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Abstract

This paper isdevoted to theidentification of high-dimension polynomial chaos ex-
pansions with random coefficients for non-Gaussian tensor-valued random fields
using partial and limited experimental data. The experimental data sets corre-
spond to partial experimental data made up of an observation vector which is the
response of a stochastic boundary value problem depending on the tensor-valued
random field which has to be identified. So an inverse stochastic problem has to
be solved to carry out the identification of the random field. A complete method-
ology is proposed to solve this challenging problem and consists in introducing
afamily of prior probability models, in identifying an optimal prior model in the
constructed family using the experimental data, in constructing a statistical re-
duced order optimal prior model, in constructing the polynomial chaos expansion
with deterministic vector-valued coefficients of the reduced order optimal prior
model and finally, in constructing the probability distribution of random coeffi-
cients of the polynomial chaos expansion and in identifying the parameters using
experimental data. An application is presented for which several millions of ran-
dom coefficients are identified solving an inverse stochastic problem.
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1. Introduction

The methodology to construct a polynomial chaos expansion of random fields
has been introduced in [21, 20, 58]) (and is analyzed in [55, 62] for an arbi-
trary measure). The polynomial chaos expansions of stochastic processes and
random fields, and application to stochastic boundary value problems,have gen-
erated many works in the last decade (see [8, 11, 12, 13, 14, 15, 17, 18, 19, 22,
23, 24, 27, 28, 29, 30, 31, 32, 33, 37, 38, 39, 40, 42, 43, 44, 45, 46, 47, 52,
53, 63, 66, 67, 68, 69]). The stochastic inverse methods and the Bayesian infer-
ence approach to inverse problems have recently received a particular attention
(see [34, 35, 36, 64, 65, 70]). The problem relative to the identification with
experimental data of the deterministic coefficients of the chaos expansion of a
non-Gaussian real-valued random field using the maximum likelihood has been
introduced in [9] and more recently, has been used in [59] and revisited in [6]. In
practice, the identification of these deterministic coefficientsis performed using a
finite length of experimental datasets. Consequently, the maximum likelihood sta-
tistical estimator of these coefficientsis not completely convergent and therefore,
there areresidual statistical fluctuations which can be modeled in representing the
deterministic coefficients by random coefficients. Recently, an interesting work
[7] proposes to construct the probability model of these random coefficients by
using the asymptotic sampling Gaussian distribution constructed with the Fisher
information matrix and which is a consistent and asymptotically efficient estima-
tor. Such an approach has been used for model validation [16, 41]. Very recently,
in [1], as a continuation of [56], the identification of Bayesian posteriors for the
coefficients of chaos expansions is proposed. In this approach, the usual deter-
ministic coefficients of the chaos expansion are replaced by random coefficients
in order to quantify the uncertainties induced by the errors. Two types of errors
are considered. The first type is due to the use of a relatively low order of the
maximum degree of polynomialsin the chaos expansion. The second type is due
to the finite length of the experimental data set. First, a prior probability density
function of the random coefficients is constructed by using the maximum likeli-
hood method and the projection of the experimental data sets on the eigenvectors
of the Karhunen-Loeve decomposition. A parametric representation of the pos-
terior probability density function is constructed using the formalism introduced
in [56] for the reduced chaos decomposition with random coefficients of vector-
valued random variables. Then the parameters of the posterior probability density
function are updated by the Bayes method with the experimental data set.



Thispaper isdevoted to theidentification of high-dimension polynomial chaos
expansion with random coefficients for non-Gaussian tensor-valued random fields
using partial and limited experimental data. The main hypotheses are thus:

- a non-Gaussian tensor-valued random field must be identified, and not a real-
valued random field.

- the experimental data sets which are available do not correspond to direct field
measurements by image processing of the random field to be identified but corre-
spond to partial experimental data made up of an observation vector which is the
response of a stochastic boundary value problem depending on the tensor-valued
random field which has to be identified. So an inverse stochastic problem has to
be solved to carry out the identification of the random field.

- the convergence of the chaos expansion is generally not analyzed due to the
difficulties to solve the inverse stochastic problem which can be in very high di-
mension, that isto say which can have a very large number of coefficients (severa
millionsin the chaos expansion) which have to be identified In this paper we pro-
pose to carry out such an analysis.

Below, we define the challenging problem which has to be solved and we show
the main difficultiesinduced by this problem.

(1) Stochastic boundary value problem. We consider a boundary value prob-
lem for a vector-valued field {u(x) = (ui(x),uz(x),us(x)),x € Q} on an
open bounded domain €2 of R* with generic point = (xy, o, x3). This bound-
ary value problem depends on a non-Gaussian fourth-order tensor-valued random
field {C(z),z € Q} inwhich C(x) = {Cjxe(x)}:jke, Which is unknown and
which has to be identified solving an inverse stochastic problem. The boundary
0f) of domain Q iswritten as 'y U I'gps U I'. Field w is only observed on I gps
which means that the system is partially observable.

(2) Stochastic finite element approximation of the stochastic boundary value
problem. The above stochastic boundary value problem is discretized by thefinite
element method. Let Z = {z!,..., 2"*} C Q bethefinite subset of ©2 made up of
all the integrations points of the finite elements of the mesh of 2. For al x fixed
inZ C , the fourth-order tensor-valued random variable C(x) is represented by
areal random matrix [A(x)] suchthat [A(x)];; = C;re(x) with agiven adapted
correspondence I = (i,5) and J = (k,{). It should be noted that mathematical
properties on the matrix-valued random field {[A(x)], z € Q} are necessary in
order to preserve the mathematical properties of the boundary value problem.

LeeU = (Uy,...,U,) bethe R™-valued random vector of the observed de-
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grees of freedom (DOF) corresponding to the finite element approximation of the
trace on I'gps Of random field u. Vector U will be called the observation vector.
Consequently, the random observation vector U appears as the unique determinis-
tic nonlinear transformation of the finite family of V,, dependent real random ma-
trices {[A(x)],z € Z}. Thisset of random matrices can then be represented by
aR™-valued random vector V = (V4,...,V,,,). Consequently, the R™-valued
random vector U of the observation vector can be written as

U=h(V) , D)

inwhich v — h(v) isadeterministic nonlinear transformation from R into R™
which can be constructed solving the discretized boundary value problem.

(3) Experimental data sets. It is assumed that v, experimental data are avail-
able for the observation vector. Each experimental data set corresponds to partial
experimental data (only the trace of the displacement field on I"gps iS Observed)
with alimited length (v is small). These v, experimental data sets correspond
to measurements for v,,, experimental configurations corresponding to the same
boundary value problem. For configuration ¢, with ¢ = 1, ..., v,,, the observa-
tion vector corresponding to U for the computational mode! is denoted by u &
and belongs to R™. Therefore, the available data are made up of the v,,, vectors
u®Pl  u®Prer in R™. Below, it is assumed that u®P!, ... u®P e can be
used as v,, independent realizations of a random vector U®® corresponding to
random vector U but random vectors U®? and U are not defined on the same
probability space.

(4) Construction of the polynomial chaos expansion with random coefficients
for the non-Gaussian matrix-valued random field. Asexplainedin point (2) above,
using the finite element discretization, the non-Gaussian matrix-valued random
field {[A(x)],x € Q} isrepresented by the R™"-valued random vector V. Let
{[A(z)],z € Q} with [A(x)] = E{[A(x)]} be the matrix-valued mean function
in which E' is the mathematical expectation. The mean value V. = E{V} isthen
directly deduced from the matrix-valued mean function {[A(x)],z € Q} which
coincides with the value of the deterministic nominal model (the mean model).
In this paper, it is assumed that [A(x)] = [A] isindependent of . Thisimplies
that vector V depends only on the real matrix [A | which hasasmall dimension. It
should be noted that such an assumption can easily be removed without changing
the methodol ogy proposed.



In this paper, we are interested (a) in constructing a polynomia chaos ex-
pansion with random coefficients of the non-Gaussian random vector V and (b) in
identifying the random coefficients of thischaos expansion using alimited number
Ve Of experimental data sets, each data set corresponding to partial observations
of the system. We then have to solve an inverse stochastic problem.

