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TRANSPARENT BOUNDARY CONDITIONS FOR LOCALLY
PERTURBED INFINITE HEXAGONAL PERIODIC MEDIA*

C.BESSET, J. COATLEVEN?, S. FLISS!, I. LACROIX-VIOLET!, AND K. RAMDANIS$

Abstract. In this paper, we propose a strategy to determine the Dirichlet-to-Neumann (DtN)
operator for infinite, lossy and locally perturbed hexagonal periodic media. We obtain a factoriza-
tion of this operator involving two non local operators. The first one is a DtN type operator and
corresponds to a half-space problem. The second one is a Dirichlet-to-Dirichlet (DtD) type operator
related to the symmetry properties of the problem. The half-space DtN operator is characterized via
Floquet-Bloch transform, a family of elementary strip problems and a family of stationary Riccati
equations. The DtD operator is the solution of an affine operator valued equation which can be
reformulated as a non standard integral equation.
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1. Introduction and problem setting

Periodic media appear in many physical and engineering applications related to
wave type systems. In solid state theory, it is well-known that the existence of in-
sulators and conducting materials can be explained by the periodic properties of the
crystal. More precisely, within the one-electron model of solids, electrons move under
a Hamiltonian with periodic potential yielding the existence of band gaps (see for ex-
ample Reed and Simon [34, p.312]). In optics, many devices used in microtechnology
and nanotechnology involve materials with such electromagnetic properties, known as
photonic crystals. For a general introduction to the physics of photonic crystals, we
refer the interested reader to the monographs by Joannopoulos et al. [23], Johnson
and Joannopoulos [24], Sakoda [37] or the review paper by Busch et al. [8]. Con-
cerning mathematical aspects related to photonic crystals, see for instance the book
of Kuchment [28]. About twenty years ago, the analysis of elastic wave propagation
in periodically structured media lead to the concept of phononic crystals (see for in-
stance the book by Maldovan and Thomas [31]).

Although they concern materials involving quite different scales and types of waves
(acoustic, electromagnetic, elastic), photonic, phononic or real crystals (in solids)
share a lot. The main common feature, inherited from the periodic structure, is the
appearance of band-gaps (forbidden bands), i.e. the strong attenuation of a certain
range of frequencies (at least in some directions). This phenomenon is due to the fact
that an incident wave on the crystal is multiply scattered by the periodic structure,
leading to possibly destructive interference (depending on the characteristics of the
crystal and the wave frequency).
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Most applications involving periodic structures use these band gaps to control wave
propagation properties of materials (see [8] for an extended list of references). More
precisely, the aim can be to prohibit propagation of waves [35], allow propagation of
some frequencies and/or some directions like in optical filters [33], localize waves by
creating a defect in the periodic structure [30, 37], create optical nanocavities [1] or
to guide waves with bends [39], Y-junctions [6] and T—junctions [14].

In the above applications, numerical simulation plays a crucial role in the design of
photonic, phononic and real crystals. In particular, the problem of determining which
physical and geometrical properties of a perfect or imperfect crystal yield band gaps
at specified frequencies, guiding waves along some desired paths or trapping them in a
given cavity is computationally challenging. The complexity of designing such devices
is increased by the strong scattering effects involved, due to the high contrast of the
composing materials on the one hand, and the geometric scales (wavelength and size
of the periodic cell) on the other hand. Therefore, several numerical methods and
tools have been developed to simulate wave propagation in infinite periodic media.
A first class of methods covers problems where the periodicity can be handled via
homogenization techniques [2, 7]. Indeed, when the wavelength is much larger than
the period, the periodic medium behaves asymptotically like a homogeneous one. The
unboundedness of the medium can then be treated analytically using integral equa-
tions, Dirichlet-to-Neumann (DtN) operators or Perfectly Matched Layers techniques.
On the contrary, a second class of methods keeps the periodicity but considers only

e media which are finite (i.e. constituted of a finite number of periodic cells
embedded in an infinite homogeneous domains) [12, 13, 22, 42, 43];

e media which can be reduced to finite domains. The case of imperfect! periodic
media has been more intensively investigated [15, 16, 21]. In these works, the
problems considered lead to exponentially decaying solutions, which allows
the truncation of the infinite periodic media.

More recently, DtN operators have been derived for infinite two-dimensional peri-
odic media containing local defects in [17, 19]. The main assumptions concern the
directions of periodicity (orthogonal), the corresponding periodicity lengths (commen-
surate) and the presence of a dissipative term (arbitrarily small).

In this work, we are interested in the analysis of hexagonal periodic media containing
a local defect (see Figure 1.1). We call hexagonal periodic medium (also known as
hexagonal lattice) a two dimensional domain where

e the angle between the periodicity directions is 7/3;

e the periodicity cell has hexagonal symmetry (see Definition 3.1).
Note that like in [17, 19], one could consider the media as a periodic one with two
orthogonal directions of periodicity. However, the corresponding periods would not
be commensurate in this case.

Hexagonal lattices appear in quantum mechanics [10, 26, 34], phononics [29, 32, 38]
and photonics [9, 11, 20]. Although they concern different applications and involve
different types of waves, the corresponding problems are quite similar from the math-
ematical point of view. Essentially, as far as numerical simulation is concerned, the
main issue is to determine a transparent boundary condition to reduce the problem
initially set on an unbounded domain to a problem set on a bounded one contain-

LA local defect is generally created by changing locally the physical/geometrical properties of the
crystal.
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Fic. 1.1. A locally perturbed photonic crystal with triangular lattice (cross section of a photonic
crystal optical fiber (left) and representation of the corresponding hexagonal periodicity cell (right)).

ing the defect cell. The differential operators involved are the ones describing the
underlying physics of the problem under consideration, namely
e Quantum mechanics: in a (classical) crystal, the mathematical formulation
of the problem leads to the Schrédinger operator

Au = —Au+ (V + ip)u (1.1)

where V (z) denotes the potential in the lattice and p is the Laplace variable.
e Phononics: the operator involved is the elasticity system (see [3, 4, 29,
32, 36, 40])

Au = —dive(u) +w?pu, (1.2)

where u denotes the displacement and o(u) = C : e(u) the stress tensor, in
which e(u) stands for the strain tensor and C the 4th-order elasticity tensor
(p and w respectively denote the mass density and the time frequency).

e Photonics: in this case, electromagnetic propagation is described by the
vector Maxwell’s equations. For two-dimensional photonic crystals, these
equations reduce to the following scalar equations respectively in the cases of
TE (Transverse Electric) and TM (Transverse Magnetic) polarizations:

TE case: Au = Au + w?n’u

TM case: Au:= —div (%Vu) +w?u (1.3)

where n(z) denotes the index of refraction and w the wavenumber.
Note that all the above operators involve an elliptic principal part. Moreover, the
time dependence has been eliminated via a Fourier (or Laplace) transform, leading
to the appearance of the real parameter w (or the complex parameter p). Perfect
periodic media are described via the operators (1.1), (1.2) or (1.3) —depending on
the considered application— with periodic coefficients (potential, elasticity tensor and
mass density or index, respectively for classical, phononic and photonic crystals).

The introduction of a defect in the periodic structure is taken into account by adding
a bounded obstacle or locally perturbing the coefficients. Typically, scattering by an
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impurity in a classical crystal (i.e. when the lattice contains a different atom at one
of the lattice points), we have

V=Ver + Vo

where Vj, is periodic and Vj is a short range potential describing the local perturba-
tion (see [34, p.312]).

Fia. 1.2. The hexagonal periodic medium with defect.

