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Abstract. We consider radial solutions of an elliptic equation involving the p-
Laplace operator and prove by a shooting method the existence of compactly sup-
ported solutions with any prescribed number of nodes. The method is based on a
change of variables in the phase plane corresponding to an asymptotic Hamiltonian
system and provides qualitative properties of the solutions.

1. INTRODUCTION

In this paper we shall consider classical radial sign-changing solutions of

A+ flu) =0 1)
on RY with p > 1. Radial solutions to satisfy the problem
(o)) + VT fw) =0, @/(0)=0. (2)

Here, for any s € R\ {0}, ¢,(s) := |s|P~? s and ¢,(0) = 0. Also " denotes the derivative
with respect to r = |z| > 0, x € RY and for radial functions as it is usual we shall
write u(z) = u(r). We will assume henceforth that N > p. By a (classical) solution
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of (2), we mean a function u in C*([0,00)) such that v/(0) = 0 and |u/|P~24/ is
in C'(0, 00).

It is well known that equations involving quasilinear operators (p-Laplace, mean
curvature) may have positive solutions with compact support, see for example [CG02],
[GST00], and |[GHMS™00]. We are interested here in qualitative properties of the
solutions to problem that have a prescribed number of zeros. They satisfy the
problem

(TN_lgbp(u/))/—l-rN_lf(u):0, r>0, ]
W(0)=0, limu(r)=0. (3)
T—>00

As we shall see in Section [2] under condition (H3) below, such solutions have compact
support.

We assume the following conditions on f.
(H1) f is continuous on R, locally Lipschitz on R\ {0}, with f(0) = 0.

(H2) There exist two constants a > 0 and b < 0 such that f is strictly decreasing
on (b,a), and a (resp. b) is a local minimum (resp. local maximum) of f.

(H3) The function F(u) := [ f(s)ds is such that u — |F(u)|~*/? is locally in-
tegrable near 0. More generally, we will assume that the function v —

|F(20) — F(u)|~'/? is locally integrable near zo # 0 whenever x is a local
maximum of F.

(H4) For any wg such that f(ug) =0, F(ug) < 0.

(H5) The function u — f(u) is nondecreasing for large values of u and satisfies
lim inf J(w) =
|u| =00 |u|1’_2u

(H6) For some 6 € (0,1), we have

. . .Fl@x) N-p
lim inf >

> 0.

By the last two conditions, our problem is (p)-superlinear and subcritical. As a
consequence of the previous assumptions, there exist two constants B < 0 < A such
that

(i) F(s) < 0forall s € (B,A)\ {0}, F(B) = F(A) = 0 and f(s) > 0 for all
s> Aand f(s) <0 forall s < B,

(17) F is strictly increasing in (A, 00) and strictly decreasing in (—oo, B),
(#4i) F(s) is bounded below by — F = minge(p 4] F(s) for some F > 0,
(7v) lim F(s) = oo.

|s| =00

This paper is organized as follows. Our approach is based on a shooting method
and a change of variables which is convenient to count the number of nodes. In
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Section 2| we state and prove a version of the compact support principle for sign
changing solutions. In Section , we consider the initial value problem , and
establish some qualitative properties of the solutions. Most of these properties are
interesting by themselves: see for instance Theorem [3.6l Section [] is devoted to
generalized polar coordinates that allows us to write the initial value problem as
a suitable system of equations, see , that describes the evolution on the phase
space for the asymptotic Hamiltonian system corresponding to the limiting regime
as r — oo. From this system we can estimate the number of rotations of solutions
around the origin, in the phase space at high levels of the energy and relate it with
the number of sign changes of the solution of (3)). In Section [§| we state and prove
our existence results that essentially says that for any & € N there is a solution to (3)
with & nodes that has compact support. This result differs from [BDOO03] in the
sense that it holds for the p-Laplace operator for any p > 1 and the nonlinearity f is
an arbitrary superlinear and subcritical function satisfying assumptions (H1) — (H6).
It also differs from the recent results of [CGY12] in the sense that the change of
coordinates of Section 4] gives a detailed qualitative description of the dependence
of the solutions in the shooting parameter A = u(0). When A varies, the number of
nodes changes of at most one and we can estimate the size of the support of compactly
supported solutions: see Section [6] for more details and precise statements. Finally
we state two already known results in the Appendix, for completeness. The first one
deals with existence of solutions to the initial value problem (4)) on [0, c0). The second
one shows where uniqueness of the flow defined by holds on the phase space; for
a proof we refer to [CGY12].

The case p = 2 has been studied in [BDOO03] for a special nonlinearity. Assump-
tion (H3) is the sharp condition for the existence of solutions with compact support;
see [PSZ99]. If u + |F(u)|~'/? is not locally integrable, then Hopf’s lemma holds
according to [V&z84], and there is no solution with compact support. How to adapt
the known results on the compact support principle to solutions that change sign is
relatively easy by extending the results of [SZ99]. See [BBCT5, [CEF96, BDOO03] in
case p = 2 and [Vaz84, [SZ99, [PSZ99, PS00, [FQ02, (GHMS™00] in the general case.

We shall refer to [GHMZ97] and to [CGY12] respectively for multiplicity and ex-
istence results; earlier references can be found in these two papers. Consequences
of a possible asymmetry of F' are not detailed here: see, e.g., [FM0I] for such ques-
tions. There is a huge literature on sign changing solutions and we can quote [HRS11),
KLS09, KLS11l, [KK09, KW10, [L.S08, MT05, Ma07, NT04, NT08, [Tan07] for results
in this direction, which are based either on shooting methods or on bifurcation theory
but do not take advantage of the representation of the equation in the generalized
polar coordinates.

Our main tool in this paper is indeed the change of variables of Section [d], which
can be seen as the canonical change of coordinates corresponding either to N = 1 and
f(u) = |u|P~?u, or to the asymptotic Hamiltonian system in the limit 7 — +oo: see
[EMO1), DGMO1] for earlier contributions.
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We end this introduction with a piece of notation and some definitions. We shall de-
note by F' and ®, the primitives of f and ¢, respectively, such that F'(0) = ®,(0) = 0.
Thus for any u € R,

F(u) = /Ou f(s)ds and @,(u) = ]19 |ul? .

We shall say that the function u has a double zero at a point rq if u(ry) = 0 and
u'(rg) = 0 simultaneously. We call nodes of a solution the zeros which are contained
in the interior of the support of the solution and where the solution changes sign: for
instance, a solution with zero node is a nonnegative solution, eventually with compact
support.

