N

N

Euclidean totally definite quaternion fields over the
rational field and over quadratic number fields

Jean-Paul Cerri, Jérome Chaubert, Pierre Lezowski

» To cite this version:

Jean-Paul Cerri, Jérome Chaubert, Pierre Lezowski. Euclidean totally definite quaternion fields over
the rational field and over quadratic number fields. International Journal of Number Theory, 2013, 9
(3), pp.653-673. 10.1142/S1793042112501540 . hal-00738164v2

HAL Id: hal-00738164
https://hal.science/hal-00738164v2
Submitted on 13 May 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00738164v2
https://hal.archives-ouvertes.fr

EUCLIDEAN TOTALLY DEFINITE QUATERNION FIELDS OVER THE
RATIONAL FIELD AND OVER QUADRATIC NUMBER FIELDS

JEAN-PAUL CERRI, JEROME CHAUBERT, AND PIERRE LEZOWSKI

ABSTRACT. In this article we study totally definite quaternion fields over the rational field
and over quadratic number fields. We establish a complete list of all such fields which are
Euclidean. Moreover, we prove that every field in this list is in fact norm-Euclidean. The
proofs are both theoretical and algorithmic.

1. INTRODUCTION

Quaternion fields are special cases of central division algebras. Let us recall that such an
algebra F' is a 4-dimensional algebra over a number field K with basis (1,4, j, k) such that

i’ =a, j> =band k = ij = —ji, where a, b are non-zero elements of K. This algebra is

b b
denoted by (a},{ ) Let w=ax+yi+zj+tk € (%), where z,y, z,t € K. We denote by w

the image of w by the canonical involution of (%), which is defined by w = x —yi — zj —tk,

b
and by nrdp, x(w) = ww its reduced norm. The algebra (%) is a division algebra if and
only if the quadratic form nrdp g (z + yi + zj +tk) = 22 — ay? — bz? + abt? represents zero

)

b
aK ) is a quaternion field. Throughout this

on K only trivially. In this case, we say that

paper, F' will be a quaternion field over a number field K. We will denote by Zx the ring
of integers of K, by Z} its unit group and by Ny /qQ the norm form. We will also use Ng/q
for the norm of an ideal (if I is a non-zero ideal of Zx, Ng/q(I) = |Zk /I|) and nrdg, g for
the reduced norm of an ideal (if J is an ideal of F', nrdp/k(J) is the ideal of K generated
by the nrdp/k (), x € J).

Definition 1.1. Let A be an order of F'. We say that A is right-Euclidean if and only if there
exist a well-ordered set W and a map ® : A — W such that for every (a,b) € A x A\ {0}
there exists some q € A such that

(1) ®(a —bg) < ®(b).

We will also say that ® is a right-Euclidean stathm for A.

Let us denote by N : F' — Q¢ the absolute value of the reduced norm map nrdg/q :
F — Q defined by nrdp/q = Ng/q o nrdp . The map N is multiplicative and for any
order A of F, it satisfies N(A) C Z>o. So N, with W = Z>, is a natural and practical
candidate for checking whether A is right-Euclidean, which leads to the following, more
precise definition.

Date: October 3, 2012.



2 JEAN-PAUL CERRI, JEROME CHAUBERT, AND PIERRE LEZOWSKI

Definition 1.2. An order A of F is right-norm-Euclidean if for any (a,b) € A x A\ {0},
there exists some q € A such that

(2) N(a—bg) < N(b).

Remark 1.3. We can define similarly left-Euclideanity and left-norm-Euclideanity by re-
placing be by cb in [d) and (@). In fact, as we will see in Section 2, these two notions are
equivalent, which allows us to speak of Fuclidean and norm-FEuclidean orders.

Remark 1.4. We will also see that if F' admits an Fuclidean order A, then A is necessarily
mazimal and every mazimal order of F is Fuclidean. This will enable us to speak of a
Fuclidean quaternion field without having to specify the order that we consider. This will
also be studied in detail in Section 2, where a precise definition of Euclidean quaternion fields
will be given.

Unlike the commutative case where the notions described above are applied to number
fields, very little is known about Euclidean quaternion fields. For instance, we know the

-1,-1
complete list of definite norm-Euclidean quaternion fields over Q: these are ( é ),

-1,-3 —-2,-5
( é ) and ( é ) (see [12] or [5]) and we also know that every indefinite quaternion

field over Q is norm-Euclidean (see [12]). But, except for some rare examples, nothing
is known, in terms of complete families, for totally definite quaternion fields over number
fields with degree strictly greater than 1. The aim of this article is to study totally definite
FEuclidean quaternion fields over quadratic fields and to give their complete list. Our main
results are the two following theorems.

Theorem 1.5. The only totally definite Fuclidean quaternion fields over a quadratic number
1 -1,-3

field are <_1’_1> <_1’_1> <_ ’_1> and <7
Q(v2))  \Q(v5))  \Q(V13) Q(V17)

norm-Euclidean.

). Moreover, all of them are

-1,-1
Theorem 1.6. The only (totally) definite Euclidean quaternion fields over Q are ( é ),

<_1’ _3) and <_2’ _5). Moreover, all of them are norm-Euclidean.

Q Q

The organization of the paper is as follows. In Section 2, we recall some definitions,
classical properties and discuss Euclideanity in quaternion fields in general. Then Section
3 is devoted to the proof of Theorem in the more specific context of totally definite
quaternion fields. The proof is done in two steps. First we prove that the 4 quaternion fields
of Theorem are norm-Euclidean. Then we establish that the other possible candidates to
this property are not Euclidean so that, in particular, they are not norm-Euclidean. Finally,
Section 4 shows how the techniques used in Section 3 allow us to obtain Theorem [[L6l When
necessary, we have used Magma [I] to compute a maximal order A and its units modulo Z 5.

