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EXTENSIONS OF THE CAV(U) THEOREM FOR REPEATED GAMES WITH
INCOMPLETE INFORMATION ON ONE SIDE.

FABIEN GENSBITTEL

ABSTRACT. This work is devoted to extend several asymptotic results concerning repeated games with incom-
plete information on one side. The model we consider is a generalization of the classical model of Aumann and
Maschler [4] to infinite action spaces and partial information. We prove an extension of the classical “Cav(u)”
Theorem in this model for both the lower and upper value functions using two different methods: respectively
a probabilistic method based on martingales and a functional one based on approximation schemes for viscos-
ity solutions of Hamilton Jacobi equations similar to the dual differential approach of Laraki [25]. Moreover,
we show that solutions of these two asymptotic problems provide O(1/+/n)-optimal strategies for both players
in any game of length n. All these results are based on a compact approach, which consists in identifying a
continuous-time problem defined on the time interval [0, 1] representing the “limit” of a sequence of finitely
repeated games, as the number of repetitions is going to infinity. Finally, our results imply the existence of the
uniform value of the infinitely repeated game whenever the value of the non-revealing game exists.

This work is devoted to generalize and extend several asymptotic results concerning zero-sum repeated games
with incomplete information on one side. Our approach, known as compact approach, consists in identifying
a continuous-time problem (in most known examples a differential game or a control problem) defined on the
time interval [0, 1] which represents the “limit” of a sequence of finitely repeated games. These games are seen
as discrete-time models defined on the time interval [0, 1], being piecewise constant on a partition whose mesh
is going to zero as the number of repetitions is going to infinity.

The model we consider is an extension of the classical Aumann-Maschler model [4], where the informed player
receives only a partial information about the state variable (i.e. a noisy signal) and where action spaces may
be infinite. As a consequence, and since no regularity of the payoff functions is assumed, these games have in
general no value. Our main result is the extension of the classical “Cav(u)” Theorem for both the lower and
upper value functions in terms of the lower and upper value functions of the non-revealing game. Moreover, we
identify two limit continuous-time problems, generalizing the compact problems mentioned in Sorin [29] (section
3.7.2 p.50). All the results are presented within the framework of finitely repeated games, but the extension
to time-dependent payoff functions and to general evaluations (including discounted games) is possible (precise
statements and details needed in order to adapt the proofs are given in section 5). These extensions are typical
of the compact approach (see Cardaliaguet-Laraki-Sotin [14] for general results in this direction) and also relate
our results to differential games with incomplete information (see Cardaliaguet-Rainer [11, 13]).

The analysis of the asymptotic behavior of the lower value functions (or maxmin) of these games is based
on probabilistic tools. The proofs rely on a representation formula for the lower value functions as the value
functions of some discrete-time stochastic optimization problem over martingales that we call maximal variation
problem. The maximizers of this problem represent the optimal processes of revelation for the informed player.
This formula extends the one introduced in De Meyer [19] in a multidimensional setting and without assuming
the existence of the value, since the class of financial exchange games considered in [19] is formally contained
in the model described here. The concavification operator appearing in the limit is then expressed as the value
function of a continuous-time stochastic control problem and we deduce from this representation that any limit
point of a sequence of maximizers for the maximal variation problem is a maximizer of the control problem.
Conversely, as for the finite case, any maximizer of the limit problem induces an (9(%) + ¢ -optimal strategy

for the informed player in the n-stages game for any n (optimal strategies in this context being strategies for
the players guaranteeing respectively the lower and upper value). Although some classical arguments are used,
such as the splitting Lemma and the bound on the L;-variation of a martingale, our proof also introduce new
arguments in order to consider infinite action spaces. Moreover, we provide precise properties of the value
functions and optimal strategies, some of them being new even for finite games, which may be interesting for
their own sake.

The analysis of the upper value functions relies on the introduction of a dual game similar to the game
introduced in De Meyer [18] for finite games and appearing more recently in De Meyer-Lehrer-Rosenberg
[20] for a finite non-repeated game with partial information. We show that the idea of considering a PDE
introduced in De Meyer [17] and already used in De Meyer-Rosenberg [21] and Laraki [25] to prove the classical
“Cav(u)” Theorem for finite games can be adapted in our case. In particular, we extend the dual variational
characterization in the viscosity sense of the concavification operator obtained in Laraki [25] on an infinite-
dimensional space of probabilities. This allows us to deduce from the asymptotic behavior of the upper value
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functions of the dual game the extension of the “Cav(u)” Theorem for the upper value functions of the initial
game. Moreover, these duality relationships allow us to construct, as for the lower values, O(%) + ¢ -optimal
strategies for the uninformed player in the n-stage game for any n.

These two asymptotic characterizations of the value functions, the first related to some continuous-time op-
timization problem over martingales and the second as a dual PDE problem, rely on very general arguments
and provide tools that may be adapted in more general models of repeated game with incomplete information.
Our choice to present these two methods together is based on the fact that they are both related to some
continuous-time problem but also on the observation that the probabilistic method is not directly applicable
for the asymptotic analysis of the upper value functions and reciprocally that the PDE method is not directly
applicable for the asymptotic analysis of the lower value functions. Let us also mention that these two charac-
terizations (the martingale optimization problem and the dual PDE formulation) also appear for second-order
expansions in Gensbittel [23], where a different normalization is used for a particular subclass of games.

Finally, based on classical results on zero-sum repeated games, our results imply that both players have an
e-optimal strategy in the infinitely repeated game. We deduce from this observation the existence of the uniform
value under the assumption, very similar to the Isaac’s condition appearing in [11], that the non-revealing game
has a value.

The paper is organized as follows. Section 1 describes the model and presents the main results. In section
2, we study general properties of the value functions and strategies. In section 3, we prove the representation
formula based on the problem of maximal variation. Then we prove the “Cav(u)” Theorem for the lower value
functions and analyze the optimal strategies of the informed player. In section 4, we describe the model of the
dual game, we prove the “Cav(u)” Theorem for the upper value functions, and we analyze the optimal strategies
of the uninformed player. Section 5 discusses possible extensions and open questions. Section 6 is an appendix
containing technical proofs and auxiliary results.

1. MODEL AND MAIN RESULTS.

Our aim is to extend the classical model of Aumann-Maschler to infinite action spaces and to partial infor-
mation by considering a zero-sum repeated game with incomplete information on one side in which the informed
player does not observe the state variable directly but receives a stochastic signal whose distribution depends
on the state variable. If a fixed finite set of signals and the distribution of signals given states were given,
then this model could be reduced to the classical one (with full information on one side) by replacing states
by signals and by modifying the payoff function accordingly. This would conduct to consider a different game
for any finite set of signals and for any distribution. Moreover, this reduction is not helpful when considering
infinite action spaces since to our knowledge previous proofs for the convergence of the upper value functions
do not apply directly in this context even in the full information case (see Remark 2.1). Our approach is the
following, we consider any measurable set of signals, allowing in particular for infinite sets, and we reduce the
problem to the study of an auxiliary game where states are beliefs of the informed player. We study directly
the value functions in this auxiliary model with compact state space and infinite action spaces which does not
depend on the chosen set of signals. Let us also mention that the model with partial information, apart from
being more general, can also be seen as a tool in order to study the lower value function for games with full
information on one side and infinite action spaces through the representation formula given in Proposition 3.1.

In the following, for a finite set K, its cardinal is also denoted K. |.| and (.,.) denote respectively the usual
Euclidean norm and scalar product on R¥. For a measurable space (E, £), A(E) denotes the set of probabilities
over E. Topological sets are implicitly endowed with their Borel o-fields, probabilities over a topological set with
the weak*-topology, Cartesian products with the product topology and finite sets with the discrete topology.

The game with partial information. A zero-sum finitely repeated game with partial information on one
side is represented by (I,J, K, A, (S,S)). I,J, K are respectively the action sets of the two players denoted
P1,P2 and the state space. The set K is assumed to be finite, but I, J are only assumed to be Polish spaces
(complete separable metric). A represents the payoff function and is a bounded measurable mapping

A:IxJ—RE,

where A(i,7)¥ is the payoff of P1 when actions (4, j) are played and the state variable is k. (S, S) is an auxiliary
measurable space. At the beginning of the game, the pair (k, s), where k € K is the state variable and s € S is
a signal, is drawn by Nature using some probability 7 € A(K x S). P1 is informed privately of the realization
of the random variable s while P2 knows only the description of the game, including w. The only relevant
information for P1 is the conditional law of k given s denoted L(s) € A(K). Let p denote the law of L(s),
and note that p depends only on the joint law of (k,s), which is known by P2. We can therefore reduce our
analysis to a model with full information on one side where the state space A(K) is the set of beliefs of P1.
This amounts to assume (see Lemma 2.1 below for a formal proof) that Nature selects at random L € A(K)
using the probability p and informs P1 of his beliefs L.
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This observation leads us to consider the following reduced game, which is a classical game with incomplete
information on one side, and whose definition is independent of the set of signals. The reduced game is defined by
(I,J,Sk,A). The state space is now S := A(K) identified as the canonical simplex in R¥. The state variable
is a vector L = (L', .., L) € Sk and is drawn by Nature at the beginning of the game using some probability
1 € A(Sk). P1 is informed of the realization of the random variable L while P2 knows only the description
of the game. The n-times repeated game proceeds as follows. At round ¢ (¢ = 1,..,n), P1 and P2 select
simultaneously and independently an action i; € I for P1 and j, € J for P2 using some lotteries depending
on their information and past observations. Actions are announced publicly after each round. Formally, a
behavioral strategy o for P1 is a sequence (o1, ..,04,) of transition probabilities depending on his information
and past observations

oq: Sk x (I x J)4=1 = A(D),

where o4 (L, i1, j1,...;9q—1, Jq—1) denotes the lottery used to select the action i, played at round ¢ by P1 when
the state is L and the past history of the game is (i1, j1, ..., ig—1, jq—1). Let X, be the set of behavioral strategies
for P1. Similarly, a strategy 7 for P2 is a sequence (71, ..,7,) of transition probabilities depending only on his
past observations

g (I x )91 = A().
Let 7, denote the set of behavioral strategies for P2. Let us denote I',, (1) the associated n-times repeated game.
A triplet (u, o, 7) induces by Tulcea’s Theorem (see [28]) a unique probability II(u,o,7) € A(Sk x I™ x J™).
Based on Lemma 2.1, the payoff function of P1 in T',,(p) is given by

(L ZA(iqu»] .