In this paper, we will restrict our study, for the sake of simplicity, to the case of an
infinite photonic crystal 2 = R? containing a localized defect in the hexagonal cell )
(whose side length is denoted by d). We denote by ¢ = 9Q! the boundary of this
cell and by Q¢ = Q\ € its exterior. From the mathematical point of view, the model
problem we consider throughout the paper is a dissipative Helmholtz equation

Au+ pu = f, in Q, (1.4)

where the following assumptions will always be supposed to hold true
e (A1) p is a local perturbation of a hexagonal periodic function ppe,. More
precisely:

P = Pper + Po

where
— for all x = (z,y) € Q and all (p,q) € Z?, pper (X + pe1 + q€2) = pper(X)
with e; = (3d/2,v/3d/2) and ey = (0,/3d) the two directions of peri-
odicity of the media (see Figure 1.2);
— pper and po have hexagonal symmetry (see Definition 3.2);
— Supp(po) C Q2".
e (A2) p satisfies the dissipation property

|Im p(x)| > pp > 0, Vx € Q. (1.5)

e (A3) The source f is compactly supported in ¢ and has hexagonal symmetry.
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Before going further, let us make some comments about the above assumptions. In
(A2), condition (1.5) guarantees the existence and uniqueness of finite energy solu-
tions of (1.4) (i.e. solutions in H'(£2)) in the infinite domain € (as it can be easily
checked by using Lax-Milgram Lemma). When no dissipation is assumed (i.e. when
p is real-valued), such existence and uniqueness issues will not be discussed in this
paper, nor will be the derivation of a limiting absorption principle. Let us emphasize
that the latter remains, to our knowledge, an open question (see [19, Remark 2] and
[25] for a similar discussion).

The main goal of this paper is to propose a method to solve (1.4) in the infinite
domain Q under assumptions (A1)-(A2)-(A3). The main steps of our approach are
presented in a formal way in the next Section.

2. Formal presentation of the method For the reader’s convenience, we
describe in this section the broad outlines of our approach in order to help the reader
getting an overview of the proposed strategy. Willfully, we decided to focus on the
description of the mains steps of the method and to skip in this part all the technical
details related to the functional framework.

Our approach is adapted from the one used in [17] for the case of square lattices.
The key idea is to reduce problem (1.4), which is set in the unbounded domain Q, to
a boundary value problem set in the cell Q* containing the defect. To achieve this,
we need to derive a suitable transparent boundary condition on ¥ associated with a
DtN operator A. More precisely, we note that the restriction u’ := u|q: € H(QY)
solves the interior boundary value problem

Aut + put = f, in Q7
Gu‘ + Au' =0, on ¢,
ovt

where 1! is the outgoing unit normal to ¢ and A denotes the DtN operator defined
by

_ Ou®(9)
Ao= - S5 (2.1)

in which u®(¢) € H'(Q°) is the unique solution of the exterior problem

Aut(9) + put(9) =0,  in Q,
u(9) = 6, on 3.

The core of the paper is thus devoted to the computation of this DtN operator A.
First of all, let us emphasize that due to the symmetry properties of the original
problem (27 /3 rotational invariance, see Assumptions (A1) and (A3)), it suffices to
compute this DtN operator A for Dirichlet data ¢ on X! with hexagonal symmetry
(See section 3 for more details). In this Section, we restrict our analysis from now on
to such symmetric data.

(2.2)

In order to describe the different steps of our method, we need to introduce some
additional notation. Let ©¥ be the boundary depicted in Figure 2.1 and let QF



6 Besse, Coatleven, Fliss, Lacroix-Violet, Ramdani

f

F1G. 2.1. The half-space DtN operator AT

F1c. 2.2. The DtD operator Doy /3

be the half-space to right of X#. Given a Dirichlet data ¢ on %, we define the
half-space DtN operator A by setting (see Figure 2.1)

ou' ()

ot |y

A g =

(2.3)

where v is the outgoing unit normal to Q¥ and u® (¢) is the unique solution in
H'(A, Q) of the half-space problem

(p) { Auf (@) +pul(¢) =0, O, o)

U’H(¢) = ¢7 on ZH
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The second important ingredient needed is the DtD operator D, /3 defined from the
boundary ¥ to L (see Figure 2.2) by the formula:

Dzn/3¢ = Ue(¢)|zH (2.5)

where u¢(¢) is the unique solution of the exterior problem (2.2) for a given Dirichlet
data ¢ on X°.

Step 1 : Factorization of the DtN operator A. With the above notation, it
is clear that given a Dirichlet data ¢ on ¥¢, the functions u¢(¢) and uH(D2,r/3¢) are
both solutions of the half-space homogeneous Helmholtz problem

AU + pU =0,

with the same Dirichlet condition on ¥, namely D, /3¢. The uniqueness of the
solution of this problem implies that

us(¢) lon = u" (Dar/39),

and in particular, the corresponding normal derivatives coincide on the part of the
boundary %! N £ where they are both defined, yielding

Ao

singr = A (Dar30)

— (26)
the remaining part of A¢ on X! being recovered using hexagonal symmetry. The
above relation constitutes the starting point of our strategy : the DtN operator A
can be computed via the factorization formula (2.6). We provide in Theorem 4.1 a
more precise statement of this factorization result, paying a particular attention to
the functional framework. Thus, our problem is now reduced to the computation of
the half-space DtN operator A and the DtD operator D, /3 for well prepared data
(i.e. having 27/3 rotational invariance).

Step 2 : Characterization of the DtN operator AY. In order to compute
the half-space DtN operator A, the first key ingredient is the (partial) Floquet-
Bloch transform in the vertical direction (see §.5.1). More precisely, applying it to the
Helmholtz half-space problem (2.4), we will see that it suffices to consider the case of
k—quasiperiodic Dirichlet data ¢ on X, that is

oy +qL) = d(y)e"*t, Wy eR, Vg€ Z,

where L = v/3d denotes the period in the vertical direction and k € (—n/L,n/L).
From now on we will thus restrict our analysis to k—quasiperiodic Dirichlet data.

The second important tool we need is the so-called propagation operator Py, defined
as follows (see §5.2.1). For any k—quasiperiodic Dirichlet data ¢ on X, Py ¢ is noth-
ing but the trace of the solution u® (¢) of (2.4) on the trasnalted vertical boundary
SH = 5H 4 ) (see Assumption (A1)). The main advantage of this operator is that
it allows us to determine the solution u*?(¢) of the half-space problem in any cell from
the knowledge of u'?(¢) on a reference cell. More precisely, with the notation given
in Figure 2.3, we can prove thanks to a uniqueness argument that

u(9)],

= S (PO,

pq
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FIG. 2.3. Description of the half-space QH and its periodicity cells

According to the above relation, solving the half-space problem amounts to determin-
ing the propagator P and the values of uf (¢) but only in the reference cell Coy. For
the latter, by linearity, this can be achieved by solving two elementary cell problems
set in Coo (see §.5.2.2). Regarding the determination of the propagator operator Py,
we proceed as follows (see §.5.2.3). Writing the matching of the normal derivatives of
the solution u*?(¢) across a suitable part of the interface SH  we will show that Py
solves a stationary Riccati equation.

Step 3 : Characterization of DtD operator D,,,3. While the determination

of the half-space DtN operator AY described in Step 2 essentially uses the periodicity
properties of the medium, the determination of the DtD operator Dy /3 crucially uses
its hexagonal symmetry. More precisely, we show in Theorem 6.1 that Dy /3 solves an
affine operator-valued equation (see equation (6.1) in Theorem 6.1) that is well-posed.
In order to handle this equation from a practical point of view, we use once again
Floquet-Bloch variables instead of the physical ones. Doing so, we reduce this affine
equation to the solution of a set of non standard constrained integral equations (see
equations (6.9)).
REMARK 2.1. For the sake of clarity, we have restricted our analysis in this paper
to the model problem (1.4), under assumptions (A1)-(A2)-(A83). From the physical
point of view, this problem describes the radiation in a photonic crystal of a source
localized (typically a real source) in one cell of the periodic medium. We would like
to emphasize that our approach can be generalized to tackle other types of problems:
extended defects (i.e. covering more than one periodic cell), non penetrable defects or
scattering problems by a local inhomogeneity/obstacle in the crystal. Non symmetric
configurations can also be considered but involves more intrincate integral equations
(see [17] for non symmetric square lattice).