2. ELEMENTARY PROPERTIES

In this section, we consider the general case where F' is a quaternion field over a number

field K.
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2.1. Orders and ideals. We first recall some definitions and basic properties. The reader
may refer to [6], [10] and [12] for more details. Let v be a place of K and K, be the completion
of K at v. We say that v is ramified in F if F, = F Qg K, is a skew field. An infinite
place of K which is ramified in F' is necessarily real. The set of places (finite and infinite)
which are ramified in F' is of even cardinality and uniquely characterizes F' up to K-algebra
isomorphism. If every infinite place of K is ramified in F', we say that F'is a totally definite
quaternion field. As a consequence, if F' is a totally definite quaternion field over a number
field K, then K is necessarily totally real. Moreover, if K is a quadratic field, the number
of finite places which are ramified in F' is even.

An ideal I of a quaternion field F is a full Zg-lattice in F, i.e. such that KI = F. An
order of F' is an ideal which is also a subring of F. Equivalently, an order A of F' is a
subring of F' containing Zjy such that KA = F and whose elements are integral over Zp.
An order is maximal if it is not properly contained in another order. An ideal I defines two
orders, its right order and its left order respectively given by: O,(I) = {z € F'; Ix C I} and
O(I)={x € F; «I CI}.

Two ideals I, J are left-equivalent if there exists some z € F'\ {0} such that I = zJ. The
classes of ideals with right-order A are called the right classes of A. We define in the same
way the left classes of A. If A is a maximal order of F', the number of right classes of A is
finite and equal to the number of left classes of A. Moreover this number is independent of
the choice of A. It is called the class number of F' and we will denote it by hp.

Two orders A and A’ of F are of the same type (or conjugate) if there exists some z € F\{0}
such that A’ = 7 1Az. This defines an equivalence relation over the set of maximal orders
in F. The number of classes for this relation in the set of maximal orders is called the type
number of I' and we will denote it by tr. We have tp < hp.

An ideal [ is two-sided if O,(I) = Oy(I), normal if both O,(I) and O;(I) are maximal
orders, integral if it is normal and if I C O,(I). In the latter case, we also have I C O;(I).
For instance, if A is a maximal order and if b € A \ {0}, then bA is an integral ideal with
right order A and left order its conjugate bAb™1.

If I is integral with right order A, then we have

IA/I| = Ngjq(nrdp)x (1))

Remark 2.1. As a consequence, if I and J are two integral ideals with right order A such
that I C J and such that nrdp, g (I) = nrdg g (J), then I = J.

Let A be a maximal order. A prime ideal ¢ of A is a proper integral two-sided ideal with
right order A such that for every pair of two-sided ideals S, T', with the same properties, if
ST C B then S or T C B. For every prime ideal B of a maximal order A, there exists a
unique prime ideal p of Zx such that p C P and we have p = P N Zg. Conversely, if A is
a maximal order, for every prime ideal p of Z, there exists a unique prime ideal of A such
that p C 9. With this notation, if the prime p is ramified in F, then pA = 2.

A mazimal ideal 91 is a maximal element in the set of proper integral ideals with right
order O,(9). In this case, M is also maximal in the set of proper integral ideals with left
order O;(MN).

For every maximal ideal 91 with right maximal order A, there is a unique prime ideal P of
A such that P C 9 and we have P = {x € A; Az C 91}. Then, with the previous notation,
we have MNZg = PN Zgk = p and nrdp g (N) = p.
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A proper product of ideals is a product Ny --- N; where for every 1 <i <[ —1, O,.(N;) =
O;(N;41). Every proper integral ideal I admits a decomposition into a proper product of
maximal ideals I =Dy --- M where O;(1) = O;(91) and O, (I) = O,(9;) (see [10]).

Lemma 2.2. We have the following properties.

(i) With the above notation, we have nrdp k(1) = nrdp (M) -+ - nrdp) ().

(i) If p is a prime ideal of Zg which is ramified in F, there exists a unique mazimal
ideal N of F' such that p CN. Moreover, N is two-sided.

(iii) Suppose that hp = 1. Let p be a prime ideal of Zy which is ramified in F' and let N
be the unique mazximal ideal of F as defined in (ii), with right order A. Let x, y € A
such that xy € N. Then x or y € N.

(iv) Under the hypotheses of (iii), suppose that x € A satisfies nrdp/k(x) € p. Then
r € M. Moreover, if nrdp/k(v)Zk = p, we have zA = N.

Proof. (i) We can prove this property by induction on [ where 91; - -- 91 is a proper product
of ideals such that O,(;) is maximal for every 1 < i <1 —1 (which will be the case if the
N, are normal, and in particular maximal). In fact the property holds for [ = 1 (trivial)
and | = 2 since O,(My) = O;(M2) (see [12]). Suppose that it is true for I — 1 > 2. Put

h = MNy. We have O,(912) C O,(91), but O,(9M2) is maximal and in fact, we have
O,(M,) = O0,(M2) = O;(M3). Then we use the induction hypothesis with 91, and the 9;,
i>3.

(ii) Suppose that 9 is a maximal ideal such that p C 9. Let P be the unique two-sided
ideal above p. We have P C 9. Moreover nrdp/x(9) = p and from pA = P2, we have
nrdp/ g (B) = p. Remark 2T shows that necessarily 91 = P.

(iii) Suppose that y & 9. Then I = N+yA is an ideal with right order A strictly containing
M. Moreover, since hp = 1, there exists some b € A\ {0} such that I = bA. This implies
that I is an integral ideal and by maximality of 91, I is necessarily equal to A. Hence, there
exist a € 9 and A\ € A such that a + yA = 1. This implies that za + zy\ = z. As N is
two-sided, xa and zyA € N, so that x € N.

(iv) If nrdp k() € p, then 27 € N and by (iii), # or T € M. In the latter case z € N,
but 9 is also a maximal integral ideal above p with left order A and right order A’, where
A’ is the left order of M. In fact, as we will see in Lemma 5] these orders are respectively
A and A’. Since M is the unique maximal ideal above p by (ii), we have 91 = N and = € M.
Moreover if nrdp/x (2)Zx = p, we have nrdp (M) = p = nrdp /g (zA). As xA C N, Remark
2.1] gives us the result. 0

2.2. The transfinite construction. Now, let us follow the approach of Motzkin [9] and
Samuel [I1] for the commutative casdl. Suppose that A is right-FEuclidean for some stathm
®: A — W. Let us denote by F the non-empty set of right-Euclidean stathms for A
taking their values in W. It is easy to see that A is right-Euclidean for ¥ = infycg ¢, which
is consequently the smallest right- Euclidean stathm for A (with respect to W). Let us notice
that ¥(z) = 0 <= z = 0, and that if A = min{¥(x); x € A\{0}}, theset {x € A; ¥(x) = A}
is A, the set of units of A.