2. COMPACT SUPPORT PRINCIPLE

The following result is an extension to sign changing solutions of the compact sup-
port principle, which is usually stated only for nonnegative solutions. See for instance
[CEF96l, PSZ99]. Our result shows a compact support property of all solutions con-
verging to 0 at infinity, without sign condition and generalizes a result for the case
p = 2 that can be found in [BDOO03].

Lemma 2.1. Assume that f satisfies assumptions (H1), (H2) and (H3). Then any
bounded solution u of (@ has compact support.

a ds
.A = - 1>
/0 [P (—F(s))]”

where p’ = p/(p — 1). Defining @ on (0,.4) implicitly by

Proof. Let us set

/ ds
r= —_—,
) [ (—F(s))]7
we first have that ]

S+ Fa) =0,
and, by differentiation, that u satisfies

(6p(@))" + f(u) =0

It is straightforward to check that @(0) = a and a(.A) = 0, so that @ (A) = 0 as well.
We may then extend @ to (A, +00) by 0.

Let u be a bounded solution of (3)) such that Tli_}rgo u(r) = 0. Then there exists R > 0
such that

b<u(r)<a VYr>R.
Let
w(r):=u(r—R) Vr>R.

Then either u(r) < w(r) for any » > R, and, as a consequence, u(r) < w(r) < 0 for
any r > R+ A, or there exists ro > R such that u(rg) > w(ry). Assume that this last
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case holds. Since (v — w)(R) < 0 and lim, (v — w)(r) = 0, with no restriction we
may assume that

(u—w)(rg) = max (u—w)>0.
r€[R,00)

Hence, there exists a positive € such that
(u—w)(r)>0 Vrelrgr+e).

From the equations satisfied by u and w,

(" () + T f(w) =0,

(" gp(w)) + VT f(w) = (N = 1)V 2 g ()
by integrating from 7o to r € (19,79 + €), and by taking into account the fact that
(u—w)'(ro) =0, we get

PN (' (r) = N (/' (r))

= [ (o)~ fws) ds— (V1) [ g, (ws) ds

T0 \ / T0

-

/
<0 because u(s)>w(s) <0 because w'<o0

which proves that v’ > w’ on (rg,rg 4+ €). This obviously contradicts the assumption
that v — w achieves its maximum at r = rg.

Summarizing, we have proved that u(r) < w(r) for any » > R, and, as a conse-
quence,

u(r) <0 Vr>R+A.

Similarly, we observe that @(r) := —u(r) is a solution of
(PN (@) + VT (@) =0, @(0)=0, limd(r)=0,
r—r00
where )
f(s) == =f(=s)

has the same properties as f, except that the interval (b, a) has to be replaced by the
interval (—a, —b). With obvious notations, we obtain that

a(r)<w(r) Yr>R+B,
for a certain positive B and where w is a nonnegative solution of
(6p(w)) + fw) =0 on (R,R+B),

such that w(R) = —b, w(R+ B) = w'(R+ B) =0, and w(r) = 0 for any r > R+ B.
This proves that
u(r)>0 Vr>R+B,

which completes the proof:

u=0 on (R+max{A B}, oc0).
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3. PROPERTIES OF THE SOLUTIONS

To deal with problem , we will use a shooting method and consider the initial
value problem

(TN_l gbp(u'))/ + N f(w)=0, r>0, ()
w(0)=A>0, 4(0)=0.
To emphasize the dependence of the solution to in the shooting parameter A\, we
will denote it uy. Solutions to exist and are globally defined on [0, 00); see a proof
of this fact in Appendix [A] By Proposition [A.2] these solutions are uniquely defined
until they reach a double zero or a point 7y with u/(rg) = 0 and such that u(rg) is a
relative maxima of F.
To be used in our next results, to a solution uy(r) of (2)), we associate the energy
function

E\(r):= W’\](?ﬁ + F(ux(r)) , (5)

where p' = p/(p — 1). The following proposition shows several properties of the
solution u, to that are needed to prove Theorem .

Proposition 3.1. Let f satisfy (H1) through (H5) and let uy be a solution of ().
(1) The energy Ey is nonincreasing and bounded, hence the limit

lim E)\(’I“) = 5)\

r—00
is finite.

(i7) There exists Cy > 0 such that |ux(r)| + |u\(r)] < Cx for all r > 0.

(¢3i) If uy reaches a double zero at some point ro > 0, then uy does not change sign
on [rg,00). Moreover, if uy £ 0 for r > rq, then there exists 11 > ro such that
ux(r) # 0, and Ex(r) <0 for all v > ry and uy =0 on [ro, ).

(1v) If lim, o up(r) exists, then there exists a zero { of f such that

lim uy(r) =¢ and lim u)\(r)=0.
r—00

r—00
Proof. Let uy(r) be any solution of ([{]). As
(N-1)
E\(r) = = ——|ui(r)P",

and N > p > 1, we have that F) is decreasing in r. Moreover, we have that
F(\) > F(uy(r) > - F

and thus (z) and (i¢) follow by recalling that from (H5) we get limy oo F'(s) = 00.

Assume next that u, reaches a double zero at some point 79 > 0. Then E\(r9) =0
implying that E\(r) < 0 for all » > ry. If u, is not constantly equal to 0 for r > 7,
then F)(r1) < 0 for some 7 > 79 and thus, by the monotonicity of Ey, E\(r) < 0
for all » > r;. Moreover u, cannot have the value 0 again (because at the zeros of u,
we have E) > 0). This proves (éi7) by taking the infimum on all r; with the above
properties.
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Finally, if lim, ., uy(r) = ¢, then from the equation in (4] and applying L’Hopital’s
rule twice, we obtain that

—y =1 |q/"
0= qim 2 =0 gy T A0
r—00 rP r—+00 1

= — = (hm rv |u’>\(7ﬂ)|p_1>p/_1
P \r—oo rN

_ ! (1im rN*f(w))f?"l __! (f(ﬁ))fj’—1 ‘

p \r—oo N rN-1 p\ N
Next, from the definition in , it follows that lim, o /()| = (¢’ (Ex — F(é))l/p.
Assume that lim, , |[t/(r)| :== m > 0. Then given 0 < ¢ < m there is 79 > 0 such

that v/(r) > m —e > 0 or v/(r) < —m +¢ < 0, for all » > r5. Hence either
u(r) > u(rg) + (m —e)(r —ro) or u(r) < u(rg) + (—m + €)(r — ro), for all r > r,
which is impossible because lim, ., E\(r) = &, is finite, and (iv) follows. O

Proposition 3.2. Let f satisfy (H1)-(H5) and let uy be a solution of . Then uy
has at most a finite number of sign changes.