The methodology to construct a polynomial chaos expansion of random fields
(see [21, 20, 58]) consists (@) in reducing the field with a Karhunen-Loeve (KL)
expansion and then (b) in performing the polynomial chaos expansion of the KL
expansion random coordinates. Presently, because the tensor-valued random field
to be identified is unknown, in order to be able to represent any second-order
random field, the Gaussian space isrequired and consequently, the Gaussian chaos
decomposition is used. For the spatially sampled field, the first stage means that
random vector V (which is assumed to be a second-order random variable) is
written (finite approximation of the Karhunen-Loeve expansion for the matrix-
valued random field [A]) as

Ve V4 VAW @)
j=1

inwhich symbol " ~" meansthat the right-hand sidein Eq. (2) isan approximation
of V for which mean-square convergence is reached for n sufficiently large.
Thevectors W', ..., W" congtitute an orthonormal family in R™ (for the Eu-
clidean inner product) made up of the eigenvectors associated with the first largest
positive eigenvalues \; > ... > ), of the covariance matrix [C'y| of the random
vector V. TheR"-valued second-order centered random variablen = (11, ..., m,)
is such that
E{n}=0 , E{nn'}=[L] , 3
inwhich [I,,] isthe (n x n) identity matrix. Note that the components of the non-
Gaussian random variable n are not correlated but are statistically dependent. The

polynomia Chaos expansion with deterministic coefficients of random vector n
iswritten as

N
n~ > YU (8 (4)
a=1
in which the coefficients !, . . ., "V are vectorsin R" such that
N
vy =L . (5
a=1
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Therea valued randomvariables W, (E), . . ., U (E) are the renumbered normal-
ized Hermite polynomials of the R™v-valued normalized Gaussian random vari-

ableE = (Z4,...,Ey,) (thatistosay E{E} = oand E{EE"} = [Iy,]) such
that for all c« and g in{1,..., N},
E{Ua(B)} =0 , E{¥a(E)Ys(E)} =das (6)

inwhich §,5 isthe Kronecker symbol. It should be noted that the constant Hermite
polynomial withindex o = 0 isnotincludedin Eqg. (4). If N, istheinteger number
representing the maximum degree of the Hermite polynomialsin Eq. (4), then the
number N of chaosin Eq. (4) isN = h(N,, Ng) = (Ng+ Ny)! /(Ng! N,H) — 1. In
Eq. (4), symbol ”~" means that the right-hand side is an approximation of n for
which mean-sguare convergenceisreached for IV, and IV, sufficiently large. From
Egs. (2) and (4), it can be deduced the polynomial chaos expansion of random
vector V,

N n
Ve VY 0 0,(8) . o= VAW Y
j=1

a=1

inwhich {v!,..., vV} isafamily of N vectorsin R™ which are not orthogonal.

(5) Difficulties concerning the identification of the polynomial chaos expan-
sion in high dimension solving an inverse stochastic problem. This challenging
problem of identification is due to the presence of the following major difficulties.

(d1) Thefirst one is due to the fact that the experimental data which are avail-
able do not correspond to direct field measurements by image processing in do-
main €2 allowing realizations of V to be directly deduced but correspond to partial
experimental data made up of observation vector U. So an inverse stochastic
problem hasto be solved to carry out the identification of the coefficients.

(d2) The second difficulty is related to the size of the inverse problem which
has to be solved. The identification of the chaos expansion has to be converged
with respect to NV for problems for which dimension n of the reduced model can
be large. This means that the number of real coefficients y$ which has to be
identifiedisn x N (for instance, for N = 15000 and n = 500, there are 7 500 000
real coefficients which have to be identified).

(d3) The third one is related to the length of the experimental data which are
effectively available. If the number of experimental data is less than the number
of coefficients which have to be identified, we have an ill-posed problem (if no
additional information to experimental datais available).
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(d4) The covariance matrix [C'y] of random vector V must be known to con-
struct the representation defined by Eq. (2). In the context of a statistical identifi-
cation, thismeansthat alot of experimental data relative to the complete displace-
ment random field {u(x),x € Q} should be available with an adapted spatial
resolution at the meso-scale. From point (d3) above, clearly the assumptions do
not allow the covariance matrix [C'y] of V to be estimated from the experimental
data. It should be noted that if the basis made up of the eigenvectors W1, ... W»
of [Cy] wasreplaced by another orthogonal basis, then the components of  would
become correlated and above all, the mean-square convergence of the right-hand
side of Eq. (2) would be reached for a value of n» much more larger and conse-
guently, the statistical reduction would not be efficient. In such a case, firstly n
can be so large that the identification problem to be performed becomes unrealis-
tic but secondly, the value of n is unknown because only partial experimental data
are available.

(d5) An uncertainty model induced by model errors and sampling errors should
be introduced to improve the robustness of the identified representation.

In this paper, we present a methodology and we validate it to solve the chal-
lenging problem of the identification in high dimension of the polynomia chaos
expansion of random field with partial and limited experimental data. The method
proposed is efficient in high dimension, that is to say, for which v, is small, my,
n, N4, Ny and N can be high or very high. For instance, for the application shown
in Section 4, the number of sets of partial experimental dataisv,, = 110. Thedi-
mension of random vector V ismy = 36 288. The dimension of random vector n
inthe expansion of Visn = 550. The maximum degree of the Hermite polynomi-
asis N; = 22 and the dimension of the vector-valued Gaussian germis N, = 4
yielding N = 14949 chaos. Such arelatively large dimension n = 550 of the
Karhunen-L oeve expansion of the random field is encountered if the spatial corre-
lation length of the random field is smaller than the size of the domain and when
a good convergence of the expansion is searched. Thisis the case for mesoscale
stochastic modeling of complex microstructures such as the microstructures of
live tissues. For instance, in Section 4, the value n = 550 corresponds to a corre-
lation length 0.3 which has to be compared to the size of the domain which is 1
and the convergence is reached with arelative error of 0.1.

In Section 2, each step of the methodology is developed. The fundamental
aspects of the algorithms are presented in Section 3. The last section deals with
an application in high dimension.



2. Methodology

In this section, we summarize the methodology proposed to solve the chal-
lenging problem introduced in Section 1 and then we develop it.

2.1. Summarizing the methodology

The methodology proposed is made up of five main steps.

Step 1. Introduction of afamily of prior models VP (w) for random vector
V depending on a vector-valued parameter w with a very low dimension. Typ-
ically, the components of w will be the algebraically independent parameters of
matrix [A] (which generatesthe mean value V), the spatial correlation lengths and
the dispersion parameters controlling the statistical fluctuations of matrix-valued
random field [A].

Step 2. Use of the experimental data {u®P!, ... u®P*ee} toidentify the opti-
mal value w®" of parameter w through an optimization problemin w that requires
to solve the stochastic boundary val ue problem and deduce an optimal prior model
Vprior _ Vprior(,wopt)_

Step 3. Generation of v, independent realizations VP (wOt §,) for ¢ =
1,..., v from the optimal prior model. Estimation of the covariance matrix
[Cyeier] Of the optimal prior model VP, Solving [Cymia] W/ = X\; W/, From the
statistical reduced-order optimal prior model VPO ~ v 4 " /A" WY,
deducing vy, independent realizations n™ (¢,) for ¢ = 1, ..., v, of random vec-
tor pPrior = (p' ... nPion), It should be noted that the experimental realizations
of nP° associated with the partial experimental data cannot be constructed within
the context introduced.

Step 4. Congtruction of the polynomial chaos expansion with determinis-
tic vector-valued coefficients of the reduced-order optimal prior model nP1o" ~
no20s( N') with ns(N) = SN 4 W, (2) and analyzing the convergence with
respect to N. The optimal values (y>%, ... yNVoPY of (y!,...,y") are ob-
tained using the maximum likelihood method with the independent realizations
NP (6,), ..., n" (4, ). It should be noted that the corresponding optimization
problem in high dimension can be solved thanks to the use of an adapted random
search algorithm which will be detailed in Section 3.