1Samuel does not use the commutativity property of the rings and the only change to do is to write bA
instead of Aa because we are working with right-Euclideanity.
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To simplify, let us first remark that, as in the ring case, we can take W = Zx>(. This is
possible because for any non-zero b € A, the set A/bA is finite (see [11, Proposition 15]).
Now, for n € Zxg, let us put

A ={X e A; T(N\) <n}.
For instance, we have Ag = {0}, A; = {0} UA*. We can now prove
Theorem 2.3. For every n € Z>1 we have
(3) A, ={0}U{b e A\ {0} s.t. the canonical map A,,—1 — A/bA is onto }.
Proof. The proof is the same as in the commutative case. See [5] for details. O
This leads to the following transfinite construction and criterion.

Corollary 2.4. We put Ag = {0} and for n > 1 we define A,, by induction as in (3). Then
the sequence (Ay,)n>0 s increasing and A is right-Euclidean if and only if

U An = A

n>0
Moreover if ¥ is the smallest right-Euclidean stathm for A, for n > 0 and A € A, we have
TN =n<= e A, \ A1
Proof. Elementary (see [5]). O
2.3. Initial remarks.

Lemma 2.5. Let A be an order of F. Then A = A.

Proof. Let A € A. Let us denote by Trp i the trace map defined by Trg/ g (z) = z+7Z. Since A
is in an order of F' we have Trp/;(X) € Zg C A, from which we deduce A = Trp/r(A)—X € A.
This proves that A C A and by symmetry we have an equality. O

Proposition 2.6. An order A of F' is right-FEuclidean if and only if it is left- Buclidean.

Proof. Suppose that A is right-Euclidean, equipped with a stathm ® : A — Z> (for
instance its minimal Euclidean stathm). Since A = A, we can define a map ® : A — Zx
by ®'(\) = ®(A\). Let a, b € A with b # 0. Since @, b € A and b # 0, there exists some ¢ € A
such that ®(@ — bq) < ®(b). This implies that & (a — gb) < ®'(b). Since § € A, we see that
A equipped with @' is left-Euclidean, and we can conclude by symmetry. O

This leads to
Definition 2.7. An order of F will be said to be Euclidean if it is left or right- Euclidean.
Proposition 2.8. Let A be a Euclidean order of F'. Then A is necessarily maximal.

Proof. Let us equip A with a right-Euclidean stathm ® and let us consider A’ a maximal
order containing A. We want to prove that A = A’. The set

E={a€A\{0}; aA CA}
is non-empty. Let o € F such that
®(a) = inf{P(a); a € E}.
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For any X' € A/, we have a\ € A, a € A\ {0} and there exists a A € A such that
(4) PlaN —al) < (a).

But
(aXN —aX)N C ol CA.
Moreover we have a) — al € A. Consequently a)\ — aX € E U {0}, and ) implies

aX — a) = 0, by choice of . This leads to N’ = XA € A, from which we deduce that
A CA. O

Now, as in the number field case, Euclideanity implies principality.
Proposition 2.9. If F' admits a Euclidean (necessarily mazimal) order A, then hp = 1.

Proof. The proof is the same as in the commutative case. It is sufficient to prove for instance
that every ideal I with right order A (equipped with ®) is principal. Up to equivalence we
may assume that I C A. Let us take b € I such that ®(b) = min{®(x); =z € I\ {0}}. We
have bA C I. Now, if a € I there exists some ¢ € A such that ®(a — bg) < ®(b). But
a — bq € I, which implies a = bg by choice of b. Finally I = bA. O

Proposition 2.10. If F' admits a Fuclidean maximal order, then every maximal order is
also Euclidean.

Proof. Since F' has class number one, we have ty = 1 and all maximal orders are conjugate.
It is sufficient to prove what follows: if two maximal orders, say A and A’ are conjugate,
A is right-Euclidean if and only if A’ is right-Euclidean. By symmetry, suppose that A is
right-Euclidean with respect to ® and let z € F \ {0} such that A’ = z7!'Ax. For every
u € N set ®'(u) = ®(ruz~!). It is easy to see that ®'(A’) C Zsq and that for every
(a',0) € A x A"\ {0} there exists a ¢ € A’ such that ®'(a’ — b/'¢') < ®'(V'). In fact, if
a' =z taz and ¥ = bz where (a,b) € A x A\ {0}, we can take ¢ = =gz where ¢ € A
is such that ®(a — bq) < ®(b). O

This leads to

Definition 2.11. A Euclidean quaternion field is a quaternion field admitting a Fuclidean
order, or equivalently such that every maximal order is Fuclidean.

2.4. When @ is the norm. Let us denote by mg the local Euclidean minimum map of
K (for the norm form) defined by mg(z) = Xinzf |INg/q(r — X)| for x € K. Let M(K) =
€4k

sup mg (x) be the Euclidean minimum of K. In the same way, let us introduce the notions
zeK
of local (and global) Euclidean minima of an order A of F.

Definition 2.12. For any £ € F, we set
m = inf N(£— A
NG3) /{€A (€ )

and we call it the local Euclidean minimum of A at £&. We define the Euclidean minimum of
A by

M(A) =supmy(§).
(el
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Let us notice that this supremum is a well-defined positive real number and that for every
¢ € I there exists a A € A such that my () = N(€ — A) (see [5] and [3]).

Now, let us remark that if an order of F' is right norm-Euclidean, we know, by Proposition
2.6l that it is actually both left and right-Euclidean, but is it left norm-Euclidean? Looking
at the proof of Proposition 2.6 we see that the answer is yes, because N(x) = N(Z). Using
the multiplicativity of NV, it is easy to see that we have the more precise following result.

Proposition 2.13. The following three statements are equivalent.
(i) A is left-norm-Euclidean;
(ii) A is right-norm-Euclidean;
(1it) For all { € F, my (&) < 1.

