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Abstract

In this paper, the quantification of uncertainty effects on the variability of the non-linear re-
sponse in rotor systems with multi-faults (such as unbalance, asymmetric shaft, bow, parallel and
angular misalignments) is investigated. To take account ofuncertainties in this kind of non linear
problem, it is proposed to use the Harmonic Balance Method (HBM) with a Polynomial Chaos
Expansion (PCE). The efficiency and robustness of the proposed methodology is demonstrated by
comparison with Monte Carlo Simulations (MCS) for different kinds and levels of uncertainties.

Keywords: rotor system, non-linear dynamic, uncertainties.

1 Introduction

During a phase of preliminary design of dynamic systems suchas rotors, many physical parameters
can have a significant influence on the vibration response of the system. Also, some features (such as
unbalance, misalignment, bow, asymmetric shaft, etc) thatcan generate linear or non-linear responses
need to be taken into account to avoid unexpected vibrational amplitudes and worst design for a rotor
system. A state of the art of faults in rotating machinery canbe found in [1]:

• Rotor unbalance is one of the most current faults in a rotordynamics problem. This phenomenon
is due to the fact that the center of mass of a disc or a shaft element is not on the axis of rotation
of the system. It is generally modeled by an eccentric mass which generates a synchronous
force.

• Misalignment in coupling is a common fault in rotating machinery, nevertheless this phe-
nomenon remains incompletely understood. It can be noted that there are two cases of mis-
alignment, firstly the parallel misalignment occurs when two shafts have a relative displace-
ment, secondly the angular misalignment occurs when it exists an angular fault between two
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shafts of a rotor system. The presence of a misalignment generates reactions forces and mo-
ments in the coupling which are source of vibrations. Consequently the dynamic behavior of
the system depends of the characteristics of the coupling. An other distinction have to be done
between flexible coupling (such as universal joint) and rigid coupling. Xu and Marangoni [2,3]
present a theoretical model and experimental validation for a flexible coupling. Theoretical de-
velopment for a rigid coupling can also be found in [4]. An other modeling has been developed
in [5, 6]: Lees presents a simple model of a rigid coupling system with a parallel fault and
investigates the influence of misalignment on the dynamic behavior of the system.

• The asymmetry is an other common fault in a rotor problem. Usually this fault can be due
to the geometry of the shaft or due to the presence of a crack. Numerous studies have been
done to take account of the presence of a crack, and the breathing behavior of the cracked rotor
[7,8]. Mathematical development for an asymmetric shaft cross-section has been developed by
Oncescu et al. in rotating frame [9] or by Lalanne and Ferraris in fixed frame [10].

• The bow is an initial deformation of the rotor which can be caused by different factors. In [11],
Pennacchi presents different sources of bow such as gravityeffects on off-line machines or
thermal effects. An asymmetric thermal distribution can belocalized on an element (local bow)
or all parts of the rotor (extended bow). Darpe [12] proposesto investigate the influence of a
bow on the dynamic response of the rotor system with other kinds of faults such as unbalance
and crack.

• Other kinds of faults exist, such as rubs or ovalization errors [13], but they will not be studied
in this paper.

As previously mentioned, all these faults can significantlyreduce the life time of a rotating ma-
chine. Even if usually the main aim of research studies is to locate individual faults in machine
operation, this study proposes to demonstrate the capability to include the treatment of uncertainties
in multi-faults in the dynamic analysis of a rotor system, believing that this goal should be useful in
the design stage of a machine. For example, some physical parameters may vary in an uncertain way
during the manufacturing monitoring or the use process (like flight or others) and so the response may
change also in one uncertain way. So, the novelty of the present paper is to propose a formulation of
dynamical systems such as rotor with multi-faults, which includes uncertainties in physical parame-
ters. Thus, the goal is to allow an estimate of the overall nonlinear dynamic responses generated by
these considerations. Considering this, there are different methods to take account of uncertainties
in this kind of problem such as perturbation method, Monte Carlo simulations or Polynomial Chaos
Expansion. The perturbation and Neumann methods based respectively on the expansion of random
quantities into Taylor series [14] and Neumann series [15, 16], provide acceptable results for small
random fluctuations but are not adapted for solving a dynamicproblem close to resonance frequency.
The Monte Carlo simulations (MCS) is well adapted to includeuncertainties in a deterministic finite
element model by generating samples of the random parameter. Nevertheless MCS have a high com-
putational cost due to the fact that a high number of samples is necessary to have convergence of this
method. The Polynomial Chaos Expansion (PCE) [17] is a method based on the representation of the
stochastic processes and variables in a set of orthogonal bases of random variables. This method has
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shown to be a successful approach to solve uncertainty quantification problems that is why it is used
in the present study.

So the objective of the present study is to propose a methodology to undertake the effects of un-
certainties on the non-linear dynamic response of a rotating machinery with multi-faults. The present
paper is organized as follows: in a first part, a brief description of the rotor system is given. Then the
different faults in rotating machine studied in this paper are presented. As previously explained, the
novelty in the attempted work appears in the formulation of such rotor system model that includes the
uncertainties in physical parameters. So the second part ofthe paper presents the methodology of the
Polynomial Chaos Expansion (PCE) with the Harmonic BalanceMethod in order to estimate evolu-
tions of the n× amplitudes and the global non-linear responses of a rotor system with multi-faults and
uncertainties. Then, the expansions of the random quantities for all the models of faults of the rotor
system are presented. Finally the efficiency of the method isdemonstrated through various numerical
simulations and a comparison of the results obtained via Polynomial Chaos Expansion (PCE) and via
Monte Carlo Simulation (MCS).

2 Rotor system

2.1 General equation of a rotor system

The system under study is illustrated in Figure 1. The rotor consists of a shaft with two discs. The
shaft is discretized into 10 Euler beam finite elements with four degrees of freedom at each node,
with an asymmetrical section on the elements 3, 4 and 5 and a constant circular section on the other
elements. Two bearing supports are added at each end of the rotor. All the values of the parameters
are given in Table 1.

Figure 1: Rotor system

After assembling the shaft elements, the discs and the bearing supports, the equation of motion of
the complete rotor system is given by:

Mẍ + (C+ ωG)ẋ+ (Ks +Kb)x = f (1)

whereM andG are the mass and gyroscopic matrices of the system.Ks andKb are respectively the
stiffness matrices of the asymmetric shaft and the bearings. C is the damping matrix of the shaft.f
are the forces applied on the system including gravitational forces, unbalance forces and forces due
to faults.ẍ, ẋ andx are the acceleration, the velocity and the displacement of the degrees of freedom
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Parameters dimension
Length of shaftL 1 m
Diameter of shaft 0.04 m
Position of disc 1 0.6 m
Position of disc 2 0.8 m
Outer diameter of disc 1 0.2 m
Outer diameter of disc 2 0.4 m
Inner diameter of discs 1 and 2 0.04 m
Thickness of discs 1 and 2 0.02 m
Young modulus of elasticityE 2.1× 1011 Nm2

Shear modulusG 8.0× 1010 Nm2

Poisson ratioν 0.3
Densityρ 7800 kg m−3

Mass unbalance 0.05 g
Eccentricity of the mass unbalance0.01 m
Damping coefficientαd 2.5× 10−5

Damping coefficientβd 2.8
Depth of the asymmetryh 0.002 m
Phase of the asymmetryψa 0◦

Phase of the bowψb 0◦

Axial stiffness of boltk 5.2× 103 Nm−1

Transversal stiffness of boltkb 13× 103 Nm−1

Table 1: Model parameters

of the rotor system.ω is the rotating speed of the shaft. It should be noted that allthese matrices are
expressed in the fixed frame, their construction will be detailed in the following parts of the paper.