Step 5. In general, the family of prior stochastic models which is introduced
is not capable to perfectly represent the data (for instance, this can be the case
for the mesoscal e stochastic modeling of complex anisotropic and heterogeneous
microstructures). It should be noted that the family of prior stochastic models
does not take into account modeling errors but isintroduced to model the random
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medium. Consequently, a posterior stochastic model must be introduced in order
to improve the optimal prior stochastic model and in order to take into account
the modeling errors induced by the choice of a prior stochastic model. Following
the method of reduced polynomial chaos expansions with random coefficients of
vector-valued random variables presented in [56] and in order to take into account
model uncertainties, the optimal values (y %, ... y™:°P") constructed in Step 4
are replaced by a family of random vectors {Y'!,..., Y™} which are indepen-
dent of the family of random variables {U, (Z), ..., ¥y (Z)}. We then defined a
posterior model VP of V such that

VPR =V >N wW (8)
j=1

in which the posterior model 5P = (pP°%, ... 1P%) is written as the following

polynomial chaos expansion with random coefficients deduced from Eq. (4),

N
PR = Y U (E) . ©)
a=1

The first equation in Eq. (3) clearly holds for the posterior model and the mean
values of the random coefficients have to be such that
BE{Y®}=y* , fora=1,...,N |, (10)
in which ', ... y" are N given vectors in R". For the posterior model, the
second equation in EQ. (3) does not hold. For all «, the statistical fluctuations of
Y © around the mean value y© is controlled by a dimensionless positive number

denoted by ¢,,. We then introduced the following simple mode! for the covariance
matrix [C'y«] of random vector Y¢,

[Cye] =0c2y*y*" , fora=1,...,N . (11)
The probability distribution of the random vectors {Y'!,..., Y} is constructed
using the maximum entropy principle [49, 25, 26] under the constraints defined
by the available information given by Egs. (10) and (11). Consequently this prob-
ability distribution depends on unknown parameters y*, ..., y"Y and oy, ..., 0n
which can be identified using the maximum likelihood method with the experi-
mental data u®P* for ¢ = 1,. .., v, for the posterior model U™ = h(VP*) of
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the observation vector (thus requiring to solve the stochastic boundary value prob-
lem). The corresponding optimization problem is then solved with an adapted al-
gorithm for which the optimal solution is searched in the neighborhood of the op-
timal deterministic coefficients (y'°, ... 4™ identified in Step 4 and yields

the optimal value (y" %, ...,y of (y!,...,y") and the optimal value o{*",
.,ngtofol,...,oN.

2.2. Developing the methodology

Step 1. Introduction of a family of prior probability models of random vector
V. Aswehaveexplainedin Section 1, the available experimental data are assumed
to be not sufficient to perform a direct statistical estimation of the covariance ma-
trix [Cy] that is necessary to construct the decomposition defined by Eq. (2). In
addition, as we have also explained, this decomposition must have the capabil-
ity to represent the required mathematical propertiesof {[A(x!)],. .., [A(z"?)]}.
To circumvent these two major difficulties, we propose to introduce a family of
prior probabilistic models {[AP" (z; w)], = € Q} of the matrix-valued random
field {[A(x)],z € Q}. We can then deduce a family of prior probability mod-
els VP () of random vector V. This family of prior probability models is
defined on a probability space (0,7 ,P) and depends on the vector-valued pa-
rameter w belonging to an admissible set Cq. The knowledge of such a fam-
ily of prior probability models means that the family of probability distributions
{PY'(dv;w) ,w € Cyq} onR™" of thefamily of random vectors { VP (w) ,w €
Ca} isknown. In addition, it is assumed that a generator of independent realiza-
tions VPO (0,5 w), ..., VPO (g, ) for by, ..., 0, belongingto© isavailable.

Step 2. Identification with the experimental data of an optimal prior model
in the constructed family. Using the computational model (see Eqg. (2)) and the
family of prior probability models VP (w) of V, we can construct the family
{UP(w) ,w € Cy} of random observation vectors such that

U (w) = h(VP"(w)) |, weCy . (12)

The optimal prior mode! is then obtained in finding the optimal value w ™ of w
which minimizes an adapted " distance” between the family {UP (w) , w € Cx}
of random observation vectors and the family of experimental data {u®®!, ...,
u®Pree} . Several methods can be used such as the moment method, the least
square method, the maximum likelihood method, etc (see [48, 57, 60]). It is
assumed that the dimension of vector w is much less than v,, x m. With such
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a hypothesis, a method such as the maximum likelihood is not really necessary
and a method in the class of the least square method is generally sufficient and
efficient. The optimal prior model is then constructed in solving the following
optimization problem,

opt

w® = arg min JM"(w) (13)

weCyqyy
in which the cost function JP (w) can then be written, for instance, as
T (w) = o [UP (w) — U2+ (1 - a) o™ (w) — o2, (14)

inwhich UM (w) = (U™ (w), ..., UR*(w)) and ™ (w) = (0" (w), ...

m

P (w)) are the mean value:and the standard deviation of random vector U™ (w) =
(UM (w), ..., UP (w)) = h(VP1(w)) with ot (w) the standard deviation of

the real-valued random variable "™ (w) and where U®® = (U®®, ..., U®®) and
o = (o7®, ..., 0%P) are such that
1 Vexp 1 Vexp 1/2
UL A {— Sy - st
Veo '\ o Veo '\ o

In Eq. (14)), « ischosenin [0, 1] and can be taken, for instance, as o = 0.5.

Step 3. Construction of the statistical reduced-order optimal prior model. As
it isexplained in Section 1, a statistical reduced-order optimal prior model must
be constructed using the KL expansion in order to be able to construct an ef-
ficient polynomial chaos expansion of the optimal prior model. This step then
consists in constructing a reduced-order representation of the type defined by
Eq. (2)) for the optimal prior model VP (ww%*) that we will simply denote by
VP1o" The mean value of VPO (wOo) isV = E{VPIo (%)} and its symmetric
positive-definite (my x my) real covariance matrix is[Cypior] = E{(VP1" (wO°P) —
V) (VPior(4yOP — V)T}. These second-order moments are estimated using vy,
independent realizations VP (w6, for ¢ = 1, ..., generated with the opti-
mal prior probabilistic model. The dominant eigenspace of the eigenvalue prob-
lem [Cypia] W7 = X\; WY is then constructed. Let [W] = [W'...W"] be the
(my x n) real matrix of the n elgenvectors associated with the n largest eigen-
vaues \; > Xy > ... > )\, > 0 such that [W]7 [W] = [[,]. The statistical
reduced-order optimal prior model is then written as

Vprior ~ V + Z /\j 77jprior Wj 7 (16)
j=1

11



in which the optimal prior model nPior = (5™ pPior) jsa second-order cen-

tered random variable with valuesin R"™ such that

E{nprior} =0 , E{nprior (nprior)T} — []n] ) (17)

The mean-square convergence of the right-hand side in Eq. (16)) with respect to
the reduced order n is studied in constructing the error function

Zn—1 /\J'
=1-== 18
e err(n) tr[Cvprior] ( )
which is a monotonic decreasing function from {1, ..., my} into [0, 1] and such

that err(my) = 0. The v, independent readizations n™°(6,), ..., n”° (9, ) are
deduced fromthereaizations VPO (w%t 6,), ... VPO (%Pt 9, ) using, forj =
1,...,nandfor ¢ =1,...vy, theequation

nprior(ee) _ 1 (Vprior(,wopt7 04) — Y)T W (19)

BT

Step 4. Construction of the polynomial chaos expansion with deterministic
vector-valued coefficients of the reduced-order optimal prior model. This step
consistsin constructing an approximation of the reduced optimal prior model 1P
by a polynomial chaos expansion n®S(N) = (n$"®s(N), ..., nS(N)) such
that

N
W g E(N) TN =Yyt (@) (@0
a=1

for which v, independent realizationsn™ (¢, ), .. ., n™*(6,,, ) of nP"° are known
from Eq. (19) of Step 3. In Eq. (20)), the symbol " ~”" means that the mean-square

convergenceisreached for NV sufficiently large and the deterministic vector-valued

coefficients which have to be identified are the N vectors ¢!, ...,y inRR". The
random variables ¥, (=) (the polynomial chaos) are defined in Section 1-(4). Tak-

ing into account Eqs. (6) and (17), it can be deduced that vectorsy!, . .., ¥y~ must

verify the following equation,

> vy =1L . (21)
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Foral j = ,n, lete — p prior( ) be the probability density function of

the random varlable np”or estimated with the optimal prior model constructed in
Step 3. For dl y ,...,yN flxed in R™ and satisfying Eq. (21)) and for al j =
1,...,n,lete — Pigreos(n esyl .y N be the probability density function of

random variable nCha"S(N ) estimated with the polynomial chaos expansion defined
by Eg. (20). The convergence of the sequence of random vectors {n®S(N)} v
towards n™1°" can be controlled as follows. Since N depends on N, and N, N
isalso rewrittenas N = h(N,, N,). For each component n$"*S(N'), we introduce
the L!-log error function defined by

err;(Ny, Ng) = /BI | log g pn;?fim(e) — logy pn;.haoS(N)(eé y' .o yN)lde | (22)

in which Bl is a bounded interval of the real line which is adapted to the prob-
lem. Let p prlor( ) be the estimation of the probability density function p prlor( )

carried out Usi ng the kernel density estimation method [4] with the mdependent
realizations ;" (61 ), . ..,njp”"'(@VKL) Let [™, "] bethe support of e — p,pror (€).