Proof. The result is true if u reaches a double zero. Let us prove it by contradiction.
If {z,} is a sequence of zeros accumulating at some double zero r(, then for each
n € N, there exists a unique point 7, € (2, 2n+1) at which wu, reaches its maximum
or minimum value. At these points, using that Ej(r,) > Ex(z,) > 0, we must have
that

|ux(ra)| = min{| B, A}.
As we also have that uy(r,) — ux(r9) = 0, we obtain a contradiction.

This proves that u, has only a finite number of zeros on (0,7¢), and by Proposi-
tion (m), we know that u, cannot change sign on (rg,00). Hence, without loss
of generality we may assume that u does not have any double zero. By the above
argument, we also know that zeros cannot accumulate.

Next, we argue by contradiction and suppose that there is an infinite sequence
(tending to infinity) of simple zeros of u. Then FE\(r) > 0 for all » > 0. We denote
by {2} the zeros for which u/(z}) > 0 and by {z, } the zeros for which /(z,) < 0.
We have

0<z <z2f <z <+ <zt <z <z, <.
Between z; and z; there is a minimum 77" where u(r") < 0 and between z and
2,41 there is a maximum 72/ where u(r}) > 0. As E\(r}), E\(r) > 0, it must be
that u(r™) < B and u(rM) > A.

We claim that there exists T > 0 and ng € N such that the distance between two
consecutive zeros is less than T for all n > nyg.
Indeed, let at be the largest positive zero of f (b~ the smallest negative zero of f).

Set J J
d:A—CL+, b1:d++z, b2:A_Z
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Let r1,, € (27, 7M) be the unique point where u(ry,,) = by, and let 7o, € (2,7, r})

be the unique point where u(ry,) = by. Then z < 11, < ron,. For r € (27,12,),
u(r) € (0,bg) C (0, BY), hence F(u(r)) < 0 and thus

|u/|P

W > 1P

implying that

u'(r
W 2 (p/)l/p fOI' all r € (ZTJ{, T27n> R

and thus (from (H3))

Aﬂﬁ%ﬂzwww%—a> ©
Next, from the equation we have that for r € [ry,, rM],
el = | T e,we) + s
> ) - T g0
> i) - g0
> %f(bg) for all r > 2=

% for all n > ng, we have that

(@) ()] 2 5 f(ba)for all r € [rap, 7]

Hence, choosing ng such that z >

and therefore

Dp(Cr) = Bp(t'(ran)) — dp(u (1)) = (Gp(u')) () (1 = 712) > %f(bQ)(ni” — T2,)
implying that
2 ¢p(CA>
(ry! = ran) < ) (7)
From @ and @ we conclude that
1 b du 2 QZ5 (C)\>
M_ 4+ P .:
" %Squﬂ|ﬂww+ o)

A similar argument over the interval [r}, z ] yields

- M
Zpt1 — Tn <T ’

implying
2o — 2t <2Thy
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and finally, the same complete argument over the interval [z, 2] yields

n»~n
2t z, < 2T,

for some T which will depend on b~ and B only and the claim follows with 7' =
max{27T1,2T1}.

We can now prove the proposition. Observe that u(r) € [by,bs] for r € [r1,,72.4)
and thus

[/ (r)|P > p" [F(u(r))| > p' |F(b2)| (8)
and from the mean value theorem

by — by < C\(rop —110) ,

hence
by — b
T2,n - 7’1,n Z 20)\ ! . (9)
Then,
[e o] /t P
00 > Ex(z1) — Ex(0) = (N — 1)/ @ dt (10)
z
= )
> _
> (N-1)) / - dt
k=no T1,k
> 1
fl"OHl 2 (N — 1) Z p/ ‘F(b2)| <T2,k — 7”17k)r—k
k=ng 2,
by — by = 1
from > 9 |F(b —
® = vIFeE Y

But, setting Sop—1 = T1ng+k—1, S2k = T2me+k—1, We have that s; < s9 < 853 < ---
and for any 4, s;41 —s; < 37. Hence s, —s1 <3 (n — 1) T, implying that

Sn<s$1+3(n—-1T

and thus
1 S 1
Sp 51 +3(n—1)T"
Therefore,
=1 > 1 > 1 =1 = 1
—_— _— = _— = R — Z = 0
kzno To.k ; T2.mo+k—1 ; T2,m0+k—1 ; Sok ; s1+32k-1)T

contradicting the finiteness of the left hand side in and the proposition follows.
O

Corollary 3.3. Under the assumptions of Proposition the only solutions u)
of satisfying Ex(r) > 0 for all v > 0 are those that reach a double zero at some
point rg > 0 and uy(r) =0 for all v > ry.
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Proof. Let uy be a solution of such that Ey(r) > 0 for all » > 0, and assume
that it does not reach any double zero. By Proposition [3.2, u) has at most a finite
number of (simple) zeros. Without loss of generality we may assume that uy(r) > 0
for r > rg, for some ¢ > 0.

If uy is eventually monotone, then lim, ., uy(r) = ¢ exists, and thus by Propo-
sition [3.1[iv), ¢ is a zero of f and w) — 0. By assumption (H3) i.e. the compact
support assumption, we know that ¢ # 0. Hence lim,_,o, F)\(r) = F({) < 0 because
of (H4), implying that F)(r) < 0 for r sufficiently large.

If uy has an infinite sequence of critical points, then in particular it has a first
positive minimum at some point 7, > 0. From the equation, f(uy(r1)) < 0 and thus
0 < up(r) < A, and thus E\(r;) = F(ux(r1)) < 0 implying that E\(r) < 0 for all
T >T.

Therefore, in both cases u, must reach a first double zero at some rq > 0. As E)
decreases, it follows that F,(r) = 0 for all r > rg, and in particular, by differentiation,

(@) + f(un) ) us(r) =0 for all > 1o,

hence
N -1

|\ (r)P =0 forallr>rg,

implying that u)(r) = 0 for all r > 7y, thus uy(r) = 0 for all r > r. d

Proposition 3.4. Let f satisfy (H1)-(H5) and let uy be a solution of (). Let {s,}
be any sequence in [0,00) that tends to 0o as n — 0o and define the sequence of real
functions {v,} by

V(1) = ur(r + s,) .
Then {v,} contains a subsequence that converges pointwise to a continuous func-
tion uS®, with uniform convergence on compact sets of [0,00). Furthermore the func-
tion uS° is a solution to the asymptotic equation

(@p(u) + f(u) =0. (11)
Thus it satisfies
(6p(us" (1) + f(u3(r) =0
for all r € [0, 00).
Proof. Let uy be any solution to . We know that there exist two constants ¢} and

3 such that
un(r) < ey, ul(r)<c, forallr>0.

