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KYBERNETIKA — MANUSCRIPT PREVIEW

EMPIRICAL ESTIMATOR OF THE REGULARITY
INDEX OF A PROBABILITY MEASURE

ALAIN BERLINET AND REMI SERVIEN

The index of regularity of a measure was introduced by Beirlant, Berlinet and Biau
[1] to solve practical problems in nearest neighbour density estimation such as removing
bias or selecting the number of neighbours. These authors proved the weak consistency of
an estimator based on the nearest neighbour density estimator. In this paper, we study
an empirical version of the regularity index and give sufficient conditions for its weak and
strong convergence without assuming absolute continuity or other global properties of the
underlying measure.
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1. INTRODUCTION

The subject of this paper is related to the general problem of the estimation of small
ball probabilities. Beirlant et al. [I] introduced the notion of regularity index of
a measure to specify the rate at which the ratio of ball measures converges at a
Lebesgue point. Indeed, this index is the exponent appearing in the second order
term of the expansion of the small ball probability. Then, they defined an estimator
of this index based on the nearest neighbour density estimator and proved its weak
consistency. This estimator was applied to solve practical problems in nearest neigh-
bour density estimation such as removing bias or selecting the number of neighbours.
More recently Berlinet and Servien [3] proved that this regularity index was the key
parameter governing the limit distribution of nearest neighbour density estimators
so that its estimation may be crucial in the derivation of confidence intervals. In
the present paper, we study an empirical version of the regularity index and give
sufficient conditions for its weak and strong convergence. Unlike Beirlant et al. [I]
we do not assume absolute continuity of the underlying measure but only a pointwise
property of small ball probabilities. Notation and former results are given in the
next section. Section 3 gathers the definition of the estimator and its convergence
properties. Section 4 is devoted to the proofs of the theorems and examples are
given in Section 5.
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2. NOTATION AND FORMER RESULTS

Let 4 be a probability distribution and A be the Lebesgue measure on R? equipped
with the Euclidean norm ||.||. We denote by Bs(x) the open ball with center = and
radius §. To evaluate the local behaviour of u(Bs(z)) in relation to A(Bs(z)) one
can consider the ratio of these two quantities. If, for fixed x, the following limit

. UBs(x))
)= X3 "

exists and is finite, then z is called a Lebesgue point of the measure u (see Dudley
[5] and Rudin [6]). This notion of Lebesgue point is essential to state elegant results
with few restrictions on the functions to be estimated. In Berlinet and Levallois
[2], examples where the density has a bad local behaviour at Lebesgue points are
examined. To evaluate rates of convergence or investigate asymptotic normality of
estimators, not only the convergence of the ratio of ball measures is required but also
information on its higher order behaviour. In this context, Berlinet and Levallois [2]
define a p-regularity point of the measure p as any Lebesgue point x of u satisfying

1(Bs())

———= —{(x)| < p(6), 2

G~ @) <) 2)
where p is a measurable function such that lims g p(6) = 0. To specify an exact rate
of convergence of the ratio of ball measures, Beirlant et al. [I] assumed that a more
precise relation than (2) holds at the Lebesgue point x; namely

MBI _ (1) 4 067 + o(6%) a5 5 1 0, ®)

A(Bs(x))
where C, is a non-zero constant and «, is a positive real number. It is easy to
show that Equation (3) implies p-regularity at the point & with p(d) = D,é%* and
D, > C,. The constants C, and «, are unique (provided they exist). Examples are
provided in Section 5 with an absolute continuous measure and a measure with dis-
crete part. The index « is a regularity index that controls the degree of smoothness
of the symmetric derivative of p with respect to A. The larger the value of ay, the
smoother the derivative of p is at the point x. Beirlant et al. [I] showed the interest
of estimating the regularity index to solve practical problems in nearest neighbour
density estimation, such as removing bias or selecting the number of neighbours.
More recently Berlinet and Servien [3] analyzed the effect of the value of a, on
limit distributions of nearest neighbour density estimators. They gave a necessary
and sufficient condition involving «, and the number of neighbours to have a limit
distribution for the estimator.
The link with the small ball probability is clear since Equation (3) is equivalent to
the expansion

P(IX — a < 8) = Vad (¢(a) + C,5° + o(5°))

where X has probability distribution g and V; = 7%/2 /T'(14-d/2) denotes the volume
of the unit ball in R?. In other words, the second order term in the expansion of the
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small ball probability of radius § at x is equal, up to a multiplicative constant, to
6d+az .

