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Abstract

Let X be a compact connected Abelian group. It is well-known
that then there exist topological automorphisms «;, 3; of X and inde-
pendent random variables &1 and & with values in X and distributions
11, po such that the linear forms Ly = a1+ a2és and Lo = $1&1 46260
are independent, but u; and us are not represented as convolutions of
Gaussian and idempotent distributions. To put this in other words in
this case even a weak analogue of the Skitovich-Darmois theorem does
not hold. We prove that there exists a compact connected Abelian
group such that if we consider three linear forms of three indepen-
dent random variables taking values in X and the linear forms are
independent, then at least one of the distributions is idempotent.

1 Introduction

The classical Skitovich-Darmois theorem states ([7],[1]): let §,i = 1,2,...,n,
n > 2, be independent random variables, and «;, 3; be nonzero constants.
Suppose that the linear forms L1 = o1&+ - -4+a,€, and Ly = 516+ -+ 5,8,
are independent. Then all random variables §; are Gaussian.

This theorem was generalized to various classes of locally compact Abelian
groups (see for example [2], where one can find references). In these re-
searches random variables take values in a locally compact Abelian group X,
and coefficients of the linear forms are topological automorphisms of X.

In particular, Feldman and Graczyk showed ([3]), that there not ex-
ists even a weak analogue of the Skitovich-Darmois theorem for compact



connected Abelian groups. They proved the following: let X be an ar-
bitrary compact connected Abelian group. Then there exist topological
automorphisms «;, 3;,7 = 1,2, of X and independent random variables
&,1 = 1,2, with values in X, such that the linear forms L1 = a1 4+ axé
and Lo = (1& + [B2& are independent. Whereas distributions of &; are not
convolutions of the Gaussian and idempotent distributions.

We show in this work that if we consider three linear forms of three
random variables, then there exist compact connected Abelian groups, for
which the weak analogue of the Skitovich-Darmois theorem holds. Namely,
we will construct examples of compact connected Abelian groups, for which
the independence of the three linear forms of independent random variables
implies, that at least one random variable has idempotent distribution.

2 Definitions and designations

Let X be a second countable locally compact Abelian group. Let A be a
set. If X = X, for all A € A, then the direct product of the groups X,
we denote by X", where n is a cardinal number of the set A. Denote by
Ny the cardinal number of a countable set. Denote by Aut(X) the group of
the topological automorphisms of X. Let k be an integer. Denote by f the
mapping fi : X — X defined by the equality fiz = kx. Put X* = f(X).

Let Y = X* be the character group of X. The value of a character y € Y
at x € X denote by (z,y). Let B a nonempty subset of X. Put

AY,B)={yeY :(z,y) =12 € B}

The set A(Y, B) is called the annihilator of B in Y. The annihilator A(Y, B)
ia a closed subgroup in Y. Let a be a topological endomorphism of X. For
each a € Aut(X) define the mapping & : Y — Y by the equality (az,y) =
(z,ay) for all x € X,y € Y. The mapping & is a topological endomorphism
of Y. It is called an adjoint of . The identity automorphism of a group
denote by I.

In the paper we will use standard facts of Abstract harmonic analysis
(see [6]). Let u be a distribution on X. Put z € X. Put g(M) = pu(—M),
where M is a Borel subset of X. The characteristic function of ;1 denote by
equation

i(y) = /X(fv,y)du(y),y €Y.
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Put F, = {y € Y : i(y) = 1}. Then F), is a subgroup of Y, function ji(y) is
F,, - invariant, i.e. i(y +h) = i(y),y € Y,h € F,.

Denote by E, the degenerate distribution, concentrated in z. Let K be a
compact subgroup of X. Denote by my the Haar distribution on K. Denote
by I(X) the set of shifts of such distributions, i.e. the distributions of the
form mg*FE,, where K is a compact subgroup of X, x € X. The distributions
of the class I(X) are called idempotent. The characteristic function of my

has the form:
. 1, c A(Y,K),
() =4 v EANE) )
0, y¢AY,K).

A distribution p on the group X is called Gaussian if its characteristic
function can be represented in the form

~

ily) = (z,y)exp{—p(y)}, yev,

where ©(y) is a continuous nonnegative function satisfying equation
pu+v) +pu—v)=2p) + ), wveY.