Let now {s,} be any sequence in [0, 00) that tends to co as n — oo and define the
sequence of real functions {v, } by

V(1) = ux(r + s,) .

Then
va(r) <ey, v (r)<c, foralr>0.
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Hence, for any s,t > 0, and all n € N,
[oa(s) = va(t)] < X ls — 1] .

Then, from Ascoli’s theorem (see [Roy88| Theorem 30]), {v,,} contains a subsequence,
denoted the same, that converges pointwise to a continuous function u§°, with uniform
convergence on compact sets of [0, 0o).

It is clear that each function v,, satisfies

((r 4 5) " @p(vn (1)) + (r + 82)" " f(wa(r)) =0,

and hence

t+ s,
T+ Sy,

(1) = (e 0) = [ () i) =0,

By passing to a subsequence if necessary we can assume that ¢,(v},(0)) — a asn — oo.
Let now T > 0, then since {f(v,} converges uniformly in [0,7] to f(u3°), we find
that v/, converges uniformly to a continuous function z given by

) =y (a= [ Sl )
0
Hence 2’ exists and is continuous. Furthermore from
vn (1) = v,(0) —I—/ v (t) dt |
0

letting n — oo, we obtain that

u(r) = u(0) + /OT 2(t) dt .

Hence u$° is continuously differentiable and u$'(r) = 2/(r), for all » € [0,7T]. Com-
bining, we obtain

o) = o= [ fax o) ar,
that implies first that a = ¢,(u3'(0)), and then that
(6p(u3'(r)) + f(u3(r)) = 0.
This argument show indeed that u$° is a solution to for all r € [0, 00). 0

Proposition 3.5. lim E\(r) = &\ = F({), where { is a zero of f.

r—00
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Proof. Let T > 0 be arbitrary but fixed. Then

[ee) |ul|p
&%J%ﬁA:(N—D/
koT

_ mw—mii/%ﬂwhmwwﬁ

t
/Thts+kT
= Z ds
s+ kT
T
> }: / (s + kTP ds .

=ko

dt

As the left hand side of this inequality is finite, it must be that

T
liminf/ W' (s+kT)Pds=0,
0

k—o00

hence there is a subsequence {n;} of natural numbers such that
T
lim |u'(s +npy T)|P ds =0 .
k—oo [
From Proposition [3.4]
ve(r) == u(r +n T)
has a subsequence, still denoted the same, such that
lim vg(r) =o(r) and lim v (r) =v'(r)
k—o0 k—o0

uniformly in compact intervals, where v is a solution of

(6p(v))" + f(v) =

T
/ W (s)Pds = 0,
0

implying that v is a constant, say v(r) = vo. From the equation satisfied by v,
f(vg) = 0. On the other hand,

vy ()| ' (r + ny T) [P
+ F =
p (v (7)) p,
as k — oo and thus

Hence,

+ F(u(r4+n,T)) = Ex(r+ne T) — &

F(UU) :8)\ .
U

Although not necessary for the proof of our existence results in Theorem in our
next result we give sufficient conditions for the limit of u,(r) to exists as r — o0.
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Theorem 3.6. Let [ satisfy (H1) through (H5), and assume furthermore that f has
only one positive zero at a™ and only one negative zero at b=. Then either

lim uy(r) exists and equals either a™ or b~ |
r—00

or uy(r) =0 for all v > 1o for some o > 0.
If f has more than one positive or negative zero and if we assume that
ds

() = Flao)[ < oo whenever xgy is a local mazimum of F', (12)

then lim, o ux(r) exists and it is either a nonzero zero of f or ux(r) = 0 for all
r >rg, for some rg > 0.

Proof. We first give the proof for the case f has only one positive zero at a* and only
one negative zero at b~ .

By Proposition[3.2] we can assume without loss of generality that u, remains positive
for r > rq, for some ry > 0. If u) has only a finite number of critical points, then it is
eventually monotone and thus it converges as r — co. Then the result follows from
Proposition [3.1](iv).

Hence we are left with the case in which u, has an infinite sequence of maxima at
{rM} and an infinite sequence of minima at {r™}, with both wuy(r}), uy(r™) > 0.
From the equation, the maxima occur with f(uy(r})) > 0, hence uy(rM) > a*
(strict inequality due to Proposition in Appendix [A)) and for the same reason,
the minima occur with f(uy(r™)) < 0 with u)(r?) < a*.

As E, is decreasing, we must have that u,(r7") increases (thus uy (") is bounded
away from 0) to a positive limit ¢; € (0,a™], and uy(rM) decreases to a limit ¢y €
[a™, A]. Moreover,

liminfuy(r) = lim uy(r™) =¢;, and limsupuy(r) = lim uy(r)) =4, .
r—00 n—oo r—00 n—oo
Thus Ex\(r™) = F(ux(r™)) — F({1) and E\(rM) = F(uy(rM)) — F(fy), implying
04 F(ty) = F(£y).
From Proposition [3.5] lim, , E(r) is either F(0) = 0 or F(a™). Since 0 # F(),
the limit must be F(a*t), and thus F(¢;) = F(¢3) = F(a™), and the only possibility
is that ¢; = 5 = a™ proving the first part of the theorem.

In order to prove the second part of the theorem, for simplicity we consider f with
three positive zeros u, us and ug, but the arguments clearly hold for the general case.
In this case F' has two minimum points at u; and uz, and one maximum point at us,
and the limit of the energy can be any of the three values F(uy), F'(u3) or F(us).

Claim 1: If &, is a relative minima of F', then the solution u, converges as r — oc.

For the relative minima there are two cases: F(uy) = F(u3) and F(uy) > F(us).

In the first case (shown in Figure 1), we can prove that if F) converges to L =
F(uy) = F(us), then the solution u, either converges to w; or it converges to us.
Indeed, we can assume that uy(r) > 0 for r > ro. If u, has an infinite sequence of
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F)

Fe) =F (4

FIGURE 1. Case of f with three positive zeros and F'(u;) = F(u3).

minima at {r™} and an infinite sequence of maxima at {rM} (tending to infinity),
then by setting
0y = liminfuy(r) = lim ux(r™), fo = limsupuy(r) = lim wuy(r}M) ,
r—00 n—00 r—00 n—r00
we must have that
F(ﬁl):F(£2>:L:F('LL1),
so if ¢y # {5, then /1 = uy and ¢, = uz. But then the solution u) crosses the value us
at an infinite sequence {ry,} tending to infinity and

! P
Flu) = lim By(rz,) = i A2

+ F(us) ,

implying that
! P
lim M = F(uy) — F(us) <0,
n—o0 p
which is a contradiction. Hence ¢; = ¢5 and the claim follows.
The second case is a little more involved. The following two cases may occur:

(a) 7"li_>1r£1o E\(r) = F(ug) or (b) rli_glo E\(r) = F(uy) .