The precise description of the three steps briefly outlined above involves many
technical details related to the functional framework that needs to be carefully set-
tled for the DtN and DtD operators. In Section 3, we collect some notational and
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mathematical background related to geometries with hexagonal symmetry. Section 4
provides the factorization result (Theorem 4.1), which plays a key role in our method
for computing the DtN operator A. The next two sections are devoted to the analysis
of the two non local operators A# and D, /3 involved in the factorization. More pre-
cisely, Section 5 deals with the half-space DtN operator A, while the DtD operator
Dsy /3 is studied in Section 6. An algorithm will be given in conclusion to summarize
this construction.

3. Hexagonal symmetry and related results

3.1. Definitions and functional framework
DEFINITION 3.1. A domain O of R? has hexagonal symmetry if there exists a rotation
of angle 27 /3, denoted Oqr 3 for which O is invariant. In the above definition, the
center of the rotation is not specified to simplify the notation. In the following, this
center will always be the center of gravity of O.
REMARK 3.1. If a domain O of R? has hexzagonal symmetry, its boundary 0O also
has hexagonal symmetry.
DEFINITION 3.2. Let O be an open set with hexagonal symmetry and let g be a real
or complez valued function defined on O. Then, g has hexagonal symmetry if

g=4go°o 9271'/3'

Let O be an open domain with hexagonal symmetry (typically O = Q¢ Q' and
00 = ¥). For s > 0, we denote by H3, /5(0) the closed subspace of H*(O) defined
by

Hj. 5(0) ={v € H*(O), v=1v003.3}. (3.1)

One can easily check that the restriction to Hy /3((’)) of the trace operator ¢ defined
by

Yu e HY(O), ~you=ulso € H/?*(D0),

defines a continuous operator from Hj /3((9) onto H21 T/r 33(6(9).
Finally, let us define the appropriate functional space for the normal trace of a function
with hexagonal symmetry. To achieve this, we introduce the spaces

HY(A,0) = {uec H (0) | Au € L*(0)}
and
Hyp3(A,0) = {u € Hy, 5(0) | Au € L, /5(0)}.

The next result expresses in term of functional spaces the commutativity of the
Laplace operator with the rotation Oy /3.

THEOREM 3.3. Let O be an open set of R? with hexagonal symmetry. The Laplace
operator commutes with any unitary transform and maps H217r/3(A7 O) onto L%W/?)(O).

We can now extend Definition (3.1) to the space H~1/2(00) where O is with hexagonal
symmetry (typically O = Q¢ or Q' and 90 = %%)
DEFINITION 3.4. Let O be an open set of R? with hexagonal symmetry. We define

the closed subspace H2_7r1/32(8(9) of H-Y/2(00) by

_ ou
szl//:sz(ao) = {’Ylu = B

ue HY, (A, 0)}
o0
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where v is the outgoing unit normal to O.

Obviously, v1 is a continuous application from Hzlﬂ/3(A, O) onto H2_7r1/32 (00).

3.2. Restriction and extension operators Let R be the restriction operator
defined by

R : LX(Y)) — L*(X0)
¢ = Plxo

where X0 is the right part of ¥ (see Figure 1.2). One can easily check that R defines
an isomorphism from the subspace L%W/B(Ei) ={veL*)X), v=vo O9x/3} onto
L?(2%) that we shall denote by Ry, /3. Its inverse Ey./3 is an extension operator
which can be given explicitly thanks to the rotation ©y; /3:

E27T/3¢|20 =¢
V(b € L2(EO)7 E27‘r/3¢|@2ﬂ_/320 = ¢ © @—271'/3
EQW/3¢|93W/320 =¢o ®%2w/3

We define the following space
1/2 1/2 /i
HQT/r/g(ZO) = {R2w/3¢a ¢ € HQT/[-/?,(Zz)}a
= {0 H'2(), Barpss € 3,51}
This space is nothing but the space of functions in H/2(X°) which are periodic.

We now explain how to extend the restriction operator Ryr/3 to H,_ 1/;(Ei) (see
Definition 3.4). This can be done by duality, noticing that we have

; 1
VQS € ng/3(21)v V¢ € LQ(EO)a (R27T/3¢7 w)go = § (¢7 E27r/3w)21 ’

where (-, )0 (resp. (+,-)s:) is the scalar product in L*(X°) (resp. L?(%%)). This last
relation suggests an extension of Ry /3 to H;:/;(Zi) by

_ - 1
Vo € Hy [ (), Y € Hy[75(2%),  (Ranjs6, )50 = 5(0 Banjsth)s,

where (-, )0 (resp. (-,-)x:) is the duality product between the two spaces [H;T/jg(Eo)]’

and HZIT/F%(EO) (resp. H;:/;(Zi) and H217/33(21) ). We introduce the closed subspace
!/

of [Hy/2,(x9)|

~1/2 1/2 i
Hzﬂ//g (Eo) = RQ#/S (H27-r/3 (z )) )
and conclude that Ry, /3 is a linear continuous map from H;ﬂl/; (X9 onto H;;/;(ZO).

Analogously, Ey./3 can be extended to a linear continuous mapping from H, 1/32(20)

onto H;:/;(Ei) using:

Vi € Hy [2(30), W6 € Hyl55(S7),  (Banyzth, ¢)si = 3(4, Rar )50
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3.3. Symmetry properties for the exterior problem Using the definitions
and properties of media and functions with hexagonal symmetries and considering
assumptions (Al) and (A2), one can show the following theorem:

THEOREM 3.5. If ¢ € H;st(Zl), then the unique solution u®(¢) of (2.2) belongs to

HQIﬂ/3(A, Q°) and A¢ € H;:/;(Zi), where A is the DtN operator defined in (2.1).
Proof. 1t suffices to prove that u®(©9,/3¢) is also a solution of (2.2) and then
conclude using a uniqueness argument. The last implication follows immediately from

the definition of the normal trace operator. O
A consequence of Theorem 3.5 is that A maps continuously Hzlﬂ /3(21) onto H, 1//32(Ei),
leading to the natural definition of the DtN operator
1/2 /i —1/2 /i

A27'r/3 = A‘H217/\-33(Ei) € ,C(H27/r/3(21), Hzﬂ//g (EZ))' (32)
Finally, taking into account the assumptions (A1)-(A3) concerning the hexagonal
symmetry of the local perturbation py and of the source term f, and using uniqueness
argument, we deduce that
THEOREM 3.6. Let u be the unique solution of (1.4). Then the restriction u’ = u
of u is the unique solution of the interior boundary value problem

0l

Aut + put = f, in QF,
ou’ ; .
aZi + Aoy yzu’ =0, on X°.

The rest of the paper is devoted to the determination of the DtN operator Ay /3.

4. Factorization of the DtN operator
First of all let us recall some useful notation. Let ¥ be the boundary depicted in
Figure 2.1 and let Q7 be the half-space to right of £.

