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Abstract

In this paper, some results on the asymptotic behavior of hard and soft thin interfaces are
recalled. A specific study of soft interfaces in cylindrical coordinates is presented and an
analytical example is studied.
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1. Introduction

A surface is the part of solids which reacts to the surrounding environment.
Surface engineering techniques are being used in many industrial settings to
develop a wide range of functional properties. It is therefore necessary to
understand and model the problems involved in order to improve these properties.

Fig. 1. Initial configuration and geometrical limit of thin interfaces
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In this study, asymptotic techniques are used to model thin interfaces (Fig. 1). In
the first part of the paper, the mechanical problem is presented. In the second part,
some results obtained on hard interfaces are recalled. The third part deals with soft
interfaces. The fourth part focuses on soft interfaces in cylindrical coordinates. In
the fifth part, an exemple of a soft composite tube is studied.

2. The mechanical problem

Let us consider a body occupying an open bounded set Q of R®, with a smooth
boundary 0Q, where the three dimensional space is referred to the orthonormal
frame (O, ey, €5, €3). This set Q is assumed to form a non-empty intersection S

with the plane {x; = 0}. We write X=(X;,X,). Let & > 0 be a parameter tending to
zero. We introduce the following domains:

B = {(r,.zg1q) €0 :|zq < £},

F = {(z1,70,23) € Q:|zg| > %]
0L = {(m1,r0,73) €0 :£x3> £}, 1
55 = {{zi,zo,73) €0 £x3= £}, @
. = {(r).T5.74) €N :£xg> [_]}.

S = {lzi.z0.73) € Q3 =10},
y = 0.0

Actually B®* and Qf are the domains occupied by the adhesive and the
adherents respectively (see Fig. 1). The structure is subjected to a body force
density ¢ and a surface force density g on part I'; of the boundary, whereas it is
clamped on the remaining part I'y of the boundary. The two bodies and the joint
are assumed to be linear elastic. We take o“ and u® to denote the stress tensor
and the displacement field, respectively, under the small perturbations hypothesis,
and the strain tensor is written as follows:
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We take ajiq to denote the elasticity coefficients of the adherents, and airoLu to
denote the elastic coefficients of the glue.

For a given function f:Q >R we take f: to denote the restrictions of f to

the adherents. We also take f." to denote the restriction in the glue. We also
denote the jumps of f, as follows:

fl7 = [z 22, (5)7) = (7022, (5)7) (3)
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For a given function f:Q, — R®, we denote the restrictions on f to © . by fand

we also denote the following jump of fon S
o= o, 07) = Tz, 2, 07)

We therefore have to solve the following problem:

Find (v, 0%) such that :
To = = in £
rr,= a5 enern(1°) in (15
P 05 = Q5nEkh l: ff:ﬁ- in B
ui=10 on [y
TIL = g on I
| [F]F =0, [fPesZ =0 onSE

We make the following assumptions
L=(Q) ,

m

ki

H ] Qjjkt = Cpliy = Qgitk

3 > 0 agueen = negey  Tey = €5 .
e

H2)  3z:B:n (I Usupple)) =0,

H3) oe (LM ge (LX)
We introduce the space of kinematically admissible displacements

VeE={ue (W) :u=0 on Iy}

Using the Lax-Milgram lemma, it is clearly established that this problems

has a unique solution in V *.

3. Hard interfaces

3.1. First order results

(6)

(7)

In this section, it is assumed that the elastic coefficients of the glue ai'ﬁq do not
depend on the thickness of the glue ¢, i.e. that the adhesive and the adherents show
a similar rigidity. Here, we study the behavior of the solutions of problem P. when

the thickness ¢ tends to zero.



Under the previous hypotheses and using some analysis arguments (I'_
convergence, ...) it is possible to show (Lebon, Rizzoni, 2010) that the unique

solution u“ of problem P, tends in L° (©,) to U which is the unique solution of
problem P, where

Find (u°, 6%) such that :

r'r]11 = = in (1

rr11= apnernu”) in (1=
(Fy) ul =1 on [y

agn =g on I

ul=10 on S

lo'n]=0 on 5.