The case (a) is simple because in this case F'(¢;) = F(l3) = L = F(u3) and the
only possibility is that ¢; = {5 = us.

In the second case we claim that ¢, = f5 = w;. If this is not true, then there are
two possibilities: (i) ¢, = u; and ¢ as in Figure 2, or (ii) ¢; and {5 are as in the
same figure. The first case is simple because again the solution wy, must cross the
value uy at an infinite sequence {7y, } tending to infinity and we arrive to the same
contradiction as above.
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FIGURE 2. Case of f with three positive zeros and F'(uy) > F'(us).

For the second case, we proceed as in the proof of Proposition [3.2| and prove that
the distance between any two consecutive critical points is bounded above. We set

O +u by +u
p = fitus oy ltus
2 2
and let ry, € (r™,r2) be the unique point where uy(ry,,) = by, and 79, € (r™, rM)

be the unique point where uy(rs,) = be. See Figure 3.

A (1)
AN
T \

77—\
\ \ \_/ \__/ \

\ \ / \__/ AN

VI

ST

—~

ror r r,
Ln'2.n Ln+l 2n+1

FIGURE 3. Definition of the points 7y ,, 72.

As the sequence {u,(r™)} increases to 1, we may assume that uy(r™") > (ug+41)/2,
and thus, | f(ux(r))| is bounded below by some positive constant ¢; for all 7 € [}, 71 ,].
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From the equation we have that for r € [r]", ry ],

Gy = | E g0 + s
> el - g0
> 0T
> % for all r > 2<N_2¢p@) .

Hence, choosing ng such that r]* > %1%(00 for all n > ng, we have that

(6p()) ()] 2 5 for all v € [,
and therefore
B(02) 2 0 (1 (r1.0)) = (W (7)) = (&) (€)1 = 777) 2 5 (ris = 7)
implying that

C1

(13)

Tl,n -

Similarly, for r € [y, ], using now that in this interval f(uy(r)) is bounded from
below by a positive constant ¢y, we conclude that there is ny > ng such that

M < 2 (bp(cz\)

T —Ton >
n Co

(14)

for all n > n;.

Finally we estimate 79, — ri,. In the interval [ri,,72,], ux(r) € [b1,be] and
F(ux(r)) < max{F(b),F(b2)} < F(uy), hence there exists a positive constant cs
such that

Fuy) = F(ux(r)) = s ,
hence, using that ) decreases to F'(u;), we have that
[uh ()] > (0 es)'/? .
Integrating this last inequality over [rq,,r2,]|, we obtain that
Ton —Tip < ﬁ :
Hence, from , and , we conclude that for all n > n,

rM rot <T

n_

(15)

where

_ 2¢p(0/\) 4 by — by + 2¢p(0>\) '

Co (p' e3) 1/p 1

T
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Again, from the mean value theorem
by — by < Cx(ron — 1)
hence, as before, we obtain the contradiction

F(A) = F(u) > Ex(r™) — Ex(00) = (N —1) /:o M dt

ni

(N—1)i/m’kwdt

k=n, Y T1k t

v

> 1
> (N-1) Z pes(roe — k) —
e T2k
=n1
by — b o= 1
> pe — —.
’ C) Z 2k

Therefore, case (ii) cannot happen and Claim 1 follows.

Claim 2: If £, is a relative maxima of F', then the solution u), converges as r — oo.
See Figure 4.

FIGURE 4. If ¢, 7é 62, then 0 < ¢; < u; and Uz < Uy < A.

From ,
du
wp [F(u2) = F(u)['/?

is convergent . (16)
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Then the same arguments used in the proof above can be used to establish the con-
vergence of uy. Indeed, we let

€2+U3 Ug + Uus
T ux(rin,) = 5 T ux(ra,) = 5

and for r € [y, 72,], we have uy(r) € [“2542, 2443 and thus
|l ()] = ()P (F(uz) — Fua(r)) > co >0

for some positive constant cq implying that

by —u
2 5 2> co (rom — T1n)
and similarly, by setting
_ _ Uy + U2 _ _ Ug + 61
Tin:  un(Tiy,) = , Tom: ux(Ton) = :
2 2
we have that
Uy — £
2 5 L > co (Fon — T1m) -
For r € [ryn,71,,] We use to obtain that
uztug
du
/ 1/p - _ < 2 .
(p) (Tl,n 7al,n) = /uﬁ_u2 |F(u2> — F(u)]l/l’

2

The bounds for 79, — r and r,, — 75, is obtained as above using that |f(u)| is

bounded below in those intervals and using the equation to obtain

0p(Cr) > co (ron — ") and  ¢,(Ch) > co (riy — 7o)

for some positive constant cg.
We conclude that the distance between two consecutive critical points is bounded
and we end the argument as we did at the end of Proposition [3.2] [l

4. A CHANGE OF COORDINATES AND A LOWER BOUND ON THE ANGULAR
VELOCITY IN THE PHASE SPACE

In this section, we reformulate the problem in the phase space associated to the
Hamiltonian system obtained in the (p)-linear case (that is, for f(u) = |u[P"?u) in
the asymptotic regime corresponding to » — oo. By computing a lower bound on
the angular velocity around the origin, this will allow us to estimate the number
of sign changes of the solutions, see Section First, let us explain how to change
coordinates.
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Setting v = ¢,(v'), or equivalently ' = ¢, (v), problem is equivalent to the
following first order system.

V=== f(u), (17)

u(0) =X, v(0)=0.

Here ¢ = p’ stands for the Holder conjugate of p. We consider also the auxiliary
problem

fdx

L o).
dy_(bp( )7
z(0)=1, y(0)=0.

The auxiliary problem describes the asymptotics of as r — oo, that is, when
the 2=1 v term is neglected in case of a (p)-linear function f(u) = |u[P=2u. It is well
known, see [dPEMS9], that solutions to this last systems are 27, = 27, periodic.
Furthermore, with the notation of [dPEM89], we can define

sing(t) :==y(t) and cos,(t) := z(t) = ¢, (ccllt smq(t)> .

It is immediate to check that

D, (cosy(t)) + Py(sing(t)) = ]1? forall teR.

To the (u,v) coordinates of the phase plane, we assign generalized polar coordinates
(p,0) by writing

u= ,0% cos,(6) "
18

v = pasin, ()
where
p=p [Pp(u) + Py(v)] .

