose p = 3/2 and this yields
1~ 15 347 D( )
§HU2 — U‘QAHELIQi,p < H 2 A||2 + 8 <I>2 2g2m_
+32 > W) +8 Y WP (m!) +16]p% — V|7
m'eM, m/'eEMnp

provided that « in pen(® is chosen in such a way that the last term in (5.41) is nonpositive
ie k=8x?/(1-71).

The bound for Zm’e/v(ff) E[W,&l)(m')] is the same as the one given in (5.33) with only
ol Teplaced by [[ba0 al|oo and the same conditions on p. To bound } ¢ v, IE[ v (m/)]
we must take into account that the u;’s admit moments of order p/2 only, thus (5.33) holds
with ||o 4]l Teplaced by ||oa||%, and p replaced by p/2. Then the conditions required now
to bound the last term (see (5.33) with p replaced by p/2) are —p/4 + 1 < —ay and
ba+1—{(p/2)(p/2 —2)/[4(p/2 — 1)]} < 0; those conditions are fulfilled under (3.23).
Therefore, the end being the same as in the proof of Theorem 3.1, the result follows from
the following Lemma:

Lemma 5.2 Under the assumptions of Theorem 3.2 and if
D@ < pl/2=4/p (5.42)
and p > 16 (so that D? can be of order n'/*), then
P(G2nQ,nQ) < Cn?

where C' is a constant depending in particular on @, p p, ||o|l4, o4l |bAllso-
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This ends the proof of Theorem 3.2. [J

Proof of Lemma 5.2. We follow the line and the notations of the proof of Lemma 5.1 and
write, if X2 has coordinates (Xi2+1)7 i=1,...,n:

sio= [IX? - (X)X?|2
= ||(b* 4+ 0%) = I, (V% 4+ o) |2 + ||2b0e + o2(* — 1)||2
—|[TLn (X)(2b0e + 0*(* — 1)) |2

2
+= < (b +0%) — M (b* + 02),2bos + 0% (e — 1) > .
n
Then all terms can be treated as previously. For instance

P (||2boe + o*(e* = D7 < (1= m)(d]lbolli +mallo®[7))

4
Ip(
n |

Z b(X:)Ug(X;)(Eﬁl —Deiy
=1
4 - * * *
+IP (n Zb2(Xi )o(XF) (it — 1)
i=1

IN

> (n/5)(4]lbo | +m4!02Hi)>

> (n/5)(4]1bo +m4H02Hi)>

P (2 S (X0 (X7) — B(170?)
i=1

> (n/5)(4]1bo +m4||02||,3)>

4P (i > oM (XD(ER — 1)% = mal
=1

> (n/5)(4/lboI7; +m4|!02||,3)>

n

> [0*(X]) — Eu(oh)]

i=1

> (n/5)(4]bo +m4H02Hﬁ)>

and all terms can be treated thanks to a Rosenthal inequality of order p/4. This implies
an order nP/% less than n~2 for p > 16 as assumed in (3.23).
Analogously the term ||IL,,,(X)(2boe + 02(¢2 — 1))]2 is found of order

(D@NP/2p1=p/2p/2=1 4 (D2)yp/4y—p/4

m
and the scalar product term of order

(D@)3p/Ap1=p/2¢p/2=1 o (D@)yp/2)—p/4

m

They are less than n=2 if (Dg))p/2 < nP/*=2 and p > 8 which explains condition (5.42).0]

5.3 Proof of Proposition 3.2

We start from (5.31) which only requires to be squared:

1
Iba —blpla:, < Cf ba — bmlln + (lI0II}, p (Dﬁ’”‘))ch‘*
a=0blpTer = Ci(e,7,p) |lIba = bmlln + (IOl + loll) — 5P
222 -,
2). 4
o Wai) (5.43)
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Choosing p = 2 in (5.32) and using the extended Proposition 6 of Baraud et al. (1999),
we can replace (5.33) by

(W (m'))? 2 1)\ —pj242 EIM;|
Z I [ n < Kn Z (Dm') + np(P—2)/[4(p—1)]-2
m/'eM,, m/eM;D

where K = C(m,p)(@%ho)P/QHUAHgoaf,. The last bracketed term is bounded if —p/2+2 <
—ay and by +2 — {p(p — 2)/[4(p — 1)]} < 0. This gives the conditions p > 2(2 + a;)
and p > 4b; + 10; these conditions are fulfilled under (3.26). Therefore under (3.26),
Y omieM, IE(W2(m')/n*) is of order 1/n?.

Taking the expectation of (5.43) gives

K/

"2

y Dp,
B [Jba ~ BlATas, | < Clavrp) [E(la = bl) + (b1 + ol 25| + 2

where K’ depends on x, p, hg, |0 4|0, P1, X1, T1. We write that

S (s - bm>2<xi>] .

=1

1
E([[b = bmlln) = b4 = b}, + —Var

From Theorem 2.1 in Viennet (1997), we know that there exists a function B satisfying
E[B*(X1)] < kD ol + 1)*=13; and such that

Var <Z; h(Xi)> <2n / B(x)h?(z)du(z)

for a sequence (X;) stationary with stationary law p and absolutely regular with G-mixing
coefficients ;. Therefore
1/2

Var (i(m—m)%xﬁ) < 2n [E(B*(X1))E((ba — bm)®(X1))]

i=1

IN

+oo
20y |[ba — bllEy |2 (1 + 1) M
=0
< C(M,0,hi)nllba — bl
This yields

C(M7 9, hl)
n

E([lbs — baalln) < 164 = bl + lba = bl

which is the first part of the right hand side of (3.27).
The last thing to check is the order of the expectation of ||bs —b, ||+ on the complementary
of 7 ,. Since

o4 = bl% = llbA = W (X)bAll7 + Wi (X)oells < [[ballf + o]l

we have

n 2
~ N 1
E ([lba = blnXia: ye| < 29 [ballsP(Q7,)] + E 712(202(&')6?“) Loz )
=1
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* C 1 -
2 [HbA‘éoIP[(QT,p) ]+ - Y E <U4(Xi)€?+11(sz* ))]
=1

2 (umum n \/E(ei‘)lEu(ag)) P((2,)°).