Denote by I'(X) the set of Gaussian distributions on X.

3 Lemmas

In order to prove the main result we need some lemmas.

Lemma 3.1 (/5/). Let X be a second countable locally compact Abelian
group, &,1 = 1,2,...,n, be independent random variables with values in X,
and with distributions p;. Consider the linear forms L; = > " | a;;&, where
a;; € Aut(X). The linear forms Lj,j = 1,2,...,n, are independent if and
only if the following equation holds

H Zazyuy HH:& (Gjus), (2)

where u; €'Y, &;; € Aut(Y).

The following lemma states that there exists the analogue of the Skitovich-
Darmois theorem for finite Abelian groups, i.e. the independence of n linear
forms implies, that all random variables have idempotent distributions.
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Lemma 3.2 (/5/). Let X be a finite Abelian group. Let &,i = 1,2,...,n,
be independent random variables with values in X, and with distributions
wi. Consider the linear forms L; = > 7" | a;;&, where oy € Aut(X),i,j =
1,2,...,n. The independence of the linear forms L; implies that y; = E,, *
my, where K is a subgroup of X, x; € X, 1=1,2,...,n.

From lemmas 3.1 and 3.2 we obtain

Corollary 3.3 . Let Y be a finite Abelian group. Let [1;(y),i = 1,2,...,n,
n > 2, be characteristic functions on'Y', satisfying equation (2), where &;; €
Aut(Y),anj =an = 1,4, = 1,2,...,n. Then f;(y),t = 1,2,...,n, are the
characteristic functions of the degenerate distributions.

Below we will need some new notions. Denote by Z the infinite cyclic
group, by R the additive group of real numbers, by Z(m) the group of residue
modulo m, by T the circle group, by Q the group of rational numbers, by A,
the group of a-addic numbers.

Let a = (ag,a1,...,a,,...) be a fixed but arbitrary infinite sequence
of natural numbers, where all a; > 1. Consider the group R x A,. Let
B be a subgroup of R x A, of the form B = {(n,nu)}:>__, where
u = (1,0,...,0,...). The factor-group ¥, = (R x A,)/B is called an a-
addic solenoid. The group X, is a compact connected Abelian group with
dimension 1. The character group of X, is some subgroup of Q.

The following lemma states that there exists the weak analogue of the
Skitovich-Darmois theorem for the circle group. We assume that the charac-
teristic functions of the random variables do not vanish.

Lemma 3.4 [4]. Assume that X = T,o;; € Aut(X),i,j = 1,2,3. Let
&1 = 1,2,3, be independent random variables with values in X and with
distributions p;, such that their characteristic functions do not vanish. Sup-
pose that L; = Z?:1 a;;& = 1,2,3 are independent. Then i, are degenerate
distributions.

From lemmas 3.1 and 3.4 we obtain

Corollary 3.5 . Assume that Y = Z. Let j1;(y),i = 1,2,3, n > 2, be
nonnegative characteristic functions on 'Y satisfying equation

for(uq + ug + uz)fio(ug — ug — ug)fis(ug + ug — ug) =
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= fuir (1) fn (u2) fur (us) fro () flo( —u2) fio(—us) fis (wn ) fis (u2) fia (—us) , wi € Y,i=1,2,3.
(3)

Then [1;(y),i = 1,2,3, are characteristic functions of the degenerate distri-

butions.

Lemma 3.6 [2/. Let X be a compact Abelian group. Suppose that there
exists an automorphism § € Aut(X) and an element § € Y, such that the
following conditions are satisfied:

i)Ker(l — 0) = {0};

ii)(I — )Y N{0;+y, +2y5} = {0};

iii) 65 # —ij.

Then for any n > 2 there exist identically distributed random variables
&vi=1,2,...,n, with values in X and with distribution p ¢ T'(X) x I(X),
such that the linear forms L; = & + > 1 5 0:ii&i, 7 = 1,2,...,n, where §;; =
1,1 +# j,0;; = 0, are independent.

Note that compact connected Abelian groups satisfying the relation f, €
Aut(X) for any p are topologically isomorphic to a group of the form:

(Za)"a=1(2,3,4,...),n <Rq. (4)
The following lemma for n = 2 was proved in the [3].

Lemma 3.7 . Let X be a compact Abelian group, such that fy € Aut(X).