] 7]
Similarly, for agivenvalueof ¢!, ... y", |etpn§haoS(N)(€; y', ...,y") bethees
timation of the probability density function Pygheos( nle; y', ..., y") caried out
USINg Vgas iNdependent realizations of the normalized Gaussian vector = and
Eq. (20). Let [a C“mS(N),Z;“a"S(N)] bethesupport of ¢ — ]’o‘nchm( esyt oyl

The bounded interval BI; = [d;, b;] is defined by @, = max{a}”,ay>*(N)} and
b; = min{b%, b%*(N)}. For the random vector ('), the L'-log error func-

tion is denoted as err(N,, N,;) and is defined by

N = S e (N, Ny) (23)

Theunusual L'-log error function defined by Eq. (22) has been introduced in order
to measure the errors of the very small values of the probability density function
(the tails of the probability density function).

A natural way to solve such a problem is to use the maximum likelihood
method [48, 57, 60] asdonein[9, 10, 7, 1]. Taking into account that the dependent

random variables ™™ ... 7P are not correlated, the following approximation
L(yt, ..., y") of thelog-likelihood function isintroduced
no KL
L(y* Z Z 1080 Py v pr'or(Gg) cyl oy L (29)
7j=1 (=1
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The optimal value (y'°", ..., y™No) of (y!,...,y") isthen given by

(Yt YY) =arg  max Ly YY) (25)
(yl,..., yN)ECaI\é
inwhich CZ is such that
N
Ca={W' .. y") e ®)Y, Y yry T =[L]} . (26)
a=1

For the high-dimension case, that isto say for n and IV very large, solving the op-
timization problem defined by Egs. (25) and (26) is a challenging problem which
has been solved in the last decade only for small values of n and N. There are
two major difficulties.

(a) The first one is related to the construction of the log-likelihood function
which requires to generate veaos iNdependent realizations U, (E(¢))) for a =
I,...,Nand ¢ = 1,..., Vgaos Of U, (E) for « = 1,..., N with high degree
N, of the polynomials ¥,,. We then introduce the (Vs X N) rea matrix V]
such that [¥],, = V,(E(¢;)). When the recurrence algebraic formulais used to
compute matrix [V], the numerical noiseincreases with the degree N, of the poly-
nomials and the fundamental orthogonality condition defined by Eq. (6) is lost.
To circumvent this major difficulty, we use a novel method (see [54]) to compute
matrix [¥] which allows the orthogonality conditions defined by Eq. (6) to be kept
for any values of N, and N,;. This novel method consists (1) in constructing the
realizations of the multivariate monomials using a generator of independent real -
izations of the germs whose probability distribution isthe given arbitrary measure
and (2) in performing an orthogonalization of the realizations of the multivariate
monomialswith an algorithm different from the Gram-Schmidt orthogonalization
algorithm which is not stablein high dimension.

(b) The second major difficulty is related to the choice of the optimization
algorithm which allows the problem defined by Eq. (25) to be solved with area-
sonable CPU time for high dimension, the constraint Zi\’zl y*y°T = [I,] having
to be exactly verified. We then propose a new random search algorithm adapted
to this problem which is very efficient and which is detailed in Section 3.

Step 5. Construction of the probability distribution of random coefficients of

the polynomial chaos expansion and identification of the parameters using exper-
imental data. The probability density function py+ v~ (3, ..., »") with respect
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to the Lebesgue measure dy' ...dy"Y on R® x ... x R™ (N times) of the R"-
valued random variablesY'!, ..., YV is constructed using the maximum entropy
principle under the constraints defined by Egs. (10) and (11). Fora =1,..., N,
let * in R™ and [A®] in the set of al the positive-definite symmetric (n x n)
real matrices be the Lagrange multipliers associated with the constraints defined
by Eg. (10) and (11) respectively. Then the probability density function which
maximizes the entropy iswritten as

lemYN(y17 s 7yN) =Co Hixvzl eXp{_ < l“l'a7 ya > =< [Aa]yaa ya >}(7 )
27
in which ¢, isthe constant of normalization and where the brackets denote the Eu-
clidean inner product in R”. From Eq. (27), it can be deduced that Y, ..., Y
are independent Gaussian random variables with values in R". For all a =
1,..., N, the mean value of random vector Y* is E{Y“} = y* (see Eq. (10))
and its covariance matrix [Cy«] = E{(Y* — y*)(Y* — y*)*} is given by
Eqg. (11). It can easily be verified that for al «, the Gaussian random vector
Y* = (Y, ..., Y% can bewritten as

Y =yf (L+0N7) (28)
inwhich {N?*,a =1,...,N;j = 1,...,n} isafamily of independent centered

Gaussian random variables with unit standard deviation. From Egs. (9), (6) and
(28), it can be deduced that

N
[E{npost(npost)T}]jk = Z(l + 0’2 (Sjk) g;l QZ . (29)
a=1
Thefamily {y',...,y"} of vectorsand the family {c, ..., ox} of real numbers

could be chosen such that E{n*(nP)T}] = [I,] but, with such a choice, the
posterior model would be very close to the prior model without the possibility to
update the prior model to get a better representation of the experimental observa-
tions. Consequently, this condition will not be kept and for the posterior model
we will have E{nP*(nP**)T}] # [I,]. In order to simplify notation, we intro-
duce the vector ) belonging to (R")Y = R" x ... x R™ (N times) such that
Y = (y',...,y") and the vector o belongingto RY suchthat o = (o, ..., 0n).
Comparing this probabilistic model with the general method of reduced chaos
decompositions with random coefficients of vector-valued random variables pre-
sented in [56], it can be seen that this probabilistic model correspondsto the chaos
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expansion of the random coefficients limited to the first-order expansion (Gaus-
sian approximation).

As previously explained, an optimal value Yo' = (yoP ... yNoP) of Y =
(y',....y") and the optimal value e = (6™ ... 6% of o = (04,...,0n)
are calculated in order to minimize an adapted ”distance” between the experi-
mental data {u®!, ... u®Pver} and the posterior model UP* = h(VPY) of the
observation vector. Since low-probability levels must be correctly identified, we
propose to use a cost function based on an L*-log error function of the probability
density functions and then, the optimal posterior model is constructed in solving
the following optimization problem,

(Y, 0% = arg min 7Y, 0) (30)
1 & N
ijSt(Xa o) = m kz:; /Blk | log; pU,‘;"S‘(WIa 0') - IOglopUleP(U; Vexp)’ du
(31)

In Eq. (31)), ﬁUl;er(u; Vexp) denotes an estimation of the probability density func-
tion of U carried out using the kernel density estimation method [4] with the
experimental data u™* for ¢ = 1,..., v,,. Let [, b,] be the support of u —
]/)\Ul;eqo(u; Vexp). Then the bounded interval Bl;, = [ay , by] of thereal lineis chosen

such that aj, = max{min,(u$®™") @} and b, = min{max,(u>"") by }. 1t should
be noted that the estimation ﬁUExp(u; Vexp) Of pUSXp(u) is generally not converged
because vep i not sufficiently large. Nevertheless, this estimator ” summarizes’
the experimental data and is an experimental quantity that we propose to use for
constructing the cost function.