Proof. (i) or (ii) implies (iii) because every element of F' can be written b~'a or ab~! where
a, b€ A, b+#0. Then (iii) implies (i) by considering ¢ = b~'a which gives (). In the same
way, (iii) implies (ii) by taking & = ab™!. O

This allows us to speak of a norm-FEuclidean order without specifying whether it is left
norm-Euclidean or right norm-Euclidean. Obviously, with the above notation, if M(A) < 1,
then A is norm-Euclidean. From Proposition 2.8, we know that a norm-Euclidean order is
necessarily maximal, and, as in the general case, we also have:

Proposition 2.14. If F' admits a norm-Euclidean (necessarily mazximal) order A, then every
mazimal order A" of F is norm-Euclidean. Moreover, we have M(A') = M(A).

Proof. We know that the class number hp is equal to 1. As a consequence, we obtain that
if F' admits a norm-Euclidean order A, every maximal order A’ of F is a conjugate of A
because t = 1. This implies that A’ = 27! Az for some x € F'\ {0}. Then for every ¢ of F,
we have trivially

my(©) = inf N(E=X)

= )1\12£N(£ —z )
= my(zézt).

Since & — x&x~! is a bijection of F, we deduce from the equality above that A’ is norm-
Euclidean and that M(A") = M(A). O

Remark 2.15. Note that the latter equality is true as soon as tp = 1. But when tp > 1
we can have two maximal orders with distinct Euclidean minima. For instance, in F =

~

—1,—11
(’7), let us consider the two mazimal orders

Q
i 14k
A = Zaoize Tlzeitly
2 2
1+2i+ i 9 _i—k
- Z@%Z@%ze}a%z.

18 16
Then we have M(A) = m and M(N') = o See [5] for more details.
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Proposition [Z14] allows us to speak of norm-Euclidean quaternion fields without giving
any reference to the maximal order that we consider. A norm-Euclidean quaternion field is a
quaternion field admitting a norm-Euclidean order, or equivalently such that every maximal
order is Euclidean. Moreover if tp = 1, in particular if F' is norm-Euclidean, we can speak
without any ambiguity of its Fuclidean minimum: M (F) = M(A) for any maximal order A
of F.

“1,-1\ [—1,-3 2,5
Example 2.16. If F = ( é ), ( é ) and ( é ), then M(F) is respectively

equal to 5 3 and z (see [9] ).
Let us summarize.
e If we want to prove that F' is norm-Euclidean, it is sufficient to choose a maximal
order A of F' and to prove that A is right norm-Euclidean (or left norm-Euclidean).
e If we want to prove that F' is not Euclidean, we have to find a maximal order A that
is not right-Euclidean (or not left-Euclidean).

3. TOTALLY DEFINITE QUATERNION FIELDS OVER QUADRATIC NUMBER FIELDS

From now on, K will be a real quadratic number field K = Q(v/d), where d > 1 is a
squarefree integer, and F' will be a totally definite quaternion field over K. As usual, we
denote by Zx the ring of integers of K and by dx the discriminant of the field K. Let A be
a maximal order of F. Since we are looking for Euclidean quaternion fields, we can restrict
ourselves to those with class number 1 and use the following result (see [12] or [7]).

Theorem 3.1. There are only thirteen totally definite quaternion fields F' over a real qua-
dratic field with class number 1.

In Table 1, we describe these quaternion fields. The notation in the table has already
been introduced, except ©, which is the discriminant of F', i.e. the (squarefree) product of
all finite primes ramified in /. When © # Zj the finite primes of K that ramify in F' are
specified: as in the previous section p,, or p,, (its conjugate) is a prime ideal of Zj lying
above the prime m € Z and we write p,, = (w) for p,, = wZg.

In order to prove Theorem [L5] we will first establish that four of our thirteen candidates,
more precisely Fy, Fg, Fig and F3 are norm-Euclidean. This will be done in Subsection B.11
Then, in Subsection we will prove that the nine other ones are not Euclidean.

3.1. Norm-Euclidean quaternion fields. First, recall that in [3] explicit bounds for M (A)
were established under a supplementary assumption on the fundamental unit of Zg.

Theorem 3.2. Let F' be a totally definite quaternion field over a real quadratic field K and
let A be a maximal order of F'. Suppose that no finite place of K is ramified in F and that
the fundamental unit of Zx has norm —1. Then
dg

5 — < M(A) < —.
©) 7552 + 3072v/6 () < 16

We deduce immediately from the upper bound of (B) that three of the candidates of Table
1 are norm-Euclidean.

di

Proposition 3.3. The quaternion fields Fi, Fg and Fig are norm-Fuclidean.
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F K D (a,b)

F | Q(v2) Zi (-1,-1)

£ | Q(v2) paps = (vV2)(3) (—3,v/2 - 2)
B | Q(v2) paps = (vV2)(5) (V2 -2,-5)
E [ QW2) [ papr = (V2)(1+2v2) | (—vV2—4,-1)
Fs | QW2) [ pabr = (V2)(1-2v2) | (V2-4,-1)
Fs | Q(V5) Z (—1,-1)

Fr | QWE) | paws = (VD) (Y52, -9)
Fs | Q(V5) pap11 = (2)(”2\/5) (—1,2y/5 — 8)
Fy | QW5) | pabii = @(552) | (-1,-2V5-8)
Fi | Q(V13) Zi (—1,-1)
Fi | Q(VI3) | pops = (2(AE) | (-1,-2V13-8)
Fip | QWI3) | pobs = () | (-1,2V13-8)
F13 Q(\/l—’?) ZK (_17 _3)

TABLE 1. Totally definite quaternion fields F' over a real quadratic field with
class number 1

Proof. It is sufficient to check that in each case the fundamental unit of K has norm —1.