2.2 Faults in rotating machinery

In this paper it has been chosen to investigate the most current faults in a rotor system. Four kinds of
faults are studied here: an unbalance rotor, an asymmetric shaft cross section, a bended shaft and a
misalignment fault.
In this section the rotating and fixed frames are respectively notedR(X, Y, z) andR0(x, y, z), and are
linked by the following basis change matrix defined as

PR→R0
=





cos(ωt) − sin(ωt) 0
sin(ωt) cos(ωt) 0

0 0 1



 (2)
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Figure 2: Unbalance disc

2.2.1 Unbalance

The unbalance is one of the most common fault in a rotor problem. It appears when the center of
mass of a shaft element or a disc is not on the axis of rotation of the system. So this fault is usually
modeled by an eccentric mass on a disc or on the shaft, as illustrated in Figure 2.

For the degrees of freedom[v w θ ψ]T of a disc, the eccentric mass can be modeled by the
following forces system

f
d = [medeω

2 cos(ωt+ ψu) medeω
2 sin(ωt+ ψu) 0 0]T (3)

whereme and de are respectively the mass unbalance and the eccentricity.ψu defines the initial
angular position in relation to z-axis.

2.2.2 Rotor asymmetry

The shaft cross-section of the elements 3, 4 and 5 is asymmetric. The geometry of the section is given
in Figure 3.

Consequently the asymmetric section has different principal moments of inertia in rotating frame
(Xa, Ya, z) which are given by the following expressions

IX =

∫∫

Y 2dS

IY =

∫∫

X2dS

(4)

(5)

After calculations, we obtain

IX =
R4

2
(α− sin(2α)

2
) +

√
2hR− h2(R− h)3

IY =
R4

2
(α+

sin(2α)

2
) +

(2hR− h2)
3

2 (R− h)

3

(6)

(7)
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Figure 3: Asymmetric shaft cross-section

Figure 4: Coordinates in fixed frame and rotating frame

whereα,R andh define the angle, the radius and the depth of the asymmetric section as illustrated in
Figure 3.

In the following part of this section, the stiffness and massmatrices due to this rotor asymmetry
will be calculated by using expressions of the strain and kinetic energies.

Strain energy The nodal displacement vector is defined asδfix = [v1 w1 θ1 ψ1 v2 w2 θ2 ψ2]
T in

fixed frame orδrot = [V1 W1 Θ1 Ψ1 V2 W2 Θ2 Ψ2]
T in rotating frame (see Figure 4).
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The strain energy of the shaft element is defined as

U =
1

2

∫ l

0

EIX(V
′′)2 + EIY (W

′′)2dz (8)

whereV andW are the displacements in rotating frame.l is the length of the element.E is the Young
modulus. Shear effects are neglected.

By using the following relations
{

V = cos(ωt+ ψa)v + sin(ωt+ ψa)w
W = − sin(ωt+ ψa)v + cos(ωt+ ψa)w

(9)

with v andw the displacements in fixed frame, the strain energy can be rewritten as follows

U =
1

2

∫ l

0

EIm
(

v′′
2
+ w′′2

)

dz +
1

2

∫ l

0

EId
(

v′′
2 − w′′2

)

cos(2ωt+ 2ψa)dz

+

∫ l

0

EIdv
′′w′′ sin(2ωt+ 2ψa)dz

(10)

whereIm andId are the mean and deviatoric moments of the area and are equal to Im = IX+IY
2

and
Id =

IX−IY
2

.
This energy can be calculated by using classical shape functions [10] defined as

(

v
w

)

=

(

N1v1 +N2v2 +N3ψ1 +N4ψ2

N1w1 +N2w2 −N3θ1 −N4θ2

)

(11)

whereN1 = 1− 3z2

l2
+ 2z3

l3
,N2 =

3z2

l2
− 2z3

l3
,N3 = −z + 2z2

l
− z3

l2
andN4 =

z2

l
− z3

l2
.

After calculations, the strain energy can be expressed as follows

U =
1

2
δTfixK

eδfix (12)

where the stiffness matrixKe is defined in fixed frame as

K
e = K

e
0 +K

e
c cos(2ωt+ 2ψa) +K

e
s sin(2ωt+ 2ψa) (13)

The expressions ofKe
0, K

e
c andKe

s are given by

K
e
0 =

EIm
l3

























12 0 0 −6l −12 0 0 −6l
12 6l 0 0 −12 6l 0

4l2 0 0 −6l 2l2 0
4l2 6l 0 0 2l2

12 0 0 6l
12 −6l 0

Sym. 4l2 0
4l2

























(14)
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K
e
c =

EId
l3

























12 0 0 −6l −12 0 0 −6l
−12 −6l 0 0 12 −6l 0

−4l2 0 0 6l −2l2 0
4l2 6l 0 0 2l2

12 0 0 6l
−12 6l 0

Sym. −4l2 0
4l2

























(15)

K
e
s =

EId
l3

























0 12 6l 0 0 −12 6l 0
0 0 −6l −12 0 0 −6l

0 −4l2 −6l 0 0 −2l2

0 0 6l −2l2 0
0 12 −6l 0

0 0 6l
Sym. 0 −4l2

0

























(16)

wherel is the length of the shaft element.

Kinetic energy The kinetic energy of the shaft element is defined as

T =
1

2
ρS

∫ l

0

(

v̇2 + ẇ2
)

dz +
1

2
ρ

∫ l

0

(

IXω
2
X + IY ω

2
Y + 2Imω

2
Z

)

dz (17)

whereωX , ωY andω are the angular velocities of the shaft element and can be approximated as [10]














ωX = θ̇ sin(ωt+ ψa)− ψ̇ sin(ωt+ ψa)

ωY = ψ̇ cos(ωt+ ψa) + θ̇ sin(ωt+ ψa)

ωZ = ω + ψ̇θ

(18)

After calculations, the kinetic energy can be rewritten as follows

T =
1

2
ρS

∫ l

0

(

v̇2 + ẇ2
)

dz +
1

2
ρIm

∫ l

0

(

θ̇2 + ψ̇2
)

dz

+
1

2
ρId

∫ l

0

(

θ̇2 + ψ̇2
)

cos(2ωt+ 2ψa)dz +
1

2
ρId

∫ l

0

ψ̇θ sin(2ωt+ 2ψa)dz

+ ρImω

∫ l

0

ψ̇θdz

(19)

By using the shape functions and after integration of the previous equation, it leads to express the
gyroscopic matrix and the mass matrices.
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The gyroscopic matrix is defined as

G
e =

ρIm
15l

























0 −36 −3l 0 0 36 −3l 0
0 0 −3l −36 0 0 −3l

0 −4l2 −3l 0 0 l2

0 0 −3l −l2 0
0 −36 3l 0

0 0 3l
skew-sym. 0 −4l2

0

























(20)

The elementary mass matrix is defined in fixed frame as

M
e = Mt

e
0 +Mr

e
0 +M

e
c cos(2ωt+ 2ψa) +M

e
s sin(2ωt+ 2ψa) (21)

The expressionMt
e
0, Mr

e
0, M

e
c andMe

s are given by

Mt
e
0 =

ρSl

420

























156 0 0 −22l 54 0 0 13l
156 22l 0 0 54 −13l 0

4l2 0 0 13l −3l2 0
4l2 −13l 0 0 −3l2

156 0 0 22l
156 −22l 0

Sym. 4l2 0
4l2

























(22)

Mr
e
0 =

ρIm
30l

























36 0 0 −3l −36 0 0 −3l
36 3l 0 0 −36 3l 0

4l2 0 0 −3l −l2 0
4l2 3l 0 0 −l2

36 0 0 3l
36 −3l 0

Sym. 4l2 0
4l2

























(23)

M
e
c =

ρId
30l

























36 0 0 −3l −36 0 0 −3l
−36 −3l 0 0 36 −3l 0

−4l2 0 0 3l l2 0
4l2 3l 0 0 −l2

36 0 0 3l
−36 3l 0

Sym. −4l2 0
4l2

























(24)
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Figure 5: Coordinate system of the bow

M
e
s =

ρId
30l

























0 −36 −3l 0 0 36 −3l 0
0 0 3l 36 0 0 3l

0 4l2 3l 0 0 −l2
0 0 −3l −l2 0

0 −36 3l 0
0 0 −3l

Sym. 0 4l2

0

























(25)

whereρ is the density.