Hence it appears that to estimate «, one needs some information on the behaviour
of u(Bs(z)) as a function of §. This is why the following theorem, proved by Beirlant
et al. [I] will be useful in the sequel.

Theorem 2.1. Suppose that € R? is a Lebesgue point of ;¢ with regularity index
;. Then, for any 7 > 1,

lim r25(7) — prs() — ;%
=0 prs(z) — ps(2)
where we denote, for § > 0,
12 B§ T
ps(a) = BB,
A(B;(2))
Now let X,...,X,, denote n independent random variables with distribution u
on RY, 11 being unknown. Using the k,-nearest neighbour density estimator
K,
Sro () =

V|| X, () — 2 *

where X, () is the k' nearest neighbour of x and Vj is the volume of the unit
ball in R¢, Beirlant et al. [I] introduced an estimator &, , of the regularity index
inspired by the above theorem by setting, for 7 > 1,

d Sk (@) = ik, (2)
lnT f["'knj (x) - kanJ (1’) 7
if [fLT%nJ () — fLTknJ(x)]/[fLTknJ(x) — kanJ(x)} > 1 and @, = 0 otherwise, and
proved the weak consistency of &, ;.

In the paper by Beirlant et al. [I] most results are stated under the assumption of ab-
solute continuity of the measure p with respect to Lebesgue measure. This is required

(4)

an,x =

for instance to get a beta distribution for the random variable u (B[X(k J(2)—a] (x))

Our goal in the present paper is to define an empirical estimator inspired by the
same theorem. For this, we simply replace in the expression of ps(x) the unknown
quantity u(Bs(z)) by its empirical counterpart. We prove the weak and strong
consistency of the resulting estimator under the sole assumption that Equation (3)
holds true. The present paper stays at a theoretical level, giving conditions on the
deterministic sequence (d,) to get consistency. This is a first step. Further work
should lead to an automatic choice of this sequence from the observed data.

3. THE EMPIRICAL ESTIMATOR AND ITS CONVERGENCE

Let (X;);>1 be a sequence of independent real d-dimensional random vectors with

distribution p. The empirical measure p,, associated with X,..., X,, is defined by

1 n
pn(A) = - ;I(XZEA)» ACRY,
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where
(Xi€4) = 1 0 otherwise

and the associated empirical estimator of ¢s(z) by

o Mn(Bé(x))
Pl = 3Bt

The following theorems state the weak and strong consistency of the empirical esti-
mator defined by
~ 1 x) — x
Oy = — In ()On.,'rz5n( ) Spn,‘rén( ) (5)
In7 " onrs, (2) = ns, (@)

if [gpnﬁzgn (@) — @n.rs, (x)] / ln.rs, () — ons, ()] > 1 and &, = 0 otherwise, (d,,)
being a sequence of positive numbers which will be assumed to tend to zero.

Theorem 3.1. (Weak consistency) Suppose that = € R? is a Lebesgue point of
© with regularity index a,,. Then, under the conditions

lim 6, =0 and lim ndffz% =00
n—oo n— o0

the empirical estimator &, , converges to «, in probability.

As is usually the case almost sure consistency is obtained under stronger condi-
tions on the sequence (dy,).

Theorem 3.2. (Strong consistency) Suppose that z € R? is a Lebesgue point
of p with regularity index «,. Then, under the conditions

5721(d+04w)
lim 6, =0 and lim Mon %)
n— 00 n—00 Inn

the empirical estimator &, , converges to a, almost surely.