Let A" € L(HY?(2H), H-'/2(H)) be the half-space DtN operator (see Figure 2.1)
du' (¢)

Ay =
ot |y

(4.1)

where v is the exterior normal to Q and u! (¢) is the unique solution in H*(A, Q)
of the half-space problem

Auft uwf(¢) =0, in O,
- { utl (cb()qi;p ” on $H. (4.2)

Let Doy /3 € L(H'/?(S1), HY/2(£H)) be the DtD operator defined by (see Figure 2.2):
D2n/3¢ = Ue(¢)|zH (4.3)

where u¢(¢) is the unique solution of (2.2).

Moreover, we need to introduce a restriction operator RY from X to X% As we
need to apply this operator to functions of H_l/Q(ZH)7 RH has to be defined in a
weak sense. We denote by B € £(L?(%°), L2(X)) the extension operator by zero

from X0 to 2H:
., | o on X0,
E ¢{o on R\ 50,
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Let Hééz(EO) be the subspace of H'/2(£%) defined by:
Hy’(2%) = {p € HY2(2°) | EHp € HY? (21},

~ !
and let H-1/2(x%) = (Hééz(zo)) be its dual space. The restriction operator R €
L(HY/2(SH), H=1/2(x%)) can then be defined by duality

<RH¢a ¢>f[—1/2(20)’H3/02(20) = <¢7EHw>H*1/2(EH),H1/2(ZH)v
V(g,p) € H-Y2(SH) x HYP(29). (4.4)

The main result of this section reads as follows.

THEOREM 4.1. The operator RF o AH o Dy /3 maps H;;%(E’) into H;ﬂl/;

Agry3 € E(H;;?B(Ei),H;S/BQ(Zi)) defined by (3.2) admits the factorization

(X0) and

Vo € H217/r§3(21)7 Aor/3¢ = Eor/z0 R" o A" o Dory30

where
o Dy 3 € L(HY2(SY), H'Y2(2H)) is the DtD operator defined by (4.3),
o AT ¢ L(HY?(2H) H-Y2(2H)) is the half-space DtN operator defined by
(4.1),
o R ¢ L(HY2(2H), H=1/2(2%)) is the restriction operator defined by (4.4),
o Eoryz € E(H;}/;(EO),H;:/;(Zi)) is the extension operator by symmetry
defined in Section 3.2.

Proof. Let ¢ € H;T/ig(Ei). From the definition of D, /3, the functions u®(¢) [on
and u'? (D, /3¢) satisfy the half-space Helmholtz problem (4.2) with the same Dirich-
let condition on ¥, namely ¢y = Ds, /3¢ The uniqueness of the solution of this
problem implies that u¢(¢) |qu = uH(Dgﬂ/ggi)) and in particular, the traces of their
normal derivatives on X° coincide, yielding

8 e
R27r/3 <_ léy(?)

> =(Rygo AT o Dy /3)9.

Ei

where Ry, /3 is the restriction operator by symmetry defined in Section 3.2. This
relation proves the first part of the theorem. For the second part, we just use that
Eyr /3 is the inverse of Ryr /3. O

In section 5, we explain how to compute the half-space DtN operator with the help of
an adapted version of the Floquet-Bloch transform defined in 5.1.1 and the resolution
of a family of half-space problems (4.2) with k—quasiperiodic boundary conditions.
Section 6 deals with the characterization of the DtD operator Dy, /3. The computation
of Dy, /3 a priori requires to compute the solutions u® of the exterior problem (2.2)
defined in an unbounded domain. We explain, using the half-space problem and the
properties of the problem, how to obtain a characterization of this operator which
avoid the solution of the exterior problem.

5. Characterization of the half-space DtN operator In this section, we
tackle the Dirichlet half-space problem. In other words, for any ¢ € H'/ 2(nH) we
want to compute the solution u*?(¢) in H'(A, Q) of

iy [ W@t @) =0 mer
U/H(¢) = ¢7 on ZHa



Transparent boundary conditions for locally perturbed infinite hexagonal periodic media 13

(see Figure 2.1 for notations). We will deduce a characterization of the half-space
DtN operator A®

ou' ()

Ao =
ot |op

where v is the exterior normal to Q.

REMARK 5.1. The half-space problem is not only interesting as a step of our ap-
proach to analyze transparent boundary conditions for locally perturbed hexagonal pe-
riodic media. Indeed, it also appears naturally in transmission problems between a
homogeneous medium and a hexagonal periodic one (see [5] where such problems are
considered for the case of one dimensional type periodic media and [18] for the case
of square lattices.)
We develop a method for computing the solution of (4.2) and the operator A¥, by
adapting the method developed in [17, 19]. In these works, the half-space solution and
then the half-space DtN operator are computed using the Floquet Bloch transform.
More precisely, this is done via the resolution of a family of waveguide problems
with quasiperiodic conditions, each waveguide solution being computed thanks to the
resolution of elementary cell problems and a stationary Riccati equation. In our case,
this approach cannot be directly transposed since
e the waveguide boundary would not correspond to a physical boundary (see
the shaded domain of Figure 5.1);
e but most importantly, computing D, /3 would be much more intricate (see
Remark 6.4).
Instead, the half-space problem is handled by solving a family of half-space problems
with k—quasiperiodic boundary conditions.

5.1. The half-space problem: from arbitrary data to quasiperiodic data

5.1.1. The Floquet-Bloch (FB) transform and its properties Following
[17, 28], we recall below the definition of the FB transform and state without proof
its main properties.

Set K = R x (—w/L,n/L). The FB transform of period L (here L = v/3d) is de-
fined by

F: CPR) — Lip(K)

oy) = Folyk) = \/gz é(y + qL)e "*E.

qEZ

loc
f(-, k) is k— quasi-periodic, that means f(y +nl,k) = f(y,k)em“. We equip this
space by the norm of L? (Kg) where Ky = (=L/2,L/2) x (—7/L,7/L).

where L(QQP(K) is the set of functions f € L2 such that for any k € (—n/L,7/L),

The operator F can be extended as an isometry between L*(R) and Lgp (K):

Vo, ¢ € L*(R), (Fo, F)rz @) = (9,9) L2w)-

This transform is a privileged tool for the study of PDE with periodic coefficients
because it commutes with
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e any differential operator ;
e the multiplication by any periodic function with period L.
The FB transform is invertible and the inversion formula is given by

w/L

L

WER o) =5 [ Folkd (51)

—n/L
Next we define the partial FB transform in the y-direction in the half-space QF:
T
Fy: LXHQT) = L3 (QH X (—f Z))
w(z,y) = Fyu(z,y; k)

with
Ve, (Fyu)(z,--) =Fu(z,-)],

and Lp (2 x (—7/L,m/L)) is the set of square integrable functions f, locally in
the y— direction, such that for any k € (—x/L,7/L), f(-,k) is k— quasi-periodic in
the y—direction, that means f(-,y + nL,k) = f(-,y, k)e"™*L. We equip this space
by the norm of L? (QW x (—m/L, /L)) where QY = Q¥ N {y € (~L/2,L/2)} (see
Figure 5.1).

FIG. 5.1. The domain QW and its left boundary Eéo.

It is easy to see that the partial FB transform F,, defines an isomorphism from L?(Q#)
into Lp (Q x (—x/L,m/L)).