For Fy, Fs and Fyo these units are respectively 1 + v/2, 1+2\/g and 3+§/ﬁ, which satisfy the
condition. As the discriminants are respectively 8, 5 and 13 we have in each case, that
M(A) < 1. O

Let us note that Lenstra has already pointed out that these quaternion fields are norm-
Euclidean (see [§]). Now, it remains to prove that Fjs is norm-Euclidean, which cannot
be established using the previous bound since in this case dxg = 17 > 16. Our approach
will be algorithmic, following some ideas used in [4] for the computation of the Euclidean
minimum of totally real number fields. Let us work in a more general context. Let d > 1 be

a,b be a totally definite quaternion field over K = Q(v/d),

a squarefree integer and F' =

where a, b are supposed to belong to Q, for simplicity. Since F' is totally definite, we have
a, b < 0. Let A be a maximal order of F'. Suppose that we have a description of A:

4
A= l@l(al,l + a2t + a1 35 + arak)Zr,

where a; ,, € K for 1 <1, m <4. Then F' can be written

4
F = l@l(au + a0l + a1 35 + ajak) K
= A A,

where

4
A= 1591(6”’1 + i 20+ ay 35 + ar4k) D,
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and where D is a fundamental domain of K. Take for instance D = {a + b0; (a,b) €
[0,1) N Q}, where 6 = 1+2_\/§ if d = 1 mod4 and # = v/d otherwise. Now, since my is A-
periodic, to prove that F' is norm-Euclidean, it is sufficient to establish that for every & € A
there exists a A € A such that N(§ — A) < 1. The sets A and A can be rewritten:

4 4 4 4
A= {Z a1 +izal,2zl +jzal,3zl + kzamzl; xp, Y1 € Z} ,

1=1 1=1 =1 =1

4 4 4 4
A= {Z az+iY oz iy asu+kY aaz; a,y € QNID, 1)} ;
=1 =1 =1 =1

where z; = x; + ;0. Clearly, A and A are respectively isomorphic to Z® and [0, 1)®, and
we embed both sets in R® in the following way. Let us denote by o the non-trivial Q-
isomorphism of K defined by 0(\/3) = —+v/d. We consider the matrix M € Mgy s(R) defined
by

ai,1 a0 as as10 as, as 10 a4, a6
o(ar,1) o(a110) o(azy) ol(agq10) o(as1) o(asil) o(as1) o(as10)
a2 ay 20 az 2 a0 as2 az 20 4,2 ay20
M- o(ar2) o(a120) o(azz) o(azel) o(az2) o(as2l) o(asz) o(as20)
ai 3 ay,30 a3 as 30 as;3 az 30 a4,3 as30 |’
o(ar3) o(a130) o(azs) olazsl) ol(ass) o(assl) o(ass) o(ass0)
ai,4 ay 40 a4 ag 40 as 4 az 40 44 ay 46

o(ara) o(a140) o(azs) o(agal) o(aza) o(azal) o(ass) o(as40)

and we see A and A respectively as M - Z8 and M - (Q N [0,1))%. Now, as in the totally
real number field case (see [4]), we consider a cutting-covering of A = M - [0, 1]® using
parallelotopes whose faces are orthogonal to the canonical axes of R®. These parallelotopes
P are of the form

P = {(w)i1<i<s € R |u — Cif < Iy},

where C' = (¢)1<i<s is the center of the parallelotope and 0 < h; for every [. In order to prove
that F'is norm-Euclidean, it is sufficient to prove that for every P of our cutting-covering of
A there exists a A € A such that

(6) for every u € P, N(u—\) < 1.
In this case we will say that P is absorbed by A. But thanks to our identification N can be
rewritten
N(t) = (7 — at3 — bt? + abt?)(t3 — at] — bt2 + abt?),
so that, to ensure that (@) is satisfied, it is enough to establish that
where
AP, A) = (IC1 = M|+ h1)® = a(|C3 — As| 4+ h3)® = b(|C5 — Xs| + hs)? + ab(|C7 — Aq| + hr)?
and

B(P, A) = (ICs = Aa| + ha)? — a(|Cs = Au| + ha)® = b(|C6 — A6| + he)” + ab(|Cs — As| + hs)?.
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Let us remark that this test is optimal: in fact, since a, b < 0, for every u € P we have
N(u—X) <A(P, \)-B(P, \)

and there exists a vertex V of P such that
NV —=X)=A(P, \) - B(P, \).

Now, it is sufficient to prove that every P of our cutting-covering satisfies (7l for some A
belonging to a finite set S of precomputed elements of A. Of course, things are not so
simple: in general, if we begin with a reasonable cutting-covering, some parallelotopes are
not absorbed. In this case, we cut them into 2® smaller parallelotopes and we continue. The
algorithm is roughly as follows.

(1) Define a set S of elements of A.

(2) Define a covering of A by parallelotopes as described above. Denote by T the set of
these parallelotopes.

(3) For any P € T, search for a A in S that absorbs P, replacing 1 by a constant k < 1
in () to control rounding errors. If such a A exists, remove P from 7.

(4) If T = () we are done and the algorithm stops.

(5) If not, cut every P € T into 2% smaller parallelotopes and replace T with the set of
these smaller parallelotopes. Then go to step (3).

In the case of Fi3 we have K = Q(\/17), 6 = HT\/ﬁ and as a maximal order for Fi3 we
can take
3+30i+(0—-2)j+k

6 ZK7

with i2 = —1 and j2 = —3. The algorithm ran with the following parameters: the set S was
defined by S = {M - X; X; € ZN[-3,4] for every i}, the cutting-covering of A was obtained
by cutting A by 60 in each direction, and the constant k& was equal to 0.95. After 2 loops,
all parallelotopes were absorbed at one step or another and we obtained:

. 1+
N=ZxgDiZi @ QJZK@

Proposition 3.4. The quaternion field Fis is norm-Euclidean.

3.2. Other candidates. Now, we will prove that any maximal order of one of the remaining
candidates cannot be Euclidean. We can use Corollary 24] in the following way. Suppose
that A is Euclidean, so that the sequence (A,,),>0 exhausts A. We have trivially Ay = {0}
and Ay = {0} UAX # A. If Ay = Ay, then the sequence (Ay,),>0 is stationary from n = 1,
which is impossible. So we must have A1 C Ay, and for the same reason, if Ay # A we must
have Ay € As. We will prove that such a situation is impossible and that, consequently,
A will never be Euclidean. But before proving this fact, we need some preliminary results.
Recall that, since F is totally definite, [A* : Z %] is finite. We can even specify this index.