In particular, we observe that perfect adhesion is obtained at the interface
between the two adhesives. This result is proved rigourously in (Lebon, Rizzoni,
2010). Other possible methods have been presented in (Lebon, Rizzoni, 2011).

3.2. Second order result

In the previous section, we have recalled that

u >u’ in L(Q) 8
We can therefore extract a subsequence, which is not relabeled, such that
£ 0
u®—u
—>u' in L*(Q) 9)
&

In this section, we recall some properties of this weak limit u.

Under the previous hypotheses and using some analysis arguments it is possible
to show (Lebon, Rizzoni, 2010) that the weak limit u' is the solution (in the
distributional sense) of problem P, where

Find (u',a") such that :

r:r::'1_1 =1 infly

r'r1 = asenern (1) in (%
(P) ¢ u' =0 on Iy

gin=10 on Iy

ul= A, Duv+ A o'n on S

:r,r"ri-: = _-lnﬂ;‘j '+ Ap, Doo™n on 5.

where A.. are four fourth order tensors and D, are tangential derivatives in the
plane of S. In particular, if the glue is isotropic and if we take 1 and x to denote the
Lame’s coefficients of the glue, the coefficients of these tensors are given by



ul] = - Ty =y = i} ty 2 (07) = 1y (07 a=1,2
" o' M,
. 1, A o .
[U3] = NI TR R W7 i Uy o 5 g 5(U iz 5(U
- du( X + p) L(3A+ 2 A
.fo:i ( _,jg_-_'glrl rl"l "‘J'-TL':;I:_;_;-'- )'_._:3"” h]_, - )'_._'Ellu 25 J
(0 ot 0
—o\r 33007 ) = Tig 5l
"4!.”}'___"-':, 0 0 II'|:3)||"‘3|I'| ) .-‘" 0
O3l = _( X =2 Uy ap T Hilp N+ 2 '_._)'-"'31- H_JJ
1, .
_3::.‘7;-1:3 (ar '733:3'[]_
Tyl = =0l = T3 3::”:23:3::[]_::' — a353(07)) .

4. Soft interfaces

In this section, the elastic coefficients of the glue ajj are assumed to depend
linearly on the thickness of the glue . Here, we study the behavior of the solutions
of problem P, when ¢ tends to zero. For the sake of simplification, the glue is
assumed to be isotropic.

It can be possible to prove (Licht, Michaille, 1997) that the unique solution u

&

of problem P, tends in L*(Q,) to u®, which is the unique solution of problem R
where

Find (u%, o) such that :
rT:!F',_1 = —uy in g
ﬁ-d_ = . iy : (1=
PN B - T in €1
(Fo) i) i ~
ut =1 on [y
g'n =g on I
o'n = K[u"] on 8.

where K11 = Ky, = lim ple, Kz = lim(4 + p)le and Ky = 0 if i # |.
Note that in (Licht et al., 2009), under specific conditions on the volumic mass
of the glue, a similar result is proved in elastodynamics terms i.e. the last equation

of problem Py corresponds to a constitutive equation.



5. Soft interfaces in cylindrical coordinates

5.1. Recalling matched asymptotic expansions

Here we briefly recall the matched asymptotic expansions method. The point of
using matched asymptotic expansions (Eckhaus, 1979) is to find two expansions of
the displacement u® and the stress ¢ to the power of &, that is, an external
expansion in the bodies and an internal one in the joint, and to combine these two
expansions in order to obtain the same limit.

External expansions

The external expansion is a classical expansion to the power of ¢ in a particular
direction (here x3)

(10)

Internal expansions

In the internal expansion, we perform a blow-up of the third variable. Let y; = x;,
Y2 = Xo, Y3 = X3 + Xale. The internal expansion gives

vy pea) = Vgt ta) + e (. pe va) -
A T RS o AR | R SRPT [
1:¥2.Ma) = & Ty AV Va.UYa) T Tyl Ve W) + S350 0. Y. e T -
L. la) = ey 4el e+
(11)
: Bad y Gord , T, I 1
g, == g,= =2 g,= =
I W fag 1 22 b ! ]H i I la1 (12)
" 7 St ol ' 1 e Bl a1 Bl g d+l
Lo LRy g HEh ol LfEEg  HE 1 i lpduy | du
E-'_E - E"-!".‘Iw !"_":'.‘.‘--"E".:'i_ EI'-ﬁII i__-;,',"ﬁ J E'_:"i_ _:.'.__"';.‘;1.‘_ _‘_i'_'i:".':- )