2.2.3 Rotor bow

In this section, the study of the rotor in the presence of an initial deformation of the shaft is proposed.
This deformation that is illustrated in Figure 5, is defined in fixed frame asx0r, so the equation of the
dynamics problem is given by

Mrẍr +Drẋr +Kr(xr − x0r) = fr (26)

whereMr, Dr andKr are respectively the mass, the damping and the stiffness matrices expressed
in the rotating frame. The subscriptr denotes the fact that the quantity is expressed in the rotating
frame. For the reader comprehension, the deformationx0r in rotating frameRb(Xb, Yb, z) is defined
as

x0r = [x0
(1)
r ... x0

(k)
r ... x0

(n)
r ]T (27)

wherex0

(k)
r are the displacements of thekth node inRb.

Consequently the initial deformation can be modeled as a force defined by

f
b
r = Krx0r (28)

In the present paper, it has been chosen to study a bowed rotorwhich has the geometric properties
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Figure 6: Model of parallel misalignment

presented in Figure 5. Consequently

x0
(k)
r =[V (k) 0 0 Φ(k)]T

=[R0 sin(
k − 1

n− 1
π) 0 0

R0π

L
cos(

k − 1

n− 1
π)]T (29)

whereR0 is the maximum of amplitude of the bow.
Finally the forcef br is expressed in the fixed frame by using the basis change matrices between the

rotating framesRb(Xb, Yb, z) andR0(x, y, z). So after calculations this forcef br can be rewritten as
synchronous rotating forces defined in the fixed frame by

f
b = f

b
c cos(ωt+Ψb) + f

b
s sin(ωt+Ψb) (30)

2.2.4 Misalignment

Parallel misalignment In this part, the modeling proposed by Lees in [6] is used. Thecoupling of
the two parallel rotors of relative displacementδp, is composed ofN bolts. On the first shaft the bolts
are distributed on a circle of radiusr, on the second rotor the bolts are distributed on a same circle
with an offsetδp from the axis of rotation. This configuration is illustratedon Figure 6.

In the present study it will be considered that the two rotorsare acting at the same rotation speed.
So the torsional deflection is not taking into account. The relative displacement is only considered in
the vertical direction. The initial configuration of the coupling composed ofN = 3 bolts is defined in
Figure 7.

Due to the geometry of the coupling the extremities of each bolt have different trajectories. Con-
sequently during a rotation of the coupling system, the energy stored in each bolt will evolve. This
energy can be calculated with the trajectories of the bolt extremities and depends on the stiffnesskb
of bolt in x-direction and they-direction.

For the first disc, the trajectory
−−−→
O1M

j
1 of thejth bolt (for j = 1, 2 or 3) is defined in rotating frame

as
−−−→
O1M

j
1 =





−r sin(φj)
r cos(φj)

0





R

(31)
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Figure 7: Initial positions of bolts

whereφj = (j − 1)2π
N

is the angle between two consecutive bolts (N defines the number of bolts).
By introducing the basis change and the degrees of freedom[vc wc θc ψc]

T of the shaft ex-
tremity, these trajectories can be rewritten as

−−−→
OM j

1 =





vc
wc
0





R0

+





−r sin(ωt+ φj)
r cos(ωt+ φj)

rθ cos(ωt+ φj) + rψ sin(ωt+ φj)





R0

(32)

For the second disc, the trajectory of thejth bolt (for j = 1, 2 or 3) is defined in rotating frame as

−−−→
O2M

j
2 =





−r sin(φj)
δp + r cos(φj)

0





R

(33)

or in fixed frame as

−−−→
O2M

j
2 = PR→R0





−r sin(φj)
δp + r cos(φj)

0





R

=





−r sin(ωt+ φj)− δp sin(ωt)
r cos(ωt+ φj) + δp cos(ωt)

0





R0

(34)

and
−−−→
OM j

2 =





−r sin(ωt+ φj)− δp sin(ωt)
r cos(ωt+ φj)− δp(1− cos(ωt))

0





R0

(35)
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Figure 8: Model of angular misalignment

By using the previous equations, the strain energy can be expressed as

Um1 =
1

2
kb

N
∑

j=1

[(
−−−→
OM j

1 −
−−−→
OM j

2 ).
−→x ]2 + [(

−−−→
OM j

1 −
−−−→
OM j

2 ).
−→y ]2

=
1

2
kb

N
∑

j=1

(vc + δp sin(ωt))
2 + (wc + δp(1− cos(ωt)))2

(36)

(37)

After summation on each bolt of the same properties, the total strain energy due to the parallel
misalignment can be rewritten as

Um1 =
1

2
Nkb[(vc + δp sin(ωt))

2 + (wc + δp(1− cos(ωt)))2] (38)

Finally the Lagrange’s equation is applied to the degree of freedom[vc wc θc ψc]
T of the shaft

extremity. Consequently after calculations, it results that the presence of a coupling with a parallel
misalignment leads to add to the previous system: a stiffness component due to the coupling which is
defined as

K
m1 = Nkb









1
1

0
0









(39)

and a synchronous force due to the misalignment

f
m1 = Nkbδp[sin(ωt) 1− cos(ωt) 0 0]T (40)

Angular misalignment The proposed model of angular misalignment is illustrated in Figure 8. It
is composed of two discs with an angular faultαm andN = 3 bolts. The first bolt has a stiffness
k + k′ in z-direction and the others bolts have a stiffnessk.

In the following part, an approach similar to these developed in the case of a parallel misalignment

is proposed. The position
−−−→
OM j

1 of the left extremity of thejth bolt (with j = 1, 2 or 3) is identical to
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j kj φj
1 k + k′ 0
2 k 2π/3
3 k 4π/3

Table 2: Coupling parameters

the development given in Equation (32). Then, the second shaft have an angular faultαm in x-axis as

illustrated in Figure 8. Consequently the position
−−−→
O2M

j
2 can be defined as

−−−→
O2M

j
2 = r





− sin(ωt+ φj)
cos(ωt+ φj) cos(αm)
cos(ωt+ φj) sin(αm)





R0

(41)

Assuming that the angularαm is small, the following approximationscos(αm) ≃ 1 andsin(αm) ≃ αm

can be done. So the position
−−−→
O2M

j
2 can be rewritten as

−−−→
O2M

j
2 = r





− sin(ωt+ φj)
cos(ωt+ φj)

αm cos(ωt+ φj)





R0

(42)

Consequently the strain energy of one bolt can be rewritten as

U j
m2 =

1

2
kj [(

−−−→
OM j

1 −
−−−→
OM j

2).
−→z ]2

=
1

2
kjr

2[(θ − αm) cos(ωt+ φj) + ψ sin(ωt+ φj)]
2

(43)

(44)

So the strain energy for all bolts is defined as

Um2 =

N
∑

i=j

Uj (45)

which after calculations gives the following expression

Um2 =
1

4
(3k + k′)r2[(αm − θ)2 + ψ2]

+
1

4
k′r2[((αm − θ)2 + ψ2) cos(2ωt)− 2ψ(αm − θ) sin(2ωt)]

(46)

Finally by using the Lagrange’s equation, it is possible to show that an angular misalignment fault
can be modeled with a parametric stiffness and a force component. The expression of the stiffness
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matrix is similar to the development for an asymmetric shaft. The final expression of this stiffness
matrixKm2 is defined as follows

K
m2 =

1

2
(3k + k′)r2









0
0

1
1









+
1

2
k′r2









0
0

cos(2ωt) sin(2ωt)
sin(2ωt) − cos(2ωt)









(47)

The angular misalignment force is given by

f
m2 = −1

2
αmr

2[0 0 3k + k′ + k′ cos(2ωt) k′ sin(2ωt)]T (48)

2.3 Final expression

Finally the equation of motion of the complete system, that has been previously defined in Equa-
tion (1), is rewritten as

Mẍ+Dẋ+Kx = f (49)

with
M = M0 +Mc cos(2ωt) +Ms sin(2ωt)

K = K0 +Kc cos(2ωt) +Ks sin(2ωt)

D = C+ ωG

(50)

(51)

(52)

M, K andD are the global mass, stiffness and damping matrices. They are determinated by assem-
bling the shaft elementary matricesMe, Ce, Ge, Ke, Km1 andKm2 . f is defined by assembling the
different sources of external forces such as unbalance, misalignment reaction force, bow and gravity.

