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Abstract

We study the differentiability of the CIR process with respect to its parameters.

We give a stochastic representation for these derivatives in terms of the paths of V.

1 Introduction

The CIR process is defined as the unique solution of the following stochastic differential
equation:
AV, = (a — bV,)dt + o/ Vi dW,, Vi =, (1.1)

where a, o, v >0 and b € R (see [8] for the existence and uniqueness of the solution of
the SDE). This process is widely used in finance to model short term interest rate (see
[3]) but also used to model stochastic volatility in the Heston stochastic volatility model.
The option prices in these models depend in the values of the parameters of CIR process.
On the other hand, these parameters are often calibrated to market prices of derivatives,
so they tend to change their values regularly. The knowledge of the derivatives of the CIR
process with respect to its parameters is therefore crucial for the study the sensitivities
of prices in these models.

The most common approach to study the sensitivity of stochastic differential equation

with respect to its parameters is to use the Malliavin calculus, especially for the sensitivity



with respect to the initial value. The Malliavin derivative gives a stochastic representation
of the sensitivity of process with respect to its initial value. We note that the coefficients
of (1.1) are neither differentiable in 0 nor globally Lipschitz, so the standard results (see
e.g 19],[5]) cannot be used here. Nevertheless, for the special case of CIR process, Alos
and Ewald ([1]) show the existence of Malliavin derivative of the CIR process under
assumption (2a > 02). In mathematical finance, the sensitivities of option prices with
respect to not only the initial point, but also other parameters, need to be studied very
carefully.

In this article, we study the differentiability of the solution of (1.1) with respect to
the parameters a, b and o in £, sense (see next section). We show that, under some
assumptions, this process is differentiable with respect to these parameters and give a

stochastic representation of its derivatives.

2  Differentiability

For technical reasons, we will rather consider the square root of V', denoted X". Through-
out this paper, we assume that
2a > o (2.1)

Under this assumption, we have for any T,v > 0, P(Vt € [0,7]: V;* >0) = 1. The

process X" is the unique solution of the following stochastic differential equation

a o?\ 1 b o
dX; = - — — —=X? ) dt+ =d X! = ) 2.2

We start by studying the differentiability of X with respect to the parameter a. We
consider here the £,-differentiability of the function a — X"(a), i.e the existence of a

process X, so that

Xila+e) — X{(a)

— X,(s)||| =0 (2.3)

p

lim

su
e—0 P

s<t

We have the following result

Proposition 2.1. Let b € R and o, x > 0. For every a €|o?, +oo[, let X, be the unique



solution of the SDE :

a o2\ 1 b o
X, = - — | — ==X —dW,., X(0) =
d t ((2 8) ; 5 t>dt+2d ts (O) X

and let ag > o2

2aq
o2

— 1 and its derivative (X,) is given by

: 1 b a o® ('du
Xa<t):/0 2X exXp <—§(t—u)—(§—§)/ ﬁ) dS.

Proof: Let X¢ be the unique solution of the stochastic differential equation

€ CL"‘E 0-2 1 b € g € __
wg_<( 2-m§)if—?&)ﬁ+§m%,xm_¢a

For € > 0, define R§(t) := Xf — X;. We can easily see that Rf is given by

t
1
Ry (t :eUG/ uo! ds,
0() t 0 ( ) 2XS

t a+e o2 1 b
U =exp(— [ afd ith af = -z -,
exp ( /0 al s) , with af < 5 g ) X + >

We have, using the fact that for any s < ¢, e~ Js @idu < ¢=0/2\/ 1 a5

where

Rs(t t(e /21 1
LAOINIC ) sup L.
€ 2 s<t XS

On the other hand, we have, using Lemma 2.3.2 of [4] ,

2a 1

In particular, we have for any p € [1, 2 (i—‘; — 1) [,

< +00.

1Rl < Ce.

. Then the function a — X, is L,-differentiable at ag, for any 1 < p <

(2.4)



Let’s now set
1

ds.
2x, "

Xa(t) = lim ﬁ(zf) — Uto/o (UO)_l

e—0 € s

We have HXG’

< C'. Furthermore, X, is solution of the stochastic differential equation:
p

- a o>\ 1 b\ . 1
dX.(t) = — —— — | —= + = | X (t)dt + —=dt.

Let R{(t) = X; — Xi — €X,(t). The process RS is a solution of the stochastic differential

equation

a0 = (~aimi(0 - Xuto) (o - [G - T +5) | e

On the other hand, we have

a o2 1 b ay b €
(D) ) = (S ) B+ ——
i <<2 8)Xt2+2) <Xt 2Xt) o)+ 5%

It follows that R{ can be written as

[

ri(0) =0 [ 0o (0 (< (S - ) R - 55 )
o Xy 22Xy 2X?2 ’
Using (2.5) and the fact that for any s < ¢, we have e~ /s @4t < 1ve=t/2 and fot af e~ Jiotdugg —
1 — e Jooidu o got
Vi<p< o1 IR, <Ceé O
o

The differentiability with respect to b is obtained in the same. The proof of the next

Proposition is almost identical to Proposition 2.1.

Proposition 2.2. Let x,a,0 > 0 so that 4a > 30%. For every b € R, let X, be the unique

solution of the SDE : dX; = ((9 — "—2> L bXt> dt+3dWy, Xo = x and let by € R. The

2 8 )X/ 2
function b — X, is L,-differentiable at by, for any 1 < p < 2(% — 1) and its derivative

o2

X, is given by

b du

K= [ Grow(—5e-u-G-5) [ ) (26)



We now consider the differentiability of X with respect to the parameter . We
propose an extension of the result of Benhamou et al (cf. [2]) who show that ¢ — X is
C? in neighborhood of 0. We will show that this function is C! in [0, /a[ and C* around
0.