Now we want to know how the Floquet Bloch transform is defined or can be ex-
tended to the other functional spaces appearing in our study (H'(Q A), HY/?(2H)
and H’l/z(ZH)). To make a rigorous presentation, we need to introduce, k being a
parameter between —7/L and /L, the so called k-quasiperiodic extension operator

B9 e (L2(QW), Lfmif(QH)) defined by

Yu € LQ(QW), Vg € Z, ¥(x,y) € oW, E,?Pu(x, y+qL) =u(z,y) etk L

where Lim P

() is the normed space defined by

Lim»f(QH) = {u e L} (), sup/ lu|? < +oo}.
q€EZ JQW +qe,
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A natural functional space which appears is the set of locally L?, k—quasiperiodic
functions defined in Q| denoted L7 (2¥) and characterized by

L3 (") = B2 (£2(Q"Y)) .
We can introduce the corresponding k-quasiperiodic restriction operator
RY" € £(Li@™), L2 (@)
defined by
Vup € L), ROV uy i= wp|qw -
Noting that
L") = rZ" (LR (@™)),

it is easy to see that L?(Q) and L?(Q") are isomorphic. We can then consider
LZ(QH) as a Hilbert space when it is endowed with the inner product of L*(QW).
More precisely, we define the scalar product on L3 () as follows

P P
V(uk,vk) S Li(QH)2’ (ulka)Li(QH) = <RkQ uk,RkQ Uk)Lz(QW)'

Next we define smooth quasiperiodic functions in QF
CEO(QH) = {u IS COO(QH)7 u(z,y+ L) = u(x,y)e‘kL, V(x,y) € QH} .
and smooth quasiperiodic functions in QW
CE @) = BT (G2 (™))

Let HL(QW) (resp. HE(A, Q")) be the closure of C2(QY) in HY(QW) (resp. in
HY(A, Q")) equipped with the norm of H'(QW) (resp. the norm of H'(A, Q")) and
let H} (QH) (vesp. H} (A, Q7)) be defined by

H Q) = BT (HL QW) ( resp. Hi (A, Q) = E@F (H;(A,QW») :

that we also equip with the norm of H*(QW) (resp. the norm of H*(A, QW)).
REMARK 5.2. The functions of H,i (QH) are nothing but the k— quasiperiodic exten-
sions of functions in HL(QW). Therefore they are H' in any horizontal strip but not
in the vertical ones.

Let us denote (see Figure 5.1)

6 =S naw  (£x9).
and let us define H,{l:/2 (28,) by

1/2
H(Sh) = {ulyy, , we HYQY)},

equipped with the graph norm. We define the space H ,1/ 2(ZH ) by k—quasiperiodic

extension of functions of H, ,1/ ?(3bo):

1/2 1/2
Hk/ (ZH) = EkQP (Hk/ (Zgo)) >
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that we equip with the norm of H;/Z(Eéo).

The space H;/Q(Zéo) is a dense subspace of H'/?(X§,) and the embedding from
H;/Z(ZSO) onto H'/2(X§,) is continuous. We can then define the dual space of

H;/Q(Eﬁo) that we call H,;l/Q(Zgo). According to Green’s formula, we can show
that

_ ou
H, Y2(26) = {_8u

£
E00

To define the space of k-extension of functions in H, 12 (36o), we need to define the
extension operator E,?P on H 1/ 2(260) in a weak sense. Actually, this can be done
by duality by setting for all (¢o, ¢x) € Hy, /*(Shy) x HY?(SH)

0

p P
(B2 7[’03¢k>(H;/2(ZH)>/,H;/2(EH) = (o, RY ¢k>H;1/2(Zeo)vHi/2(ZSO)'
Finally, we define H;1/2(EH) = E,?P (Hk_l/Q(Ego)) :

We can now state the following results.
THEOREM 5.1. F, is an isomorphism from X* onto
Xop= {uelLl?®(-n/L,x/L;X") | fora. e ke (—n/L,m/L),a(:;k) € X'},
w/L
equipped with the norm ||ﬂ||§(QP = / |l k)||§(£{ dk where
—n/
o X7 =HYOQH), Xgp = pr (QH X (—7T/L,7T/L)) and X = HH(QH);
o XH = HY (A OM), Xop = Hpp (D97 x (—7/L,7/L)) and
X[ = HL(A,QF);
o XH = H'2(SH), Xop = Hyp (S7 x (—n/L,w/L)) and X{ = H/*(SH).
Finally, we can extend by duality the definition of F, to the space H -1/ 2(xH) intro-
ducing the dual of Hé/lf (S x (=7w/L,7/L))

Hop? (B9 x (=1/L,7/L)) ==

{0 € L2 (=r/L,7/L; X) |k € (=n/L,x/L), O k) € Hy VA=) |,

/
where X = E@7 ((H&f(zgo)) ) .

According to Theorem 5.1, the partial FB transform F, defines an isomorphism from
H'2($H) onto Hé/Pz (S x (=m/L,m/L)). Using the Riesz representation theorem,
the FB transform can then be extended by duality as an isomorphism from H 1/ 2(xH)
onto H(glim (S# x (=m/L,m/L)) see [19] for more details.

5.1.2. Application to the half-space problem The above results imply
that for almost every k in (—mw/L,n/L), we have

Vo € HY2(SH), 6y == Fyo(- k) € H{*(SH)
Vi € H-Y2(SH), gy i= Fyb(k) € Hy 2 (SH)
vuf € HY(A,QH), @ .= Fufl (k) € HH (A, QH)
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The following theorem is a direct consequence of the properties of the FB transform
given in the previous section.

THEOREM 5.2. Let uff(¢) be the solution of problem (PH) (see equation (4.2)).
For every k € (—n/L,w/L), ﬂf(:ﬁk) = Fy (u(9)) (k) is the unique solution
H;(A,QH) of the half-space problem with the k-quasiperiodic boundary condition
o = Fyd(-;k).  Using the inversion formula (5.1), we can recover u” (¢) in the
whole domain Q for any Dirichlet condition ¢ € H'/2(XH):

w/L =R
uf (9) = \/Z / ) (5.2)

Then we can show the following theorem which expresses that the half-space DtN
operator A¥ can be described in terms of a family of “quasiperiodic” half-space DtN
operators.

THEOREM 5.3. The half-space DtN operator AT is given by:

i3 w/L PR
Vo e HY2(SH), AHg— \/7/ RH Gy d, (5.3)
T J_7/L

where KkH 1s k—quasiperiodic half-space DtN operator, defined by

NH > _ aakH(‘Zk)

Ay dk Eoi (5.4)

EH

According to relations (5.2) (resp. (5.3)), the solution of the half-space problem
(resp. the half-space DtN operator) for arbitrary boundary data ¢ is obtained by
superposing the corresponding solutions (resp. DtN operator) for quasiperiodic data.
The next subsection is devoted to solving such problems.

5.2. Solution of the half-space problem for quasiperiodic boundary data
Let k be in (—7/L,n/L), we explain here how to compute the solution of (P) (see

(4.2)) for k—quasiperiodic boundary data ¢ := o € H;/Q(ZH). We have seen in the
previous sections (see in particular Theorems 5.2 and 5.3) that for any q/b\k €H ;/ 2(EH ),
(4.2) admits a unique solution akH(Zsk) € H} (A, Q) and /A\kHéS\k € Hk_l/Q(ZH).

This half-space problem is in some sense the counterpart of the waveguide prob-
lem with k—quasiperiodic conditions used in [17, 19] to determine the half-space DtN
operator for the case of a square periodicity cell. In [17, 19], the basic tools are the
resolution of elementary cell problems and a stationary Riccati equation whose solu-
tion is a so-called propagation operator.

Let us begin with some notation. Let Cypg be a periodicity cell whose boundary
meets the vertical boundary . Given p € N, ¢ € Z, we introduce the vector
Vpq = pe1 + ges (See Assumption (Al) in Section 1 and Figure 1.2 for the definition
of the directions of periodicity e; and ez). The cell C,q of the periodic half-space can
then be defined by translation of the reference cell (see Figure 2.3)

VpeN,qeZ, Cu=Coo+ Vpg
We will denote by (2, the vertical “strip” containing the cell Cpo:
Q= G

qEZ
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In the following, for a cell of periodicity Cp,q, we introduce the oriented boundaries
described in Figure 5.2.