Let us define the lower and upper value function of the game T'),(u), respectively the maximal and minimal
payoffs P1 and P2 can guarantee:

dn (/1'7 g, T) = EH(;L,U,T)

n

1
v K) = sup anE o, Laf A(i 2 J )

n

Vo) = inf sup Enguon L = 32 Alig,jo)

TETn 0EL, q=1

The non-revealing game. In order to state the main convergence results, we need to introduce the value
functions of the non-revealing game. The non-revealing game is a modification of I'y (1) in which P1 is not
informed of the realization L. The lower and upper value functions of this game are defined as follows:

Q(NJ) = Ssup an EH(M,G,T) [<L7 A(ilajl»]a
ceA(I) TeA(JT)

U(M) = inf sup Enw,a,q—)[<L7A<7;1=j1)>]'
reA(J) ceA(I)
Using that L and (41, j1) are independent in the above expectations, we can replace L by its expectation, and
it follows that

(1.1) Vi € A(Sk), U(p) =V, (0g() and - U(p) = V1(dg()),
where E(p) := fSK xdu(x) € Sk and 0, denotes the Dirac mass at x.

The “Cav(u)” Theorems. We are now ready to state our main results. The first one concerns the lower
value functions.

Theorem 1.1. For all p € A(Sk),

Cav(U)(p) < Vo(p) < Cav(U)(p) + CA\/F

where C g := sup(; jyerx.s| A, )|

If the proof of the first inequality is standard, the proof of the second one is based on the representation
formula given in Proposition 3.1 and on the properties of the value function V ;. Besides the above statement,
this representation formula induces several results that may be interesting for their own sake: it allows to
relate optimal strategies of P1 to optimal belief martingales (see Remark 3.1), provides a new expression for
the recurrence formula (see Proposition 3.5), and is easily shown to converge to a continuous-time optimization
problem whose value is Cav(U) (see Proposition 3.3 and 3.4 and section 5 for further extensions).

In a second part of the paper, based on the study of the dual game, we prove the following dual version of
the “Cav(u)” Theorem for the upper value functions.
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Theorem 1.2. There exists a constant Cy, depending only on K and C4 such that for all p € A(Sk)
Cav(U)(p) < Vou(n) < Cav(U)(n) + Con™ /2.

The proof is based on a generalization of the dual differential approach of Laraki [25].

Let us finally mention that using classical results, the informed player can guarantee Cav(U) in the infinitely
repeated game using the splitting Lemma (see Remark 3.2) and the uninformed player can guarantee limV,, =
Cav(U) (see Remark 4.3). The next Corollary follows then directly from Theorems 1.1 and 1.2.

Corollary 1.1. If the non-revealing game has a value for all x € Sk (or equivalently for all u € A(Sk)), then
Cav(U) (1) <V, (1) < Viu(p) < Cav(U)(p) + Con™/?

where U = U = U. Moreover, the uniform value of the infinitely repeated game exists.

2. GENERAL PROPERTIES.

Identifications. We consider here the model with signals in the set S and with initial probability 7 € A(K x S)
described briefly at the beginning of the previous section. In this model, a behavioral strategy o for P1 is a
sequence (o1, ..,0y,) such that

og: 8 x (I xJ)9=Y = A(D),
and the set of behavioral strategies for P2 is 7y, as in the auxiliary game I';,(1). A triplet (7,0, 7) induces a
unique probability I , ) € A(K x S x I" x J") and the payoff function of P1 is given by

In,,.
EH(W,U,T) [n ZA(qu]q)k‘| .
g=1
The following result proves that there is no loss of generality in studying directly the auxiliary game T',,(u).

Lemma 2.1. For all strategy o as defined above, there erists a strategy & € X, (i.e. which depends on s only
through the conditional law of k given s denoted L(s)) giving the same payoff against any strategy T. Therefore
the lower and upper value functions of the game depend only on w through the distribution p of L(s) and are
respectively equal to V., (1) and V,,(11).

Proof. Note that by definition of L(s), we have L(s) = E,lex | s] where (ey,..,ex) denotes the canonical
basis of RX. Moreover, given any pair of strategies (o, 7), we have by construction that L(s) = Eft(r,0,7) ek |
8,91, 15 -+ g, Jq) for allg = 1, .., n. Therefore, by taking the conditional expectation with respect to (s, 1, j1, .-, ig, Jq))
in each term of the following sum, we obtain

n

1 .
= EH(ﬂ-,a,‘r) |]1 Z<ek7 A(Zq7.7q)>

q=1

n

(L(s), Aliq; Jq))

=1

1

n

IR
(21)  Engron [HZAMV“
q=1

= ]EH(Tr,a',T) [

q
Notice then that P1 can generate a variable § such that (L(s), §) has the same law as (L(s), s) using an exogenous
lottery. Define a strategy & as 64(L(s), 41,71, ., lq—1,Jg—1) = 0(8, 41, j1, ..., 9g—1,Jq—1). This does not define a
behavioral strategy but a general strategy. Using Kuhn’s Theorem (see [3]) in the auxiliary game T, (1) with
state variable L(s), there exists a strategy & equivalent to & and which depend only on L(s). Using equation
(2.1), this strategy gives the same payoff as o against any 7 since it induces the same law for (L(s), i1, j1, -y in, jn)-
The second assertion is obvious. O

The model with partial information clearly extends the classical model with full information on one side.
More formally, note that for a fully informative signal s, the conditional law of k given s is the Dirac mass
0. This leads naturally to introduce the following embedding function. At first, we can identify K with the
canonical basis {ex,k = 1,.., K} of RE. This induces naturally a linear isomorphism h between A(K) and the
compact face A({ey,k = 1,.., K}) C A(Sk) of probabilities over RX supported by {es, k =1, .., K}. Precisely,

K
hip= " )ho1kx € AK) — > phoe,,
k=1

where J,, is the Dirac mass in eg. Using this identification, it is easily seen that the function p — V., (h(p))
defined on A(K) is the lower value function of the n-stages game in which P1 is informed of the state variable
k of law p. More can be said about the value of the non-revealing game, since it depends only on the law of the
state variable k£ and not on the law of signals. Precisely, define

Vp € A(K), u(p) := U(h(p)) =V, (dp),
u(p) :=U(h(p)) = V1(dp)-

u(p) is the lower value function of the non-revealing game associated to a state variable k of law p.
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Remark 2.1. The lower value function V| associated with the model with partial information has the following
important property that will be used in the next section. This concave and Lipschitz function extends the two
usual value functions used in the classical Aumann-Maschler model. On one hand, looking at V, on the set of
extreme points of A(Sk), i.e. Dirac masses, one recovers the function of the classical non-revealing game u.
On the other hand, looking at V1 on the compact face of distributions supported by the elements of the canonical
basis of RE, one recovers the value of the one-shot game with full information on one side. This property,
together with the fact that V; is Lipschitz (see the next Proposition), is a key argument in order to prove the
“Cav(u)” Theorem without using a finiteness assumption on I (as for example in [26] Lemma 2.5 p.187).

Properties of the value functions. The following results are classical in zero-sum games. Notice however
that the proof of the Lipschitz property cannot be derived from the usual argument used in the model with full
information and relies on a probabilistic representation for the Wasserstein distance.

Proposition 2.1. The functions V,, and V,, are concave on A(Sk), nondecreasing for the convex order'
(denoted =), and Lipschitz-continuous of constant C4 with respect to the Wasserstein distance of order 1
(denoted dwy, see definition 6.1).

Proof. Let us prove the nondecreasing property. Suppose that u; =< po, and let (Y7, Ys) be a martingale such
that Y; ~ p; for i = 1,2. Let o be a strategy in T',, (7). Assuming that the state variable is Y3, P1 can generate
Y7 conditionally on Y5 and then play the strategy o(Y7,.) in the game I',,(u2). This defines a generalized
strategy which is equivalent to a behavioral strategy (see Aumann [3]) in X,, and using the martingale property,
the induced payoff in T',,(u2) against any strategy 7 is

E(¥a, -3 Alig, )] = E[Vi, - 3 Alis j)] = gn (i, 0,7),

implying that P1 can guarantee at least the same quantity in I, (u2) than in T',,(u1). For the Lipschitz property,
let p1, o € A(Sk) and (Y1, Ys) be random variables such that ¥; ~ p; fori = 1,2 and E[|Y; —Ya|] = dw (p1, p2)-
Given a strategy o in I',, (1), playing o(Y7,.) defines also a strategy & in I',,(uu2) using the same argument as
above. Given any strategy 7 € T, we can assume that the random variables (Y1,Y2) and (ig,j4) € I x J are
defined on the same probability space, and using Cauchy-Schwarz inequality

~ IR
gn(ula g, T) - gn(/jf27 g, T) = EK}/I - }/27 ﬁ Z A(Zq7]q)>] S CAdW(/Lh /1'2>7
g=1
and the result follows. For the concavity, using Kuhn’s Theorem, the game in mixed strategies has the same
value functions, and can be seen as a one-shot game with incomplete information on one side. The result follows
therefore from Theorem 1.1 p.183 in [26].
O

Reduced strategies. We introduce the notion of reduced strategies, which are simply strategies that do not
depend on P2’s past actions. These results will only be used in the beginning of section 4 and can be omitted
at a first reading.

A reduced strategy 7 for P2 is a sequence (71, ..., 7,) of transition probabilities 7, : 1971 — A(J). A reduced
strategy for P1 is a sequence o = (071, ..., 0,,) of transition probabilities o, : S x 1971 — A(I). Let £ (resp.
T,1) the set of reduced behavioral strategies of P1 (resp. P2). Given a reduced strategy o of P1, the pair (i, o)
induces a probability on Sk x I"™. The next Proposition implies that an optimal strategy in the game restricted
to reduced strategies is still optimal in the initial game.

Proposition 2.2. If a strategy guarantees the quantity C in the game T, (1) where the strategy sets of the
players are restricted to reduced strategies, then it guarantees C in the initial game. Moreover, for any strategy
of P2, there exists a reduced strategy giving the same payoff against all reduced strategies of P1.

Proof. This proof is directly adapted from [18], and is reproduced here for the sake of completeness since it is
very short. For any 7 € 7,,, there exists a reduced strategy 7 giving the same payoff as 7 against any reduced
strategy of P1. The strategy T proceeds as follows : at step ¢, P2 does not remind his past actions (j1, .., jg—1),
but using past actions of P1, he generates a virtual history (i, jAr)T:qu,l by choosing ]/; with the probability
T(il,jAl, . Z'r_l,jj_\l). He selects then at stage ¢ an action j, with the probability T((ir,ﬁ)r=17__7q_1). Since the
action of P1 does not depend on past actions of P2, the conditional distribution of (iq,jq) given (L, 1, ..,4q—1)
is the same as if P2 was using 7, and so is the conditional expected payoff at stage q. The situation is not
symmetric for P1, because to generate a virtual history of the past actions of P2, he has to know which strategy
P2 is using. However, given 7* € T,% the same argument shows that for all ¢ € %,,, there exists a reduced
strategy o giving the same payoff as o against the fixed strategy 7*, which allows to conclude. O

1Recall that p1 = po if there exists a martingale X1, X2 such that X; is p; distributed for ¢ = 1,2 (see Blackwell [7]).
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3. PROBLEM OF MAXIMAL VARIATION AND LOWER VALUE FUNCTIONS.