The probability density function u +— pUIan(u ; Y, o) of the real-valued ran-

dom variable UP™ (Y, o) = {h(VP(), o))} of the posterior model is calcu-
lated solving the stochastic boundary value problem for which the random vector
VPes()) o)) isdefined by Egs. (8) and (9) and using the kernel density estimation
method. The optimization problem defined by Eq. (30) is then solved with an
adapted algorithm for which the optimal solution is searched in the neighborhood
of the optimal deterministic coefficients (y'°, ..., y™°") identified in Step 4
and yields the optimal value Y = (yboPt  ¢NoP) of Y = (y',..., y").
The algorithm adapted to this optimization problem is detailed in Section 3.
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2.3. Remarks concerning the proposed methodology

2.3.1. Remark concerning the prior and the posterior stochastic models

For agiven set of available experimental data, the best construction which can
be made is the construction (1) which takes into account all the available theo-
retical information related to the tensor-valued random field and (2) which repro-
duces the set of the available experimental data in a statistical sense. The family
of prior models which depends on a vector-valued parameter with avery low di-
mension must span the larger possible subset of al the admissible tensor-valued
random fields. The construction of such a family must then take into account all
the available theoretical information such as the elipticity condition. Neverthe-
less, sincethe optimal prior model is constructed in identifying afamily which has
only afew free parameters, this optimal prior model belongsto a subset which is
generally not enough big to perfectly represent the available experimental data.
Consequently, it is necessary to construct a posterior model to better represent the
experimental data, that isto say, it is necessary to construct a representation of the
optimal prior model which is capable to span alarger subset containing the avail-
able data. The proposed solution consists in constructing the polynomial chaos
representation of the optimal prior model. Such a polynomial chaos expansion is
capabl e to represent any tensor-valued random field in modifying its coefficients
and then has the capability to fit all the experimental data in a statistical sense.
Nevertheless, a direct construction of such polynomial chaos expansion would
not be realistic. Thisisthe reason why, in Step 4, the polynomial chaos expansion
of the optimal prior model is constructed and then, in Step 5, the posterior model
is constructed in replacing the deterministic coefficients of the polynomial chaos
expansion by random coefficients. Clearly, better will be the optimal prior model,
less will be the numerical cost required to fit the probability distributions of the
random coefficientsin Step 5.

2.3.2. Remark concerning the choice of the length N, of the germ

Let us consider an uncertain computational model for which the stochastic
modeling of uncertain parameters is performed by introducing N, independent
random variables (after having applied a KL statistical reduction and a nonlinear
transformation of independent random variables for which the probability mea-
sures are known). Clearly, for the direct problem consisting in analyzing the
propagation of uncertainties through the computational model, the length of the
germ of the polynomial chaos expansion of the random response of this stochastic
computational model, must be chosen as V.
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In this paper, the stochastic inverse problem is considered. The uncertain pa-
rameter is arandom field for which the probabilistic model is unknown and must
be identified. Using the KL statistical reduction and then the polynomial chaos
expansion of the R"-valued random variable P, there are three unknown pa-
rameters n, N, and N4, which must be selected to get a good convergence of the
representation. The value of parameter n is defined in studying the error function
n — err(n) defined by Eq. (18) which is based on a mean-square convergence.
Thevalue of » isthen independent from thevalue of N, and V;. Now, the value of
N, and N, must be defined in order that the convergence of the polynomial chaos
expansion of the R"-valued random variable n™* be reached. Such a conver-
gence is studied using the unusual L'-log error function (N, Ny) — err(N,, N,)
defined by Egs. (22) and (23). It should be noted that this error function is bet-
ter than the mean-square error function and allows the convergence of the prob-
ability function to be controlled over al the range of the large values and the
very small values of the probability levels (this means that this error function
allows the tail of the probability density functions to be correctly fitted). Con-
sequently, the maximum degree N, of the polynomial chaos must be sufficiently
high to get the convergence of the representation when the random field is any
non-Gaussian random field (a random field which is unknown and which must be
identified without any information about the tails of the system of marginal prob-
ability distributions which define the probability law of the non-Gaussian random
field). In addition, the introduction of avery large number N of polynomial chaos
{V,(E),a = 1,..., N} induced by the use of a high value of N, coupled with
the use of asignificant value of V,, isequivalent to the introduction of avery large
number of uncorrelated random variables due to the orthogonal property defined
by Eq. (6).

For the stochastic inverse problem under consideration, this analysis shows
that, there is no reason to set a priori a value for N, or a value for NV; which
are strongly dependent. The optimal values of N, and [V; must be determined
using the L*-log error function and there is no reason to set the value of IV, to the
vauen.

3. Algorithms

3.1. Algorithm for the identification of the deterministic coefficients of the poly-
nomial chaos expansion (Step4)

In a first stage, we show that the initial optimization problem defined by
Egs. (25) and (26) can be reformulated as a set of recurrent optimization prob-
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lems relative to each coordinate and depending only on the chaos coefficients for
each coordinate. In a second stage, we give some details concerning the random
search algorithm applied to the reformul ated optimization problem.

3.1.1. Reformulation of the initial optimization problem as a set of recurrent op-
timization problems for each coordinate
In this subsection, we present a reformulation of the optimization problem
defined by Egs. (25) for which the admissible set C2 is defined by Eq. (26). Let
z',...,z" ben vectorsin RN suchthat 27 = (2],...,2%) € RY with 2/, = y2
fordlj =1,...,nandforal o = 1,...,N. Itisassumed that N > n. From
Eg. (21), it can be deduced that

<2l 2F >=6, foraljandkin{l,...n} . (32)

The optimization problem defined by Egs. (25) and (26) can then be rewritten as
follows. The optimal value (y "%, . .., 4™ issuch that y*°* = 27,% inwhich
(21Ot 2mOPY) isgiven by

(2MOP 2™ = arg max  L(2',...,2") (33

inwhich C% is such that
Coh={(z",...,2") e RM)", <27 2F >=6,,} (34

and where £(z1, ..., z") isdefined by

n VKL

L(z'.. . 2") = Z Z logy, pn§th(N)(n?ri°r(04) c27) . (35)

j=1 ¢=1

It should be noted that the probability density function p, s ) (77;?””(94) ; 27) de-
pends only on z7 because equation n®S( V) = Zle y* ¥, (E) can berewritten
asnS"S(N) = SN | 2] W,(2) and can then directly be estimated. Let 7 be the
set of al the permutations of the first n positive integers {1,...,n}. A generic
point in 7 is then denoted by {1, ..., j,}. For afixed point {ji,...,j.}in 7,

the following recurrent optimization problemsP;, , ..., P;, are introduced,
P, - 2% = arg max L; (2") (36)
201 GC%
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Ch={z"eRY | |2"|| =1} |, (37)
andfork=2,....,n

Py, : 2P = arg max L;,(2%) (38)
kaGC;S
Cli={27r € RN, < 2700 2k >— | =< 200000 2k 5— (0 ||27%| = 1},
(39)

inwhich, for k =1, ..., n, thelog-likelihood function £ ;, (27*) is defined by

UKL

L, (27) Z loglopnchaos 77?:”(95); 2%y (40)

For given {ji,...,j.} iN J, the optimal solution (2719t . 277:%P) yields the
value L5y, ..., jn) = > p_, L, (z7+°PY) of the log- likelihood function. There-
fore, the solution of the optl mlzatlon problem defined by Egs. (33) to (35) is
given by (27" OPt . 23T0Pt) corresponding to the permutation {j%*, . .., j*} =
arg maxfj, .. ji.teJ ‘C p (]la <. 7]”)

3.1.2. Random search algorithm for the reformulated optimization problem

The optimization problems which are to be solved are not convex problems.
Consequently, there is no algorithm allowing to surely reach the global optimum
for an a priori given CPU time. Therefore, for a given CPU time, all the possible
algorithmsonly allow the cost function value to be improved from itsinitial value
(the value for theinitia point). For each fixed permutation {ji, ..., j,} in 7, the
n recurrent optimization problems P, , ..., P, are then solved with an adapted
random search algorithm which allowstheinitial value to be improved. The qual-
ity of the approximation constructed is proportional to the CPU time used. Larger
isthe CPU time used, better is the approximation constructed.