Then there exist independent random variables &,1=1,2,...,n, with distri-
butions p; ¢ 1(X) * I'(X), and automorphisms a;; € Aut(X), such that the
linear forms L; =" 0ui&,j =1,2,...,n, are independent.

Proof. Two cases are possible: inclusion f, € Aut(X) holds for any prime
number p, and there is some prime number p such that f, ¢ Aut(X)

1. Consider the first case. By the note made above the group X is
topologically isomorphic to the group of form (4). It is obvious that it suffices
to prove the theorem for a group of the form X = ¥,,a = (2,3,4,...). Then
group Y is topologically isomorphic to the group Q. Let p and g be different
prime numbers. Let H be a subgroup of Y of the form H = {qﬂk}m,kEZ- Put

G = H*,K = A(G,H®). Note that since numbers p and g are relatively
prime, then H # H® . Let A be an arbitrary not-idempotent distribution on



G with support K. It is easy to see that the characteristic function A is of

the form
. 1,y e H®),
Aly) = . (5)
c,y ¢ H'Y,

where —1 < ¢ < 1.
Consider a function on Y

_JAw),yeH,
mw—{aygﬂ' ©)

From the theorem 2.12 it follows that ¢g(y) is a positive-defined function. The
Bohner theorem implies that there exist a distribution u € M'(X) such that
f(u) = g(y). It is obvious that u & I(X) * D(X).

From (5) it follows that

gly+pt) =gy), yteH. (7)

Let &; be independent random variables with distribution pu.
Put s = p* + ¢. From the conditions of the theorem it follows that
s € Aut(X). Let us show that the linear forms

Ly =& +pSe +p&s+ ... +pé,

Ly = p&i + & + p*&s.e + 1%
L3 = p&y + p°ba + s&s... + p°&n
Ln = pé-l +p2§2 +p2§3 + ..+ Sé-n
are independent. By the lemma 3.1 it is enough to show that the following
equation holds:

[y +pustpus+ - +puy) fi(pur+sus+p uste - +p*uy) - - - f(purp ugt - +suy) =

= [i(ua)u(pug) is(pus) - - - - (8)

Using (7) it is easy to show that if u; € H, then equation (8) becomes a
equality. So it is enough to consider the case when u; ¢ H for some 7. It is
easy to see that in this case the right-hand side of equation (8) vanishes.



Let us show that the left-hand side of equation (8) vanishes too. Assume
the converse, i.e. that the left-hand side of equation (8) does not vanish.
Then the following system of equations holds:

Uy + pus + pus... + pu, = hq,
puy + sus + pPus... + p*u, = he,

puy + p*us + pPus... + Stp = hy,

where h; € H.

Add the first equation of the system (9) multiplied by (—p) to the each
equation of the system (9) starting from the second. We obtain that qu; =
hi —hy,1=2,3,...,n. Thus u; € H,i =2,3,...,n. From this and from the
first equation of the system (9) we have that u; € H. Finally we obtain that

u; € H,i=1,2,...,n. This contradicts the assumption.
2. Assume that for some prime p the following inclusion holds
fp & Aut(X) (10)

Suppose that p is the smallest from the prime numbers satisfying condi-
tion (10). Since X is a connected group then X™ = X for all natural n.
Hence if f, ¢ Aut(X), then Kerf, # {0}.

From the condition of the theorem it follows that p > 3. Put a =
1 — p. Since p is a smallest natural number satisfying condition (10),
then f_, € Aut(X). Hence f, € Aut(X). By the well-known theorem
Kerf, = A(X,Y®). Tt implies that Y® £ Y. Put § € Y® and verify
that the automorphism 6 = f, and the element y satisfy to conditions of
lemma 3.6. We have f, = f, and [ — f, = fp. Since Y is torsion-free then
Ker(I — f,) = {0}, i.e. condition (i) holds. Thus (I — f,)Y = Y®). Since
p > 3, then numbers 2 and p are relatively prime. Hence there are integers
m and n such that 2m +pn = 1. Thus y = 2my + pny. Soif § & Y,
then 27 ¢ Y too. It implies that condition (ii) holds. Since the group Y
is torsion-free, then it is obvious that condition (iii) holds. We use 3.6 and
obtain the needed result.ll

4 Main theorem

The proof of the main theorem is bulky. So it is divided into two parts. In
the first part we use corollaries 3.3 and 3.5, in the second part we use lemma
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3.7.