4. PROOFS

The weak (respectively strong) consistency of @y, , is equivalent to the weak (resp.
strong) consistency, for any 7 > 0, of the ratio

— (pn’-,—25” (x) B @nﬂ—én (x)
Pn,76, (1) = Pn.s, (€)

R, (6,)

to 7% . Let us fix 7 > 0 and set

_ Pn,Té, () — ons, ()
S0 = @) e (e)
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We can write

P26, (%) = Pnrs, (2) _ pr2s, () = Pro, (2) Pnr25, (2) = Pnro, (2)
On,r6, (T) = s, (T) rs, () — s, () P25, () — prs, (T)
—1
(Qpnﬂ'&n (il?) - Spn,(sn ((E) )
X
@rs, () — s, ()

¢r25,(7) — @75, () Sn(Tdn)
R, (6,) = o r .
) = @)~ on@) Suon)
Let us first look at the variance of S, (d,,). For this let us write
Ap(165) — An(0r)
JA

or equivalently

Sn(dn) =1+
where

An(5n) = n.,d, (;E) — P, (l‘) and A, = Pré, (:Z?) — s, (I)

The following lemma gives the asymptotic variance of A, (é,), the asymptotic co-
variance of (A, (70,), An(d,)) and the asymptotic variance of S,,(d,,).

Lemma 4.1. Suppose that € R? is a Lebesgue point of 1 with regularity index
. Then, under the condition

lim 6, =0
n— oo
we have )
. d 2 €
st # (o] -
lim 7 60 B[A,(r6,) Ay (6,)] = )
L n n n)in\On TdVd
and

) (1" — 1)
. d+20, _ 2 —
Jim_n 8175 |(5,(6,) = 1] = e —

Proof of Lemma First note that Equation (3) implies that
Ap = ¢rs,(2) = @5, (2) = Cady= (777 = 1) + 0(677)

and

) 620@ 1
e
Now, using the fact that the random variable nu,, (Bs, (z)) has the binomial distri-
bution B(n, u(Bs, (x))) we get

_ 0 p(Bs, (2))(1 — p(Bs, (x)))
A(Bs, ()"

B ((Bs, () 1
LA vyt

n

n 8 B [(44(5.))°]
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which gives the asymptotic variance of A, (dy,).

As Bs_ (x) C Bys, (z) the covariance

E([pn(Brs, (7)) = i(Brs, (2))] [1n(Bs, (x)) — u(Bs, (x))))
is equal to
(1 = p(Brs, () u(Bs, (x))

S|

and therefore

Changing §,, into 76,, as argument of A, (.) gives

lim n (76,)" B [(An(75n))2] - %

Gathering the above results one gets

lim 7 5020 B [(Sa(8,) — 1)°] = Tim_n 6112 E

n—0oQ n—o0

Uz) (9 —1)
TV, C%(To‘l' — 1)2 '

This ends the proof of the lemma. |

Remark. Note that under the assumptions

lim §, =0 and {(z)>0
n— o0
the condition

lim ndd+2e = oo
n—oQ

is not only sufficient but also necessary for the Ly convergence of (S, (dy)) .

Proof of Theorem [3.1]

Under the conditions of Theorem (Sn(d5)) and (Sy(70y)) converge to the con-
stant 1 in the L, sense and therefore also in probability. Thus, their ratio tends to
1 in probability. By Theorem (R, (d,,)) tends to 7@+ in probability. This ends
the proof. |
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Proof of Theorem [3.21

As already said the conclusion of Theorem[3.2] is equivalent to the following property:

For any 7 > 1,

lim P20 (z) = Pnrsn () _ 7%  almost surely.

n—=00 Y 15, (T) = Pns, ()

From Hoeffding’s inequality (see [4]) for a binomial distribution we have

vt > 0, P(|pn(Bs, () — u(Bs, (z))| > t) < 2exp (—2nt?) .

Taking
e>0 and t =eA(Bs, () | Ay,

we get,

A’!L (5?’L)

n

Ve > 0, ]P’(

By Borel-Cantelli lemma, we have the convergence

A8
"A( n) —0  almost completely
if -
Ve > 0, Zexp (—271 [eA(Bs, (x))An]2) < 0.
n=1
Now, set
V2 A2

As we have from Equation (3)
AL =06.70(CF (% = 1) +0(1))

we have
T = Vi (C2 (7% = 1) + o(1))

and the summand in Condition @ writes

po2ldtas) 1
exp —néi(d+“m)7n 52} =exp |——— T €2Inn| =
Inn nyn

with (v,) tending to
y=VZC? (1% —1)2>0

as n tends to infinity and
2(d+ay)
non 5

Up = Tn €.