e Optimization problem P, defined by Egs. (36) to (37)
Let Z}' = (Z3}, ..., Z3!y) be aR"-vaued random variable for which the com-
ponents are mutually independent. Let Z* = ZJ'/||Z}!||. Consequently, any
redlization 2t = (2]',...,2}) of Z’* belongs to the admissible set CZ; de-
fined by Eq. (37). For computing £, (27*) defined by Eq. (40), the values of

prior

the probability density function Pygteos (15,7 (0¢) ; 27) of the random variable
1SMOS(N) = Za , #20,(E) iscalculated using the Monte Carlo simulation and
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the kernel density estimation method [4] with .., independent realizations of nor-
malized Gaussian vector Z and with the v, independent realizations of the prior
model np””(eg) A random search algorithm (Latin hypercube sampling type) is
performed in two steps. For the first step, each component Zgja of random vector
Zg1 isuniformly distributed on [—1 , 1]. Thefirst step consistsin v, realizations of
Zy' dlowing afirst approximation 2719 of Eq. (36) to be carried out and corre-
sponding to the optimal value zj P of zél. For the second step, each component

73", of random vector Z3' is uniformly distributed on [z35°P° — 5, , 2% 1 4,]

with 6, = (1 — 22u%"%)/10. The second step consistsin v;, realizations of Z3!
allowing afinal apprOX|mat|on 2719t of Eq. (36) to be carried out.

e Optimization problem P;, for k = 2,..., n defined by Egs. (38) to (39)
For fixed k, the optimal vectors z/1:%Pt . 27k-1.0%t in RN are known from P;,,
P et [H] bethe (N x (k — 1)) real matrix whose columns are the vec-

Jk—1"
tors z7vOPL 2710t et ' ... b? withd = N — k + 1 be an orthonormal
basis of the null space of [H]*. Let g, = (qo.1,---,qo.q) be any vector in R?

and let ¢ = q,/||q,l|| be the corresponding vector in R¢ for which the Euclidean
norm equal to 1. Then, the vector 27+ = ¢, b' + ... + ¢;b% in RY has an Eu-
clidean norm equal to 1 and is orthogonal to the vectors z/+OPt . zdk-1.9Pt \We
then conclude that such a vector =7+ belongs to the admissible set C2% defined by
Eqg. (39). Let Q, = (Qo.1, - - -, Qo.q) be aR¥-valued random variable for which
the components are mutually independent. Let Q@ = Q,/||Q,||. Consequently,
any redlization z/* = (2JF, ... 2%) of Z% = Q,b' + ... + Qqb" belongs to
the admissible set ng. For computing £, (27+) defined by Eq. (40), the values

prior

of the probability density function Prgheos(y (n]k (6;) ; z7%) of the random vari-

able nS"S(N) = SN 20, (2) is calculated using Monte Carlo simulation
and the kernel density estimation method with v independent realizations of
normalized Gaussian vector = and with the v,, independent realizations of the
prior model npr"’r(@g) As for the optimization problem P;,, a similar random
search algorlthm is performed in two steps. For the first step, each component
(o ; of random vector Q,, isuniformly distributed on [—1, 1]. Thefirst step con-
sstsin v;, redlizations of Q, alowing a first approximation z7+°P% of Eq. (38)
to be carried out and corresponding to the optimal value quto of q,. For the sec-
ond step, each component (), ; of random vector Q, is uniformly distributed on
[goh® — 0, gon® + &;] with 6; = (1 — gg=°)/10. The second step consistsin v,
redlizations of Q, dlowing afinal apprOX|mat|on 2%t of Eq. (38) to be carried
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out.

3.2. Algorithm for identification of the random coefficients of the polynomial
chaos expansion (Step5)

An adapted algorithm is proposed to construct )Pt = (y"oPt ...y and
o = (o . %) from the optimization problem defined by Eq. (30) with
Eq. (31). Thisagorithmisbased on atrial search method with avery low number
of unknown parameters (two scalar parameters).

Firstly, the solution Y°"" in ) is searched in a neighborhood of the optimal
deterministic coefficients YoPt = (yoPt . 4 N:oP!) of the polynomia expansion
of the prior model, computed in Step 4. The diameter is defined by agiven param-
eter £, such that 0 < ¢, and we choose ) = ¢, YO (if ¢, = 1 then Yt = oPt),
Consequently, the optimal solution can be written as )% = £P')%t jn which ¢
isthe optimal value of the scalar parameter «;.

Secondly, o = (04,...,0n) isreplaced by o = eo 1inwhich1 = (1,...,1)
thatistosay o1 = ... = oy = e2. Thismeans that the N parametersoy,...,on
are replaced by only one parameter ¢, > 0 in which the parameter ¢, allows the
variance to be controlled. If e = 0, thenY¢ = y°.

We then conclude that the optimization problem defined by Eq. (30) can be
rewritten as

opt _opty : post opt
(61,69 ) = arg S TP (e YPen1) . (41)
The optimization problem defined by Eq. (41) can be solved, for instance, using
thetrial method.

4. Application

(2) Definition of the stochastic boundary value problem at the meso-scale. We
consider a microstructure represented by an open bounded domain 2 = (]0, 1])3
of R? with generic point ¢ = (z1, x5, x3) for which the origine (0, 0, 0) islocated
at acorner of the cube (see Fig. 1 left). Domain €2 is occupied by a heterogeneous
complex material modeled by a statistically homogeneous and anisotropic elas-
tic random medium at the meso-scale. For this meso-scale modeling, the elastic
properties of the microstructure are then defined by the non-Gaussian fourth-order
tensor-valued randomfield {C'(x), x € Q} inwhich C(x) = {Cjke(x) }ijie- Let
{u(x) = (ui1(x), us(x),us(x)), x € Q} be the displacement random field at
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the meso-scale. The random constitutive equation is then written as s j;(x) =
Cjiom(x) €0 (), in Which s is the stress tensor and e is the strain tensor such
that &4, (u(x)) = 2(ue(x) /0 + Oum(x)/02¢). The boundary O is written
as'y U Tgps U . A Dirichlet condition w = 0 isgiven on I'y while a Neumann
condition is given on I corresponding to the application of a given deterministic
surface forcefield g' (x) = (¢} (), g5 (x), g (x)). Thereisno surface force field
applied to I'gps Which is the part of the boundary for which field w is observed
(this corresponds to the hypothesis for which only partial experimental data are
observed and then are available). The stochastic boundary value problem consists
in finding the second-order random field {u(x), € 2} such that

—divs =0 in Q
u(x) =0 on Ty (42
s(x)n(x)=g"(x) on T'  ad s(x)n(x)=0 on Ips |,

inwhichn(z) = (ni(x), na(x), ns3(x)) isthe outward unit normal to 02, where
{divs(x)}; = Os;r(x)/0x); and where the random constitutive equation is de-
fined above.

(2) Family of prior probability models for the random field {C(x), xz € Q}.
The stochastic boundary value problem defined by Eq. (42) is elliptic. The fam-
ily {CP"(x;w),x € Q} of the prior probability models for the fourth-order
tensor-valued random field{C(x),x € Q} could arbitrarily be chosen (see for
instance [2, 3, 63] for the scalar case). In this application, we are interested
in the anisotropic case that is to say to the tensor case. We then choose the
probabilistic model constructed in [50, 51]) using the Maximum Entropy Prin-
ciple under the constraints defined by the available information and yielding a
stochastic non-uniform ellipticity condition. All the details concerning the con-
struction and the generation of independent realizations for such a non-Gaussian
fourth-order tensor-valued random field can be found in [50, 51]). For al x in
Q, the fourth-order tensor-valued random field CP" (x: ; w) is represented by the
symmetric positive-definite (6 x 6) real random matrix [AP" (a; w)] such that
[AP" (2 w)];; = CTy(x; w). Thisfamily of prior models {[A™" (z, w)], = €
1} depends on the vector valued parameters w = (0, L, {[4];;,1 < i < j < 6})
belonging to an admissible subset of R* for which § > 0 is a real parame-
ter controlling the level of statistical fluctuations of the field, L is a correlation
length (with respect to the general model presented in [50, 51], it is assumed
that the three spatial correlation lengths L, L, and L5 are equal; we then have
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L = Ly = Ly = Ls). The mean value E{[AP"(x;w)]} = [A] (which is
independent of a because {[ AP (x; w)], = € Q} isthe restriction to Q2 of a ho-
mogeneous random field) is a symmetric positive-definite (6 x 6) real matrix for
which 21 parameters must be identified for an anisotropic material.