Proposition 2.3. For any o € [0,+/a[, the function o0 — X is C* at o in L,-sense, for
every p € |1, i—% — 1[ and its derivative is the unique solution of the SDE :

X, (1) = (-i _ (g _ %) XT(? _ gXJ(t)> dt + %th. (2.7)

Proof: Let X¢ be the unique solution of the SDE :

a (c+e?\ 1 b o+e
dX; = ——— | —= — =X/ | dt d X5 =+/v.
' ((2 8 )Xte 2 t) P W Xo= o

Let set R(t) = X; — X;. In particular, Rf solves the stochastic differential equation:

a (c+€?*\ 1 b a o>\ 1 b €
(1) — 9Ty 2 Pxe (279 ) 2 4 x <
1

B a (o+¢€)? bl . 2e0 + € €
- <_K2_ 3 )XsXSJFQ}RO(t)— 3X, )dt+2th.

S

It follows that R can be written as

t 2 _|_ 2
Ri(t) = U / ey (—%ds N gdws),

where U€ is given by

t
Uf = exp (—/ aéds) (2.8)
0
and ( e ) )
c_f(a (o+e b
al = (2 g ) XX, + 5 (2.9)

Applying the It6 formula to the product (Uf)~'W;, we have

2 2 t d t
Rift) = —=2-0 [+ g vt [ waw;

>



On the other hand, using the fact that af > b/2, a.s, we know that for any s < ¢, we have
0<USUH™ < 1Vve ™2 q.s. It follows that

td
m) < e [ 5+ 5 (s - o)

- 0 Xs 2 s<t s<t

1
< ¢(t) sup — + esup Wi (1 + Uy)Uf.

o s<t s s<t

Using (2.5), we have, for any 1 < p < 2 (i—‘; — 1),
|75l < Ce. (2.10)

Let’s now set
o

) t 1
X(t) = U /0 (U0)-1 (_ Tds+ §dws).

We have Xo < (. Furthermore, we can easily see that XU is solution to the stochastic
p

differential equation:

: a o*\ 1 b\ . o 1
dX,(t) == (= — =) =5 + = | X,(t)dt — —=dt + =dW,.
() ((2 8)X§+2> () 1, Mo W

Set RS(t) = Xf — X; — eX,(t). The process R solves the stochastic differential equation:

i) = (~aimio - X (i [ (3~ D +3)] - o5 )

On the other hand, we can easily see that

a o> 1 b al b 2¢0 + €
A Y G TS ) I (. S I () ey
i ((2 )%t 2) (Xt 2Xt) Bolt) - 55

It follows that R{ can be written as

t 2 € 2
. . o1 € - as b . 2e0 + €
R{(t) = U; /o (Uy) (_8X5ds +eX,(s) ((Xs — 2Xs> Ri(s) + SX? )) ds.




We have

[Rit)] <

? Ui (Us) E <>r((§—i+2§5)|z~za<s>|+2€;’—;f))ds
e [ v SRR s

= C(t>/o (SX (1) (2;)( °<S>|+2€g)z262))d8

+ecy(t) sup <—|X”(S>)QR8(S)|> .

IA

Finally, using (2.5), we have, for any 1 <p < (2% — 1),
IR, <Cce. O

Proposition 2.4. Under the assumptions of Propositions 2.3, 2.1, 2.2, the solution of
the SDE (1.1) is differentiable with respect to the parameters a, b and o. Its derivatives,
denoted by V,, Vi, and V,, respectively, are given as

Vi(t) = \/Vt/otVlvsexp<—g(t—u)—(g—g)/:%)dsv
Vi(t) = —Wt/Ot\/Vsexp (—%(t—u)—(g—g)/:%) ds,

. 2 2 a o t dr t _g(t_u) uw Vi
Valt) = ~Vi=~VVi Joe HE-EIRE /Oe du | (2.11)

Proof: As V; = X?, V is differentiable with respect to the parameters a, b and ¢ under
the assumptions of Propositions 2.3, 2.1, 2.2. The derivatives V, is given as solution of

the SDE :

AV, (t) = —bV,(t)dt + \/V,dW? + a;/‘:/(tV)th, V,(0) = 0.
t



One can see that the process Z; := Vg(t) — %Vt is solution of the SDE :

2a Zt 2 2
dZy = | —— —bZ, | dt ——dW?, Zy=——u.
= (vt o=l

On the other hand, applying It6 formula to the process ZV¢, for a € R*, we have

2 2 1 1
A(ZV)(t) = (— 2V — b(1 + a) ZV? + (aa + %UQ)ZtVa’l)dt +(a+5)ZVeiaw?
g

It follows that, for a = —%, the process Y = Z V_%, Y has finite variation and is given as

solution of 5 ) )y 5
a_ -1 a g t

dY,=—V, ? —-=Y,— (=— =)= | dt ,Yy=——v.

t ( o t 2 t (2 8 )‘/;> ) 0 TI\/5

We can easily solve this equation, we get

V,(t) — 2V, 2 20 [t e (i)
Y, =2~/ o " _ _Z ppLi— —d )
N VT T e
where ) .
b a o dr
= =1 - — — —. 2.12
w=gtt G- [ 7 (212)
Thus

b a_o t dr
: 2 2 a 02 T t _E(t_u)_(g_?)fuvir
V,(t) = ;W — ;\/Vt \/Ze*%tf(ff?)fg‘% + a/o ¢ du |, a.s. O
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