F1G. 5.2. Notations used for a periodicity cell

Finally, using the k-quasiperiodic restriction operator Rgp and the k-quasiperiodic
extension operator E,?P defined in Section 5.1.1, we recall that H ,1/ 2(§]H ) is isomor-
phic to Hy/?(S6,).-

5.2.1. The propagation operator = We can now introduce the operator Py
defined by

vl € H*(Sh).  Puoh = @l (BT )|

10

where @kH(EkQP #9) is the unique solution of (P) (see (4.2)) with boundary condition

the k—quasiperiodic extension of ¢2: E,?P ¢g.

Fia. 5.3. Description of the propagation operator

REMARK 5.3. For the sake of simplicity, we will often identify throughout the paper

functional spaces of functions acting on Equ, with the same spaces acting on %§,.

Typically, H;/Z(Ef,q) for arbitrary (p,q) € N x Z will be identified with H,i/z(Ego).
The operator Py, considered now as a bounded linear operator from H, ,1/ 2(260) onto
itself (see Remark 5.3), is called a “propagation operator”. Indeed, the solution can
be reconstructed in any cell of the medium from its values in the reference cell Cyg
and the knowledge of Py, as shown in the next result.

THEOREM 5.4.  For any k—quasiperiodic condition &;k € H;/Q(ZH), the solution

ﬁ,?(g/b\k) of (4.2) is given by

WeN, ez, (%), =BT PLRI 0|, (5.5)

Pq 00
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Proof. First of all, it is clear that the periodicity and the well-posedness of the
problem in the vertical direction implies that for any ¢ € Z, we have

= e Gl (G)

i (o)
Oq

. 5.6
. (5.6)
In the horizontal direction, due to the periodicity and the well-posedness of problem
(4.2), we note that the value of u on the cell Cyq is related to the one on the cell Cyg
as follows

i (0| = (BT PRI o)) (5.7)
ClO COO
By induction, one easily gets that for all p € N there holds
il (on)|, = (B PERY n)| - (58)
Cpo Coo

Combining relations (5.6) and (5.8) yields the claimed result (5.5). O

The next result collects some useful properties of the propagation operator P.

COROLLARY 5.5. The operator Py, € ,C(H,i/2 (280)) is a compact operator with spectral

radius strictly less than one.

Proof. The compactness of P, € L(H ,1/ *(26,)) follows easily from interior regu-
larity and Sobolev compactness embedding arguments.

By definition of the space H} (A, Q) (see Remark 5.2), ﬂkH(g/b\k) satisfies in particular
for any ¢, € H;/Q(ZH)

Due to the k-quasiperiodicity of ((;Aﬁk)7 the above relation is equivalent to

/ [ (1)2 < +oo
UPENCPO

Moreover, using Theorem 5.4, we have

/ @GP = 3 / Al (o)
Upen Cpo peN 7 Cpo
Iy P P
- Z/C (it (B2 PP RE” G4 2.
peN 00

Consequently, if A is eigenvalue of Py and ¢ an associated eigenvector, combining the
last two relations for ¢y = ¢ shows that

Shr) [ @R <o
peEN Coo
from which we get that

[A] < 1.
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0

According to Theorem 5.4, the solution of the half-space problem (4.2) for a k—quasi-
periodic Dirichlet condition is completely determined on the whole domain QF as
soon as it is known on the reference periodicity cell Cqg, provided the propagation
operator Py is also known.

5.2.2. Elementary problems

Like in [17, 19], introducing elementary problems allows us to restrict the half-
space problem for quasiperiodic boundary data to the determination of the propaga-
tion operator Py.

More precisely, given qbk € H, L/ Q(Eg ), let us introduce the solutions of the follow-
ing problems set in the Vertlcal strip Qo = U g€z Coq

o Ei(4)) € HE(A,Qp) is the unique solution of (see Figure 5.4)

AEf(69) + pEf(qsg) =0, inQy,
(¢ ) on X, (5.9)
EL(¢9)

o EI(¢Y) € H} (A, Q) is the unique solution of (see Figure 5.4)

0
k
0 0

b on X,

AE}(4}) + pEj(¢7) =0,  in Qo,

=0, on 3§, (5.10)
= ¢%, on X,.

Let us emphasize that the boundary conditions are described only for the two left

lateral sides of Cyg and Cyg, as the boundary condition on qu (resp. on E‘{q) for
q € Z* follows directly from the one on X, (resp. on X{,) by k—quasiperiodicity.

F1G. 5.4. The two strip problems for Eﬁ (on the left) and Ej, (on the right)

We also introduce the elementary cell solutions
en(h) = Ee(d)]e,,  and  ep(é}) = EL(})]e,, -

Conversely, it is clear that Ef(¢)) and E7(¢9) are uniquely determined by the above
elementary cell solutions due to their quasiperiodicity. Therefore, in practice, one
simply needs to solve the corresponding cell problems set in the reference periodicity
cell Cog. One might thus wonder why we have introduced the strip problems and
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not directly the cell problems. In fact, it turns out that viewing the elementary cell
solutions as restrictions of the strip problems leads to more compact and simpler ex-
pressions in the following.

The main advantage of these elementary problems lies in the fact that, by linear-
ity of (4.2), one has

= EL(RE" én) + EL(PuRE  o1),

it (@),

and then in the reference cell

B! (Gr)|, = eh(6h) + ek (Puol)- (5.11)

5.2.3. The Ricatti equation for the determination of the propagation
operator

Assuming the elementary cell solutions are known, it remains to determine the
propagation operator Pg. To this end, we use the same strategy as in [17]. In short,
the equation characterizing the propagation operator Py is obtained by writing the
continuity of the normal derivative of @f’ across each boundary ¢ , which is ensured
by Theorem 5.4.

To this end, we introduce four local DtN operators associated to the elementary
problems (5.9) and (5.10). We refer the reader to Section 5.1.1 for the definition of

the spaces H;/z(Zgo) and H;l/z(zgo).
DEFINITION 5.6. We introduce the following local DtN operators

7-l:j € ‘C (Hli/z(zgo)aHk_l/z(Ego)) ’ ivj € {f,?”},

where for all ¢Y € H;/Q(Eéo)f

Tk = VE(&R) v |y, Tiroh = VEL(R) v |5,
Tok = VEL($R) v |, T oh = VEL(dR) v |se,
where v s the outgoing unit normal to Cyp.
N 2 f
e

(d e N f AN
b
_—
Fi1c. 5.5. The four local DtN operators

The characterization of the operator Py is then given by the following result.
THEOREM 5.7. The propagation operator Py is the unique compact operator of
E(H;/Z(Ego)) with spectral radius strictly less than 1 solution of the stationary Riccati
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equation

TP+ (T + TPy + T = 0. (5.12)

Proof. The proof involves two steps: we first show that Py satisfies (5.12) and
then we prove that (5.12) has a unique solution with spectral radius strictly less than 1.

Step 1: Py satisfies (5.12). First of all, according to Corollary 5.5, Py, is an oper-

ator in L(H ,1/ %(x8,)) with spectral radius strictly less than 1. Moreover, using the
continuity of the normal derivative of 4, we obtain using equations (5.7) and (5.11),

that for any ¢0 € Hy/*(S6,)
(VEL(SR) + VEL(Prdr)) vl == (VEL(Ped}) + VE(PEOY)) - vlsy
which gives
Te"(00) + Ti" (Prdi) = =T (Pudi) — To“ (Pioh)-
Since ¢\ € H;/Q(Ego) is arbitrary, we get
Te"+ (T + T Pe+ TPE =0,
which is exactly (5.12).

