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Abstract Considering two independent Poisson processes, we ad-
dress the question of testing equality of their respective intensities.
We first propose single tests whose test statistics are U-statistics
based on general kernel functions. The corresponding critical val-
ues are constructed from a non-asymptotic wild bootstrap approach,
leading to level « tests. Various choices for the kernel functions are
possible, including projection, approximation or reproducing kernels.
In this last case, we obtain a parametric rate of testing for a weak
metric defined in the RKHS associated with the considered repro-
ducing kernel. Then we introduce, in the other cases, an aggregation
procedure, which allows us to import ideas coming from model selec-
tion, thresholding and/or approximation kernels adaptive estimation.
The resulting multiple tests are proved to be of level «, and to sat-
isfy non-asymptotic oracle type conditions for the classical La-norm.
From these conditions, we deduce that they are adaptive in the mini-
max sense over a large variety of classes of alternatives based on clas-
sical and weak Besov bodies in the univariate case, but also Sobolev
and anisotropic Nikol’skii-Besov balls in the multivariate case.

1. Introduction. We consider the two-sample problem for general Pois-
son processes. Let N' and N~! be two independent Poisson processes ob-
served on a measurable space X, whose intensities with respect to some
non-atomic positive o-finite measure p on X are denoted by f and g. Given
the observation of N! and N~!, we address the question of testing the null
hypothesis (Hy) ” f = ¢g” versus the alternative (Hy) 7 f # g”.

Many papers deal with the two-sample problem for homogeneous Poisson
processes such as, among others, the historical ones of [41], [10], [19], or [48],
whose applications were mainly turned to biology and medicine, and less
frequently to reliability. More recent papers like [34], [38], [9], and [8] give
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2 M. FROMONT ET AL.

interesting numerical comparisons of various testing procedures. As for non-
homogeneous Poisson processes, though a lot of references on the problem
of testing proportionality of the hazard rates of the processes exist (see [14]
for instance and the references therein), very few papers are devoted to a
comparison of the intensities themselves. Bovett and Saw [5] and Deshpande
et al. [15] respectively proposed conditional and unconditional procedures
to test the null hypothesis ” f /g is constant” versus ”it is increasing”. Desh-
pande et al. [15] considered their test from a usual asymptotic point of view,
proving that it is consistent against several large classes of alternatives.

We propose in this paper to construct testing procedures of (Hg) versus
(Hy) without any parametric or monotony assumption on f or g and which
satisfy specific non-asymptotic performance properties.

In particular, for every « in [0, 1], these tests are of level «, that is they
have a probability of first kind error at most equal to a. For special values
of a, they are even of size «, that is their probability of first kind error is
exactly equal to «, since they involve very sharp critical values obtained
via a non-asymptotic wild bootstrap approach. In the classical two-sample
problem for i.i.d. samples, the choice of the critical values in testing proce-
dures is a well-known crucial question. Indeed, the asymptotic distributions
of many test statistics are not free from the common unknown density un-
der the null hypothesis. In such cases, some bootstrap methods are often
used to build data-driven critical values. By bootstrap methods, we mean
the original ones introduced by Efron [16] of course, but also more general
weighted bootstrap approaches such as the precursor Fisher’s [17] permu-
tation, the m out of n bootstrap introduced by Bretagnolle [6], the general
exchangeably weighted bootstrap studied in [40] and including the Bayesian
bootstrap of Rubin [46] for instance, as well as the wild bootstrap detailed
in [37]. Except in the cases where the permutation approach is used, au-
thors generally prove that the obtained tests are (only) asymptotically of
level a (see among many other papers [43], [44], [39], and more recently [31]
for a complete and very interesting discussion). In this work, we adopt one
of these general weighted bootstrap approaches, but from a non-asymptotic
point of view. The critical values of our tests are constructed from wild boot-
strapped U-statistics, which are based on Rademacher variables. The use of
Rademacher variables is well-known in the bootstrap community since the
work of Mammen [37], but also particularly in the statistical learning com-
munity since the works of Koltchinskii [32] and Bartlett et al. [4], followed
by [33]. It was notably proposed for the construction of general confidence
bands in a recent paper by Lounici and Nickl [36]. The main particularity
of our study, as compared with previous ones, is that we prove here that,
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under (Hp), given the data, the considered wild bootstrapped U-statistics
exactly have the same distributions as our test statistics. The corresponding
tests are consequently of level « for every « in [0, 1], and even of size « for
particular values of . Note that as in [45] or in [23], it is also possible to
randomize these tests in order to turn them into size « tests for every .
In this sense, our bootstrap method can be viewed as an adapted version of
the permutation bootstrap method in a Poisson framework. As usual even
when permutation methods are considered, the wild bootstrapped critical
values of our tests are not computed exactly in practice, but just approxi-
mated through a Monte Carlo method. We also address this question from
a non-asymptotic point of view, since we also focus on controlling the loss
due to the Monte Carlo approximation.