(3) Stochastic finite element approximation of the stochastic boundary value
problem. The cube (]0, 1])® ismeshed with 6 x 6 x 6 = 216 finite elements using
8-nodes finite elements (see Fig. 1 left). There are 8 integration points in each
finite element. Since there are 216 finite elements, we have N, = 1 728 integra-
tion points. The dimension of vector V discretizing [A(.)] (or vector VPO (qp)
discretizing [AP(.; w)]) isthen my = 21 x N, = 36288. It should be noted
that the number of independent Gaussian germs used to generate such a stochastic
model isthen 36 288. Concerning the boundary conditions, the displacements are
locked at points (1,0, 0), (1,1,0),(1,1,1)and (1,0, 1) corresponding to the 4 cor-
ners of the face of the cubein the plane z; = 1. An external point load (0,1,0) is
applied to the node of coordinates (0, 0, 1). The observed degrees of freedom are
the z,- and z3-displacements of the nodes located inside the face z; = 0. Since
there are 49 nodes on each face of the cube whose 25 nodes inside the face, there
arem = 2 x 25 = 50 observed degrees of freedom.

0.35 03 02 Spatial correlation length L

Dispersion parameter

Figure 1: (Left figure): Finite element mesh of the domain. (Right figure): Cost function (4, L) —
J(9, L, {[A];;,1 < i < j < 6}) for the identification of the optimal prior probability model using
the experimental data sets.

(4) Experimental data sets. The objective of this application isto validate the
methodology proposed for partial experimental data (in this application, the ob-
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servation vector is only made of 50 degrees of freedom among a total of 1017
degrees of freedom). The experimental data are then synthetically generated us-
ing the stochastic boundary value problem with a perturbed version of the prior
model. We then consider vep, = 110 experimental data sets u®P!, ... u®Pree,
Each experimental data set is defined as the observation vector u®®* in R™ corre-
sponding to an independent realization of the response of the stochastic boundary
value problem that isto say, is such that u®P‘ = h(V®®(¢,)). The random vector
VP = Vp. (w®P) is aperturbation of the probabilistic model of the prior model
VPior(q). For this perturbation of the probabilistic model, the mean matrix [A%®]
is not modified. The parameter w = w®P = (0%P, L®P {[A%P];;,1 < i < j <
6}) with %P = 0.37, L®P = 0.33 and where the (6 x 6) real matrix [A®®] of the
mean model for the anisotropic material is such that

[ 3.3617 1.7027 1.3637 —0.1049 —0.2278 2.1013 |
1.7027 1.6092 0.7262 0.0437 —0.1197 0.8612
1.3637 0.7262 1.4653 —0.1174 —0.1506 1.0587

—0.1049 0.0437 —-0.1174 0.1319 0.0093 —0.1574
—0.2278 —0.1197 —0.1506 0.0093 0.1530 —0.1303
2.1013 0.8612 1.0587 —0.1574 —0.1303 1.7446

) (43

The matrix defined by Eq. (43) corresponds to the mean value of the elasticity

tensor of the anisotropic random microstructure presented in [51].

[A@(p] — 1010 %

(5) Identification with experimental data of an optimal prior model in the con-
structed family. The optimization problem defined by Eq. (13) related to the iden-
tification of the optimal prior probability model using the experimental data is
solved by the trial method. For the parameter w = (0, L, {[4];;,1 < i < j <
6}), only the two parameters § and L are free in the admissible set and [4] is
fixed to the value [A®P]. For the trial method, the cost function w — J(w)
is computed for 6 € {0.3,0.35,0.38,0.39,0.4,0.41,0.42,0.45,0.5}, for L €
{0.2,0.25,0.28,0.29,0.3,0.31,0.32,0.35,0.4} and for [A] = [A®®]. For eachtrial
point w, the value of the cost function JP1° (w) is etimated using the stochastic
numerical model UP" (w) = h(VP(w)) which is solved by the Monte Carlo
method with 500 independent realizations of random vector VP (w). The opti-
mal value wo" = (59, LOPt [[A4],;,1 < i < j < 6}) corresponding to the min-
imum of the cost function is obtained for 6%t = 0.4 and L = 0.3. Fig. 1 right
displaysthe graph of the cost function (9, L) — J(9, L, {[A4]j,1 < i < j < 6}).
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(6) Construction of the statistical reduced order optimal prior model. The
optimal prior model VPO (w%!) is simply denoted by VP, Its mean value
V = E{VPIo (%Y1 js a vector in R3¢ and its covariance matrix [Cywio] is
a (36288 x 36 288) real symmetric matrix. These two second-order moments are
estimated with the optimal prior model using v, = 1000 independent realiza-
tions. The dominant eigenspace of the eigenvalue problem [Ciypioa] W/ = \; W/
is solved by using the usual subspace iteration method without assembling matrix
[Cywior]. The (36288 x n) real matrix [W] = [W'.. .W”] of the n eigenvectors
associated with the n largest eigenvalues Ay > Ay > ... > )\, > 0 issuch
that [W]™ [W] = [I,,]. Fig. 2 |eft displays the graph of the relative error function

nw—er(n)=1-— %[é,ﬁ related to the convergence (with respect to n) of the
expansion of random vector VP corresponding to the optimal prior model. The
left figure shows that a reasonable convergence is reached for n = 550. Fig. 2

right displays the distribution of the values of the first 550 largest eigenvalues of
covariance matrix [Ctyprior|.
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Figure 2: (Left figure): Graph of the error function n — err(n). (Right figure): Distribution of the
first 550 largest eigenvalues of covariance matrix [Cyprior].

(7) Construction of the polynomial chaos expansion with deterministic vector-
valued coefficients of the reduced-order optimal prior model. The calculation
of the optimal values of the deterministic vector-valued coefficients y!, ..., y"
in R” of the polynomial chaos expansion n@s(N) = S 4o ¥ (E) is per-
formed using the random search algorithm presented in Section 3.1 with n = 550
(which means that each unknown vector y¢ isin R*"). This calculation is car-
ried out for the optimal prior model and for agerm E = (¢, ..., &y, ) of length
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N,. In the random search algorithm, only one permutation in 7 is used and is
{j1=1,...,j, =n}thatistosay {1,...,n}. Each recurrent optimization prob-
lemP;, forj =1,...,550, issolved using v; independent realizations. Fig. 3 |eft
displays the graph of function j; — v;. The total number of independent realiza-
tions performed with the algorithmis then 2 x > v; = 27372.