Step 2: Uniqueness for (5.12). This result follows immediately from the unique-

ness of the solution of (4.2). Indeed, assume that P € £(H;/2(zgo)) has a spectral
radius strictly less than 1 and satisfies

7;7"8792 + (77622 + 7;7"7“)7) + 7;27“ = 0.

Then, one can easily show that for any ak € H;/z(ZH) , the function v defined in

each cell Cpq, p €N, q € Z, by
v ‘Cm = elqueﬁ (Pp RI%QP q/gk) + 62 (er—i-l REQP ak%

belongs to H} (A, Q) (thanks to the definition of ef and e} and using the fact that
P is a solution of the Riccati equation with spectral radius strictly less than 1) and
solves (4.2). Then, the uniqueness of the solution of (4.2) in H}(A, Q) implies that

v= akH(QZk)a
and by definition of v and Py, we deduce that P = Py. O
By Theorem 5.4 and expression (5.11), solving the elementary problems (5.9)-(5.10)

and the Riccati equation (5.12) allows us to reconstruct cell by cell the unique solution
of (PH) (see (4.2)) in the case of quasiperiodic boundary data.

Finally, we deduce from the above analysis the expression of the DtN operator for
quasiperiodic boundary condition:
PRrOPOSITION 5.8 (DtN operator for quasiperiodic boundary data). Suppose that

the data quk € H;/Q(EH), the DtN operator is given by

M o = EST T ROP ) + E@T TPy, RO 4. (5.13)
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5.2.4. Additional tools We conclude this subsection by introducing four local
Dirichlet-to-Dirichlet (DtD) operators associated to the cell Coo that will be needed
in the sequel.

DEFINITION 5.9. We define the local DtD operators by setting for all ¢ € H;/z(ZSO):
Dy o = EL(4})
DR = B (4)

N and Dy &} = Bi(4})

Too?

pe o ond  DEef = FR(6))

Coo”

Identifying Eéo, I'yy and F(J{O, the above operators will be considered as bounded linear
operators from H;/Q(Eéo) onto H'/2(X6,).

F1G. 5.6. The four local DtD operators

Using Theorem 5.4 and expression (5.11) we obtain the following result.

COROLLARY 5.10. For any ggk € H;/Q(ZH), for any p € N and q € Z, we have

akH(ak) )F;q — kL {Di* PP RgP ak‘ + D;* 7;]€+1 R,?P ak} 7
A (00) |ps, = € [DL PLRET i+ D PLT RET 6]

6. Characterization of the DtD operator This section is devoted to the
determination of the DtD operator Dy, /3. We first show in Section 6.1 that it solves
an affine equation involving an operator D associated with the half-space problem.
Using the FB transform, we derive a semi-analytic expression for D¥ in Section
6.2. Finally, we deduce in Section 6.3 an equivalent integral formulation of the affine
equation which is more suitable for future numerical approximation.

6.1. The affine equation
First of all let us introduce some useful notation (see Figure 6.1): ©# = $-ux0ux+,
EQ_W/B = Ogr/3X7, Z;ﬂ/g = @,Qﬂ/gEJr, where the center of the rotations ©4or/3 is
the center of Q. Let us remind that Q2 is the half-space at the right of .

Let us recall that Dy, /5 is defined by (see Figure 2.2)
Doqyz: HY2(SY)  —  HY?(2H)

¢ — u(P)|sn .
We first remark that Dy, /3 belongs to the affine space:

Lo = {L € LULL (50, HA(EM), Y6 € BT,(S)  Lolso = 6l } -
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Fia. 6.1. Symmetry axis

Let us introduce, D, called the half-space DtD operator, defined by
DH . gYx(xH)y — HY(sH)

DH¢|2— = “H(d’)’z;ﬂ?’
v o DYl = W),
DH1/’|2+ = “H(¢)|2;ﬂ/3
where we have identified ¥~ and 3, /30 ¥* and E;ﬂ /3 taking into account the direc-

tions shown in Figure 6.1.

REMARK 6.1. The range of DY is included in HY/?(SH) because for any ¢ €
HY2(2H), DH4 is nothing but the trace of the H' function u™ (1) on the broken
line Xon/3Y ¥ou Z;;r/S (identifying X1 with Yon/s U ¥ou E;r/?’).

We have then the following fundamental theorem

THEOREM 6.1. The operator D, /3 is the unique solution of the problem:

Find D € Lyxo such that D = D* o D. (6.1)

REMARK 6.2. Note that since Lxo is an affine space, the problem (6.1) is an affine
problem, even though the equation is linear.

Proof. Existence: We prove that the operator Dy, /3 is a solution of (6.1). We
have already seen that

u®(9) [qn = uH(D2w/3¢)' (6.2)

(X9, u®(¢) is in H}

2r/3(§2%). In particular,

. . 1/2
Moreover, since ¢ is in H,. /3
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® X, /3 = O2r/35" which implies ue(gi>)|2;ﬁ/3
uH(D?ﬂ/3¢)|Z;w/3 = u®(¢)|g- using (6.2),

o u®(¢)|s0 = P|so,

o X = 0558, which implies u(6)] e = u*(6)]y;  and then u(¢) s+ =
UH(DQW/3¢)|22+W/3 using (6.2).

Using the definition of D | we obtain that Ds 3 solves (6.1).

= u®(¢)|g- and then

Uniqueness: Let D be an operator from HY? (%%) into HY?(2H) such that for all

27 /3
XS H217/33(Zi), Dg|so = 0 and which satisfies
DfoD—-D=0. (6.3)

We prove that D = 0. Let ¢ € H;ﬁB(Ei) and vy = uff (D¢) defined in Q. We have

in particular

vo |50 = uf (D) |0 = Do |50 = 0.
Now we build a function in the half-space Q5. /3 = 9277/3QH by: var /3 = v0(O2x/3).
By a classical argument, since v is solution of (4.2) in Q| it is clear that Var/3 1S
solution of

Avyrsz + prar/z =0, in Qorys,

while vp|X° = 0 implies V273 (@4, 550 = 0. We are going to show that vy and v /3

coincide in Q7 N (@277/3QH). The difference dyr/3 = vg — var /3 satisfies
Ad271'/3 + pd27r/3 =0, in off N (@2TF/SQH)7 (64)

with boundary condition:

dar/s s+ = vo |+ — Var/s|nr = vo o+ — vo Sies

= — — _
227‘_/3 0 |E ’

dzw/s 0|s- . — V2n/3

— =
27 /3 E2 0

E;W/3 /3

since 2+ = @271-/32;—71_/3, 22_71_/3 = @27‘-/327 and ’1)271-/3 = Uo(@gﬂ-/g). USing the defini-
tion of vy, we have

dar sz s+ = u (Do) |5+ —u' (Do)

2;/3 )
which gives using the definitions of u¥ and D¥

dorss s+ = D¢ lss — D" o Dglss
and then by (6.3)

d27r/3 |s+ = 0. (6.5)
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In the same way, we have :

n- _uH(D¢)|E* s

27/3

d27r/3 ’g;ﬁ/s = UH(D¢)

and then, using again the definition of «¥ and D

s- —D"oDg¢

27 /3

o =0 (6.6)

2m/3

d27‘r/3 ’22—”3 = Dd)
A uniqueness argument for the Dirichlet problem (6.4), (6.5), (6.6) yields va, /3 = vo
in QH n (G)QF/BQH).