In this study, the damping is given as follows

C = αdK0 + βdM0 (53)

whereαd andβd are the damping coefficients andC is the Rayleigh damping matrix. For the inter-
ested reader, it may be remained that the damping is overwhelmingly in the bearings in large machines
on oil film bearings. In this case, more complex representations of damping need to be taken into ac-
count [18].

3 Non-linear dynamic response of the rotor system with uncer-
tainties

The fault parameters can be partly unknown, consequently, to model them correctly, the choice has
been to take these uncertainties in the model of each one developed in the previous section. Then,
the response is uncertain and we chose to model it via the Polynomial Chaos Expansion. So, the
aim of this section is to mix the Harmonic Balance Method and the Polynomial Chaos Expansion
to obtain the non-linear response of a rotor with uncertain parameters. In a first part the Harmonic
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Balance Method which is one of the mathematical approaches to solve equations with nonlinear terms
is presented. In a second part, the random character of the fault parameters will be investigated
through stochastic model of each fault. Then a methodology will be proposed to take into account
the uncertainties in this kind of problem by using a Polynomial Chaos Expansion with the Harmonic
Balance Method.

3.1 Deterministic problem

Due to the presence of faults, the rotor system is subjected to periodic excitation. So the response
x(t) and the excitationf(t) can be expressed as finite Fourier series of orderm [19]

x(t) =
m
∑

n=0

(An cos(nωt) +Bn sin(nωt)) (54)

and

f(t) =

m
∑

n=0

(Sn cos(nωt) +Tn sin(nωt)) (55)

Consequently the amplitude of thenth response is defined as|An + iBn| with i the complex number.
By substituting the previous equations in the rotor system equations, it leads to solve a linear

system of size(2m+ 1)ndof wherendof is the number of degrees of freedom

LX = f (56)

with L, X andf are defined as

L = I1 + I2 + I3

X = [A0 A1 B1 ... Am Bm]
T

f = [S0 S1 T1 ... Sm Tm]
T

(57)

(58)

(59)

I1, I2 andI3 are respectively the contributions due to the constant terms, the parametric terms of
the stiffness and the parametric terms of the mass.

In our study, some coupling terms appear due to the parametric stiffness (see Section 3.1.2). So
an excitation ofn× induces an evolution of then− 2 andn+ 2 super harmonic responses. Conse-
quently the truncation order of the non-linear response (54) has to be chosen in order to show this
phenomenon. In this paper themth order is equal to 4.

In the following sections, definitions of the termsI1, I2 andI3 are investigated.

3.1.1 Constant terms - Definition ofI1

Considering the constant terms of the left side of the equation of motion of the complete rotor system
defined in Equation (49), it leads to the following ormulation

M0ẍ+Dẋ+K0x (60)
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By using Equations (54-55) in Equation (60) and after calculations, the formulation can be written
as the linear expressionI1X with

I1 =











K0
[

K0−ω
2M0 ωD

−ωD K0−ω
2M0

]

...
[

K0−m
2ω2M0 mωD

−mωD K0−m
2ω2

M0

]











(61)

3.1.2 Parametric terms - Definition ofI2 and I3

The non-constant terms of the left side of the equation of motion defined in Equation (49) can be
rewritten such as follows

[Kc cos(2ωt) +Ks sin(2ωt)]x

[Mc cos(2ωt) +Ms sin(2ωt)]ẍ

(62)

(63)

The displacementx and the acceleration̈x can be expressed as truncated Fourier series. By using
the definition ofx(t) given in Equation (54) in Equation (62), the parametric stiffness system can be
rewritten as

m
∑

n=0

(

(KcAn +KsBn) cos((n− 2)ωt) + (KcAn −KsBn) cos((n+ 2)ωt)

+ (KcBn −KsAn) sin((n− 2)ωt) + (KcBn +KsAn) sin((n+ 2)ωt)

)

= 0

(64)

Considering a truncation of orderm, the previous system can be written as the linear systemI2X = 0

where

I2 =
1

2



























Kc Ks

Kc Ks Kc Ks

Ks −Kc −Ks Kc

2Kc

2Ks

Kc −Ks

Ks Kc

...
Kc Ks

−Ks Kc

...
Kc −Ks

Ks Kc



























(65)

Similarly, using the following expression of the acceleration,

ẍ(t) = −ω2

m
∑

n=0

n2
An cos(nωt) + n2

Bn sin(nωt) (66)

one development on the parametric mass system can be done to Equation (63) which leads to linear
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systemI3X = 0 where

I3 = −ω
2

2





























4Mc 4Ms

Mc Ms 9Mc 9Ms

Ms −Mc −9Ms 9Mc

0
0

Mc −Ms

Ms Mc

...
m2Mc m2Ms

−m2Ms m
2Mc

...
(m−2)2Mc −(m−2)2Ms

(m−2)2Ms (m−2)2Mc





























(67)

3.2 Uncertainties on n× Harmonic response via the Polynomial Chaos Expan-
sion

Since the material and geometrical properties of the rotor and the excitation force are taken as un-
certain, we need to model the response in a stochastic way. Material and geometrical properties are
calledM̃(τ), D̃(τ) andK̃(τ), the excitation force is written as̃f(τ), then Equation (56) can then be
rewritten

L̃(τ)X̃(τ) = f̃(τ) (68)

where argumentτ denotes the random character and

L̃(τ) = Ĩ1(τ) + Ĩ2(τ) + Ĩ3(τ) (69)

andĨi(τ), i = 1 to 3, depend on the material and geometrical properties of the rotor.
Each uncertain quantity (material, geometrical or fault parameter of the rotor) is modeled by imple-
menting the Karhunen-Loeve expansion in the Galerkin formulation of the finite element method [17],
it gives :

ã = a+
L
∑

l=1

ξlal (70)

for one uncertain quantitỹa (scalar or matrix), where{ξ1, ...ξL} is a set of orthonormal random
variables, the notationa refers to the mean of the quantityãandal is itslth Karhunen-Loeve expansion
term. Integrating these models intoĨi(τ), quantitiesL̃(τ) and f̃(τ) can then be expressed on a basis
of orthogonal random variables, the Polynomial Chaos basis(details will be given in the following
subsection) such that

L̃(τ) =

∞
∑

i=0

LiΨi(ξ(τ)),

f̃(τ) =
∞
∑

j=0

fjΨj(ξ(τ))

(71)

(72)
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whereΨj(ξ(τ)) are multidimensional Hermite polynomials and whereLi (i = 0 to ∞) are obtained
by identification withI1(τ), I2(τ) andI3(τ).
Finally, the response has to be also expanded on the Polynomial Chaos basis such as

X̃(τ) =

∞
∑

j=0

XjΨj(ξ(τ)) (73)

whereXj is the unknown deterministicjth vector associated withΨj(ξ(τ)) andξ = {ξr} [17,20]. So
the system to be solved, when expanded on the polynomial chaos basis, becomes

∞
∑

j=0

L̃(τ)XjΨj(ξ(τ)) = f̃(τ) (74)

that can be rewritten as
(

∞
∑

i=0

LiΨi(ξ(τ))

)(

∞
∑

j=0

XjΨj(ξ(τ))

)

=

∞
∑

j=0

fjΨj(ξ(τ)) (75)

Projecting the system of equations on the subspace spanned by {Ψk}∞k=0 yields

∞
∑

i=0

∞
∑

j=0

E{ΨiΨjΨk}LiXj = fkE{Ψ2
k} k = 0, 1, ...,∞ (76)

whereE{} denotes the operation of mathematical expectation.
It should be noted that, in practice, the expansion can be truncated after theP th term. P is the
total number of polynomial chaoses used in the expansion excluding the0th order term and can be
determined byP +1 = (p+r)!

p!r!
in whichp is the order of homogeneous chaos used andr is the number

of random variables. Linear system Equation (76) to be solved in practice is then given by

L̂X̂ = f̂ (77)

with components

L̂jk =
P
∑

i=0

E{ΨiΨjΨk}Li j, k = 0, ..., P (78)

and where
X̂ = [X0 ... XP ]

T , f̂ = [f0E{Ψ2
0} ... fPE{Ψ2

P}]T (79)

It should be noted that coefficientsE{ΨiΨjΨk} andE{Ψ2
k} only have to be calculated once.