Continuity conditions
The third step in the method consists in combining the two expansions. In

particular, we observe that when ¢ tends to zero, X3 tends to X3 and y3 tends to
* 0. Combining the two expansions gives

vz, Ty, £o0) = vz, 30, X5)
Tz, mo, 00} = ) (13)
T z1, T2, £o0) = o1y, 70, X5



5.2. The equations of the problem; notations

We re-write the balance equations in cylindrical coordinates on the form

o1+ o122+ Hon —0n) + a3 = 0 (14)

2
T191 T T222 T 012 T 0233 = t

131+ ;0m2+ 013+ 0333 = U

where index 1 corresponds to the radial direction, index 2 to the ortho-radial
direction and index 3 to the normal direction. In the same way, the strain tensor is
re-written

Sl = Ui fp o= QUo7 THaa. 233 = Haa

ut
o
I

ug,1). £13 = (13 + ua1), S23 = 5(Uo3 + Suaz)

k3l
—
=1l

(15)

5.3. The plane of the adhesive is orthogonal to height (z) axis

Let us consider the problem where the adhesion occurs in the third direction, as in
the gluing between two tubes with the same section (Fig. 2a).

[ -y
L

Fig. 2. Gluing of two tubes

For the sake of simplicity, we assume that X3 = 0. We focus only on the interior

expansions. We have 9Ys =(1/£)0X;. We observe that at order —1, the balance
equation gives

th3=0, i=1,23 (16)

We can conclude that 75 =73(r,0). Upon introducing the isotropic constitutive
equation, we obtain, at order zero

7103 = /’_“)10,3' 733 = l_“)g,sv Tg 3= (2 + Zﬁ)U:?,s a7



Using standard arguments, such as continuity conditions in particular, and
integrating along the thickness, we obtain

ors= U], o5,=ulug], of = (4 +2m) i3] (18)
which can be written
o’n=K,[u’] (19)
where n =e,.

5.4. The plane of the adhesive is orthogonal to the radial r-axis

It is now proposed to consider a problem where the adhesion occurs in the radial
direction, as in the case of the gluing between two tubes with different sections
(Fig. 2b). In this case, axis e3 corresponds to e,. For the sake of simplification, it is
assumed that X; = ro. We focus only on the interior expansions. We have

1 1 X, — T, X, — T,
oy, =1/ €)o%  and y—Z—(l— 1r Le+( 1r )2 g% +. J We observe that at
0

1 T 0
order —1, the balance equation gives

0,=0, i=1,2,3 (20)

It can be concluded that 75 =77 (6,2). Upon introducing the isotropic constitutive
equation, we obtain, at order zero
o) = (A 2000y, T = Uy, Tis= Uy, (21)
Using standard arguments, we obtain
o =(A+2m) i1 ol,=mu3]l, o)s=pu3] (22)
which can be written
a’n=K, [u’] (23)
where n = e,.
5.5. The plane of the adhesive is orthogonal to the orthoradial (0) axis

Let us now consider the problem where the adhesion occurs in the orthoradial
direction, as in the case of the gluing between two tubes as on (Fig. 2c). In this
case, axis ez corresponds to ey. For the sake of simplification, it is assumed that

X, = 0. We have 9y, =(1/£)0%,. Here, we focus only on the interior expansions.
We observe that at order —1, the balance equation gives



1
?ri"z,z =0, i=1,2,3 (24)

We can conclude that 7 =75 (r,2). Upon introducing the isotropic constitutive
equation, we obtain, at order zero

1_ 1 - . 1_
TlozzF,UUlo,z’ 75 z:F(/l"‘Z,U)Ug,za TSSZF,UUQ?,z (25)

Using standard arguments and integrating along the arc-length, we obtain
o1, = mluy]
05,= (A +2m) B3] (26)
o5 3= Hug]
which can be written
a’n=K,[u°] (27)

where n = ey.