Theorem 4.1 . Assume that X = X,. Then there are two cases:

1) For any prime number p the relation f, ¢ Aut(X) holds. Let
&1 = 1,2,3, be independent random variables with values in X and with
distributions p;. Then the independence of the linear forms L; = 23:1 a;;&,
a;; € Aut(X),i,5 =1,2,3, implies that at least one distribution p; € 1(X).

2) There exists a prime number p such that f, € Aut(X). Then there
are independent random variables &,1 = 1,2,3, with values in X and with
distributions p; € I'(X) * I(X), and automorphisms a;; € Aut(X), such that

the linear forms L; = Zg’:l a;;&,7 = 1,2,3, are independent.

Proof.
1. Suppose that f, & Aut(X) for any p. It means that Aut(X) = {I,—I}.
It is easy to show that the general problem can be reduced to the case when

Ly =& + & +&3,

Ly =8 — &+ &3, (11)
Ly=¢& —& — &
From lemma 3.1 the independence of the linear forms (11) implies, that
equation (3), where Y is a subgroup of @, holds.
Put N; ={y € Y : ji;(y) # 0}, N =N, N;. From (3) we infer, that N is
a subgroup in Y. Moreover, from (3) it is easy to see, that N has a property:
in 2y € N, then y € N. There are two cases: N # {0} and N = {0}.
Also note that the following relation holds: Y = Y® U (§ 4+ Y®), where
gEY®,
A. Assume that N # {0}. Let us prove an useful equation. Suppose
that ¢, and ¢, belong to a same coset of the factor-group Y/Y ). Then the
following equation holds:

iy () iy (82| s (2) | = |y (B2) ] i (£2) || 255 (1) (12)

where all ¢; are pairwise different. Indeed, there exist 4; and s, such that
’211 -+ 'IALQ = tl,'lll — 'LALQ = tQ. Puttlng uy = ’ELl,UQ = ﬁg,’dg =01in (3), uy =
U1, us = —lg,uz = 0 in (3), and equating the results, we obtain:

| (E)| |2 (F2)[ | s (82) ]| = | (F2)[ | 2 (82) | f1s (£2)]



from what it follows equation (12).

Put v; = p; * 1,5 = 1,2,...,n. Then v;(y) = | (y)|*,y € Y, functions
;(y) are nonnegative and satisfy equation (2). It is suffice to show that
v;(y) are characteristic functions of the idempotent distributions. From this
we will obtain that fi;(y) also are characteristic functions of the idempotent
distributions.

First show that for any y € N the equality 7;(y) = 1,7 = 1,2, 3, holds.
Put yo € N. Consider a subgroup H of Y generated by y,. Note that
H = 7Z. Consider the restriction of equation (3) to the subgroup H. From
corollary 3.5 we obtain, that v, = E,,,z; € X,7 = 1,2,3. It means that
vi(y) = 1,i =1,2,3,y € H. Since H = (yo) and y, was arbitrarily chosen
from N, then 0;(y) =1,1=1,2,3,y € N.

Now we will show that N; = N. Assume that N;,7 = 1,2,3, do not
coincide. Then there are y; € Ny, y1 € N;, where j is equal to either 2 or
3. Put t; = y1,ts =y, where yo € N and y;,y2 belong to the same coset of
the factor-group Y/Y® in (12). We can make such choice. Indeed, on the
one hand N NY® £ {0} because N is a subgroup. From the other hand
NN (§+Y®) £ {0}. It follows from the property of the subgroup N: if
2y € N, then y € N. We infer that the left-hand side of equation (3) is equal
to nonnegative number, and the right-hand side of equation (3) is equal to
zero. This is a contradiction. So we have that N; = N,7 =1, 2, 3.

Taking in the attention that the characteristic functions 7;(y) are N-
invariant, consider the equation induced by the equation (3) on the factor-
group Y/N. Put fi([y]) = 2([y]). Since Y/N is a finite Abelian group
then from corollary 3.3 we infer that f;([y]) are characteristic functions of
some idempotent distributions. Returning to the original equation from the
induced equation, we obtain needed result.