Lemma 3.5. The index [A* : Z}]| has the following values:

o [N*:Z}]=1 for F =Fs;

[ ] [AX : Z;(] =2 fOTF = Fg, Fg, F11 and F12,'
o [N*:Z}] =3 for F = Fy;

° [AX : Z;(] :4f07”F:F4 and F5,'

o [A\:Zy] =5 for F = Fr.
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Proof. As the level of A, which is maximal, is trivial, and as K has class number 1, the
Eichler mass formula (see [12]) gives us

1 1
o = 5l DT (NGp) = 1),
X
[AX:Zy] 2 N
where N(p) is the norm of the ideal p and (i the Dedekind zeta function of K. Then, we
can use Pari [2] to compute (x(—1) and to conclude. O

From now on we denote by ¢ the canonical map A — A/bA.

Lemma 3.6. Let b € A\ {0}. The map pp has the following properties:
(i) If X\ € A, then

e (AZ50)| < |en(Z)
(ii) For any subset T' of A, if a, c € A satisfy a — c € bA then @p(aT’) = p(cT).

Proof. (i) Let r = ‘gpb(ZIX()
of Zj modulo bA, i.e. such that for every x € Zy there exists a unique ¢ with z — u; € bA.
If we prove that for every y € AZj there exists some 1 < i < r such that y — Au; € bA, this
will show that {\u;; 1 <i < r}is a set of representatives of A\Zx modulo bA (not necessarily

exact), which will imply the desired inequality. Let y = Au with u € Zj. There is some
1 <4 < r such that © — u; € bA and this implies

(8) uX — u A = (u — u;) A € bA.
But u and w;, which belong to Z%, commute with every element of A and () leads to
Yy — Au; € bA.

(ii) An element of pp(aT) is a class axz + bA with = € T. Since (a — ¢)x € bA, we have
ax+bA = cx+bA € pp(cT), so that pp(aT) C @p(cT). By symmetry, we have an equality. [

and let {u; € Z%; 1 <1i <r} be an exact set of representatives

Now let b € A such that b ¢ A*U{0}. The proper integral ideal bA admits a decomposition
into a proper product bA = My - - - N where the M; are maximal integral ideals. Then 9;NZg
is a prime ideal p; of Zx. Let us denote by p; the prime below p; and by f; the residual
degree of p;.

Proposition 3.7. With this notation, let vy, ...,vs (s > 1) be elements of A such that for
every i, v; € bA. If
©p ({O} @] U UZ‘AX> = A/bA,
i=1

then

l
9) [Ipi+1<s[A*:Zg).
i=1
Proof. Let us put m = [A* : Zx] and let {t;; 1 < j < m} be an exact set of representatives
of A* modulo Zg so that A* = U t;Z . For every i, we have

lon(v;A*)| = ;

m
U es(vit;Z)
j=1
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from which we deduce by Lemma (i)
(10) [pu(vil )] < m|en(Z5)|

ob(Z)
of representatives of Zj modulo bA. The sets u; + py - - - p; are disjoint: if not, there would
exist some 7 # j with

Now, lets us put r = and, as above, let {u; € Zj; 1 < i < r} be an exact set

U —Uuj € PPy C My -9 = bA,
which is impossible by choice of the u;. Moreover, for every 4, u; & py - - - p; because u; € Z .

So, the u; + p1---p; can be viewed as distinct non trivial elements of Zg /py ---p; and we
obtain

l
(11) r<[Zg:pi---pl—1=]]p’ -1
j=1

From (I0) and () we obtain that for every 1 <i <'s, |@p(v;A)] < m( 2:1 p{j —1), and

consequently that
s l ’
©p <U viAX> < sm Hpjj —-1].
i=1 j=1

We also know that for every integral ideal I with right order A, |A/I| = Ng q(nrdp/k(1))?,
so that

(12)

’A/bA‘ = NK/Q(HI‘dF/K(ml s ml))2.
By Lemma (i) we have
nrdF/K(‘ﬁl te ‘ﬁl) = nrdF/K(‘Jtl) s nrdF/K(‘ﬁl),
from which we deduce

|A/bA| = N jq(nrdp) i (M))? - Nijq(nrde/r (9))°.

As nrdp g (D) = p; and Nk q(pi) = p{i we finally obtain

(13) [A/bA| = ﬁp?fi-
i=1
By hypothesis, we have ¢, ({0} UU;_; v;A*) = A/bA, which implies
(G - o
i=1
because for every i, v; & bA so that J;_; v;A* NbA = 0. From (I3) we have
(14) ©p (O viAX> = ﬁp?fi -1
i=1

i=1
Finally (I2)) and (I4) give

l l
l_Ilp?fi —1<sm (Hpjj - 1) )
ie

J=1
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which leads to the result. O

Corollary 3.8. The quaternion fields F;, for i € {2,3,4,5,7,8,9, 11, 12}, are not Fu-
clidean.

Proof. We suppose that A is Euclidean. We have seen that this implies Ay = {0} UAX C Ay
and that, if Ao £ A, Ay C As. We consider four cases.
Case 1: i € {3, 8,9, 11, 12}.
As we must have A; C Ag, there exists some b & {0} U A* such that
©p ({O} U AX) = A/bA
Of course, as b € A*, 1 € bA and Proposition B.7 applied with s =1 and v; = 1 leads to

l

[1pf+1 <A 28,

=1
where the notation is the same as above. But [Ti_; pzfi +1 > 3 and in all cases, [A* : Z}] < 2.
This is a contradiction.
Case 2: i1 € {4, 5}. As before, we see that there must be some b ¢ {0} U A* such that
o {0} UAX) = A/bA. In both cases [A* : Zy] = 4 and Proposition B7 shows that,
necessarily, I = 1, so that bA = M is a maximal integral ideal. Moreover if p = DM N Zgk and
if p is the prime below p, Proposition 3.7 implies p/ < 3 where f is the residual degree of p.
Since 3 is inert in K = Q(v/2), the only possibility is p = 2 and p = V2Z.
In the case F' = F}y, a maximal order of F' is
1+V2+V2i+j (V24 1)i+k

5 Zik ® 5 Z

where i2 = —/2 — 4 and j2 = —1. We can compute AX/Z% and find that its 4 elements are
the following classes:

3 3
Z5. 12 20+ )7 and 201 - )z
But
14+ V2 + V2 +
j—1:\/§<\/§ +\/—J;\fz+‘7—¢—1—\/§>e\/§Agm:bA
and

g(1+j)+g(1—j)=\/5€\/§A§m:bA-

By Lemma (ii) these relations imply that

V2o
a(0) € @2z U (70 -z
so that, by Lemma [3.0] (i), we have

[ou(A)] < 2|pn(Z)

But () indicates that |py(Z%)| < 2! — 1 = 1 and finally we obtain |p,(A*)| < 2. On the
one hand, this implies

o ({0} UAT)| < 3.