6. A simple example

A two-dimensional analytical example is presented here (Doghri, 2000). The
structure consists of three tubes indexed by (1), (2), (3) as shown in Fig. 2b. The
adhesion at the interfaces between the tubes is perfect. A pressure p, is applied to
the internal surface a and a pressure pq is applied to the external surface d. We let
OA=2a,0B=b,OC=cand OD =d. It is assumed that ¢ = b + ¢. The value of the
parameter ¢ is assumed to be small. The Lamé’s coefficients are indexed by the
number of tubes.

We take pa, pp, Pc and pg to denote the pressures at points A, B, C and D
respectively. The values of p, and py are given, whereas the values of p, and p.
are unknown.

The problem is assumed to be symmetric (the polar coordinate is denoted r). The
displacement fields are:

. paa’ — gyl r b2a®(p, — ps)
iy (r) = — o =+ — —

b2 —a? 2{A =) 2B —a?)r

T R B o 2325 T

frel — j.l':-_\.ll.' - D r " et O = Pe) (28)

ua\7T) = ) T ar . 5 ) T
: 2 —b2 22X+ g} et =B

] o ! noon "

(r) = Pt — Parl” r d°c (pe — pa)
uz\r) = ; ; . el il —

' id? —c? 2(Az +jpa)  Zus(d® =cf)r



As proposed in (Doghri, 2000), to find pb and pc, we write the continuity of the
displacement fields at points B and C. A linear system is obtained:

i-hr& - —U-_E'.::'p& - -\-Eipe: = I\Fapa (29)
= Nogpy = (My + My )p, = Kapy
where
a’b A+ 2
K, = .
e 2 — a2y (A + )
K = dc A3+ :'If,a
: d? — ¢ jia(Ag + j3)
Vo — b Ag +2u,
T 2 :hz.ffzif:":—.ff:::'
Vo — bee A =+ 2us
=T 2 = h2 fial :'\'1 - lI'J":l::' (30)
A B+ (A + p1)ba®
e 'h".—r]-lrf (A + :-
V. = 3 + (Ag + jig) ed?
“ (d? = c?) ;'fgk,:\.g—jfif:'
V. — Irm’J‘ - ‘).—J = jto)be”
o .‘f" B ,I'J":lk»}'m - II'J":l.
Ve — fac® + ‘}.—J + pin)eb”
L E (c? = B ) pua( A2 + p2)

The solution of this system is:
1, . \ -
= — (Kapa Mg+ Mas) + KapalNay)
D _\ (fhaflal o / (31)
Pe = j (Wapa( M, = My ) + KopaNas)

where A=(M, +M, ) MG +M, )5 N, N, .

Coefficients 4, and u, depend linearly on e. We study p, and p. when ¢ tends to
zero.
We observe that p, and p. tend to the same value, that is

I-\.'l

B(A; = 1) (Ao = 2fi5 ) (paa® (B = d?) = pab?(d® = a
)

)
—
U TP ey ) -r:«-_—;f-_,- [ — )5 (A + 21 )

)'. + 2fiz)

K3

10



where 4, = &4, and #, = &t
In the same way, we study us(c) — u;(b) when & tends to zero.

This gives:
us(c) —u,(b) > [u]=
_ B(Ar = 1 ) (paa®(B? = d*) = pab? (d* = a?))
2(a? = d?)(d® = B (M + ) + (@® = d2)B¥ (A + 2u1) (A2 + 21) (33)
We note that the interface law in the normal direction is written
Po =—(4y +273,) U] (34)

which confirms the validity of the results presented in the previous section
(equation 22a).

7. Conclusion

In this paper, we have recalled some results obtained in the asymptotic modeling
of gluing using asymptotic techniques. A new form is presented in cylindrical
coordinates. Three cases of soft adhesive were studied in detail. The academic
example presented shows that this modelling approach can be used to describe the
behavior of a soft thin glue applied between two tubes.
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