We introduce now a general optimization problem called maximal variation problem that will lead to a
continuous-time stochastic control problem describing the limits of optimal strategies of the informed player. The
first main result is that the lower value function (or maxmin) of the game I',, (1) is equal to the value function of
the maximal variation problem (Proposition 3.1). This generalizes therefore the former result of De Meyer [19] in
a multi-dimensional context and without the assumption of existence of the value. Using this representation, we
extend the classical “Cav(u)” Theorem of Aumann-Maschler for the lower value functions. The limiting function
given by this Theorem is then shown to be the value function of an optimization problem over continuous-time
martingale distributions and we prove that the limit of any convergent sequence of maximizers for the maximal
variation problem is a maximizer of the limit or “compact” problem (Proposition 3.3). On the other hand,
maximizers of this compact problem provide O(y/n)-optimal strategies in the games T',, (Proposition 3.4).

Proposition 3.1 allows to prove easily and rigorously convergence to the continuous-time limit problem. As
mentioned in the introduction, this result relates our asymptotic results to differential games with asymmetric
information (see also section 5). Note also that the same kind of asymptotic analysis have been derived from this
representation formula in order to obtain second-order asymptotic expansions in De Meyer [19] and Gensbittel
[23]. Moreover, besides the present applications, we believe that this method is of interest for its own sake, and
can be adapted in much more general contexts in which one player is always more informed (see the last point
in section 5).

The martingale of beliefs. As usual when computing a best reply to some strategy of the informed player
P1, we “assume” that P2 knows which strategy P1 is using and updates his beliefs on the state variable L given
his observations using Bayes’ rules. This leads to introduce a sequence of virtual beliefs of P2 about the state
variable which depends on the strategy used by both players and is called the a posteriori martingale. In a
more general context, beliefs of P2 should be represented by the conditional distribution of the state variable
over RX given his information. In our case, since we already work with an auxiliary game in which payoffs are
linear, we shall only consider the process of expected beliefs? of P2. Precisely, let us define the expected belief of
P2 as the expected value of L given his information. Available information after round ¢ is represented by the
o-field Fy = o(i1, j1, ..., 94, Jq) Of past observations. Formally, the process of expected beliefs is the martingale

(31) Lq = ]EH(;,L,O',T) [L | ]:q]v

and the law of this martingale depends on the pair of strategies (o, 7). This martingale has length n and its final
value L, is by construction dominated (in the sense of convex ordering) by . The initial value is by convention
Lo := E,[L] and we will consider the variable L, 1 := L as the terminal value of the martingale®, which follows
the law p.

The maximal variation problem. Let us introduce some notations and definitions.

Notation 3.1. Let E be a Borel space and X be an E-valued random variable defined on some probability
space (2, F,P). Then [X] denotes the law of X and given a o-field G C F, [X | G] denotes a version of the
conditional law of X given G, hence a G measurable random variable with values in A(E) (see Proposition 7.26

Definition 3.1. For p € A(Sk), My (1) denotes the subset of A(ST) formed by the laws of Sk -valued martin-

gales (L, .., Ly,) such that the final distribution [L,] is dominated by pn. By convention, for any such martingale
LQ = E[L]_]

Definition 3.2. We define the V, -variation on the set My, (1) by

(3.2) U ((Lg)g=1,..,n) = %E[Zzl(ﬂl’q | Lim,0 <m < ¢ —1])].

q=1
The problem of maximal V ; -variation is then
W, (1) == sup U,.
Mn(“)
The following Proposition is the keystone of our proof of the “Cav(u)” Theorem for the lower value functions.

Proposition 3.1. o
Ve A(Sk), V,(u) = Yn(p).

As it will be convenient to work with martingales with respect to arbitrary filtrations, let us introduce the
following definition.

2A direct computation shows that in a game with signals, the expected belief we define here is exactly the belief of the uninformed
player about the “true” state variable k£ which is not appearing anymore in our description.

3Note that it is always possible to add an additional variable having law 1 to a martingale whose final distribution is dominated
by wu.
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Definition 3.3. For u € A(Sk), M, (n) is the collection of martingales (Lq, Hq)g=1,...n of length n, defined on
some filtered probability space (Q, A, (Hq)g=0,..n, P), and whose final distribution [L,] is dominated by u. By
convention, we always set Ho = {Q,0}.

Note that the set M, (1) introduced in Definition 3.1 is the set of laws of martingales in 2, (u). The
following property results directly from the concavity of V; and shows that the maximal variation problem can
be extended to the set M, (u) without modifying its value.

Lemma 3.1. For all u € A(Sk), we have

S|

(3.3) (1) = sup E[Y Vi([Lg | He-a]):
(Lq7Hq)q=1,..,nemn(N) g=1

Proof. Tt is clearly sufficient to prove that W,(u) is not lower than the right-hand side of (3.3). Let
(Lg,Hg)g=1,...n € My (1). Since V; is concave and dyy-Lipschitz, it follows from Jensen’s inequality (see Lemma
6.1) that for all g =1,..,n

Vi(lLq [ Hoa]) < Val[Lg | Lo, -, Lg-1])-

The proof follows then by summation over q. ]

In order to prove Proposition 3.1, we will also need the following two Lemmas that are classical measurable
selection results.

Lemma 3.2. For all € > 0, there exists a measurable function
Qe : SK X A(SK) X [0,1} — L
such that the strategy induced by i1y = o (L, u, U), where U is some uniform random variable on [0, 1] independent

from L, is e-optimal in the game T'1(u) for all p € A(Sk).

The proof of this first Lemma is standard and therefore postponed to section 6. Let us denote A(I x Sk)
the set of joint probability distributions on I X Si. Note that a pair (o1, ) where oy is a strategy of P1 in the
game I’y (u) defines naturally a probability in A(I x Sk ) that will be denoted (o, ).

Lemma 3.3. For all € > 0, there exists a universally measurable function
Te : A(I x Sg) — A(J)

such that for all (o1, 1)
EH(u,ath(Tr(ol,u)))KLa A(Zlajl»] < Kl (:u‘) +e.

Proof. Endow the sets A(I x Sk) and A(J) with the usual weak* topology. The application

(7. 7) - /(x,T(z’,j)>d7r(i,x) % 7))

is jointly measurable. If ; denotes the marginal law on Sk induced by =, the set

{(m.7) - / (2, TG0, ) (i, ) © 7(7) < Vi (1) + e}

is therefore a Borel subset of A(I x Si) x A(J). The existence of an e-optimal universally measurable selection
7. follows therefore from Von Neumann'’s selection Theorem (see e.g. Proposition 7.49 in [6]). O

of Proposition 3.1. The first part of this proof is an extension of the one appearing in [19]. However, the second
part is different since we consider the lower value of the game and not the value, and requires the assumption
that the actions sets are Polish. Let us start with an e-maximizer (Ly)q=1,., for the problem ¥, (u). Formally,
since only the law of the chosen martingale is relevant, we can assume (see Theorem 6.1) that there exists a
sequence Uy, .., U, of independent random variables uniformly distributed on [0, 1] and independent from L,
and a sequence of measurable functions (fi, .., f) such that (L1, .., L,, L) is a martingale and

L, = f,(L,Un,..,U,) for ¢ =1, .n.

From the previous Lemma, we can define P1’s strategy o as follows: given n > 0, and a sequence (Y7, ..,Y,,) of
independent random variables uniformly distributed on [0, 1] and independent from (L, Uy, .., U,,), the action i,
of P1 at stage ¢ is

(3.4) iqg(L1, ., Lg, Yy) := @u(Lg, [Lq | L1, .., Lg—1], Yy).

This does not define directly a behavioral strategy, since P1 has to remember at each stage the value of the
auxiliary variables L, (or U,;). But this mixed strategy defines a joint law on (L, 41, .., 4,) which can always be
disintegrated in a behavioral strategy that does not depend on P2’s actions. We can clearly keep the above
representation of P1’s strategy to compute his payoff against some strategy 7, even if it is not expressed as
a behavioral strategy, since these computations depend only on the induced law on (L, i1, ..i,). Without loss
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of generality, given a sequence (Wh,..,W,,) of independent random variables uniformly distributed on [0, 1]
and independent of (L, Uy, Y1, ..,Uy,, Y, ), we can assume that the strategy 7 is given by a sequence ¢i, .., g, of
measurable functions and that the action of P2 at stage ¢ is (see Theorem 6.1)

jq = gq(ilujla -~7iq—1ajq—17 Wq)

Let us define the filtration (Hq)g=1,...n by Hq = 0(L1,Y1, W1, .., Ly, Yy, W,). With this notation, variables iy, j,
are Hq,-measurable and we have by construction the following equalities between the conditional laws for all
q=1,..,n

[[L | Hq]] = [[L | le“an]]v [[Lq | Hq—l]] = [[Lq | Lla"an—l]]-

The conditional payoff at round ¢ given the past actions is

E[<L7A(Zq7]q)> | il)jlv"aiq—lqu—l} = E[E[<L7A(ZQ’jq)> | Hq] | ilajl)“aiq—lvjq—l]
= EKLQ?A(ZQa.]q» | ilvjla -~7iq—1ajq—1] = E[]EKLIDA(’LCI?JQ» | Hq—l] | il)jh "ai(]—lqu—lL

where the second equality follows from the linearity of the payoff. Finally the conditional expectation given
Hq—1 above is exactly the payoff in a one-shot game where the law of the state variable is [Lq | L1,.., Lg—1]
and the joint conditional law of [Lg,4q | L1, .., Lg—1] has been constructed so that

E[<Lq7A(iqajq)> | ,qul] 2 Kl([[Lq | Ly, ’qufl]D -n.

Summing up these inequalities proves that V., (1) > W, (1) — (¢ +7) and we obtain a first inequality by sending
€ and 7 to zero.