Our test statistics are based on a single kernel function which can be
chosen either as a projection kernel, or as an approximation kernel, or as a
reproducing kernel. A non-asymptotic study of the second kind error of our
tests is also performed. Given any $ in [0, 1], depending on the chosen kernel,
we obtain non-asymptotic conditions which guarantee that the probability
of second kind error is at most equal to 8. This can be done via a sharp
control of the wild bootstrapped critical values under the alternative, which
results from concentration inequalities for Rademacher chaoses [12, 35].

In order to deduce from these conditions recognizable asymptotic rates of
testing, we assume that the measure p on X satisfies dy = ndv, where n can
be seen as a growing number whereas the measure v is held fixed. Typically,
n may be an integer and the above assumption amounts to considering the
Poisson processes N' and N1 as n pooled i.i.d. Poisson processes with re-
spective intensities f and g w.r.t. v. The reader may also assume for sake of
simplicity that X is a measurable subset of R% and that v is the Lebesgue
measure, but it is not required: ¥ may be any non-atomic positive o-finite
measure on any measurable set X. With this normalization, when a repro-
ducing kernel is considered, we obtain a parametric rate of testing for a weak
metric defined in the associated RKHS, in the spirit of [53] or [20] for more
classical weak metrics in i.i.d. samples frameworks. Our results complete
those of Gretton et al. [22], who introduced reproducing kernels in the two-
sample problem for i.i.d. samples. When a projection or an approximation
kernel is considered, we obtain the following condition: the probability of
second kind error of the test is at most equal to 8 as soon as the Lo-distance
w.r.t. v between f and g is larger than a bound, which reproduces a bias-
variance decomposition. This bound can be proved to be optimal with an
appropriate choice of the vectorial space defining the projection kernel, or
of the bandwidth defining the approximation kernel, choice which highly
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depends on the alternative.

In order to provide an adaptive test with respect to this choice, we pro-
pose to aggregate several of the previous single kernel-based tests, making
sure that the resulting multiple test is still of level a. We establish oracle
type conditions, which guarantee that the probability of second kind error is
at most equal to 5. This aggregation approach, inspired by adaptive estima-
tion methods such as model selection, thresholding or approximation kernels
methods, was used in many papers devoted to adaptive testing in various
classical one-sample frameworks (see [49] or [50] for adaptive tests related
to thresholding methods, [27] for adaptive tests related to model selection
methods, [24] for adaptive tests related to approximation kernels methods,
or [3] for adaptive tests related to both model selection and thresholding
methods for instance). In a Poisson process framework, we proposed in [18]
an aggregated test of homogeneity also based on both model selection and
thresholding approaches. In the two-sample problem for i.i.d. samples, which
is closely related to the present problem, Butucea and Tribouley [7] propose
an adaptive test based on a thresholding approach.

We complete the study by proving that our aggregated tests are also
adaptive in a non-asymptotic minimax sense over various classes S5 of al-
ternatives (f, g) for which (f — g) is smooth with parameter 6. For clarity’s
sake, let us here recall a few definitions. For any level a test @, with values
in {0,1} (rejecting (Hp) when ®, = 1), one defines its uniform separation
rate p(®,,Ss, 3) over Ss as

(1.1) p(®n,Ss5,8) = inf < p >0, sup Prg(P=0)< B¢,
(f.9)€Ss |l f—gll>p

where ||f — g||* = [(f — g)*dv, and Py, denotes the joint distribution of
(N1, N~1). A level a test @, is said to be minimax over a particular class Ss
if its uniform separation rate achieves its best possible value over Sg, which
is called the minimax separation rate over Sy (see [2]) up to a multiplicative
factor. It is said to be minimax adaptive if its uniform separation rates
achieve (up to a possible unavoidable small loss) the minimax separation
rates over several classes S5 simultaneously. A great number of papers deal
with the computation of the minimax separation rates over various classes
of alternatives, or more precisely with the computation of their asymptotic
equivalents, that are the minimax rates of testing defined in the key series of
papers due to Ingster [26]. The question of the minimax adaptivity has also
been widely studied since the work of Spokoiny [49], who first brought out
a context where minimax adaptive testing without a small loss of efficiency
is impossible. For the problem of testing the goodness-of-fit of a Poisson
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process, Ingster and Kutoyants [28] derived the minimax rate of testing over
a Sobolev or a Besov ball. For the problem of testing the homogeneity of
a Poisson process, we derived in [18] similar minimax results considering
classical Besov bodies, and we moreover obtained new minimax adaptivity
results considering weak Besov bodies.