Inn

> e> < 2exp (—2n [eA(Bs, (x))An]2) :
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The condition imposed on the sequence (néi(d"r%) /Inn) implies that for any € > 0,

the sequence (u,) tends to infinity and therefore Condition (6) is satisfied. Thus
(A, (0,)/A,) converges to 0 almost completely. In the same way one proves that
(An(76,)/Ay) converges to 0 almost completely. It follows that

Ap(16,) — An(0p)
Ay

Sn(0n) =1+

and (S, (70,)) converge to 1 almost completely. Finally, using Theorem we get
the conclusion that &, , converges to oy, almost surely. O

5. EXAMPLES
5.1. An example with an absolutely continuous measure

First consider the measure pu, absolutely continuous with respect to the Lebesgue
measure on R, with density

flo)=1- ? +/]x| 1_1/2,1/2)().

The distribution function F' of y is given by

0 if x<—1/2
F(z)=14 (1/2)+ (1 —=v2/3) z+ (2/3)z/|z| if —-1/2<x<1/2
1 if r>1/2

For x € (0,1/2) and § > 0, ¢ small enough, one has
F(z+06) - F(z - 6) = 25(1-v2/3) + (2/3) [(w+8)®? = (@ - 5],

For z € (—1/2,0) and ¢ > 0, ¢ small enough, one has
Flz+8) — F(z — ) = 20(1 — v2/3) + (2/3) [—(—x —5)B/2 4 (—a 5)<3/2>]

= 20(1 = V2/3) + (2/3) [(—z +)*2) — (—a - §)*/]

Now, for 0 < |u] < 1,

@2 _q,.3 32 1 3 3 4 4
(1+w) —1—|—2u+8u 6 +128u + o(u”),

hence
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1
1+ u)(3/2) —(1- u)(3/2) =3u — gug + o(u?)

and, for x # 0,

(2 +6)%2 _ (z— 5% = 76/

5§ 1/(68\°
_ .(3/2) 1z 4
=x [3 3 ( ) +0(5%)

if x > 0 and § small enough,

11 ]
52
24 x3

F(z+0) — F(z —¢) :(1_\/5/3)_’_55(3/2) |:1_

3
25 +0(67%)

F(x+6)— F(x—9)
20
if x < 0 and § small enough,

=(1-V2/3)+ Vz - (3/2) ———0% +0(5%)

——02%| +0(6%)

F(x+0)—F(x—9) ol 1 1
5 =(1-V2/3) + (—2)®/? [x e )

1
24 )

F(rx+6) - F(x—46)
- SV T

Thus, for x # 0,

F(x +96)— F(z—9) 1
25 _f(x) - 24 |.’E‘ 3/2

62 +0(8%).

— 8%+ 0(5%).

This implies Equation (3) with

1 1
=2 d =
« an C 54 |z|(3/2)

Note that
lim C, = -

r—0

At the point & = 0 one uses the fact that for 6 € (0,1) one has

25 3
to conclude that Equation (3) holds with
1 2
oy = 3 and Co = 3
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5.2. An example with a measure having a discrete part

Now, consider the discrete probability measure v supported by the sequence

1
Ty = —, 1€ N*,
7
with masses )
v({zi}) = m

For any ¢ € (0,1), there exists a unique positive integer k(J) such that

1 1
051 =% <5 ™
and we have
vBO& = 3 =
’ T i(i+1) k() +1
and
[B(0,0)] 1

v
A[B(0,8)] 26 (k() +1)
From the definition of k() it follows that

lim k(0) = o0 and lim 0k(6)=1"

§—0t §—0+
thus
v[BO,8)] 1
1 ——
50+ A[B(0,8)] 2
Now,

0,0 1 1-6(k(©)+1)
0,8)] 2 26(k(6)+1)

and, from , we have

and therefore

st=e 1 —6(k(5)+1)

~5h0) < 5o <0, a € (0,1).
Finally, gathering the above results, one gets
B(0,6 1
vae(@1), UBOIL_ 1, s

NEOD)
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The probability measure n = (u + v)/2 satisfies

1[B(0,9)] V2
6

115, 9)] 1oy 1/2
NB(0,2)] +35 +0(679).

_3_
T

So, the measure 7, which is clearly not absolutely continuous, satisfies Equation
(3) at the point z = 0 with

_9-2V2

1(0) = Co =

and ag =

N =

1
3
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