EUCLIDEAN TOTALLY DEFINITE QUATERNION FIELDS 15

And, on the other hand, (I3)) gives us

/A = p? =4,
which contradicts ¢, ({0} UAX) = A/bA.
The proof is the same for F' = F5.
Case 3: i = 2. In this case [A* : Z] = 3. Once again, there must be some b & {0} U A®
such that ¢, ({0} U A*) = A/bA, and by Proposition B.7 we find: [ = 1, bA = N is a maximal
integral ideal and p = M N Zx is the prime ideal /2Z g lying above 2. Moreover by Lemma
(ii), <M is the unique maximal ideal containing v/2Z . Now, if ¢ € {0} U A* is such that
we ({0} UAX) = A/cA, we have cA = 91 = bA and ¢ € bA*. Conversely, if ¢ € bA*, we have
cA =bA, p. = ¢ and ¢, ({0} UAX) = A/cA. This implies that

Ay = {0} UATUDBA™.
Sincd] Ao # A, we have Ay C A3z and there exists some d € A such that
(15) d& {0} UA* UbA®
and
0a ({0} UAX UBAX) = A/dA.

Obviously, (&) implies that 1 ¢ dA. Suppose that b € dA. Then bA C dA, and by maximality
of bA = I, we have either dA = A or dA = bA. This implies either d € A* or d € bA*. This

is a contradiction. Consequently, 1, b € dA and we can apply Proposition B.7 with s = 2,
v1 = 1 and vy = b. With the above notation, we obtain

l
[Iri+1<6.
i=1
But 3 and 5 are inert in K = Q(+/2) and the only possibility is again: [ = 1, p; = 2. By
uniqueness of I, this implies dA = 91 = bA and d € bA*, which is absurd.

Case 4: i =T. To treat this case, we need to specify A. As a maximal order of Fy we can

take
\/g+1 \/5-{-1] + k

+1 )
AZZK®2TZK @]ZK@%ZM

with i2 = (/5 — 5)/2 and j2 = —2. Here [A* : Z}] = 5 and we can precise A*/Z%. Its five
clements are the classes a;Z 7, where the a; (1 <4 < 5) are respectively
L oVEHI (VB Vo1 (VB )i —VE 1420 Vo142
Y 4 ) 4 ) 4 ) 4 )
so that we have

5 5

A = U a;Zy and jA* = UjaiZIX(
i=1 i=1

As before, there must exist some b ¢ {0} U A* such that ¢, ({0} UA*) = A/bA. Since 3 is

inert in Zg, Proposition B.7 gives: | = 1, bA = 91 where 9 is the unique maximal integral

ideal above the prime ideal 2Z, by Lemma 2.2 (ii). But j € A satisfies nrdp)x(j) = 2, and

2If not, Ngq(nrdg,x(A)) would be finite but contains NIQ(/Q (Zk).
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by Lemma (iv) we have jA = 91 = bA. Using the same argument as before, we finally
obtain
Ay = {0} UAT UJA™.

Again Ay C A and there exists some d € A such that
(16) dg {0} UA* U A"
and

wa ({0} UAX UJA™) = A/dA.
As in case 3, we see that 1, j € dA and we can apply Proposition B.7] with s =2, v; = 1 and
v = j. We obtain

l

[/ +1 <10,

i=1
and the only possibilities are [ = 1 and p; = 2 (with f; =2),l =1 and p; = 3 (with f; =2)
orl=1and p; =5 (with f; = 1). Let us analyze the three cases.
e Subcase 1. By uniqueness of 91 = jA, this case leads, as before, to a contradiction.
e Subcase 2. We have dA = 9 where 97 is a (not necessarily unique) maximal ideal such
that MV N Zx = 3Zk. As it will be useful later, let us remark that we can check from the
values of the «; or from the equality jA = Aj, that we have
(17) GAX = A%,
As @4(A2) = A/dA, there exists some Ao € Ay such that j + 1+ dA = A9 + dA. Then
A = j+1—dA for some A € A. But Ay € Ay so that either Ay = 0, either Ay € A* or
Ao € jA™. We claim that in the three cases, there exists some € € A* such that
(18) Jj—e€edA.
- In the first case, Ao = 0 implies j + 1 = dX and we can take ¢ = —1.
- Let us analyze the second case where Ao € A*. We have \o(j — 1) = =3 — dA(j — 1) and,
as3 €M =dAand j —1 €A,
(19) A2(j — 1) € dA.
But A2(j — 1) = Xaj — A2 = ja — Ao for some o € AX by (7). This leads to Aa(j — 1)a™! =
j — Xea~! and from (I9) we obtain

j—Xa~t e dA.
Here we can take € = g™ ! € AX.
- Now, if Ay € jA*, by ([I7) there exist o, 5 € A* such that Ao = ja = j. As before
A(j—1)==3—-dAXj—1) €dA. But o(j —1) =Bj(j —1) = -28-8j=-38+8—ja
which implies ja — = —X2(j — 1) — 38 € dA. Thus we have

j—Ba~t edA
and we can take € = fa .
Our claim is proved. From (I8), we see by Lemma (i) that @q(jA*) = pa(eA*) =
wq(A*). Finally

A/dA = pa(A2) = pa(A1),

which implies d € Ao. This is a contradiction.
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e Subcase 3. Since the prime ideal \/5Zg is ramified in F, we have dA = 9V where O is the
unique maximal (and two-sided) ideal such that 9V N Zx = v/5Zk. An easy computation

shows that nrdp/ k(a3 —a1) = \/5% € V/5Zx and nrdp g (g —a1) = nrdp/g (a5 —ag) =
\/5@ € VbZx. By Lemma (iv) this implies ag — a1, aq4 — a1, as —ag € N = dA,
and, because 9 is two-sided, that jaz — jay, jas — jai, jas —jas € M = dA. Then, using
Lemma (ii), we can write

2

2
Pa({0} UAT UJA™) = 0a({0}) U | palosZ) U | wa(iesZ),
i—1 =1

and Lemma B.6 (i) together with (II]) leads to
|Pal{0} UAX UjA¥)| <1 +4|pu(Z)
But we must have |ps({0} UA* U jA™)| = |A/dA| and the latter cardinality is
|A/N| = Ng q(nrdpx (W))? = N jq(V5Zk)® = 25.