In the present two-sample problem for Poisson processes, no previous min-
imax result is available to our knowledge. As in [18], we here prove that the
aggregation of single projection kernel-based tests lead to minimax adaptive
tests over some classes of alternatives for which (f — ¢g) belongs to a Besov
or a weak Besov body. Such a result can be linked to the minimax results
obtained by Butucea and Tribouley [7], noting however that the classes of
alternatives they consider impose both f and ¢ to belong to a Besov space,
which is more restrictive than only imposing some regularity assumptions
on (f —g). Then, when considering the aggregation of single approximation
kernel-based tests, we obtain upper bounds for the uniform separation rates
over some classes of alternatives based on multivariate Sobolev or anisotropic
Nikol’skii-Besov balls. These upper bounds, which are conjectured to be op-
timal from results of Horowitz and Spokoiny [24] or Ingster and Stepanova
[29] in other frameworks, are completely new in our Poisson setting, and
even in a general setting for anisotropic Nikol’skii-Besov balls.

The paper is organized as follows. In Section 2, we introduce our single
kernel-based tests. As explained above, the corresponding critical values
are constructed from a wild bootstrap approach, leading to level « single
tests. We then give conditions ensuring that these single tests also have a
probability of second kind error at most equal to 3, and we study the cost due
to the Monte Carlo approximation of the wild bootstrapped critical values.
In Section 3, we construct level a multiple tests by aggregating several of
the single tests introduced in Section 2. Oracle type conditions are obtained,
ensuring that these multiple tests have a probability of second kind error at
most equal to 5. From these conditions, some of our tests are also proved to
be minimax adaptive over various classes of alternatives based on classical
and weak Besov bodies in the univariate case, or Sobolev and anistropic
Nikol’skii-Besov balls in the multivariate case. The major proofs are given
in Section 4, whereas a simulation study and the other proofs can be found
in supplementary materials.

Let us now introduce some notations that will be used all along the paper.
For any measurable function h, let when they exist: |h|o = sup,ex |h(x)],
and |hl = [y [h(z)|dv,. Recalling that |k = (f5 h(z)?dv,)'/?, we introduce
the scalar product (.,.) associated with |.|. We denote by dN' and dN~!
the point measures associated with N! and N~! respectively, and to suit
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for the notation Py, of the joint distribution of (N!, N~1), E;, stands for
the corresponding expectation. We set for any event A based on (N!, N71),
Pg) (A) = SUD((19), f=g} Prg(A).

Furthermore, we will introduce some constants, that we do not intend to
evaluate here, and that are denoted by C(«, 3,...) meaning that they may
depend on «, (3, .... Though they are denoted in the same way, they may
vary from one line to another.

Finally, let us make the two following assumptions, which together imply
that f and g belong to L?(X,dv), and which will be satisfied all along the
paper, except when specified.

ASSUMPTION 1. || f]1 < 400 and ||g|1 < +o0.
ASSUMPTION 2. | f]oc < 400 and |g|ss < +o0.

2. Single kernel-based tests with non-asymptotic wild bootstrapped
critical values.

2.1. Single kernel-based test statistics. Since f and g are assumed to
satisfy Assumptions 1 and 2, they are also assumed to belong to L2(X, dv).
Hence, testing (Hg) ”f = ¢” versus (Hy) ”f # ¢” here amounts to testing
that ”||f — g|]| = 0” versus ”||f — g|| > 0”. Considering a well-chosen finite
dimensional subspace S of L2(X, dv), if ILs denotes the orthogonal projection
onto S for (.,.), any estimator of an increasing function of |IIs(f — g)|? may
thus be a relevant candidate to be a test statistic. Let {¢ox, A € A} be an
orthonormal basis of S for (.,.), and let

T=>" ((/Xgp,\le—/chAdN_1>2—/X<p§dN>,

A€A

where N is the pooled Poisson process whose point measure is given by dIN =
dN'+dN~1. Since E {(f gp,\le)ﬂ =(/ @A(x)f(x)dux)z—kf o2 (2) f(z)dpiy,

and similarly for E [( [ rdN _1)2} , recalling that du = ndv, it is easy to see
that 7" is an unbiased estimator of n?|IIg(f — ¢)|?, and thus also a possible
test statistic, whose large values lead to reject (Hp).