It remains to prove the reverse inequality. Let us fix a pair (u, o) where o is a behavioral strategy for P1
in I, (1) and some € > 0. We will construct a strategy 7 for P2 by induction such that for all ¢ = 1,..,n the
expected payoff at round ¢ is not greater than

EH(;L,U,T) [K1([[Lq | i1>j17 .y Z.qflajqfl]])] + g,

where Lg is defined by Ery, o, [L | 41,71, i1, 7q—1,9¢). Note that adding j, in the conditional expecta-
tion defining L, does not change its value, which does not depend on 7,. Suppose that (71, ..,74—1) is already
constructed. Since (u, 0,71, ..,74—1) defines a joint law on (L, i1, .., iy, J1, --» Jg—1) that will be denoted P, the con-
ditional expectation L, is well-defined and P-almost surely equal to a Borel mapping hq(iq, i1, j1, -y Gg—1; Jg—1)-
The disintegration Theorem implies the existence of a A(Sk x I)-valued Borel mapping Mg (i1, j1, ..., tg—1, Jg—1)
which is a version of the conditional law [Lg,¢q | 41,71, ..., 4g—1, Jg—1]. Using Lemma 3.3, the mapping 7. being
universally measurable, there exists a Borel mapping 7. which is almost surely equal to 7. with respect to the
law of the random variable [Ly,iq | 1,71, -+, tg—1, Jg—1] (or the image probability of P induced by the mapping
M, which depends only on variables known by P2). The strategy 7, = 7o (M (i1, j1, .-, ig—1, Jq—1)) has then the
required properties. The overall payoff of P2 is therefore not greater than

S|

EH(H,G’,T)[ Zzl([[Lq ‘ ilajla --7iq—11jq—1]])] +e< @n(:u‘) + ¢,
q=1

which concludes the proof since € was arbitrary. (I

Remark 3.1. The above proof implies that any e-maximizer of W, (1) induces an & +n-optimal reduced strategy
for P1in Ty (p) through the formula (3.4). On the other hand, it also implies that if a strategy of P1 is e-optimal
in Tp(u) and does not depend on the actions of P2, then the induced martingale of expected beliefs is e-optimal
for W(u) independently of the strategy of P2.

The “Cav(u)” Theorem. We are now able to prove the classical “Cav(u)” Theorem of Aumann-Maschler in
this context. Let us recall, the classical bound on the Li-variation of Sk-valued martingales.

Lemma 3.4. For all martingale (L1, ..., L,) with values in Sk,
E[> |Ly— Leal] < VE = 1V
g=1

Proof. See Lemma 2.1 p. 186 in [26]. O

of Theorem 1.1. The proof of the first inequality is well-known, see for example Proposition 2.8 p.188 in [26].
The second inequality follows from Proposition 2.1. Using the Lipschitz property of V; we have
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Note that for any variable X of law p, dw (i, 0g(,)) = E[|X — E[X]|]. Applying the preceding inequality in the
expression of W,,((Lg)g=1,..,n) implies, with L, 1 a terminal variable of law p added to the martingale:

n

U(ILq | L1, ooy Lg-aD)] + CAB[Y | |Lg — Lg-a]]

g=1

Q(HLnJrl | L1, ~'7Lq71]])] + CA\/EV K-1

M:

n\I/n((Lq)q=1v~7”) < ]E[

=]
I
=

NE

<E|
1

ke
Il

[ Cav(U)([Lny1 | L1, -, Lga])] + CavnV K — 1

M:

1

i U)([Eui]) + CaviVE T
< nC’av(i)(,u) + CavnvK — 1.

The second line follows from the fact that U(v) depends only the barycenter of v (cf. (1.1)) and from the
martingale property. The third line follows from the definition of the concavification operator. The fourth one
follows from Jensen’s inequality (Lemma 6.1), which applies here since U is weakly continuous on the weakly
compact set A(Sk) and bounded, implying that Cav(U) is weakly upper semi-continuous and bounded (see
e.g. Lemma 26.13 in [15]). |

Remark 3.2. Recall that Proposition 2.8 p.188 in [26] provides a strategy which guarantees Cav(U)(u) in Ty (@)
for all n and also in the infinitely repeated game. From the preceding Theorem, this strategy is asymptotically
optimal for P1 in T\ (u).

The limit continuous-time optimization problem. The following continuous-time probabilistic formula-
tion is obtained directly from the definition of the concavification operator and already appears in [29] (section
3.7.2.a. p.50) as the heuristic compact limit for finite games. It is also reminiscent from the result given in
Theorem 3.1 of [11] for differential games with incomplete information with time dependent payoffs (see section
5 for possible extensions in this direction).

Proposition 3.2. For all p € A(Sk),

1
(3.5) Cao@u) =  sup  E| / w(X0)dt),
[(Xt)iero, ] eEM(Zp) 0

where M(=X p) is the set of laws of cadlag martingales (X¢)ie(0,1) whose final distribution [X1] is dominated by
w. Moreover, X is a maximizer if and only if for all s in [0,1)

Elu(X;)] = Cav(U)(w)-

Proof. Note at first that any martingale in M (= ) has trajectories in the set Sx with probability 1. Moreover,
X being a martingale, we have for all s < ¢, [X;] =< [X;] using the definition of convex order. From the
definition of u, for all s € [0,1], we have u(Xs) = U([X; | FX]) almost surely, where X denotes the filtration
generated by X. By the definition of the concavification operator and since U is continuous, we have

(3.6) Elu(X,)] = EU([X: [ FsD)] < E[Cav(U)([X1 | F5])] < Cav(U@)([X1]) < Cav(U)(w),

where the second inequality follows from Jensen’s inequality (Lemma 6.1) and the third from the fact that
Cav(U), being the pointwise limit of nondecreasing functions for the convex order, is itself nondecreasing. Using
Fubini’s Theorem, the right-hand side of (3.5) is less or equal than C'av(U)(u). To prove the converse inequality,
let v € A(A(Sk)) be a probability whose barycenter is p and such that fA(SK) U(w)dv(w) = Cav(U)(p) (which
exists by compactness). Let (S,Y) € A(Sk) x Sk be a pair of random variables such that [S] = v and
[Y | S] = S. Define a martingale by the relation X; =Y and X; = E[Y | S] for all ¢t € [0,1). Then

E| / u(X,)ds] = / Efu(E[Y | S])]ds = / E[U([Y | S]))ds = Cav(U)(1).

For the second assertion, if the property is true, then X is clearly a maximizer. If X is a maximizer and this
property is false, then we obtain a contradiction using the inequalities 3.6 and integrating with respect to s
since the function s — E[u(X,)] is cadlag. O

This result allows us to deduce the convergence of maximizers of the maximal variation problem to the
maximizers of the continuous-time problem we just defined. This characterizes, using Proposition 3.1, the
asymptotic behavior of the optimal strategies of the informed player in T',, (). We need the following notation.
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Notation 3.2. Given a discrete-time process (L1, .., Ly,), the continuous-time version of this process is defined

by
H? = LLntJ fort e [O, 1],

where |a| denotes the greatest integer less or equal to a.
Proposition 3.3. Let (L") be an asymptotically mazimizing sequence of W, (u) in My, (i), i.e. such that
W, (L") — Cav(U) ().
n—oo

Then the continuous-time versions of these martingales define a weakly relatively compact sequence of laws for
the Meyer-Zheng topology (see [27]) and any limit point belongs to

1
Poo(t) := argmax E[/ w( Xy )dt].
[(Xt)tero,n]eEM(Zp) 0
Proof. We refer to [27] for properties of the Meyer-Zheng topology on the Skorokhod space. This topology is
the convergence in distribution over the set A(ID([0,1], Sk)), when the set D([0,1], Sk) of cadlag functions is
endowed with the topology of convergence in measure with respect to Lebesgue’s measure (denoted A) together

convergence of the value at time 1: a sequence y,, converges to y if

Ve >0, A{lyn(z) —y(z)[ =2 e}) — 0, and  ya(1) — y(1).

n—oo

The subset M(=< ) of laws of martingales (in A(ID([0, 1], Sk)) is weakly compact using Theorem 2 in [27], the
fact that the projection (Xi);ep0,1] — X1 at time 1 is continuous on ([0, 1], Sk) and that condition [X:] < u

is weakly closed. Moreover, the functional [(X:):ep,171] — E[ fol u(X¢)dt] is weakly continuous. Let us denote
II™ denote the sequence of continuous-time versions of L™, and notice that [II"] € M(=X u) by construction.
Assume, up to the extraction of some subsequence, that [II"] converges weakly to some limit [II]. Then, using
the previous Propositions:

n

Wa((Lgdomt,on) < S SU(ULy | Lty Ly al)] + - CAELY 1Ly = Ly

q=1 g=1

n

= B[ Tl )] + ~CABLY Ly — Lo

q=1 q=1

< (i + e R =1va

1
— E[/O w(IL)dt].

n—oo
We conclude that [II] € P (1) since by assumption the left-hand side of the above inequality converges to the
value of problem (3.5). O
Finally, discretizations of optimal limit martingales induce asymptotically optimal strategies.
Proposition 3.4. For all martingale X in Pso(p) and all n, we have
— CavK -1
W (Xa)om ) 2 Tol) — 222

Proof. Let X be a martingale such that [(X;)icp0,1)] € Poo ().

n

n\Pn((Xi)q:L..,n) > E[ZQ([[X% | X%, ,XqT—lﬂ)] = E[ZQ(X%)]

n
q=1 q=1

n

1 1/n
> nE| / w(X,)dt] — nCs / B> (X, — Xegn [Jdt

1/n n

1
> nE[/ w(X;)dt] — nCA/ E) X1 — X ||dt
0 0 q:l n

— nE[/O w(Xy)dt] = CAE[> | Xa — Xon ]

q=1

> nE[/lu(Xt)dt] ORIV
> (1) - 204VE 1y,

where the third line follows from Jensen’s Inequality. (]
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Using Remark 3.1, the discretization on the uniform partition of size % of [0,1] of any martingale in Pu, (1)

induces for all n and € > 0 a strategy for P1 which is 2C'4 I\;{l + e-optimal in T, (p).

Remark 3.3. It follows from the characterization given in Proposition 3.2 that the mazximizers of the continuous-
time problem are degenerate in the following sense. If we have U(u) < Cav(U)(u), then any optimal martingale
Jumps at time 0 to a position where E[u(Xy)]) = Cav(U)(p) and then can either stop moving or evolve freely
within a set on which U is linear. For the extremal situations, if U is strictly concave at u, then the optimal mar-
tingale never moves and is uniquely determined. On the contrary, if U is linear on A(Sk), then any martingale
will be optimal. It means that the asymptotic behavior of the optimal strategies of P1 is in general degenerate
from the dynamic point of view. The two preceding proofs can however be easily extended to time-dependent
payoff functions (see section 5), in which case this degeneracy phenomenon disappears as shown in [11].