Thus, we need , /IP((£2; ,)¢) to be order n~2 i.e. that IP((Q2;,)°) < C'/n* which is ensured
by Lemma 5.1 (take k = 4) under the Assumptions of Theorem 3.2.0J

IN

IN

6 Appendix: Value of the parameters associated
to the models and further numerical results.

The functions are given in Table 1 and the parameters are given first for the regressive
case as a function of s2n, then in the autoregressive case, in the order corresponding to
s2n values 1, 3, 7, 10, first for gaussian errors and next for uniform errors.

M1 o = 1.1015/s2n; o = (1.85,0.562,0.239,0.167), o = (1.85, 0.562, 0.2385, 0.1669),
M2 o = 0.7728/s2n; o = (0.917,0.318,0.137,0.096), o = (0.917, 0.31, 0.137, 0.096),

M3 o = 0.6416/s2n; o = (0.555,0.161, 0.0549, 0.0371), o = (0.555, 0.169, 0.055, 0.0371),
M4 o = 0.8669/s2n; o = (0.928,0.305,0.132,0.0935), o = (0.93, 0.302, 0.1316, 0.0935),

M5 o = 1/(v/2s2n); o = (0.7071,0.2447,0.1184,0.0877), o = (0.7071, 0.2405, 0.1175,
0.0881),

M6 o = 1/(v/2s2n); o = (0.7071,0.2357,0.102,0.0718), o = (0.7071, 0.2341, 0.1019,
0.0719),

M7 ¢ = 1/(v/2s2n); o = (0.7071,0.2357,0.101,0.071), o = (0.7071, 0.2357, 0.1006,
0.0707),

M8 o = 1/(v/2s2n); o = (0.777,0.291,0.1269,0.0889), o = (0.7813, 0.2898, 0.1268,
0.0891),

M9 o = v/2/s2n; o = (1.266,0.423,0.188,0.133), o = (1.266, 0.423, 0.1877, 0.1329),

M10 a = 0.2762s2n, 0 = 1; a = 0.5,0 = (1.255,0.331,0.108,0.0728), a = 0.5,0 = (1.27,
0.352, 0.1077, 0.0727),

M1l o = 1.1139/s2n; o = (1.19,0.376,0.1603,0.1122), ¢ = (1.19, 0.376, 0.1603, 0.1122),

M12 B =2, a=s2n/1.5235; B = 1,a =(0.707, 0.9485, 0.9895, 0.9947), B = 1,a = (0.707,
0.9485, 0.9896, 0.9947),

M13 =5, a =s2n/2.5347; no autoregressive counterpart.
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s2n=1 s2n=3 s2n="7 s2n=10
b o b o b o b o
M1 141101 14|10 1410 14| 1.0
M2 1.9 110 23|11 23|11 (23] 1.1
M3 1511416 |13 1212 13|13
M4 1.3 1.7 12|21 1212|1210
M5 1.2 1161|1314 15|12 | 12|15
M6 1.3 122 13|17 11|21 | 13|24
M7 1.6 13113271325 | 13|24
M8 1.3 85 || 1.1 |25 1.3 |19 | 1.1 ] 23
M9 15116 11|17 13|15 | 13|16
MI1O | 1.5 |19} 19 |19 | 1.1 |11 12|13
M1l | 1.8 26| 1.5 |23 | 16|13 1.6 | 1.1
Table 4. Ratio to the oracle of the Lo risk for the first step estimator in the
autoregressive case for uniform errors.

M14 g =4, a = s2n/0.6007; 5 = 0.25,a =(0.708, 0.951, 0.9919, 0.9961), 5 = 0.25,a =
(0.707, 0.95, 0.9918, 0.9961),
M15 (=2, a =s2n/0.5675; no autoregressive counterpart

M16 zg = 1/v/2, 0 = 0.8616, a = s2n; a = 1.04, 79 = /2,0 = (1.044, 0.314, 0.162, 0.125);
a=1.04, 7o = V2,0 = (1.03, 0.314, 0.162, 0.1254).

s2n=1 s2n=3 s2n="7 s2n=10
b o b o b o b o
M1 24 11|16 |11 |14 )11} 14|11
M2 1.7110 ] 21| 1.1 15|11 15 ] 1.1
M3 1511316 13|13 13| 16|13
M4 1.8 1314|1316 13| 13|14
M5 1911213 |12} 16 12| 15|12
M6 1.3 (13| 13|11 15|13 | 15|13
M7 1311413 |15 12|16 13|18
M8 14113 12|13 1515|1214
M9 16 1214 (12| 15|12 | 16| 1.2
M10 || 16 [ 1.3 ] 24 13| 13|13 | 15| 13
Mi1 | 24 (13| 16|13 13|13 13|13
Mi12 || 20|16 14|15 | 14|15 ]| 14|15
M13 || 27|15 22|15 22|15 ]| 22|15
M4 |19 15| 14 15| 13|14 13|14
Mi5 (|20 | 1.1 || 15| 1.1 || 14 |11 14| 1.1
Mi6 || 1.3 | 15| 08|36 04| 11 || 0.3 | 31
Table 5. Ratio to the oracle of the Lo risk for the first step estimator in the regressive
case for uniform errors.
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