3.3 Uncertainties in multi-faults rotor system

It is difficult to model accurately faults in a deterministicway. We then chose to model them in a
stochastic way. Here, we present one model for each treated fault.
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3.3.1 Unbalance

We consider the parametersme andψu as stochastic. From Equation 70, they can be developed as
following

m̃e(τ) = me(1 + δmξ1)

ψ̃u(τ) = σψu
ξ2

(80)

(81)

whereξ1 andξ2 are Gaussian random variables. Unbalance massm̃e is defined by its meanme and
its variation coefficientδm ; angular position of the forcẽψu has mean0 and standard deviationσψu

.
By substituting Equations (80-81) in Equation (3), also valid in the stochastic domain, unbalance
force f̃d can be rewritten as

f̃
d = medeω

2(1 + δmξ1)[cos(ωt+ σψu
ξ2) sin(ωt+ σψu

ξ2) 0 0]T (82)

Using

cos(ωt+ σψu
ξ2) = cos(ωt) cos(σψu

ξ2)− sin(ωt) sin(σψu
ξ2)

sin(ωt+ σψu
ξ2) = sin(ωt) cos(σψu

ξ2) + cos(ωt) sin(σψu
ξ2)

(83)

(84)

and assuming that

cos(σψu
ξ2) =

m
∑

l=0

(−1)l
(σψu

ξ2)
2l

(2l)!

sin(σψu
ξ2) =

m
∑

l=0

(−1)l
(σψu

ξ2)
2l+1

(2l + 1)!

(85)

(86)

the unbalance force can be rewritten such as follows

f̃
d =

1
∑

k=0

m
∑

l=0

f̃
d
klξ

k
1ξ

l
2 (87)

wheref̃dkl are the unbalance force components in a basis (ξk1 , ξ
l
2) and are defined as

f̃
d
kl = (−1)l(δmξ1)

k (σψu
ξ2)

2l

(2l!)
([cos(ωt) sin(ωt) 0 0]T

+
σψu

ξ2
2l + 1

[− sin(ωt) cos(ωt) 0 0]T )

(88)

Finally, the uncertain loading can be expanded on the polynomial chaos basis as

f̃
d =

R
∑

j=0

˜̃
f
d
jΨj(ξ1, ξ2) (89)

whereR is the number of the polynomial chaoses and parameters˜̃
f

d

j are deduced from̃fdkl after one
identification procedure betweenΨj(ξ1, ξ2) basis and (ξk1 , ξ

l
2) basis (see Table 3 for the case of Two-

Dimensional Polynomial Chaoses).
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i j ξi1ξ
j
2

0 0 Ψ0

1 0 Ψ1

0 1 Ψ2

2 0 Ψ3 +Ψ0

1 1 Ψ4

0 2 Ψ5 +Ψ0

3 0 Ψ6 + 3Ψ1

2 1 Ψ7 +Ψ2

1 2 Ψ8 +Ψ1

0 3 Ψ9 + 3Ψ2

Table 3: Expression ofξi1ξ
j
2 in polynomial chaos basis for order 2 of the expansion

3.3.2 Rotor asymmetry

Material parameters and geometrical properties can be often subject to uncertainties. Then, we can
model Young modulus and the stochastic depth of the asymmetry as random.
From Equation (70), we can write :

Ẽ(τ) = E(1 + δEξ3) (90)

whereξ3 is one Gaussian random variable,E andδE is the mean and the variation coefficient of the
Young modulus respectively.
The uncertain geometrical property considered here is one characteristic of the asymmetric shaft cross
section : the depth of the asymmetry, as illustrated in Figure 9.

Then, following again Equation (70), we have :

h̃(τ) = h(1 + δhξ4) (91)

whereξ4 is one random Gaussian variable,h andδh the mean and the variation coefficient of the
depth. Let us denote

h′(τ) = hδhξ4 (92)

since we can write Equation (91) ash̃(τ) = h + h′. h andh′ are presented in Figure 9 for oneξ4
given. Consequently, the moments of inertia are stochasticquantities and are defined by

ĨX(τ) = IX +
bh′3

6
+ 2bh′(R− h− h′

2
), ĨY (τ) = IY +

h′b3

6
(93)

with

b = 2
√
2hR− h2 (94)
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Figure 9: Uncertainty on the shaft section

IX and IY are deterministic moments defined by Equations (6-7). Substituting Equation (92) in
Equation (93) and after developing these equations, we have

ĨX(τ) = IX + 2bh(R− h)δhξ4 − bh2δh
2ξ24 +

bh3

6
δh

3ξ34 , ĨY (τ) = IY +
hδhb

3

6
ξ4 (95)

which can also be expanded as

ĨX(τ) =

3
∑

i=0

ĨXi
ξi4, ĨY (τ) =

1
∑

i=0

ĨYiξ
i
4 (96)

After one identification procedure between Equation (95) and Equation (96), we obtain components
ĨXi

andIYi given by

ĨX0
= IX , ĨX1

= 2bh(R− h)δh , ĨX2
= −bh2δh2 , ĨX3

=
bh3

6
δh

3 ,

ĨY0 = IY , ĨY1 =
hδhb

3

6
.

(97)

(98)

It yields the stochastic expressions of the mean and deviatoric moments of inertia

Ĩm(τ) = ĨX(τ) + ĨY (τ) =
3
∑

i=0

(ĨXi
+ ĨYi)ξ

i
4 =

3
∑

i=0

Ĩmi
ξi4

Ĩd(τ) = ĨX(τ)− ĨY (τ) =
3
∑

i=0

(ĨXi
− ĨYi)ξ

i
4 =

3
∑

i=0

Ĩdiξ
i
4

(99)

(100)
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Introducing stochastic expressionsẼ, Ĩm andĨd (Equations (90), (99), (100)) in the deterministic ex-
pressions of the elementary stiffness matrices given by Equations (14-16) and also valid for stochastic
quantities, the stochastic elementary stiffness matricesare given by

K̃
e
0 =

3
∑

i=0

1
∑

j=0

K̃
e
0ij
ξj3ξ

i
4, K̃

e
c =

3
∑

i=0

1
∑

j=0

K̃
e
cij
ξj3ξ

i
4, K̃

e
s =

3
∑

i=0

1
∑

j=0

K̃
e
sij
ξj3ξ

i
4 (101)

with

K̃
e
0ij

= EδjE Ĩmi

K
e
0

EIm
, K̃

e
cij

= EδjE Ĩdi
K
e
c

EId
, K̃

e
sij

= EδjE Ĩdi
K
e
s

EId
(102)

Then, after assembling the elementary matrices, the stiffness matrices of the structure are given by

K̃0 =
3
∑

i=0

1
∑

j=0

K̃0ijξ
j
3ξ
i
4, K̃c =

3
∑

i=0

1
∑

j=0

K̃cijξ
j
3ξ
i
4, K̃s =

3
∑

i=0

1
∑

j=0

K̃sijξ
j
3ξ
i
4 (103)

where the components̃K0ij , K̃cij andK̃sij are constructed by assembling the matricesK̃
e
0ij

, K̃e
cij

and

K̃
e
sij

.
Rewriting the developments of the stiffness matrices (Equation (103)) onto a polynomial chaos basis
yields

K̃0 =

n
∑

j=0

˜̃
K0jΨj(ξ3, ξ4), K̃c =

n
∑

j=0

˜̃
KcjΨj(ξ3, ξ4), K̃s =

n
∑

j=0

˜̃
KsjΨj(ξ3, ξ4) (104)

wheren is the number of Hermite polynomials.̃̃K0j ,
˜̃
Kcj and ˜̃

Ksj are the rearrangement of̃K0ij , K̃cij

andK̃sij on the polynomial chaos basis and are obtain after one identification procedure between the
two bases.
Similarly, we obtain from the deterministic expressions ofthe elementary mass matrices given by
Equations (23-25) and also valid in the stochastic domain, the following expressions of the stochastic
mass matrices