A Martingale version of the recurrence formula. The following result follows from the functional prop-
erties of ¥,, given in the appendix. Note that it provides another expression of the recurrence formula (and of
the associated Shapley operator) for finite games.

Proposition 3.5. For any game I'y,(u) with p € A(Sk) and ¢ = 1,..,n, the following dynamic programming
equation holds.

(3.7) nV, (1) = sup (aV,(IX1]) + El(n — @)V, ([ X2 | X1])])
[X1,X2]eMa(p)

Proof. At first, ¥,, can be seen as a function on the set of martingale distributions M,,(Sk) = ALgs )./\/ln(,u).
ne K

The first inequality follows directly from Proposition 3.1. For any martingale [L1, .., L, ] in M (p), [Lq, Ln] €
Mo(p) and [Lgs1, ..., Ly | Lg] is almost surely a martingale distribution. Therefore

nWo((Lk)k=1,..n) = @¥q((Lr)k=1...q) + E[(n — @) ¥n_g([Lgt1, s Ln | L, ., Lg])]
< q¥q((Li)k=1,..q) T E[(n — ) ¥n—g([Ln | Lg])]
< q@q([[Lq]]) +E[(n — q)@nfq([[Ln | Lg])]-
The reverse inequality follows from the properties of ¥,. Using Lemma 6.2, the application
[L1,..,Lq] — ¥q(Ln, .., Lg)

is concave and weakly upper semi-continuous on the compact set of martingale distributions. The graph of the
mapping 1 — M, (p) being closed, there exists an optimal measurable selection F' from p € A(Sgk) to Mg(n)
(see e.g. Proposition 7.33 in [6]) such that

Uy (F(p) = Eq(ﬂ)-
The proof follows then easily. Take an optimal martingale [X1, Xa] € Ma(u) in the right-hand side of (3.7).
Let g(x) denote a version of the conditional law of X, given X;. There exists a martingale (Lq,.., L) such
that [L,] = [X1] and W (L1, .., L) = V,([L,]). We can construct a sequence of variables (Lg41, .., L,) whose
conditional law given (L1, .., Ly) is F(g(Lg4)). The construction implies therefore
’n’\IIn(le ) Ln) = quq(Lla ) Lq) + E[(n - q)q}n*q(ﬂLqul? ooy Lin | Lqﬂ)]
> gV ([Lq]) + El(n — )V, o ([Ln | LD,

which concludes the proof. O

4. DUAL GAME

We introduce in this section an auxiliary game of complete information known in the finite case as the dual
game, and that was at first introduced in De Meyer [18]. We show that the results obtained in Laraki [25] can
be generalized in our model, including the representation of the concavification of U as the solution of a dual
Hamilton-Jacobi equation. We deduce from this result a proof based on duality of the “Cav(u)” Theorem for
the upper value functions of T, (p).

The model. We consider the game T, (u) defined by (I, J, Sk, A) where u € A(Sk). Given ¢ in the set of
continuous functions C'(Sk ), the dual game I'} (¢) is defined as follows. A strategy for P1 is a pair (i, o) where
u € A(Sk) and o € X,,. A strategy for P2 is some 7 € T,,. The payoff function is defined by

g:L(d)a:U”Ua T) = EH(M,U,T)KL? % ZA<7’Q7]¢Z>> - ¢(L)] = gn(ﬂa a, T) - <¢7M>'

where (¢, ) = |, Sk ¢dp. Let us now define the lower and upper value functions of this game as

(4.1) W, (¢) = sup inf gn(¢,p,0,7),
(n,0)EA(SK)XE, TETR



12 FABIEN GENSBITTEL

(4.2) Wa(¢) := inf sup 9 (&, p,0,7).
T€ETn (1,0)EA(SK)XZ,

Our aim is to study the asymptotic behavior of the dual game, and precisely of W ,.

Remark 4.1. In the following, the convex conjugation denoted by * applied to functions defined on A(Sk) or
C(Sk) refers to the duality between the space M (Sk) of signed Radon measures on Sk and C(Sk). All the
functions defined on A(Sk) are extended on the whole space M (Sk) by the value +0o. Since A(Sk) is a weakly
closed set in M(Sk), if F is conver continuous on A(Sk), its extension is l.s.c. and convex and therefore
F** =F.

Proposition 4.1. For all ¢ € C(Sk) and p € A(Sk)
W, (¢)=(=V,)"(=¢)  and  V,(n) =-W;(—p).
Wa(g) = (=Va)"(—0)  and V() = =W, (—p).

Proof. The first part follows directly from the definition and the preceding Remark. For the second, we have
to apply a minmax Theorem. Indeed we have by definition
(=Va)'(=¢) = sup inf sup gn(p,0,7)— (o)
HEA(SK) TET, 0ED,

and the result follows if we can invert the first sup and inf in this expression. In this context, we can apply
the convex-like version of the minmax Theorem (Fan [22]). The argument is standard, the set 7, is not convex,
but any convex combination of its elements is a general strategy and is equivalent by Kuhn’s Theorem (see
[3]) to a behavioral strategy which proves the convex-like hypothesis. On the other hand, A(Sk) is compact
convex and the function we consider is concave and continuous with respect to p using the same arguments as
for Proposition 2.1. O

Remark 4.2. As before, any function ¢ € C(Sk) is implicitly identified with its extension on RE which is
equal to ¢ on Sk and to +00 outside Sk . Its convex conjugate ¢* is therefore the usual convex conjugate of the
extended function and if ¢ is conver on Sk, then ¢ = ¢**.

Lemma 4.1. For all ¢ € C(Sk),

_ 1 n
Wn(¢) = an sup - 37_
TETE (il,..,in)el” n EZ: fa: 7o
where A(iq,79) := [; Alig, jq)drq(i1, .., ig—1)(Jq)-
Proof. We deduce from Proposition 2.2 that

Wn(¢) < inf sup 9;(@%07 7') = inf sup 9;(@%‘77 7)
TETE (1,0)EA(SK)XEn TETE (n,0)EA(SK)XER
since 7,7 C 7,, and P1 cannot obtain a better payoff against a reduced strategy of P2 by using non-reduced
strategies. The first inequality is an equality since from Proposition 2.2, P2 can replace any non-reduced strategy
by a reduced strategy giving the same payoff against all reduced strategies of P1, i.e.

inf sup gn (o, p,0,7) = inf sup g (P11, 0,7) < Wo(0).
TETE (1,0)EA(SK)XZR T€Tn (1,0)EA(SK)XIR

The set of strategies (11,0) € A(Sk)xXE can be identified to the set of joint distributions on Sk x I". Moreover,
the structure of reduced strategies allows to integrate at first the payoff function with respect to 7 conditionally
n (i1, ..,4,) and by Fubini Theorem

, . , IR

inf  sup  gibmon)=inf  sup  EglL= 3 Alir,me)) - 4(L).
TET,R (u,0)EA(SK)XZE TET,R TEA(SK xI™) n:3

The supremum over A(Sk x I™) is then equal to the supremum over Sk x I"™. The supremum over Sk being

by definition ¢*(L >}, A(ix, 7%)), this concludes the proof. O

A recurrence formula. Let Cv(RX) denote the set of continuous convex functions f on R¥. We define the

following family of operators Rs on the set Cv(R¥).

V6 >0, Rs(f)(x):= inf sup flx+0A(i,T)).
TEA(J]) i€l

Lemma 4.2. For all § > 0, the operator Rs defines a map from Cv(RX) to itself. Moreover, for all ¢ > 0,
there exists a Borel measurable function 7. : RE — A(J) which is e-optimal in the sense

Ve € RE, 87;%9 flx4+0A3,7-(z))) < Rs(f)(z) +e.
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Proof. Rs(f) is real-valued since A is bounded and f continuous. For the convexity of Rs(f) let z1, 2o € RE
and A € [0, 1]. Let 71,72 be n-optimal for the problems Rs(f)(x1) and Rs(f)(z2), then

FOz1+ (1 = Naa + A6 1 + (1 = AN)72)) < ARs(z1) + (1 — N Rs(z2) + 1,

using the linearity of the integral and the convexity of f. The conclusion follows by sending 7 to zero. For the
functions 7., we proceed by discretization. For any fixed 7, the function

x — sup f(x 4+ 0A(, 1))
iel

is continuous since it is locally bounded and convex. Since so is Rs(f), any /2 optimal 7 in x is therefore
e-optimal in a neighborhood of z. It follows that there exists a countable measurable partition of R¥ and a
function 7. constant on the element of the partition having the required properties. (Il

We prove in the following Proposition that W, satisfies a recurrence formula.
Proposition 4.2. For all ¢ € C(P)
Wi(¢) = R}, (¢)(0), with R}, = Ryjpo...0Ryp.
—_——

Proof. By induction, it is sufficient to prove that
Wa(¢) = inf e Ryn(97)(2),

TETHR | i1,.in—1

n—1

with x = % Z:;ll A(ig, 74). For any reduced strategy 7 € T2, we have the following inequality

1 :
sup ¢ gz q7Tq = Ssup ¢ ($+ A(Zn77n<7/1a-~,ln—l)))

11y5tn i1,eey0n

> sup Rys(¢")(x),
T150yin—1
which allows to prove a first inequality by taking the infimum over 7 on both sides. For the reverse inequality,
take 7, = 7.(z) with 7. given by the previous Lemma for f = ¢*. For any (7i,..,7,—1) € T,%,, the above
definition of 7,, defines a reduced strategy in 7,7 and we have

3

le 0 72)) = 0 (@ + = Al 7 () < Ran(67)(2) + 5

which allows easily to conclude by taking successively the supremum over (i1, ..,4,—1) and the infimum over
(71, ..Tn—1) and then by sending ¢ to zero. O

The dual PDE formulation. In order to simplify the following statements, let us extend the function @ to
RX.

Va € RK7 ﬁ(l’) = an sup EH((SE,U,T)KLvA(ivj)” = an sup / <$,A(Z,])>d(0 & T)(Z,J)
TEA(J) oc€A(I) TEA(J) c€A(I) JIxJ

The following properties are obvious and stated without proof.
Lemma 4.3. The above defined extension of T is positively homogenous and C 4-Lipschitz on R¥.

Let BUC(RX) denote the set of bounded uniformly continuous functions on R¥ endowed with the uniform
norm and for Lipschitz functions, let Lip(f) denote the Lipschitz constant of f.

Lemma 4.4. The family of operators (Rs)s>0 maps BUC(RX) into itself and has the following properties

1) For all f € BUC(RE), Ry(f) = f.