Notice that in case p = ¢ = 2, (\/p, ) are the usual polar coordinates of (u,v), and
cosy and sing are the usual cos and sin functions.

Now, if (u(r),v(r)) denotes a solution to and if we define the corresponding
polar functions r — p(r) and r +— 6(r), then it turns out by direct computation that



20 JEAN DOLBEAULT, MARTA GARCIA-HUIDOBRO AND RAUL MANASEVICH

(p, ) satisfies the following system of equations :
pl = quq(U) [¢p(u) - f(u) - Nr_l U} )

0':—%[p<1>q(v)+uf(u)+N_1uv} , (19)

p(0) =X, 60(0)=0.
We will denote by (py, ) the solution of (19).

The following lemma is a key step for our main result. We establish a lower bound
on the angular velocity |#’| around the origin, which will later allow us to estimate
the number of sign changes of v by counting the number of rotations of the solutions
around the origin, in the phase plane. In order to formulate the lemma, we begin by
noticing that from (H5), given w € (0,1/8) there is sy > 0 such that

If(s)] >4wls|P~t for all |s| > s .

Lemma 4.1 (Rotation Lemma). With the previous notation, let assumptions (H1)
through (H5) be satisfied and let (py,0\) be the generalized polar coordinates of a

solution (ux,vy) to (17). Set

2 (N —1 1/(p-1)
Ty 1= (—1> R go Z max 21/p$07 (4 sup |f(x)|) :
w(p—1)1/a x€[—s0,50]

Then, if r > ro and py > og, it holds that
O\(r) < —w .

Proof. We start by observing that with the above notation, i.e. x = cos,(f),

N -1
—0 = (1—|x|P+xf(“f>)+ 4v
P— r oP
x f(ox) N -1 1 — |x|P\V/a
s (ool S ey
> (1-lol+ 225 el (55
x f(ox) N-—-1 1
> —glP _
- (1 ol + op~1 ) r (p—1)Ya

where o = p'/P. It is clear that

No1 o1
ro(p— 1)

W

for any r > ry. Hence in order to prove our result we need to estimate the minimum

min |1 — |z|P + M] :
|z|<1 op~t
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First assume that |z|P < 1/2. If o |z| > s¢, then

x fox) |z f(ox)

S PN /A T DT ST ol AV
1—|zP + e 1— |z +0P—1|x|p—2x
> 1—|zP+4wlz|?
1
:1—|—(4w—1)\x]p2§+2w22w.

Otherwise, if o |z| < sg, then we have

2 (o)

op—1

Sosw [f) >

s€[—s0,50]

] 1
o1 Sup |f(3)|>§_

s€[—s0,50]

1—|zP + >1—|z|?

op~1
if 0 > 09 and we already know that 711 > 2w.
On the other hand, if |z[P > 1/2, then o |z| > 277 o, hence for ¢ > 7, we have
olz| > sp and
z f(ox)

R LA R M
ob~1

|z[” f(o x)
o~ |x|P~2 2
> 1—|zfP+4wlz)f > 2w.
This concludes the proof. 0

In preparation for Section [5| we finally relate the energy associated to the flow with
the quantity p.

Proposition 4.2. Consider E(u,v) = F(u)+®,(v) and p(u,v) = p[®,(u) + Dy (v)].
Under assumptions (H1) through (H5), it holds that

E(u,v) = 0o if and only if p(u,v) — oo,
for each (u,v) in R?.

Proof. The properties F(u,v) — oo, sup(|u|, |v]) — oo, and p(u,v) — oo are equiva-
lent. U
5. EXISTENCE RESULT

We may now state our main result.

Theorem 5.1. Let N >, p > 1 and suppose that assumptions (H1)-(H6) are satisfied.
Then there exists an unbounded increasing sequence {\} of initial data such that for
any k € N, with X = \g, has a compactly supported solution with exactly k nodes.

The proof is based upon some preliminary results that we state and prove next.

For given A\ > A, let (uy,v,) be a solution to . Recall that the energy func-
tion E) has been defined by (5]). For any a € [0, F(A)], let us set

ry(a) :==1inf{r >0 : E\(r) =a} .

We first observe that r,(0) is finite. Indeed, if for some A > A (as defined in
Section [1]) we have that r,(0) = oo, then E)(r) > 0 for all » > 0, and thus, from
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Corollary [3.3] there exists ro > 0 such that 7 is a double zero of u, implying by the
definition that r,(0) < rg < occ.

We will denote by Njo z)(A) the number of nodes of uy in [0, R). For simplicity of
notation, we will denote

N(A) = Nioryop(A) -
Notice that all the possible zeros of u, in [0,7,(0)) must be simple zeros.

The following proposition was proved in [GHMZ97].

Proposition 5.2. Under assumptions (H1) through (H6), given R > 0,
lim F)(r) = oo

A—00

uniformly for r € [0, R].
Now we start to make use of the variables introduced in Section [4l.

Proposition 5.3. If N(\) > 1, then for any r € (0,rx(0)), the number of nodes of u,

in (0,7) is given by
(-]

p
where [x] denotes the integer part of x.

Proof. Follows directly from the change of variables (18). O

Propositions [5.2| and [5.3| combined with the Rotation Lemma |4.1] on the angular
velocity, yields the following result.

Lemma 5.4. Under assumptions (H1) through (H6),
lim N(\) =+4o0.

A——+o00

Proof. Let M > 0. We will show that there exists Ay, > 0 such that for A > A\,;, we
have N(A) > M. We prove this by finding an interval [0, R] with R = R(M), such
that the number of nodes in [0, R] is greater than M. To do this we set

1
R—E(M—i——)—i—ro.
w 2

Using Propositions and we know that there exists Ap; such that for any
A > A, pa(r) > po := of in [0, R]. Next we apply the rotation Lemma which
ensures that

1
—O\(R)>wR—wrg— Ox\(rg) >wR—wry = <M+§) Ty

by the choice of R. Applying Corollary [5.3] it follows that
NN > [M+1] > M.
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Lemma 5.5. Under assumptions (H1) through (H5), when A > 0 varies, the number
of nodes of the solution uy can locally change by at most one. Moreover, to the
value of A at which the number of nodes changes corresponds a solution with compact
support.