M̃r
e

0 =
3
∑

i=0

M̃r
e

0i
ξi4 , M̃

e
c =

3
∑

i=0

M̃
e
ci
ξi4 , M̃

e
s =

3
∑

i=0

M̃
e
si
ξi4 (105)

where coefficients of the expansions are given by

M̃r
e

0i
=
Ĩmi

Im
Mr

e
0 , M̃

e
ci
=
Ĩdi
Id

M
e
c , M̃

e
si
=
Ĩdi
Id

M
e
s (106)

After assembly and identification procedures, the mass matrices can completely be defined by

M̃0 =

n
∑

j=0

˜̃
M0jΨj(ξ3, ξ4) , M̃c =

n
∑

j=0

˜̃
McjΨj(ξ3, ξ4) , M̃s =

n
∑

j=0

˜̃
MsjΨj(ξ3, ξ4) (107)
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Finally, the linear system to solve is given by Equation (68)with Equation (69). However, Equa-
tion (69) can be rewritten as

L̃(τ) =

n
∑

j=0

˜̃
LjΨj(τ) (108)

where ˜̃
Lj = ˜̃

I1j +
˜̃
I2j +

˜̃
I3j . Components̃̃Iij , i = 1 to 3, can be constructed by one identification

procedure between Equation (69) with Equations (61), (65),(67) also valid in the stochastic domain
and the following expansions ofĨi , i = 1 to 3, on the Polynomial Chaos basis :

Ĩ1(τ) =

n
∑

j=0

˜̃
I1jΨj(ξ3, ξ4) , Ĩ2(τ) =

n
∑

j=0

˜̃
I2jΨj(ξ3, ξ4) , Ĩ3(τ) =

n
∑

j=0

˜̃
I3jΨj(ξ3, ξ4) (109)

3.3.3 Rotor bow

In this model of bowed shaft, the parameters which seem the most subjected to uncertainties are
the amplitude and the phase of the bow. Considering the uncertainties on the phase of the bow, a
mathematical development similar to that exposed for the unbalance force can be used. Then, we
chose to investigate the random character of the amplitude parameterR̃0 alone defined by

R̃0(τ) = σR ξ5 (110)

whereξ5 is one random Gaussian variable andσR is the standard deviation of the amplitude of the
bow. We know that the deterministic equivalent forcef

b is expressed as one linear function ofR0

from Equation (30) with Equations (28) and (29). Therefore,f̃
b(τ) verifies the same relation with

R̃0(τ) in the stochastic domain :

f
b = αR0 ,

f̃
b(τ) = αR̃0(τ)

(111)

(112)

Substituting Equation (110) into Equation (112) and usingα from Equation (111) gives

f̃
b(τ) = f̃

b
1ξ5 with f̃

b
1 =

σR
R0

f
b (113)

3.3.4 Misalignment

Parallel misalignment The uncertain parameter in this modeling is the relative displacementδ̃p
which can be defined as

δ̃p(τ) = σδp ξ6 (114)

whereξ6 is a random Gaussian variable andσδp is the standard deviation of the amplitude of parallel
displacement. Substituting Equation (114) in Equation (40), the synchronous force due to the parallel
misalignment can be defined by

f̃
m1(τ) = f̃

m1

1 ξ6 (115)
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where
f̃
m1

1 = Nkbσδp [sin(ωt) 1− cos(ωt) 0 0]T (116)

Angular misalignment Uncertainties can also occur in the determination of the angular faultαm
which needs to be modeled in a stochastic way. Letξ7 be one random Gaussian variable, the angular
fault α̃m is defined by

α̃m(τ) = σαm
ξ7 (117)

whereσαm
is the standard deviation of the angular fault. Finally, substituting Equation (117) in

Equation (48), the moment due to the coupling misalignment can be expressed as

f̃
m2(τ) = f̃

m2

1 ξ7 (118)

where

f̃
m2

1 = −1

2
σαm

r2[0 0 3k + k′ + k′ cos(2ωt) k′ sin(2ωt)]T (119)

4 Numerical results

In this section, the effects of uncertainties on the dynamicresponse of a rotor system with faults are
quantified via the Polynomial Chaos Expansion method. The random dynamic response of the rotor
system is defined by its mean value and its variance, besides the envelope of the random response
is presented. It is constructed by calculating the maximum and the minimum of all the responses
computed by the PCE approach from samples generated following the random law of each input
parameter.

The basic deterministic parameters used in all cases are given in Table 1. For the reader compre-
hension, the initial deterministic rotor system includes multi-faults such as unbalance, asymmetric
shaft, bow, parallel and angular misalignments. In addition to this deterministic formulation, uncer-
tainties on the different sources of fault are investigated(see Table 4 for the values of parameters and
the order of the PCE taken). For the reference solution computed from the Monte Carlo Simulations
the number of samples is taken equal to 1000. The PCE envelopeis constructed with 20000 samples.
All the results detailed in this section are presented for a rotor frequency evolution from 5 Hz to 275
Hz with 400 points of discretization.

4.1 Stiffness uncertainties

In this part, we consider the uncertainty present on the stiffness properties of the rotor. The variation
coefficient on the Young modulus is taken asδE = 5%. Computations are done with the MCS
and the PCE approaches. Figure 10 presents the mean and variance of the Frequency Response
Functions (FRF) of the n× amplitudes (for n=1,2,3 and 4) and the global non-linear response (at
node 6 inx-direction) for case 1. It is observed that the mean and variance of the n-FRF, obtained
by applying the PCE, are very similar to those of the MCS. Figure 11 presents all the FRF samples
obtained by MCS compared to the envelope built by PCE. It can be noted that the contributions of 3×
and 4× super-harmonic components are very small (respectively10−7 m and10−9 m of maximum
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δE δm σψu δh σR σδp σαm
Chaos order

Case 1 5% - - - - - - 2
Case 2 - 5% 0.06 rad - - - - 2
Case 3 - - - 2% - - - 2
Case 4 - - - - 10−5 m - - 2
Case 5 - - - - - 10−4 m - 2
Case 6 - - - - - - 5× 10−4 rad 2
Case 7 2% 2% 0.03 rad 1% 10−5 m - - 2
Case 8 5% 5% 0.06 rad 2% 10−5 m 10−4 m 5× 10−4 rad 2

Table 4: Sets of parameters

amplitude), so the global response is mainly due to the 1× harmonic and the 2× super-harmonic
components (respectively10−2 m and10−4 m of maximum amplitude) as illustrated in Figure 11(f).
For this example the computational cost of the two methods have been compared and it shows that
the Polynomial Chaos Expansion is40 times faster that the Monte Carlo Simulations.

In this study, the PCE calculations are done with a chaos order equal to 2. It is observed that the
difference between both PCE and MCS methods for this order isnot significant either for the mean
or the variance. However, a better accuracy on the model especially around critical speeds, will be
obtained with a higher order than 2, but it would increase significantly the CPU time. Therefore, we
consider the PCE approach with order 2 sufficient and it will be used for all computations.

4.2 Uncertainties in the unbalance force

The effects of uncertainties in the unbalance force are now studied. Variation of 5% on the mass
unbalance (δm) and variation of0.06 rad on the angular position (ψu) are considered. Figure 12
shows the mean and the variance of the MCS and the PCE results for the n× amplitudes of the rotor
system (with n=1,2,3 and 4) and the global non-linear response. As previously observed for case 1,
the results obtained by the PCE formulation are similar to those of the MCS. Due to the fact that
comparisons of the mean and the variance for the MCS and the PCE processes will give the same
results for the cases 3, 4, 5 and 6 (i.e. the mean and the variance for the MCS and PCE results will
be similar), these representations will not be given in the following part of the paper in order to avoid
repetitive informations.