) For all f € BUC(RE), the function § — Rs(f) is continuous .

) There exists a constant Cy such that ||Rs(f)]lcc < C10 + || f]loo-

) For all f,g € BUC(RE), a € R, Rs(f + a) = Rs(f) + a.

) For all f,g € BUCRY), [|Rs(f) — Rs(9)llsc < IIf — glloo-

) Forall f € BUC(RX) which is Lipschitz, Lip(Rs(f)) < Lip(f) and there exists a constant Cy depending
only on Lip(f) such that |Rs(f) — flleo < C2d.

7) There exists a constant C3 such that for all f € BUC(RX) of class C? with bounded derivatives, we

have
HRa(f)—f

; —u(Vf)H < C30(/[V2 fllo0)-

o0
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Proof. The first six points are obvious. For the last one, we have using the second order Taylor expansion of f
flx+6A>,7)) = f(x) +6(Vf(x), A, 7)) + 0*R(x,i, 1),
where |R(z,i,7)| < C||V?f||o for some constant C' depending only on A. It follows that
inf sup f(z+0A(i,7)) = inf sup [f(iv) + 5/<Vf($), A(iaj»dT(j)} ‘
TEA(J) i€l TEA(J) i€l J

< C0®IV? oo,

which concludes the proof since from the definition of w

inf sup /J (VF(x), AG, ) dr(G) = T(V f(z)).

rEA(J) i€l
O
These properties allow us to apply the results on approximation schemes of Souganidis [30] as in Laraki [25].
Proposition 4.3. For all convex Lipschitz functions f on RE define f™ on [0,1] x RE by
Fr(1w) = f@) and fH(tw) = Rger (52 ) () fort € [£,%50), g=0,..n—1
Then, f™(t,x) — x(t,x) where x is the unique viscosity solution of the following Hamilton-Jacobi equation

%(t,x) +a(Vex(t,x)) =0 for(t,z) € 0,1) x RE
x(1,2) = f(2) forx € RE
in the class of uniformly continuous functions. Moreover, there exists a constant Cy depending uniquely on the
Lipschitz constant of f such that

(4.3)

"(t,x) — x )
£t @) =Xt 2)l = =2

Proof. That the solutions are unique within the class of uniformly continuous functions for the considered
equation follows from Bardi and Evans [5] (Theorem 3.1), we always consider these solutions in the following.
Note that if x is the solution to (4.3) and « € R, then y + « is the solution to the same equation with boundary
condition x(1,.) = f 4+ «. Using property 4 in Lemma 4.4, this allows to assume that f(0) = 0. For all n,
f™(t,x) depends only of the restriction of f to the ball B(x,C4). Therefore f can be replaced by a truncation
Bu(f) with 8, defined by

b if x>0
Gy R=o>R:ix—< oz if |z[<b
-b if z<-b

for some sufficiently large b. Lemmas 4.3 and 4.4 allow us to apply the introductory Theorem in [30] which
implies that f™(¢,z) — x»(t,z) where x; is the unique viscosity solution of the following Hamilton-Jacobi
equation

(4.4) {%?(t» x) +u(Vex(t, ) =0 for (t,x) € [0,1) x R¥

x(L,2) = Bu(f(x)) for z € R

Moreover, the cited Theorem asserts that there exists a constant C which depends only on ||8,(f)|lcc and
Lip(Bp(f)) such that

£ 2) — xolts)] < jﬁ

for n large enough (the bound depending also only on the same constants (see [30] p.21)). Since these two
quantities are bounded by (C4 V 1)Lip(f), this constant Cy depends only on Lip(f) and is independent of b.
Using that @ is positively homogenous and Lipschitz, Proposition 6.1 in [1] shows that x, = 8y(x) where x
is the unique solution of (4.3) (with boundary condition f). We can therefore fix b sufficiently large so that
x(t,z) = x»(t, z) which concludes the proof. O

Definition 4.1. For any function ¢ € C(Sk), we define W by W(¢) = x(0,0) where x is the unique viscosity
solution of the following Hamilton-Jacobi equation

O (t,2) +T(Vax(t,x)) =0 for (t,x) €[0,1) x RE
(4.5) {6 (12) = () forz € RX

in the class of uniformly continuous functions.

Gathering the preceding results, we obtain
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Corollary 4.1. There exists a constant Cy such that for all ¢ € C(Sk),

Co

vn'

Proof. Apply the preceding result to all the function ¢* for ¢ € C(Sk). Since for ¢ € C(Sk), ¢* is 1-Lipschitz,
the constant Cy does not depend on ¢. (Il

W) < W(g) +

Let us now relate this result with the study of the primal game I',,(). For this, let us recall Hopf’s formula,
which gives an explicit expression for the solution of (4.5).

Proposition 4.4. For all ¢ € C(Sk), W(¢) = (¢** —u)*(0).
Proof. The solution x of (4.5) is given by the Hopf’s formula (see Bardi-Evans [5] Theorem 3.1)

x(1—t,2) = sup inf [¢*(q) + (p,x — q) + tu(p)].
pERK geR4

And a direct computation shows that x(0,0) = (¢** — u@)*(0). O
The Hopf’s solution is actually related to the concave conjugate of U.
Lemma 4.5. The conjugate of the function U defined on the set C(Sk) verifies
Vo € C(Sk), (=U)"(=¢) = W(9).
Proof. Tt follows from the definition that
(=0)(=¢)= sup U(u)— (b, u)

HEA(SK)
= sup ( sup  u(z) — (o, u>>
ze€SKk \p:E(u)=z
= sup u(x) — ¢ (x) = (o7 —w)"(0) = W(9),

where the third equality follows from the continuity of ¢ which implies
inf (6,1 = 6™(0).

wiE(p)==

We are now able to prove the dual version of the “Cav(u)” Theorem.

of Theorem 1.2. Note that the first inequality can be proved using the splitting method described in Proposition
2.8 p.188 in [26]. Indeed, by replacing e-optimal strategy by e-best reply to the next mixed action of P2 in
the appropriate non-revealing game, we deduce that P1 can defend Cav(U) in I',,(12) (and also in the infinitely
repeated game). For the second inequality, we have

(=V)"(=0) = Wa(9) = Ry, (6")(0) < W(¢) + Con™ /2.
Using that (—U)*(—¢) = W(¢), the preceding relation implies
Vi(n) < —(=0)"" (1) + Con™ /2.
Since U is concave and weakly continuous, we have that —(—U)**(u) = Cav(U) and this concludes the proof. [
In order to study the optimal strategies of P2, we need the following technical Lemma.
Lemma 4.6. For all u € A(Sk),
3¢ € 9Cav(U)(n) == {¥ € C(Sk) | W(¥) + (1, 1) = Cav(U)(n)}-
Moreover, ¢ can be chosen convex and C 4-Lipschitz.

Proof. Since Cav(U) is concave and upper semi-continuous, we have

Cav(U)(p) = inf W)+ (¥,
YpeC(Sk)

Since W depends on v only through the restriction of ¢* to the ball B(0,C4), one can replace ¢ by ¢** which
implies that the infimum can be taken over convex functions. Moreover, one can replace any convex function
by its (Moreau-Yosida) approximation defined by

_ inf (y)+ Caly — x| =z € Sk
Y(x) =  ¥ESx :
400 T & Sk
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Indeed, @Z is convex as a marginal function, C'4-Lipschitz and {/;* coincides with ¢* on B(0,Cy4). Using that
W+ a) = W(Y) — a, we can assume that 1(e;) = 0, and the infimum is finally taken over the set of Cy-
lipschitz convex functions vanishing in e;. The function W being 1-Lipschitz for the uniform norm (using point
5 of Lemma 4.4), existence of a minimum in this set follows from Ascoli’s Theorem. (|

Finally, this dual formulation provides O(y/n)-optimal strategies for the uninformed player.
Proposition 4.5. For all p € A(Sk), ¢ € dCav(U)(n), € > 0 and n € N*, any e-optimal strategy T in T} ()

is € + Con~2 optimal in T'y(1).
Proof. Existence of ¢ follows from the previous Lemma. By assumption, the strategy 7 is such that

sup gn(t, 0, 7) — (¢, 1) < Wi(¢) +e < W($) +Con™ % +¢

oeX,

and the result follows since by definition of dCav(U)(u). O

Remark 4.3. Using Theorem 8.1 p.191 in [26], P2 can guarantee lim V,, = Cav(U) in the infinitely repeated
game.

Let us now prove the last result announced in section 1 concerning the uniform value.
of Corollary 1.1. Tt results directly from Theorems 1.1 and 1.2 and Remarks 3.2 and 4.3. (]

The results concerning the upper value functions and optimal strategies of P2 (and thus Corollary 1.1 which
does not depend on the study of the lower value functions) can also be derived more directly. As for finite
games (see Kohlberg [24]), one can construct from the supergradient vector ¢ given in Lemma 4.6 an e-optimal
strategy in the infinitely repeated game using Blackwell’s approachability (see Blackwell [8]). A short proof is
provided below for the sake of completeness.

Proposition 4.6. Given u € A(Sk) and a conver function ¢ € 0Cav(U)(u), the convex set
C.={q e R¥ |Vz € Sk, (g,z) < é(z) + ¢}

is a B-set for P2 in the game with vector payoffs A(i,j) and action sets I,J. Any strategy 7. adapted to this
set is e-optimal in the infinitely repeated game T'o (11).

Proof. Replacing ¢ by ¢ + W(¢), we obtain
Cav(U)(p) = (¢, ), and Vv € A(Sk), U(v) < Cav(U)(v) < (¢,v).

C. is convex closed and lower comprehensive. Moreover, since ¢+¢ is convex and continuous, it is the supremum
of the affine functions below it, i.e.

Vo € Sk, sup{q,z) = ¢(x)+e.
q€Ce

Let us prove that C. is a B-set for P2 in the game with vector-payoffs A(i,7) € RX. Using convexity, it is
sufficient to prove that for all z € R¥,
inf sup (z, A(i,7)) < sup(q, z).
TeA(J) i€l qeCe
The right-hand side being equal to +00 whenever z ¢ Rf , We can assume that z € Rf and clearly that z # 0.
By homogeneity, this reduces to the case z € Sk, and we have to prove that
inf sup(z,A(i,7)) < ¢(z) +¢
reA(J) i€l
This follows by construction since the left-hand side is equal to U(d,) < ¢(z). Now, any strategy 7. for P2

adapted to the B-set C. (existence follows using the same measurable selection result as for lemma 4.2) is such
that (see [8] or Corollary 4.6 p.104 in [26])

n

1 ..
Yo € Ena ]EH(H,G',TE)[d(OEa E Z A(an.]q))] <

q=1

Ca
o

Denoting by u,, the projection of - 22:1 A(ig, §q)) on C. and d,, its distance to C;, we deduce that Vo € X,

En(u,o.m) (L, % > Alig o)) < E[IL[|dn + E[(L, uy)]

\C/ﬂ—i—E[ (L)] +e=Cav(U)(u )+5+\C’/%

which ends the proof. |
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5. EXTENSIONS.