Proof. This lemma is proved by defining for any k € Ny := NU {0} the sets
A ={A>A : (uar(r),vr(r)) # (0,0) forallr >0, and N(\) =k},

I ={A>A : (ux(rr(0)),vr(rr(0))) = (0,0) and Ny, 0)(A) =k} .
Recall that ry(a) := inf{r > 0 : E\(r) = a}, and E) has been defined by (). Notice
that we have

[A,00) = (Ukeno i) U (Uken, Ai) -

Indeed, let A > A. Then N(A) = j for some j € Ny. If uy(ry(0)) # 0, then u, does
not have any double zero in [0, 00). Indeed, assume by contradiction that r; > r,(0)
is a double zero of uy. Then by the monotonicity of Ey, Ex(r) = 0 in [ry(0),r].
But then also F4(r) = 0 in (r,(0), ) implying that w)(r) = 0 in (r,(0),71) and thus
ux(rx(0)) = ux(r1) = 0, a contradiction. Hence A € A;. If uy(ry(0)) = 0, then by the
definition of r5(0) we also have u/(7,(0)) = 0 hence A € I,;. Also, observe that the
sets A;, I; are disjoint for any ¢, j, and for i # j, A, NA; =0 and ;N I; = 0.

We also observe that if A\ € A;, then necessarily lim,_,., Ex(r) < 0 (see Corol-
lary , and if X\ € [}, then two cases may occur:

either lim E\(r) <0 or lim E\(r)=0.
T—00 T—00

This due to the possible non-uniqueness of solutions to the initial value problem ,
a solution could reach a double zero but not remain identically zero after that.

The proof of Lemma [5.5|is a consequence of the following technical result.

Proposition 5.6. With the above notation, we have:

(1) A is open in [A, 00),

(17) Ap U Iy is bounded,

(1ii) if Ao € Iy, then there exists 6 > 0 such that (Ao — d, Ao + ) C A U Agyq U I,
(iv) sup Ay € Iy U Iy, where we set I_1 =) and,

(v) sup I € Ij.

Proof. (i) A is open in [A, 00): Indeed, if A € Ay, then in particular (us(7), vy (7)) #
(0,0), where 7 = r3(0). Then there exists ¢y > 0 such that the solution of is
unique in [0,75(0) + ¢] and E5(r5(0) + ¢/2) < 0 for all € € (0,¢], and thus there
exists 0 > 0 such that

Ex(r5(0)+¢/2) <0
for all A € (A —d, X + 6) implying that 7,(0) < r5(0) +&/2. On the other hand, for
the same reason, there exists ¢’ > 0 such that

Ex(ry(0) —£/2) > 0
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for all A € (A — &, A + ') implying that r,(0) > r5(0) — /2. We conclude then that
rx(0) — r5(0). Hence the openness of Ay follows from the continuous dependence of
solutions in the initial value A.

(77) The boundedness of Ay U I, is a consequence of Lemma
(77i) The proof of this statement follows that of [CGY12, Lemma 2.3].

B/4
B2

FIGURE 5. Situation for (7).

Let A\g € I, set 7o = 7,,(0) and let
0<Z170 <20 <...<Z2p0<To

denote the k zeros of u,, in (0, 79).
Assume first that wy, is decreasing in (ro — 2¢eg,79) for some gy > 0, so that it
reaches a last maximum point at some Sk,0 € (Zk,o, ro). Let

Hy(r) :== "NV E\(r) . (20)
As uy,(r9) = 0 and H),(ro) = 0, given € > 0, there exists 7 < ry such that

A
0<U)\O(f)<§, and H)\O<77)<8.

Hence by continuous dependence of solutions to in the initial data in any compact
subset of [0, ), there exists dy > 0 such that for A € (Ag—dg, Ao+ ), the solution uy
satisfies

0 <ux(r) <A, H\r)<2e andu, has at least k simple zeros in [0,79) , (21)
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that is,
(Ao — 80, Ao + 60) C (Ujsk 4j) U (Ujsi L) - (22)

Now we argue by contradiction and assume that there is a sequence {\,} converging
to Ag as n — oo such that

A & Ap U A1 UL .
From ,
M € (Usziaz A7) U (Upzian 1)
that is, the solution u,, has at least k£ + 2 zeros and at least the first £ + 1 zeros are
simple. Let us denote these zeros by

0< Zin < 2op < ovo < Zgpn < Zkt1n < Zkt2n -

See Figure 5. By the choice of 7 and (21)), u,, decreases in [F, zx41,]. Let us de-
note by sy+1, the point in (zg41 4, 2k+2,) Where uy, reaches its minimum value. As
E\, (Zkt+2,) > 0, we must have that

Uy, (Sk+1,0) < B
Let us denote by 7y, < ra, the unique points in (241, Sk+1,,) Where
B B

Z ) Uy, (TQ,n) = 5 -

Uy, (Tl,n) = 9

From (20), we have that
Hy, (r) = p' (N = 1) r#" V=070 Fuy, (r) (23)

Therefore, using the first estimate in (21)), we have that for n large enough, H} (r) <0
for r € [, 2zx+1,) and thus by the second in , Hy, (zk110) < 2¢.

Integrating now OVer [Zk41m,T2.n), and using that F'(uy,(t)) < 0 in this range
and p'(N —1) = 1= (N —-1)-1>p—1>0, we find that

Hy, (r20) — Hx,(2h410) = —0 (N — 1)/ PO B (uy, (1)) dt

Zk+1,n

T2,n
< (N = ) (zpgrn)P D / (F(ux, ()] dt

Zk+1,n

IN

(N = 1) ()P YO / " P, (1)) dt

T1,n

< —Cp (N — 1>(Zk+1,n)pl(N71)il<r2,n - Tl,n) )

where

C:= inf |F(s).
se[%%

But from the mean value theorem, and for n large enough, we have that
|B|

4 - |u>\n (T2,n) — U, (Tl,n)| < C)\o—}—l (TZ,n - rl,n) 5
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and \
70 < o= un, (0) —un, (210)] < Croit 21m < Chrotl Zhtim
hence
/ B
Hy, (r9,) < 2e—=Cp (N —=1) (2417 VD1 | B
4Cf}\o—i—l
Ao P(N-D-1 |
< Qe—C’N_1<_> |
< P ) Yo Yo

P (N—1)—1
By choosing from the beginning ¢ € <0,Cp’ (N —1) (ﬁ(ﬁ) Sc‘fi‘ﬂ) we
obtain that

contradicting the fact that
E/\n(7"2,n) > E)\n(zk’-i-Q,n) >0.

A similar computation provides a contradiction if we assume that u,, is increasing
in (ro — 2eg,79) for some g9 > 0. Altogether (ii7) is established.