B. Consider the case N = {0}.

Put first us = 0,u3 = uy = y, after u3 = 0,u; = uy = y, and finally
uy = 0,us = uz =y in (3), we infer:

‘ 2

11(2y) = @3 (W) a2 (v) Plis(y) >, y €Y. (13)
fi2(2y) = | (W) PE3(W) | as(y) >, yeY. (14)
f13(2y) = i (W) (v) i3 (y), yeY. (15)
Show that
fi(2y) = 0,y € Y,y #0,i = 1,2,3. (16)
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Indeed, assume the converse, i.e. there are yo € Y, 3y # 0 and i, such that
fio (2y0) # 0. Then from equalities (13)-(15) it follows that fi;(yo) # 0,7 =
1,2,3. Hence N # {0}, that contradict the assumption.

Show that at least one distribution p; is idempotent. Assume the contro-
versial. From representation(1) it follows that there exist y; # 0,y2 # 0, y3 #
0, such that

fir (y1) fr2 (y2) 13 (y3) # O. (17)

From equality (16) it follows that y; € § + Y2,
Solve the system of equations

Uy + Uz +uz = Y1,

Uy — Uz — Uz = Y2, (18)

UL + U — Usg = Ys.
For a element y, € Y® denote by % such element of Y, that 2% = y. Note,
that for any elements hy, hy € §+ Y® the following inclusion hy + hy € Y
holds. From this and from y; € § +Y® i = 1,2, 3, we infer that there exist
a solutions of the system (18) and they has a form

— Y1ty2
U = "5

— Y3—Y2
Uz = 757, (19)
Ug = Y1—=y3

2

Put the solutions of (19) in equation (3) and taking into the account (17) we
infer that the right-hand side of (3) is not equal to 0, whereas in particular
it follows that

it Y Ys— Yo, . Y1 —Y
fia ( 12 2) s 32 2) s ( 12 5y #£0. (20)

Reasoning the same way, as from (17) we obtained (20), form (20) we will
obtain that

syt Yz L Y1ty —2ys, L Yo+ Y
i ( )z s ) # 0. (21)
2 2 2
It easy to verify that one of the numbers yl;ry‘?’,yl;y"*,y?’gy?,y‘"’;” belongs to
Y and is not equal to 0. Denote it by 2iy. Then las two relationships

imply that u;,(2y0) # 0 for some iy, what contradicts to (16).
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2. Now consider the case f, € Aut(X) for some prime p. If f5 € Aut(X),
then the statement follows from the lemma 3.7. Assume that fo & Aut(X).
Consider the function p(z) on X defined by the equation

plx) = 1+ Re(z, yo).

Let p be a distribution on X with the density p(z) with respect to myx. It is
obvious that u & T'(X) % I(X). The characteristic function of the distribution
1 has the form:

1
07 Yy g {07?J07 _yO}
Let &,1=1,2,...,n, be independent random variables with the distribu-
tion p. Consider the linear forms Ly = & + & + &3, Ly = & + pés + &3, Ly =
§1+&+p€s. Let us show that L;,j = 1,2,...,n, are independent. By lemma

3.1 the linear forms L; are independent if and only if the following equation
holds:

fu+ v+ t)ilu+pu+ t)ji(u+ v+ pt) = i°(w)ii*(v) i (t) (po) i(pt). (23)

We show that equation (23) holds. It is obvious, that it suffices to consider
the case, when at least two of three elements u,v,t are not equal to 0. It is
easy to see that in this case the right-hand side of equation (23) is equal to
0. Let us show that the left-hand side of equation (23) vanishes too.

Suppose that there are some elements u, v, ¢ such that the left-hand side
of equation (23) does not vanish. Then there exist some h; € {0,v0, —v0},7 =
1,2, 3, such that u,v,t satisfy the system of equations

U+U+t:h1,
u+pv+t=hy, (24)
u—+ v+ pt = hs.

It is easy to obtain from (24) that
(p—1D)v, (p — 1)t € {0, Lyo, £2y0 }. (25)

Relationship (25) can not holds because of (p — 1) = 4k, but yo ¢ Y@,
From this it follows that the left-hand side of equation (23) is equal to 0.

11



The second case can be considered in the same way. But we have to
consider the linear forms Ly = & +&+E&s, Ly = & —péa+Es, Ly = & +E& —pés.

The theorem is completely proved.

|
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