General evaluations. Instead of considering the n-times repeated game, one may consider the A-discounted
game or more generally the infinitely repeated game where payoffs are evaluated as follows with obvious notations

gg(,u, a, T) = EH(H,O’,T) [<L7 Z qu(iqa ](1)”
q=1

for some 6 € A(N*). Denoting V, and V the associated lower and upper value functions, all our results extend
for sequences 6" such that e, := sup, 0; — 0. Precisely, we have

+oo
V() = sup E[Zeqzl(ﬂLﬂLh"7LQ*1H)}>
[(Lo)gz1leMo(n) 5

where M (1) denotes the set of laws of Sk-valued martingales (Lg)s>1 such that the law of the almost sure
limit L., of the martingale is dominated by p. Lemma 3.4 can be adapted to obtain

E[Zequ’q _Lq—1|] < VK - 1\/‘5

g>1

for any martingale with values in Sk (it follows from a direct application of Cauchy-Schwarz inequality). The
analysis made in section 3 leads to

Cav(U)(p) < Vgn(p) < Cav(U)(p) + CavVK — 1\/en.

The posterior martingale is a process (Lg)y>1 with law in Mo (@), and the corresponding continuous-time
martingale is piecewise constant on the partition of [0,1] formed by the sequence (t4)q>0 with t9 = 0, and
tg=>2 _ 0, for ¢ > 1. For probabilities § with infinite support, the value at time 1 of this continuous-time
martingale can be defined as L.,. Propositions 3.3 and 3.4 can then be extended in an obvious way.

For the lower value functions, probabilities § with infinite support can be approximated by 6V defined by
0y =0, for g < N —1and 63 =3 -y 6, The same method leads to

Cav(U)(p) < Von () < Cav(U)(n) + Cov/en-

Time-dependent payoff. Consider that A(t,4,7) is a bounded continuous function defined on [0,1] x I x J
which is uniformly Lipschitz-continuous of constant C’ with respect to ¢. The n-times repeated game (or any
general evaluation as above) with time-varying payoff function is then defined as I';, (1), except that the payoff
function is now

1, < IR
gn(:u‘707 7_) = ]EH(M,O',T)[E<LﬂZA(%7lq7]q)>]'
q=1

Define for all ¢ € [0,1] the lower value functions V,(¢,.), U(¢,.) and u(t,.) by replacing the payoff by A(t,.) in
the previous definitions and note that they are also uniformly Lipschitz with respect to t. The same analysis
leads to

CavK -1 ('

(5.1) - — — <V.(n) - sup IE[/ wu(t, X¢)dt] <
(Zw) 0

CaVE=1
NG 2n — [(Xe)rero,]eM

N

The first inequality follows from the proof of Proposition 3.4, where we have an additional error term since

n 1 1/n 1 1/n
S u(EL, Xy ) > n/ ult, X, )dt — ncA/ S [ Xams — X | — c’rﬂ/ L.
0 o =7 B 0

=
g=1

The second inequality is proved as in the second part of the proof of Theorem 1.1, using that the supremum
over piecewise-constant martingales is lower or equal than the supremum over all martingales. Propositions 3.3
and 3.4 can also be extended in an obvious way.

For the upper value functions, define the time-dependent versions U (¢, .) and %(t, .) as above. Let also W, (¢)
denote the upper value of the corresponding dual game. The results on viscosity solutions used in section 4 still
hold in this case (namely Theorems 2.1 in [30] and Proposition 6.1 in [1] ). Replacing the family of operators
defined before Lemma 4.2 by the corresponding time-dependent versions,

Ros(f) = inf sup flz+9 / At i, j)dr(j),

rEA(J) i€l

the same analysis leads to
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where W(¢) = x(0,0) and x denotes the unique viscosity solution of the following Hamilton-Jacobi equation

(5.2) 2 (t,2) + W(t, Vax (L) = 0 for (t,2) € (0,1] x RE

’ x(1,z) = ¢*(x) for v € RE
in the class of uniformly continuous functions.

Note that using Lemma 4.2 (together with Theorem 2.1 in [30]), * — x(¢, ) is convex for all ¢ € [0, 1].
However, Lemma 4.5, and the link with Hopf formula (Proposition 4.4) do not extend to this new context.
These results can be replaced by Lemma 6.4 (proved in the appendix) which relies on the notion of dual
solutions developed in [12] and on Proposition 4.1 in [11]. This leads directly to the following version of (5.1),
using the same method as for Theorem 1.2:

Co

1
(5.3) Vn(p) — sup E[/ u(t, Xy)dt]] < —==.
[(Xt)iero, 1] EM(=2p) 0 \/ﬁ

Compact metric state space. One may consider a continuum of states as in [13]. Let K be a compact metric
space and assume that the payoff function A(k,,7) defined on K x I x J is uniformly Lipschitz with respect to
k (one may also add a dependence in time). A similar analysis can certainly be made in this context, at least
for the lower value functions, but would require however to extend Lemma 3.4 for measure-valued martingales.

More general information structure. The main idea of Proposition 3.1 is that P1 controls the posterior
beliefs martingale. For any martingale (or revelation process), he can maximize his expected payoff under the
constraint that he will not reveal more than prescribed by the chosen process. This argument seems to be
meaningful in any extensive form zero-sum game in which P1 controls the posterior beliefs of P2 on some state
variable. Further works will be done in this direction for models in which (for example) P1 receives a sequence
of signals during the game drawn according to an exogenous joint distribution depending on the state variable.

6. APPENDIX.

Definition 6.1. The Wasserstein distance of order 1 is defined on the set A'(RY) of probabilities with finite
moment of order 1 by

dw(p) = min ([ ly=aldn(e.9) = min{|X = Y | X~ ¥ ~ )

where |.| is the usual euclidian norm on RX.
The following Theorem is well-known and allows to construct variables with prescribed conditional laws.

Theorem 6.1. (Blackwell-Dubins [9])
Let E be a polish space with A(E) the set of Borel probabilities on E,and ([0, 1], B([0,1]),\) the unit interval
equipped with Lebesque’s measure. There exists a measurable mapping
O:AE) % [0,1] — E
such that for all p € A(E), the law of ®(u,U) is p where U is the canonical element in [0, 1].
6.1. Technical proofs.

Proof of Lemma 3.2. At first, this statement is equivalent to the existence of a measurable function
];I8 : SK X A(SK) — A(I)

having the property that the strategy L — H (L, u) is e-optimal in I'y (@) using the correspondence ¢ (L, u, U) =
O(H(L,u),U) where ® is given by Theorem 6.1. The main problem here is that there is no easily tractable
topology on the set of P1 strategies (usual Young topologies require a reference measure p which will be a
variable for us), but thanks to the regularity of the payoff function with respect to the state variable, we can
proceed by a standard discretization method. Let us fix some 0 < 1 < 1. Let (€4)q=1,..,¢ be a finite measurable
partition of Sk of mesh smaller than 1 and (z4)¢=1,.¢ a sequence of points such that z, € Q, for all g. Define
then A as the subset of convex combinations A € A(Q) such that for all ¢ = 1,..,Q, A\, € {%, k=0,.,N} for
some N to be fixed later. Let us define A as the discretization on this grid.

)\q(ﬂ)zw for ¢=1,...Q—1
A A(Sg) = A p— .
Ag(p) =1 3025 Aa(w)
This approximation of u by the probability with finite support 25:1 Ag()de, is such that
Q Q Q 9
dw (1, Y 1(Q2)02,) <0, dw (O Q) 0a,0 Y Ag(1)d,) < -
q=1 q=1

q=1
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Now, for each element A € A, there exists an mn-optimal strategy of P1 in the game
Fl(Z?:l A¢0z,) denoted h(A), which we can clearly identify to an element of A(I)? with coordinates h(A)q.
We are now able to define P1’s strategy:

H.(L,p) = h(A(/J‘))q if L e QQ'

This defines a jointly measurable application and it remains to prove that it guarantees the right quantity.
Let us fix p € A(Sk) and a strategy 7 for P2. The triplet (u, Hc(., 1), 7) defines a joint probability 7. The
associated payoff is

Q
Ex[(L, A6, j))] > Ex[>_ Ireq,(aq, A(i,§))] — Can

g=1

I
Mo

(@) o, [ AGAROG),(0) @ 7))~ Can

o
I
—

Mo

M), [ ARG 7))~ F2Ca = Can
1

=]
Il

1(2 Ag(1)6z,) —m — %CA —Can.

q=1

v
<

Using that V; is C4-Lipschitz for the Wasserstein distance dy and the preceding inequalities

Q 20
V(3 Mi0)3s,) — V()] < Caln +22),
and finally
o 20Q
E-[(L,T(i,5))] = V() —2Ca(n + W) =1,

which ends the proof by choosing 7 sufficiently small and N sufficiently large so that %C 4 is bounded by n. O

6.2. Jensen Inequality. The vector space M!(Sk) of finite signed Borel measures y on Sk is endowed with
the weak*-topology. The induced topology on A(Sk) is metrizable by dy .

Lemma 6.1. Let (2, A,P) a probability space, G C F two sub o-algebra of A, and f a concave continuous
mapping from A(Sk) to R. Then, for all Sk-valued random variable X :

o f([X]) > E[f([X | F])]
o f([X1G]) = E[f([X | F])|G] almost surely.

Proof. Let ® denote the distribution of [X | F] in A(A(Sk)). f being continuous, it is sufficient to prove
that u = [X] is the barycenter of ®. But, for all h € C(Sk), it follows from the properties of the conditional
expectation that

/<h7 v)d®(v) = E[E[R(X) | F]] = E[R(X)] = (b, )

which proves the first result. The second one follows by the same method. It is sufficient to prove that [X | G]
is almost surely the barycenter the A(A(Sk))-valued G-measurable random variable

V=[x | FT19]

Applying the previous argument to a well-chosen countable subset Cy of C(Sk) and by using the definitions of
conditional laws and conditional expectations, we have with probability one

(6.1) Vh € Co, /(h,z/)d\I/(z/) =E[E[h(X) | F]|G] = E[h(X) | G]

Now Cp can be taken as a countable convergence determining subset of C'(Sk) so that property (6.1) extends
to all h € C(Sk) and this implies
FAxX 16D = Ef (X [ FD) [ 9]

with probability one. (I
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Disintegration. Let F, I’ be a compact metric spaces and consider the application
T:A(EXxF)—= A(A(E))

which associates to the law 7 of a pair (X,Y") of E x F-valued random variables, the law of the conditional law
[X | Y]. Formally T'(7) is defined as the unique probability such that for every bounded continuous function f
on A(E)

[ s =B YD = [ fC 1Y =)o)
A(E) F
where 7mr denotes the marginal law of Y and (. | Y = y) a version of the conditional law of X given Y.