This is a contradiction. O

<1+4-(5"=1)=17.

Finally, Proposition [3.3] Proposition B.4 and Corollary [3.8 give us Theorem 1.1.

Remark 3.9. Note that the situation is the same as in the imaginary quadratic fields case:
Fuclideanity and norm-FEuclideanity are equivalent. Moreover we have examples of quater-
nion fields with class number one, that are not Euclidean.

4. CONCLUDING REMARK

Our main purpose was to study Euclidean totally definite quaternion fields over quadratic
fields. Incidently, we have discovered that this question was not yet solved for (totally) defi-

—-1,—-1 —-1,-3
nite quaternion fields over Q. As already mentionned, we know that ( é ), ( é )

and 7) are the only norm-Euclidean definite quadratic fields over Q and we are nat-

urally led to ask ourselves whether there are other such fields which are Euclidean although

not norm-Euclidean. If we are looking for a quaternion field F' with this property, we must
-1,-7 —-2,-13

have hp = 1 and we know (see [12] or [7]) that necessarily F = ( é ) or (’T)

Let us write respectively F; and F> for these two candidates. Then we have

Proposition 4.1. Neither Fi nor Fs is Euclidean.

Proof. We use the same technique as before. Let A be a maximal order of F' = F; or Fa.
We have Ag = {0}, A; = {0} UA* and we will prove that A; C A is impossible. A careful
reading of the proof of Proposition [3.7 shows that it can be rephrased, in this context, with
s = 1 and v; = 1, more simply, in the following way. Let b € Ay \ A;. Then the proper
integral ideal bA admits a decomposition into a proper product D - - - I of maximal ideals
with [ > 1. Let p; € Z be the prime such that 9%, N Z = p;Z. Then we have

l

(20) [Tpi+1<[A:{-1,1}].
=1
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Now, in this case, the Eichler mass formula is

1
=R KD — 1),

p|D

where ( is the Riemann zeta function and D is the discriminant of F', i.e. D =7 for F; and
D = 13 for Fy. Since ((—1) = —1/12, we obtain [A* : {—1,1}] = 2 for F; and 1 for Fs.
This contradicts (20]). O

As a corollary of Proposition 1], we obtain Theorem [L.6l

ACKNOWLEDGEMENTS

The authors would like to thank Dr. Elizabeth Strouse for her stylistic advice and the
anonymous referee for his suggestions of improvement.

REFERENCES

[1] MAGMA, v2.18-5, Sydney, 2012, http://magma.maths.usyd.edu.au/magma/
[2] PARI/GP, version 2.5.1, Bordeaux, 2012, http://pari.math.u-bordeaux.fr
3] E. BAYER, J.-P. CERRI, J. CHAUBERT, Euclidean minima and central division algebras, International
Journal of Number Theory 5 (2009), 1155-1168
[4] J.-P. CERRI, Euclidean minima of totally real number fields: Algorithmic determination, Mathematics
of Computation 76 (2007), 1547-1575
[5] J. CHAUBERT, Minimum euclidien des ordres maximaux dans les algébres centrales & division, PhD
Thesis, EPFL (2006)
[6] M. DEURING, Algebren, Springer Verlag, New-York (1968)
[7] M. KIRSCHMER, J. VOIGHT, Algorithmic enumeration of ideal classes for quaternion orders, SIAM J.
Comput. 39 (2010), No 5, 17141747
[8] H.-W. LENSTRA JR., Quelques exemples d’anneaux euclidiens, C.R. Acad. Sc. Paris, Sér. I Math. 286
(1978), 683— 685
[9] T. MOTZzKIN, On the Euclidean Algorithm, Bull. Amer. Math. Soc., 55 (1949), 1142-1146
[10] I. REINER, Maximal orders, Claderon Press, Oxford, 2003
[11] P. SAMUEL, About Euclidean Rings, Journal of Algebra, 19 (1971), 282-301
[12] M.-F. VIGNERAS, Arithmétique des algebres de quaternions, Lecture Notes in Math. 800, Springer,
Berlin, 1980

UnNiv. BorDEAUX, IMB, UMR 5251, F-33400 TALENCE, FRANCE, CNRS, IMB, UMR 5251, F-33400
TALENCE, FRANCE, INRIA, LFANT, F-33400 TALENCE, FRANCE

E-mail address: jean-paul.cerri@math.u-bordeauxl.fr

RUE DU TALENT, 1042 MALAPALUD, SUISSE
FE-mail address: jerome.chaubert@gmail.com

UnNiv. BorbDeaux, IMB, UMR 5251, F-33400 TALENCE, FRANCE, CNRS, IMB, UMR 5251, F-33400
TALENCE, FRANCE, INRIA, LFANT, F-33400 TALENCE, FRANCE
E-mail address: pierre.lezowski@math.u-bordeauxl.fr


http://magma.maths.usyd.edu.au/magma/
 http://pari.math.u-bordeaux.fr

	1. Introduction
	2. Elementary properties
	2.1. Orders and ideals
	2.2. The transfinite construction
	2.3. Initial remarks
	2.4. When the stathm is the norm

	3. Totally definite quaternion fields over quadratic number fields
	3.1. Norm-Euclidean quaternion fields
	3.2. Other candidates

	4. Concluding remark
	Acknowledgements
	References