Let (€2),en be the marks of the points from the pooled process N, defined
by €2 = 1 if the point # of N belongs to N! and & = —1 if the point x of

N belongs to N~1. Then 7' can also be expressed as

T=Y Y a@ea@)ll = Y (mewx,)) o0,

AN z#£x’ €N £z’ €N \AEA



TWO-SAMPLE PROBLEM FOR POISSON PROCESSES 7

Starting from this remark, we can thus generalize the test statistic T by
replacing in its expression the function: (z,2') € X% — >, ) oa(@)pa(2') €
R by a general kernel function. So, let K be any symmetric kernel function:
X x X — R satisfying:

ASSUMPTION 3. [o K*(z,2")(f + ¢)(2)(f + 9)(2')dvzdyy < +oc.

Denoting by X2 the set {(z,2’) € X2, x # 2'}, we introduce the statistic
(2.1) Tx = Z K(z,2")elb, = / K (z,2")e%% dN,dN,:.
r#x'eN X0

Since for every x in N, E[e)|N] = (f(z) —g(x))/(f(z) +g(z)) (see Propo-
sition 1 below for instance),

EsylTx] = Efg[ [/ K(z,2) N”
i st TN

= [ K@) = )@ = o)
n? K (@, 2")(f = 9)(@)(f — g)(2")dvadvy.

In the following, we use the notation:

(2.2) /K z, 2" )p(z)dv,.

With this notation, Tk is then an unbiased estimator of

whose existence is ensured thanks to Assumptions 1 and 3.

We have chosen to consider and study in this paper three possible exam-
ples of kernel functions. For each example, we give a simpler expression of
Ex, which allows to justify the choice of Tk as test statistic.

[Projection kernel case] Our first choice for K is a symmetric kernel func-
tion based on an orthonormal family {¢x, A € A} for (.,.):

EDINCHINE:

A€A
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When the cardinality of A is finite, Tk corresponds to the above natu-
ral test statistic 7. When the cardinality of A is infinite, we assume that
SUP, prex D onen |9A(@)@a ()] < 400, which ensures that K (z,2’) is defined
for all z,2’ in X and that Assumption 3 holds. Typically, if X = R? and
if the functions {px, A € A} correspond to indicator functions with disjoint
supports, this condition will be satisfied.

We check in these cases that for every s in L2(X, dv), K [s] = [Ig(s), where
S is the subspace of L2(X, dv) generated by {¢x, A € A}, and IIg denotes as
above the orthogonal projection onto S for (.,.). This justifies that such a
kernel function K is called a projection kernel and that

Ex = n’|Us(f — g)|*.

[Approzimation kernel case] When X = R? and v is the Lebesgue mea-
sure, our second choice for K is a kernel function based on an approxima-
tion kernel k in L2(R?), and such that k(—x) = k(x): for z = (21,...,24),

= (2),...,2)) n X,

1 x — 2} rq— ),
K(l‘,gj,):Hd hk‘( hl see ey hd 5
=11t

where h = (hi,...,hq) is a vector of d positive bandwidths. Note that the
assumption that k& € L2(R%) together with Assumption 2 ensure that As-
sumption 3 holds. Then, in this case,

&k :n2<kh*(f_g)7f_g>7

where kp(uq,...,uq) = %h_k: <Z—1, ce Z—Z) and * is the usual convolution
i=1""

operator with respect to the measure v.

[Reproducing kernel case] Our third choice for K is a general reproducing
kernel (see [47] for instance) such that

K(w,a") = (0(),0(2") )2

where 6 and Hx are a representation function and a RKHS associated with
K. Here, (.,.)3, denotes the scalar product of H . We also choose K such
that it satisfies Assumption 3.

This choice leads to a test statistic close to the one of Gretton et al.
[22] for the classical two-sample problem for ii.d. samples of equal sizes.
We will however see that the corresponding critical value is not constructed
here in the same way as in [22]. While Gretton et al. derive their critical
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value from either concentration inequalities, or asymptotic arguments, or an
asymptotic Efron’s bootstrap approach, we construct our critical value from
a non-asymptotic wild bootstrap approach.