(iv) Assume next that Ay # 0, let A\g = sup Ay and set 79 = r,(0). As A; is open
for every j € Ny, Ay ¢ A; for any j hence Ay € I; for some j, and by continuous
dependence of the solutions in the initial data in [0,79 — ] for & > 0 small enough,
j < k. By (dit), there is 6 > 0 such that (Ao — 0, A\g] C A; U A,;+1 U I;, and since
A 0 (Ao — 9, Aog] # 0, it must be that

AN (A;UA UL A0,
hence j =k or j =k — 1.
(v) sup I, € I;: It follows directly from (ii7). O

Proof of Theorem[5.1. With the notation of the previous lemma one shows by induc-
tion that there exists an increasing sequence {\}, Ay — +o0, such that A\, € .

As A € Ay, by (i1) we can set \g = sup Ag, and by (iv) and (v), Ay € Iy and
Ao < sup [y € Iy. We use now (i4i) and find 6 > 0 such that

(sup Iy — d,sup ly+ ) C AgU Ay U Iy .

Since (sup Iy, sup Ip+0)NAg = 0 by the definition of Ag and (sup Iy, sup Ip+0)NIy = ()
by the definition of sup Iy, it must be that

(sup Iy, sup Iy + 0) C Ay
implying that
A1 #0 and Mg <suply <\ :=supA; .
By (iv), A1 € Iy U I, but as sup Iy < Ay, it must be that sup A; € I;. Then

I; is not empty and A <supl; .
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We use again (ii7) to find § > 0 such that
(suply —d,supl; +9) C A U A U I,

and again deduce that

(sup I,sup I; +6) C As
hence Ay # () and thanks to (i4) we can set Ay = sup Az, A\g < Ay < sup; < Ay and
A2 € I,. We continue this procedure to obtain the infinite strictly increasing sequence
{A\}, defined by Ay = sup Ay with A\ € Ij. d

6. QUALITATIVE PROPERTIES OF THE SOLUTIONS

Several qualitative properties can be deduced from our intermediate results and
from their proofs. Without entering the details let us summarize the most striking
ones.

When A varies, the number of nodes changes of at most one. The energy of any
solution decreases as r increases and converges to a finite limit as r — oo. More
precisely, solutions are of two types: either the limit of their energy is negative or the
limit of the energy is zero, and the corresponding solutions are compactly supported.

Solutions which have a double zero can be compactly supported or not, as in this
case uniqueness may be lost.

For solutions with compact support, the size of the support increases with the
number of nodes, and diverges as the number of nodes goes to infinity. This is a
consequence of Lemma [£.1] and Proposition [5.2] as can be easily proved arguing by
contradiction. With the generality of Theorem [5.1] it is not easy to give quantitative
results but one can estimate the size of the support of the solutions and the number
of nodes for large values of A, as the following proposition shows.

Proposition 6.1. Let 1 < p < N. Under the assumptions of Theorem 5.1, we have
that rx(0) and N(\) are bounded below by

N(p-1) _
oAy
f)
where C' s a positive constant independent of \.
N(p—1)
N-—p

In particular, if lim = 00, then r)\(0) = oo and N(\) — o0 as A — oc.

A—00 (/\)

Proof. Let 6 € (0,1) be asin (H6), and for A > 0, let Sy := inf{r > 0 : uy(r) = 0 A\}.
It can be easily shown that a solution of satisfies

So.A r 1/(p—1)
(1= )2 = A - us(Sas) = [ ( [ s ds) i
0 0

r

As a consequence of the monotonicity of uy in [0, Sp ] and (H5), for A large enough
we obtain
(1—-0)A

NP1y S Sl
CRY K

< (Sp)P < NYe=D (24)
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On the other hand, since

N -1 N -1

d _
—(E\+ F)=—
dr( r )

for Sy <r <ry(0), we obtain

EA(T) +F > (SO,A)(Nl)p/

o > — P (Ex+F),

FON+F ~ \Ur
Hence
1
,  (FOMN\YT
m(0)F = Sp, (T)
1
> Fmen S TO\)) (Af(N) 7=
from (H6) > CS5,(Af(\)¥=
ARE e
from the first in > C( ) i
f)
Hence,
N(p—1) N_
AN N\ 5o
0)>C|————
0= ¢ (Ty)
This proves the assertion on the size of the support. The conclusion on the number
of nodes follows from Lemma 1] O

APPENDIX A.

In this Appendix, for sake of completeness, we state some basic results concerning
the initial value problem . We begin with a result on the existence of solutions.

Proposition A.1. Suppose that assumption (H1) holds. If lim, 1 f(u) = o0, for
any fized X € R, then has a solution defined in [0, 00).

Proof. As before let F(u) = [} f(s)ds, then F(u) — oo as u — +00. Recall that
— F = inf F(u),

u€R
and suppose that u is a solution to (3]) such that u(0) = A. Then wu satisfies

' (r)” _ ()] - o

p < p + F(u(r))+ F < F\)+ F .
Hence |u/| < (p' Cy\)VP with Cy = F(A\) + F and |u| < |A| 4 (p' C\)YPr for r > 0 in
the domain of definition of w. These estimates tell us that if u can be defined in an
interval of the form [0, 6] for § > 0 and small, then this solution can be extended to
[0, 00).
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Consider therefore the Banach space C := C([0,6]; R) of continuous functions on
0, 6], endowed with the sup norm || - ||. A solution in C will exist if and only if the
operator T' defined on C by

1) =3 [ o ([ S stulo) as) dr )

has a fixed point. For € > 0 given, let B(\,¢) be the ball in C with center A and

radius . Then if u € B(\, ) we have that for all » € [0, ] it holds that —e + A <

u(r) <e+ A Let us set m := ‘ mf]X |f(u)|. Then from 1) we find the estimate
u—A|<e

/

orm
If § is small so that % < g, we have that T'(B(\,€)) C B(\,¢€).

To show that T is completely continuous, let {uz} be a sequence in B(\,¢) and
consider s, t € [0,9]. Then

p'—1

[T(u)(r) = Al <

1

S =1 p'—1
T (ur)(t) = T(we) ()] < —y=—
From Ascoli-Arzela theorem it follow that 7" is compact on B(A, ¢). To show that 7" is

continuous let {ux} be a sequence in B(\, ) such that uy — u € B(\,¢), as k — 0.
An application of Lebesgue’s dominated theorem to

1)) = 3= [ oy ([ S ftunts) as) ar,

shows that T'(uy) — T'(u) in C as k — oc.

Then by the Schauder fixed point theorem, T possesses a fixed point in B(A\,¢)
which is what we wanted to prove. 0

It —s|.

The last proposition states a unique extendibility result for solutions to the initial
value problem ([{4); this result has been proved in [CGY12].

Proposition A.2. Let f satisfy (H1)-(H2). Then solutions to are unique at least
until they reach a double zero or a point uy = ux(rg), where u)(ro) = 0 and ug is a
local maximum of F.
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