With the same argument, we can construct three solutions of the Helmholtz equation
V0, V2r/3, V4r/3 respectively in the domains O, ®2ﬂ/3QH and @4ﬂ/3QH and which
coincide in the domains where they are jointly defined:

o vy = Var/3 in Q7 N (Og,/307),

® VUgr/3 = Usnsz i (O2r3Q27) N (4307,

L] ’U4ﬂ-/3 = Vo in (@47T/3QH) N QH
Thus we can construct a function U¢ € H!(Q2¢) defined in Q¢ by

Ue |®k‘7r/396 = vkﬂ'/?ﬁ ke {07 274}7
so that U€ is an H'-function which satisfies
AU + pU® =0, in Q°,

with homogeneous Dirichlet condition on ¥?. From the uniqueness for the exterior
problem we get U¢ = 0 in Q¢ and therefore D@|ss = U¢|s;i = 0. This concludes the
proof of Theorem 6.1. 0

6.2. Characterization of the half-space DtD operator
Let us recall the definition of D :

D g2 (s — HY2(sH)
D"y lz- = UHWJ) Son/s
" — Dy ls0 = u(4) |50 :
D) |+ = UH(¢) She/s
where we have identified ¥~ and 3, /30 ¥+ and Z;ﬂ /3 taking into account the direc-

tions shown in Figure 6.1.

Thanks to the results of Section 5, we can give a semi-analytic expression for the
DtD operator D
PROPOSITION 6.2. For any v in HY/2(SH) and for any € in (—n/L,7/L), we have

L w/L -1 R
FuDTON0 =g | e H (P + D) (T Pactt) T RE g dk
L /L
+ — Y [0 dk 6.7
27T —7T/L |E ( )
L

L -1 ~
= e O (D 4 DPy) (T = Pre HHO)  REV O dk,
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where 1y, = Fyo(-, k), the local DtD operators Dii and Dzi are given in Definition
5.9 and Py is the propagation operator defined in Section 5.2.1.
REMARK 6.3. Let us remark that the subscript k of the operators in formula (6.7)
means that they actually depend on the variable k.

Proof. Let k € (—n/L,m/L), we express first D {b\k for k—quasiperiodic bound-
ary data Un € H;/z(EH). By definition of D, we are then interested in expressing

@kH(sz) ‘Z;r/s’ ﬂf(@k) |so and ﬂkH(sz) S Using notation of Section 5.2, let us
remark that
0 “+o00
E271'/3 - U Fno’ z27r/3 - Fn,—(n—i—l)’
n=-4oo n=0

taking into account the directions shown in Figures 6.1 and 5.2.

Using Corollary 5.10, we have
e on E;ﬂ/g, for all n € N,

e, = (D PR+ D PR RV,

and DH {/;k ‘2; = ﬂf(@k) rt where we have denoted ¥, = @_Qﬁ/gfflg;

e on X°
DMy |z = g (1) |so = Vi |50 5
e on Z;ﬂ/y for all n € N,
) oo = e IR (D PR D PR RE
and DH . st = akH(sz) ‘F;,—(n+1) where 37 = O3l (i1

For any data 1) € H'/?(2H), we use the FB transform and formula (5.2) to obtain
the expression "piece by piece” of D¢ from ¢y, = F, (-, k)
o on X =UpenX,, for all n € N,

H L ~/L {+ pn r+ pn+1 QP
D , (DL P+ Dy Pt Ry dk;
—m/L

e on X0
" L /L N
Dl =\[5r [ Dulsndks
™ —n/L
e on ¥ = U,enS), for all n € N,

L /L N
D" olos =5 | O (O P+ D P Rk
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We finally apply the FB transform in the y— direction to D 4

0 00
Z DHw ‘2; ez§(n+1)L +DH’1/J ‘EO + ZDH,IZ}
n=0

L

FDH )6 =/ o

7745
s €

(n+1)L‘| )

By inverting the integral over (—7/L,7/L) and the sum over n, we are led to use the
following formula:

S PpetntiL _ 2L (7 py iy~ (6.8)
neN

with ( = k or ( = k + £. Note that this is possible as for every k, Py is compact
with spectral radius strictly less than 1. Actually, we could prove like in [17] that for
pp > 0 (defined in (1.5)), the spectral radius p(Py) of Py is uniformly bounded in &,
by a constant that is strictly less than 1:

™ T

3C >0, Vi € (_Z’Z

) , p(Pr) <e .
The property
lim |[P7)Y"™ = p(Py)

n—-+4o0o
for the norm of £(L?(X§,)) ([41]) implies that for some o €]e=?» 1], j large enough
we have for all k

1P < o,

which yields the absolute convergence of the series (6.8). Therefore, for each ¢, 7 —
Pre® L is invertible and the sum (6.8) converges uniformly in the norm of £(L?(3§,)).
Exchanging the order of the integral and the sum is then possible. O

REMARK 6.4. Qur choice of solving a family of k—quasiperiodic half-space problems
instead of a family of k—quasiperiodic half waveguide problems simplifies the expres-
sion of D™, Indeed, expressing u'l (¢) on Z;/:‘ is much easier by doing so.

6.3. Towards the integral equation

Let us give now more precisions about the resolution of the affine equation (6.1).
Since the operator D' is characterized via its FB transform, it makes sense to refor-
mulate (6.1) using the FB transform.

COROLLARY 6.3. For any ¢ € HQIT/ri?)(Zi), the function

12%/3 i=Fy(Dons3d) € HCB/IZ (ZH x (_%’ %))

is the unique solution to the following problem

Find ’L//J\E Hég/; (ZH X (—%, %)) , such that ,
@) vee(-42), (.- ﬂul¢%h®$@@dk:a
! 6( L L) /W/L ©9)

Ny L w/L =N
uw¢%ﬂwwwmﬁzmm
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where K (k,&) € L (H;/Z(EH),H;/Q(EHD is given by

K (k, &) = % L (DI 4+ DIPL) (T — Preth) ™ ROP

L
—~RH
* 2w
L -1
+ e RO (DL 1 DY) (I - Pke*““m) ROP,
with RY the restriction operator from L on X0 defined in Section 4.  Relation

(6.9)-(i) is the FB transform of Equation (6.1) while relation (6.9)-(ii) expresses in
terms of the FB-variables the condition:

Dsyr3¢ |50 = ¢ |so .

From a practical point of view, it seems to us that it is easier to solve (6.9) instead
of (6.1). The advantage is to replace the discretization of an infinite set by the
discretization of a compact set.

7. Summary and conclusion In this paper, we proposed a method to solve
scattering problems in infinite hexagonal periodic media containing local perturba-
tions. We have computed the Dirichlet-to-Neumann map on the boundary of a
bounded domain which respects the hexagonal geometry. By doing so, the initial
problem is reduced to the solution of a boundray value problem set in a cell con-
taining the defect. The computation of the DtN map A is based on a factorization
through a half-space DtN operator A and a DtD operator Ds, /3 (see Theorem 4.1).
We sum up below the main steps to be followed in order to compute A¢, for a given
boundary data with hexagonal symmetry ¢ € H21 7'/r %(Zi).

1. Pre-processing steps
For all k € (—w/L,w/L) (a) Solve the cell problems (5.9)-(5.10)

(b) Compute the local DtN operators
(see Definition (5.6))

(¢) Compute the local DtD operators
(see Definition (5.9))

(d) Solve the stationary Riccati equation (5.12)

e) Compute KkH thanks to relation (5.13)

2. Solve integral equation (6.9) using the steps (1)-(c) and (1)-(d) to obtain

Banss = Fy(Darsa0)
3. Using relation (5.3),

L [™F -
Ap= 7/ Ay 1/’27r/3(’>k) dk
T J-=/L

The pre-processing steps only involve the solution of elementary problems set on
bounded domains, for each values of k. These steps can be easily parallelized as the
problems for different values of k are decoupled. Solving the integral equation (6.9)
constitutes the main difficulty in implementing the algorithm. The discretization and
numerical investigation of the problem will be considered in a forthcoming article.
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