For a fixed value of IV, and for a fixed maximum degree IV, of the polyno-
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Coordinate j of 1 Maximum degree Nd of the polynomial chaos

Figure 3: (Left figure): Graph of function j — v;. (Right figure): L'-error function N, ~—
err(N,, Nu) for random vector n"®S(N') with N = h(N,, N,) and for N, = 3 (thin line) and
N, = 4 (thick line).

mial chaos, the polynomial chaos expansion with deterministic vector-valued co-
efficients for the optimal prior model has been carried with N chaos (that is to
say, the number of deterministic vector-valued coefficients y!, ..., y" in R
iSN = h(Ny, Ng) = (Ng + Ny)! /(N Ny!) — 1. In order to calculate the log-
likelihood function, the probability density function ¢ — pnihaDS(N)(e; yh .oy
of (V) such that n¥®S(N) = Y | 4@ U, (E) is estimated for the v, =
1000 independent realizations " (6,) used previously for ¢ = 1,...,1000. The
values of the probability density function p, s, (5" (0e) s y', ... y") isesti-
mated using the kernel density estimation method and v, independent realiza-
tions of the normalized Gaussian vector =. Let e — pn?nor(e) be the estimation

of the probability density function of the optimal prior random variable " also
carried out with the kernel density estimation method. A convergence analysis of
the polynomial chaos expansion has been performed in function of the dimension
N, of the germ and of the maximum degree N, of the polynomial chaos. The
polynomial chaos expansion with deterministic vector-valued coefficients of the
optimal prior model has been carried out with N, = 15, 18, 20, 22 for N, = 3
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Figure 4: Convergence analysis with respect to the number N of chaos. Comparisons of the graph
of the optimal prior pdf ¢ — p pr|or( ) (thin solid line) with the graph of the pdf e — p,.(e)

estimated using the polynomial chaos expansion with N chaos (thick solid line), for different
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figure). Vertical axis: log, of the pdf. Horizontal axis: value e of ;.
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and, with N; = 9, 10, 15, 18, 20, 22 for N, = 4. The corresponding number
N of chaos (that is to say the number of deterministic vector-valued coefficients
y', ...,y inR%) is N = 815, 1329, 1770, 2299 for N, = 3 and, N = 714,
1000, 3875, 7314, 10625, 14949 for N, = 4. The number v, of independent
realizations of E used to estimate the probability density functions of nghms(N )is
Vaos = 11000 except for N, = 4 and Ny = 22 for which vy, = 16 000. Fig. 3
right displays the graphs of the L'-error function N, — err(N,, N,) defined by
Eq. (23) for N, = 3 and N, = 4. It can be seen that a reasonable convergence is
reached for N, = 4 and V; = 20, that isto say for N = NV = 10625 terms
in the polynomial chaos expansion of n®®S(N'). The number N, = 4 of indepen-
dent Gaussian germs with the degree N; = 20 yields N = 10625 uncorrelated
non-Gaussian (but dependent) random variables used in the polynomial chaos ex-
pansion which hasto be compared to the 36 288 independent Gaussian germs used
to generate the non-Gaussian spatially sampled tensor-valued random field.

Fig. 4 isrelated to the convergence analysis with respect to the number N =
h(N,, Nq) of chaos. Each figure shows the comparison of the graph of the optimal
prior pdf e — loglo(pn?nor(e)) with the graph of the pdf e — lOglO(pn;:_haOS( (e ytor,

.., y™oP)) estimated using the polynomial chaosexpansionwith N = h(N,, Ny)
chaos. The figures show the comparisons for the coordinates ;7 = 1, 10, 200, 300
and 550, for N, = 4 and for Ny = 9 (N = 714), N; = 20 (N = 10 625) and
for Ny = 22 (N = 14 949). It can be seen again a good convergence of the
probability density function for these five coordinates obtained for N, = 4 and
N4 = 20 corresponding to the value NV = 10 625 of N. The quality of the
convergence is similar for the other 447 coordinates. Fig. 5 displays the graph of
function j +— err;(N°") defined by Eq. (22) which showsthe error for each coor-
dinate j and for thevalueof N = N®™ for which the convergence isreached. For
the configuration 10 625 (N, = 4, Ny = 20) withn = 550 and vehaes = 11 000,
the CPU timeis 28 hours using one processor with one core (in fact, about 4 hours
with 8 cores).

(8) Construction of the probability distribution of the random coefficients of
the polynomial chaos expansion and identification of the parameters using the ex-
perimental data. The optimization problem defined by Eq. (30) issimplified using
Eq. (41). The two deterministic parameters; > 0 and e, > 0 control the proba-
bility distribution of the random vectorsY'!, ..., Y'". The optimization problem
is solved using the trial method for ; belonging to the set £, = {[1.000, 0.920]
with astep of —0.005} and for ¢, belonging to the set £, = {[0.025, 0.060] witha
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Figure5: Graph of function j — err; (N™V).

step of 0.005}. We then introduce the mapping j — (¢4 j,2;) from{1,...,136}
into & x & For each fixed value of (e, ;,¢2,;), the stochastic boundary value
problem is solved by the Monte Carlo method with v = 11, 000 independent
realizations. The total CPU time for solving the optimization problem is 14 hours
using 64 processors. Fig. 6 displaysthe graph of j — log,, JP(s1 ;Y g5 ;1)
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Figure 6: Cost function in log, scale: graph of j — log,, JP*(e; jVOPt &5 ; 1).

and yields the optimal value ™ = 0.965 and e" = 0.045. The probability
density function v +— pULm(u ; Y™, o™) is estimated with the posterior model
U™ (Y™, o) = h(VP(Y* a*)). In order to validate the method, we compare
Pypos with the experiments. Then an approximation ﬁng(u; Vexp) Of the probabil-
ity density function u +— png(u) of the experimental random observation vector
U:® is estimated with the experimental data {u®®!, ... u®P¥ee}. Fig. 7 shows
the comparison of u i log pypes (u; Y, o) with u i+ logy Byee(u; ve) and
with u — logy, pUgmr(u ; V) for two observed DOF k corresponding to the z»-
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displacement of nodes 19 and 27 located inside the face z; = 0. The probability
density functions are estimated using the kernel density estimation method. The

p.d.f for x,~displacement of node19 p.d.f for x,~displacement of node19
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Figure 7: For observed DOF & corresponding to the x»-displacement of nodes 19 (top figures) and
27 (down figures), graphs of u + log 1 b, exp (u; vexp) (thin solid lines), u — logy o p, prior (u ; YP)
k k

(dashed thick lines), u — log;q pypost (u Y™ o) (thick solid lines).

two figures on left show that the prior probability density functions are already a
good approximation of the experimental probability density functions thanks to
the identification with the experimental data of the optimal prior model which has
been performed in Step 2. The two figures on right show that the posterior proba-
bility density functions are better approximations of the experimental probability
density functions with respect to the prior probability density functions, even if
the improvement stays small, but significant, in this case.

(9) Quality assessment of the posterior stochastic model. In Subsection (8)
above, we have compared the probability density function v — p Upos (u; Y™, 0™)
with the reference solution represented by the probability density function v —
pyee(u) of the experimental random observation vector U, =P, The comparaisons
shown in Fig. 7 are related to the observed DOF for which experimental data
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were available and have thus been used in the identification procedure. In or-
der to give a quality assessment of the posterior stochastic model, we present a
comparison of these quantities for DOF which have not been used to identify the
posterior stochastic model. We then consider the two additional observed DOF
k' corresponding to the x,-displacement of the node 76 for which the coordinates
are (0.1667,0.500,0.8333) and of the node 170 for which the coordinates are
(0.500, 0.500, 0.1667). These two nodes are located inside the cube. Fig. 8 shows
the comparison of u +— log,, pUE?S‘(U ;YO o) with u — log, Pyee(u; vep)
and with u — log, o pyprier (u; Y*) The probability density functions are estimated
using the kernel densit’i/ estimation method. The two figures on right validate the
quality of the posterior stochastic model for degrees of freedom which have not
be used to identify it.
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Figure 8: For DOF k£’ not used in the identification of the posterior stochastic model and cor-

responding to the zo-displacement of nodes 76 (top figures) and 170 (down figures), graphs

of u — logyo P exp(u; vexp) (thin solid lines), u — logq pymior(u; V™) (dashed thick lines),
k! k!

u — logyg pUE?st(u ; Y o) (thick solid lines).
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5. Conclusions

An approach has been proposed to identify polynomial chaos expansion in
high dimension of tensor-valued random field with partial experimental datathrough
a stochastic boundary value problem. A complete methodology made up of five
steps and associated algorithms have been proposed. The application presented
showsthe effective capability of the approach presented. With such anew method-
ology, the inverse identification and the convergence analysis of the polynomial
chaos expansi on with determini stic coefficients has been able to be donefor tensor-
valued random field which constitutes a novel result. Concerning the last step
devoted to the construction and the inverse identification of the polynomial chaos
expansion with random coefficients, a constructive approach based on the use of
the log error function of the probability density function has been proposed. The
asymptotic sampling Gaussian distribution constructed with the Fisher informa-
tion matrix recently introduced could also be used as well as the Bayesian pos-
teriors. Finaly, if experimental data corresponding to direct field measurements
(inal the domain) by image processing of the random field are available, then the
identification of the polynomial chaos expansion in high dimension can directly
be performed using Step 3 and Step 4.
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