Then, Figure 13 shows the Frequency Response Functions for the global non-linear response and
the n× super-harmonic component (forn = 1, . . . , 4) for both MCS and PCE methods. A very
good agreement is obtained between the results from the MCS and the PCE: all the MCS results
are bounded by the lower and upper envelopes that have been obtained by applying the PCE pro-
cess. As expected, these random parameters influence mainlythe 1× response. However, due to
the coupling terms of asymmetry, evolution of the 3× super harmonic components is also observed.
Indeed, coupling terms between the 1× and 3× contributions are presents in the expressions ofI2
andI3 (see Equations (65) and (67)). So a variation on the terms of unbalance causes a variation on
the terms of order 3 (see Figure 13(b) and (d)). These facts are also clearly illustrated in Figures 12
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(a) (b)

(c) (d)

(e) (f)

Figure 10: Frequency Response Functions (Case 1); Mean and Variance of the FRF with PCE (red
solid line) and MCS (black dashed line): (a) static component; (b) 1× harmonic component; (c) 2×
super-harmonic component; (d) 3× super-harmonic component; (e) 4× super-harmonic component;
(f) global non-linear response.

27



(a) (b)

(c) (d)

(e) (f)

Figure 11: Frequency Response Functions (Case 1); Lower andupper envelopes (red solid line); MCS
(gray dotted line); Deterministic response (black dotted dashed line): (a) static component; (b) 1×
harmonic component; (c) 2× super-harmonic component; (d) 3× super-harmonic component; (e) 4×
super-harmonic component; (f) global non-linear response.
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where it is shown that variations of the n× amplitudes are only present for the first and third orders of
the response. For the static component, the second and fourth orders, the variations of the response
amplitudes are negligible (equal to zero if we consider the numerical errors inherent in calculations).

Figure 13(f) indicates also that small variations of the amplitudes around the critical speeds of the
1× harmonic component are present in the global non-linear response of the rotor system. The range
of amplitude is2.2 × 10−3 m to 2.7 × 10−3 m, 5.4 × 10−4 m to 1.6 × 10−3 m and3.2 × 10−3 m to
4.0 × 10−3 m for the first critical speed (28.7 Hz), the second critical speed (99.0 Hz) and the third
critical speed (241.8 Hz) respectively.

4.3 Uncertainties in the asymmetric section properties

In this subsection, we are interested in the effect of variations on the properties of the shaft cross-
section that is throughh the depth of the asymmetry andδh equal to3% is taken. Figure 14 shows the
n-FRF for both the Monte Carlo simulations and the lower and upper envelopes that have been cal-
culated by the PCE method. Figures 14(a), 14(c), 14(d) and 14(e) show variations of the 0×, 2×, 3×
and 4× harmonic components. Figure 14(b) indicates that variations of the 1× harmonic component
are very small. Consequently, Figure 14(e) shows that variations on the global non-linear response
are small too due to the fact that 1× harmonic component represents the predominant vibration of the
global non-linear response. Indeed, it is interesting to note here that a variation in the depth of the
asymmetry causes significant changes to the contributions of the matrixI2 (see Equation (65)), while
it has little impact on the responses of order 1 because its contribution in the expression of the matrix
I1 (see Equation (61)) is not predominant. We recall here that the presence and the variations observed
for the 0×, 2×, 3× and 4× harmonics are due to the relations between the different contributions (i.e.
static terms and the terms of orders 2, 3 and 4 given in the analytical expressions of Equation (65)).

4.4 Uncertainties in bow characteristics

Now, we present the impact of the presence of uncertainties on the parameters characterizing the
extended bow. A variation of the bow amplitudeR0 is considered with a standard deviationσR of
10−5 m.

Figure 15 shows the n-FRF for the MCS and the PCE method (with n=1,2,3 and 4). Figures 15(a),
15(c) and 15(e) indicate no variability on the 0×, 2× and 4× super harmonic components whereas
Figures 15(b) and 15(d) show a high variability on the 1× and 3× super harmonic components due
to uncertainties in bow characteristics. For the reader comprehension, it is recalled that deterministic
multi-faults such as unbalance, asymmetric shaft, bow, parallel and angular misalignments are present
in the initial rotor system. Indeed, coupling between the 1× and 3× harmonic components exists, as
indicated in the expressions ofI2 andI3 (see Equations (65) and (67)). So a variation of the bow
characteristics that generates a variation of the 1× (as previously indicated in Equation (40)) causes
also a variation on the terms of order 3. For example, at the first 1× critical speed (28.7 Hz), it is
observed variation from9.3× 10−5 m to4.5× 10−3 m for the 1× harmonic component and variation
from 2.4× 10−11 m to1.2× 10−9 m for the 3× harmonic component. Interpretations of these results
are similar to the explanations given for unbalance force due to the fact that the forces that model the
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(a) (b)

(c) (d)

(e) (f)

Figure 12: Frequency Response Functions (Case 2); Mean and Variance of the FRF with PCE (red
solid line) and MCS (black dashed line): (a) static component; (b) 1× harmonic component; (c) 2×
super-harmonic component; (d) 3× super-harmonic component; (e) 4× super-harmonic component;
(f) global non-linear response.
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(a) (b)

(c) (d)

(e) (f)

Figure 13: Frequency Response Functions (Case 2); Lower andupper envelopes (red solid line); MCS
(gray dotted line); Deterministic response (black dotted dashed line): (a) static component; (b) 1×
harmonic component; (c) 2× super-harmonic component; (d) 3× super-harmonic component; (e) 4×
super-harmonic component; (f) global non-linear response.
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(a) (b)

(c) (d)

(e) (f)

Figure 14: Frequency Response Functions (Case 3); Lower andupper envelopes (red solid line); MCS
(gray dotted line); Deterministic response (black dotted dashed line): (a) static component; (b) 1×
harmonic component; (c) 2× super-harmonic component; (d) 3× super-harmonic component; (e) 4×
super-harmonic component; (f) global non-linear response.
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bow are acting as 1× component and consequently affect the 1× and 3× non-linear responses via the
coupling terms between odd terms of Equation (65).

Moreover, a high variation of the antiresonance position isobserved (as illustrated in Figure 15(b)).
It illustrates the fact that the addition of an initial deformation modifies the dynamic response and
particularly the position of the minimum of amplitude on theshaft, especially when the initial bow
is opposed to the deformation due to unbalance. This phenomenon is illustrated on the first critical
speed on the Monte Carlo Simulations : for higher amplitudesthan deterministic response, there is
no antiresonance (same direction for bow and dynamic deformations) while for lower amplitudes, an
antiresonance appears (opposite direction for bow and dynamic deformations).

4.5 Uncertainties in misalignment

In this part two cases are studied: the first case deals with anuncertainty on the parallel misalignment
fault δp for a standard deviationσδp of 10−4 m and the second case deals with an angular misalignment
αm for a standard deviationσαm

of 5× 10−4 rad.
Figure 16 gives the n× super harmonic components (with n=1,2,3 and 4) and the global non-linear

response by using the Monte-Carlo simulations. The upper and lower envelopes that have been calcu-
lated by applying the PCE method are also indicated. Firstly, a small variability of the 1× harmonic
component is observed, due to the excitation of the first order given by the parallel misalignment (see
Equation 40). Secondly, a very small variation of the Frequency Response Functions of order 3 ap-
pears. As explained in the previous paragraphs, the origin of this phenomenon is due to the coupling
terms between the first and third orders in the matricesI2 andI3, as seen in Equations (65) and (67).

Then, Figure 17 shows the n× harmonic components (n=1,2,3 and 4) and the global non-linear
response for a parallel misalignment via Monte-Carlo simulations for an angular misalignment. The
lower and upper envelopes via the PCE method are also given for all the Frequency Response Func-
tions of the n× super-harmonic components (n = 1, . . . , 4) and the global non-linear response. Here
again, the PCE approach is validated by the Monte-Carlo simulations. It is clearly shown that the 2×
super harmonic component has a high variability due to the fact that the angular misalignment forces
are acting as 2× component (see Equation 48). Moreover, variabilities of the 0× and 4× harmonic
components can be observed due to the coupling terms in Equations (65) and (67) between the static
components, the second and fourth orders.