Lemma 6.2. For any convex lower semi-continuous function f on A(E), the application

™= ) f(u)dT () (u)

18 convex and lower semi-continuous.

Proof. The main line of this proof is borrowed from the theory of lower semi-continuous relaxation of integral
convex functionals in measure spaces (see Buttazzo [10]). At first, up to a translation, we can assume that
f > 0. There exists a countable family ¢, € C°(E) such that

F(1) = sup $u(pt) = sup / bn(1)du(t)
neN neN JE

Extend f on the whole space of bounded Radon measure over E, M(E), by the value 400 outside A(E), f
being lower semi-continuous and convex is then equal to a supremum of the continuous affine functions. Linear
continuous functions are exactly the applications u — [ ¢du for ¢ € CO(E) by definition of the weak* topology
on M(E) and any affine continuous function is equal to a linear mapping on A(F) since the constant can be
put in the linear part. We can replace this supremum by a supremum over a countable family using a countable
convergence determining subset (see e.g. [2] p106-107). At last, define ¢,, ; as the Moreau-Yosida approximation

Vo € E, ¢p(x) = inf ¢n(y) + kd(z,y)
yekE

so that by monotone convergence

F(1) = sup sup o k().
neN keN

Given some £ > 0, we can restrict the supremum to functions ¢,,  is such that there exists p € A(E), [ ¢n xdp >
f(u) — €, the remaining functions being replaced by 0. Using monotone convergence, it is then sufficient to
prove that for any fixed k, the function

m o [ Bwdr
is convex and lower semi-continuous with

Jp(1) = sup sup ép i (1)
k<p neN

The functions ¢, in the above expression being p-Lipschitz, they are uniformly bounded from below by
pdiam(FE) — €, and we can assume w.l.o.g. that they are nonnegative. Applying Lemma 3.11 p125 in Buttazzo
[10],

/F (o1 Y =dme() = swp 3 /B a7 Y = )e()

(Bi)i=iq,..,ip
= s Y[ [ o dnt]Y = pinet)
(Bi)i=iy,...ip ;3 YBiJE

where the supremum is over the finite measurable partitions of the space F. For (n,k) fixed, consider the
application defined on the Borel o-field of F'

B e BE) > FurB) = [ [ ons@autt|Y =pine) = [ onr@)lawdn(zy
BJE ExF
This is a clearly a bounded positive measure over F'. F' begin compact metric, it is inner regular, i.e.
Fak(B) = {sup Fx(K) : K C B, K compact}
One can then replace

sup Z‘Fivki (B;)) = sup Z‘Fi7ki(Ki) = sup Z‘Fi7ki(0i)

(Bi)i=iq,...ip (Ki)i=iy,.. i (0:)i=iq,...ip
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where the second supremum is over finite families of pairwise disjoint compact subsets and the third over finite
families of pairwise disjoint open sets using that the distance between disjoint compact sets is positive. Finally,
we just have to remark that for a fixed family of open sets, the mapping

™ — E ]:,71%(01)
i
is linear and lower semicontinuous, which implies that our functional is convex and lower semicontinuous. [

Let us end with two Lemmas. The first one is an easy result of convex analysis and the second one will play
the role of Proposition 4.4 for the time-dependent extension of our results.

Lemma 6.3. For a convex lower semi-continuous function ¢ on RE with values in RU{+o00}, the two following
assertions are equivalent
i) The domain of ¢ is Sk and ¢ is Lipschitz on Sk.
ii) for alli =1,..., K, there exists z; € 0¢(e;) such that z; + N; C 0¢(e;) where N; denotes the normal
cone of Sk at e;:
N; :={z € R¥|Vp € Sk, (z,p— e;) < 0}.

Proof. Assume i). ¢ being Lipschitz on Sk, d¢(e;) # 0. For z € d¢(e;), we have
Vp € Sk,Vy € Ni, ¢(p) — dlei) > (z,p—ei) > (2 +y,p—ei).

It follows that z + N; C d¢(e;) which in turn implies 7). Assume now #i). At first Sk is included in Dom/(¢)
and ¢ is Lipschitz on Sk since d¢(e;) # 0 for all i = 1,.., K. For x ¢ Sk, we have for all i and y € N,

¢(x) = dlei) +(z — i, zi +y)
where z; € O0¢(e;) is given by 4i). If there exists j such that z; < 0, then we can choose ¢ # j so that
y = —Xe; € N; for all A > 0, and it follows that ¢(z) = +oo. If z > 0, then a =3, 2; —1 # 0 and for any
index ¢ and any A > 0, Aa(3_; e;) € N; and we conclude that ¢(z) = +oc. O
The following proof is a direct adaptation of the proof of Proposition 4.1 in [11].

Lemma 6.4. Define

1
Vp) = sup E[/ (s, Xs)ds].
[(Xt)iero,n]eEM(Zp) 0

Then V(p) = inf W(¢) + [ ¢dp where E denotes the set of convex and Ca-Lipschitz functions on Sk .
¢EE

Proof. Given ¢ € E, define for (¢,p) € [0,1] x Sk

1
g(t,p) =~ sup E[ / (s, Xs)ds — p(X1)]-
[(Xs)seo,]leM(Zh(p)) t

Then g is a viscosity solution in the dual sense of the Hamilton-Jacobi equation (see [12])
9y _
(62) a(up) - U(t,p) = 07

with terminal condition ¢g(1,p) = ¢(p). Note at first that g(¢,.) is convex in p (using that A is linear and < is
convex) and that the terminal condition is met since ¢ is convex. Let f be a C! function on [0, 1] such that
f—g(.,p) > 0 with equality in ¢ for some p € Sk. Then, for all A > 0, we can replace any martingale X in
M(h(p)) by the martingale equal to p for s < ¢+ h and to X for s >t + h. It follows that

t+h t+h
F(t) = glt.p) < — / (s, p)ds + g(t + hop) < — / (s, p)ds + F(t + D).

We obtain f’(t) — @(t,p) > 0 which proves that g is a dual subsolution of (6.2).
Let ¢ denote the convex conjugate of g, then

1
W(t,z) == sup (p,z) —g(t,p) = sup E[(z, X¢) +/ u(s, Xs)ds — ¢(X1)],
pESK [(Xt)iefo,1]]EM t

where M := U,ea(s,)M(=Z p). It is easily seen that ¢ is globally continuous, convex and 1-Lipschitz with
respect to z, and that (1, z) = ¢*(z). Now, let X be optimal for (¢, z), i.e. such that

(t, %) = El( X,) + / (s, Xa)ds — B(X1)]

Note that the conditional law of (X¢vs)sefo,1] given X is in M with probability 1 so that

Wt 2) = E[(z, X.) +/t Tt X))dt — 6(X1)[X0].
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Moreover, for all y € R¥, the following inequalities hold almost surely

1
Ptz +y) > E[(z +y, Xo) + /t u(t, Xp)dt — o(X1)|Xe] = (y, Xi) + (¢, 2),

which implies that X; € 9y (t, z) where 09 (t, z) denotes the subdifferential of (¢, .).

Let f be a C! function on [0,1] x RX such that f — > 0 with equality in (¢,z). It follows that 1(t,.) is
differentiable in z. Let z := V(t,z) = Vf(t,2) and let X be optimal in 9 (¢, z), then using the above result,
X; = x almost surely, and

t+h t+h
Ft2) = b(t, 2) < ]E[/ (s, X.)ds] + (t + h, 2) < ]E[/ (s, X,)ds] + f(t+ b, ).
t t
Using that the trajectories of X are cadlag, we obtain

1 t+h
hlg&_ EE[/t u(s, Xs)ds] =u(t, ).

This implies that %{(t, z) +@(t,z) > 0, which proves that v is a subsolution of (5.2), and implies that g is a
dual supersolution of (6.2).

Let x be the unique viscosity solution of (5.2). At first, using that + is a subsolution of (5.2), we have by
standard comparison Theorems (see e.g. [16]) that x > . Note then that for all ¢, x — x(¢,z) is convex as
a limit of convex functions using Lemma 4.2 and Proposition 4.3. Let w(t,.) denote the convex conjugate of
X(t,.). Using the preceding Lemma, we will prove that Dom(w(t,.)) = Sk and w(t,.) is Lipschitz on Sk. To
see this, note that from Proposition 4.3, x(t, z) depends only on the restriction of ¢* to the ball B(z,C4) and
that ¢ fulfils the property ) of Lemma 6.3 by assumption. Let z; € 9¢(e;) given by property i) of Lemma 6.3
and choose y; such that y; + N; + B(0,C4) C dé(e;), which always exists using i7) and since IV; is a convex cone
with non-empty interior. Using Fenchel’s Lemma, e; € 0¢*(z) for all z € d¢(e;), so that ¢*(z) = ¢; + (e, 2)
for some constant ¢;. The (classical) solution of equation 5.2 with terminal condition ¢; + (e;, z) is given by
»i(t,z) = ¢; + ftl u(s,e;)ds + {e;, z). Tt follows that x = ¢; on [0,1] x (y; + N;). This implies that for all ¢,
e; € Ox(t, z) for z € y; + N;, and thus that y; + N; C dw(t, e;) which proves that Dom(w(t,.)) = Sk and w(t,.)
is Lipschitz on Sk.

Finally, x being subsolution of (5.2), this implies that w is a dual supersolution of (6.2). We conclude that
w > g so that x < v using the comparison Theorem given in [12]. Together with the preceding inequality, we
obtain 1) = x and thus w = g. As a consequence, for all ¢ € E,

W(¢) = sup g(0,p)= sup V(u)—/aﬁdu-
peEA(K) HEA(SK)

As in Lemma 4.6, for any ¢ € C(Sk), one can define ¢ € E such that ¢ < ¢ and W(¢) = W(¢). V being
concave and weakly upper semi-continuous, it is equal to its bi-conjugate and we obtain

V= inf W(@)+ / o = inf W(0) + / odu

¢eC(Sk)
which concludes the proof. a
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