Finally, differences between the results obtained for the variability of the parallel misalignment
and angular misalignment fault are clearly observed (see Figures 16(a), (c) and (e) and Figures 17(a),
(c) and (e)). It can be concluded that the variability of an angular misalignment has important ef-
fects on the contributions of the 0×, 2×, and 4× super-harmonic components, whereas an parallel
misalignment affects only slightly the 1× responses of the rotor system.

4.6 Uncertainties in multi-faults

The main objective of this part of the paper is to demonstratethe efficiency of the new procedure
(i.e. the combination of the Harmonic Balance Method and theStochastic Finite Element Method
using the Polynomial Chaos Expansion) when uncertain quantities come from all the parameters
simultaneously. Case 7 deals with variations of mechanicalproperties of the shaft (with a variation
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(a) (b)

(c) (d)

(e) (f)

Figure 15: Frequency Response Functions (Case 4); Lower andupper envelopes (red solid line); MCS
(gray dotted line); Deterministic response (black dotted dashed line): (a) static component; (b) 1×
harmonic component; (c) 2× super-harmonic component; (d) 3× super-harmonic component; (e) 4×
super-harmonic component; (f) global non-linear response.

34



(a) (b)

(c) (d)

(e) (f)

Figure 16: Frequency Response Functions (Case 5); Lower andupper envelopes (red solid line); MCS
(gray dotted line); Deterministic response (black dotted dashed line): (a) static component; (b) 1×
harmonic component; (c) 2× super-harmonic component; (d) 3× super-harmonic component; (e) 4×
super-harmonic component; (f) global non-linear response.
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(a) (b)

(c) (d)

(e) (f)

Figure 17: Frequency Response Functions (Case 6); Lower andupper envelopes (red solid line); MCS
(gray dotted line); Deterministic response (black dotted dashed line): (a) static component; (b) 1×
harmonic component; (c) 2× super-harmonic component; (d) 3× super-harmonic component; (e) 4×
super-harmonic component; (f) global non-linear response.
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coefficient of the Young modulusδE = 2%), an unbalance excitation (with a variation coefficient
mass unbalanceδm = 2% and a standard deviation of the angular positionσψu

= 0.03 rad) and a
bow amplitude (with a standard deviation of the bowσR = 10−5 m). For the case 8, parallel and
angular misalignments of10−4m and5.10−4 rad respectively are added to the previous case. All the
uncertainties on the different sources of fault are given inTable 4.

The mean and the variance of the n× harmonic components (n=1,2,3 and 4) and the global non-
linear response for both methods MCS and PCE are presented onFigure 18 for case 7 and on Figure 20
for case 8. Figures 19 and 21 show the n-FRF, the global non-linear response and the upper and lower
envelopes via the PCE method, respectively for case 7 and case 8. The results of the global non-linear
amplitudes and the n× harmonic components via the Monte-Carlo simulations are also given in gray
lines in Figures 19 and 21. These results given for variations on material and geometrical parameters,
excitations and faults characteristics show that the mean and the variance of all the responses as well
as the upper and lower PCE envelopes agree very well with the Monte Carlo samples. So it proves
the efficiency of the PCE method to evaluate the non-linear response of a rotor system in presence of
multi-faults such as unbalance, misalignment, bow and asymmetric shaft. For these two examples, the
computational cost of the Polynomial Chaos Expansion increases significantly due to the fact there
is several random variables. So it increases the size of the Polynomial Chaos basis and consequently
the size of the linear system to solve Equation (77). For cases 7 and 8, the chaos order is taken equal
to 2 for all random quantities, consequently the PolynomialChaos basis size is equal to 21 and 36
respectively.

Figures 19(b,f) and 21(b,f) show that for these two cases theglobal non-linear displacement is
mainly due to the first harmonic contribution. We recall thatthe appearances of the various compo-
nents (i.e. evolutions of the mean and variance for the 1×, 2×, 3× and 4× components) are due to the
presence of all the faults in the system, which creates excitations of orders 1 and 2 and the coupling
terms in the expressions given in Equations 65 and 67.

By comparing Figures 19 and 21, it appears that differences between these two cases are the more
significant for 0×, 2× and 4× components, whereas the 1× and 3× responses seem to be very
similar. It is due to the fact that uncertainties on the angular misalignment are added for case 8: as
previously seen, an angular misalignment can affect the 0×, 2× and 4× harmonic components via
the expressions of matricesI2 andI3. For the reader comprehension, it can be noted that, a variability
of nth order induces a variability of the(n− 2)thth and(n+ 2)th orders due to expressions ofI2 and
I3 in Equations (65) and (67).

4.7 Orbits

In this part of the paper, results are investigated through the orbits of the shaft in order to understand
the dynamic behavior of the shaft with the observation of simple, double or complex loops for differ-
ent rotor frequencies. Orbits are constructed by using displacements inx-direction andy-direction at
the node under study.

Figure 22 shows the evolution of orbits at node 6 for various rotation speeds with a set of random
parameters defined in case 7. It can be noted that the orbits are presented without the static deflection
of the rotor in order to show the complexity of the non-linearresponse that generally occurs at low
amplitudes. Figures 22(b), 22(d) and 22(f) show the orbit ofthe shaft for the first, second and third
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(a) (b)

(c) (d)

(e) (f)

Figure 18: Frequency Response Functions (Case 7); Mean and Variance of the FRF with PCE (red
solid line) and MCS (black dashed line): (a) static component; (b) 1× harmonic component; (c) 2×
super-harmonic component; (d) 3× super-harmonic component; (e) 4× super-harmonic component;
(f) global non-linear response.
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(a) (b)

(c) (d)

(e) (f)

Figure 19: Frequency Response Functions (Case 7); Lower andupper envelopes (red solid line); MCS
(gray dotted line); Deterministic response (black dotted dashed line): (a) static component; (b) 1×
harmonic component; (c) 2× super-harmonic component; (d) 3× super-harmonic component; (e) 4×
super-harmonic component; (f) global non-linear response.
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(a) (b)

(c) (d)

(e) (f)

Figure 20: Frequency Response Functions (Case 8); Mean and Variance of the FRF with PCE (red
solid line) and MCS (black dashed line): (a) static component; (b) 1× harmonic component; (c) 2×
super-harmonic component; (d) 3× super-harmonic component; (e) 4× super-harmonic component;
(f) global non-linear response.
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(a) (b)

(c) (d)

(e) (f)

Figure 21: Frequency Response Functions (Case 8); Lower andupper envelopes (red solid line); MCS
(gray dotted line); Deterministic response (black dotted dashed line): (a) static component; (b) 1×
harmonic component; (c) 2× super-harmonic component; (d) 3× super-harmonic component; (e) 4×
super-harmonic component; (f) global non-linear response.
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critical speeds respectively (at 28 Hz, 99 Hz and 243 Hz). Figures 22(a) and 22(c) show orbits at
the first and second 2× critical speeds respectively (at 14 Hz and 45 Hz). For the 1× critical speeds
simple loops are observed. For the 2× critical speeds double loops are observed, so it highlights
the presence of 2× harmonic component. These results are in perfect agreementwith the previous
evolutions of the n-FRF illustrate on Figure 21.

5 Conclusion

This paper describes the use of the Polynomial Chaos Expansion approach coupled with the Harmonic
Balance Method in a rotordynamics problem. The efficiency and robustness of the proposed method
has been tested through various numerical results. The stochastic results are validated by comparison
with the results obtained by Monte Carlo simulations.

These results show that variations of faults such as unbalance, bow and parallel misalignment may
affect all the harmonic component of the rotor system, and variations of faults such as asymmetric
section or angular misalignment can affect all the harmoniccomponents.
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Figure 22: Orbits; PCE (green); MCS (black dashed line); Deterministic response (blue solid line):
(a) f = 14 Hz ; (b)f = 28 Hz ; (c)f = 45 Hz ; (d)f = 99 Hz ; (e)f = 135 Hz ; (f)f = 243 Hz .
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