In this case, it is easy to see that

2
Ex =n? [y — mgHHK )

where my = [y K(.,z)f(x)dv, and my = [ K(.,x)g(x)dv,. Note that in a
"density” context where [y f(x)dv, = [y g(x)dvy = 1, Ek is n? times the
so-called squared Maximum Mean Discrepancy on the unit ball in the RKHS
Hi (see [22]) between the distributions fdv and gdv, and that the functions
mys and mg are known (see [51] for instance) as the mean embeddings in
Hr of the distributions fdr and gdv respectively. Moreover, in this context,
assuming that the kernel K is characteristic (see also [51]), the map which
assigns its mean embedding in H i to any probability distribution is injective
by definition, so £x = 0 if and only if f = g.

We want to mention here that the introduction of reproducing kernels is
particularly pertinent if the space X is unusual or pretty large with respect
to the (mean) number of observations and/or if the measure v is not well
specified or not easy to deal with. In such situations, the use of reproducing
kernels may be the only possible way to compute a meaningful test (see [22]
where such kernels are used for microarrays data and graphs).

Thus, for each of the three above choices for K, considering a test which
rejects (Hp) when Tk is ”large enough” seems to be reasonable. It remains
to explain what we mean by ”large enough”, that is to define the critical
values used in our tests.

2.2. Critical values based on a non-asymptotic wild bootstrap approach.
The critical values we use here are based on a non-asymptotic wild boot-
strap approach, that we present and justify in this section. To do this, we
start from the remark that under (Hy), the test statistic Ty is a degenerate
U-statistic of order 2, for which adequate bootstrap methods were developed
in particular in [6] and [1]. Bretagnolle [6] first noticed that a naive appli-
cation of Efron’s original bootstrap fails for degenerate U-statistics, since it
leads the bootstrapped statistic to lose the degeneracy property. He there-
fore introduced the more appropriate m of n bootstrap, while Arcones and
Giné [1] preferred to keep on using Efron’s original bootstrap, but by forc-
ing the bootstrapped statistic to satisfy the degeneracy property through
a centering trick. The results of Arcones and Giné were then generalized
to other kinds of bootstrap methods, and in particular Bayesian and wild
bootstrapped U-statistics were introduced in [25], [30] and [13].
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Following [13], we introduce a sequence (g;);en of i.i.d. Rademacher vari-
ables independent of N. Denoting by NN, the size of the pooled process N,
and by {X1,...,Xn,} the points of N, a wild bootstrapped version of Tk
may be expressed as Zi;ﬁi’e{l,...,Nn} K(X,-,Xi/)sg(iag(ilsiai/. We consider in
fact the simpler version

(2.4) Tp = Y. KX, Xp)eiq,
1#i'€{1,....,Nn}

that can be proved to have, under (Hy), conditionally on N, the same dis-
tribution as the above wild bootstrapped version of Tk . We now choose the
quantile of the conditional distribution of Tf( given N as critical value for
our test.

More precisely, for « in (0,1), if qgl)_ ., denotes the (1 — a) quantile of

the distribution of 7' 7 conditionally on N, we consider the test that rejects
(Hp) when T K > q%vl)_ o The corresponding test function is defined by

(2.5) Do =g gy

Note that in practice, the true conditional quantile q%vl)_ ., 18 not exactly
computed, but in fact just approximated by a classical Monte Carlo method.

Of course, such bootstrap tests are not completely new in the statistical
scene. However, the main particularities of our work is that we justify our
test from a non—asymptotlc point of view. We actually prove that under
(Hyp), conditionally on N, Tx and T % exactly have the same distribution.
As a consequence the test defined by ®g , is of level «, that is it has a
probability of first kind error at most equal to ae. We will briefly see in the
next section that it may even be randomized to be of size a, that is to have
a probability of first kind error exactly equal to a.

In the same way, instead of focusing as many previous authors on the
consistence against some alternatives, we give precise conditions on the al-
ternatives which guarantee that ® g ., has a probability of second kind error
controlled by a prescribed value § in (0, 1). These results are detailed in the
next section.

Furthermore, we do not forget that studying our tests from a non-asymptotic
point of view poses the additional question of the exact loss in probabilities
of first and second kind errors due to the Monte Carlo approximation of
q%vl) . We also address this question in Section 2.4.

Such a non-asymptotic approach is actually conceivable thanks to the
following proposition, which can be deduced from a general result of [11],



TWO-SAMPLE PROBLEM FOR POISSON PROCESSES 11

but whose quite easy and complete proof is given in Section 4 for sake of
understanding.

PROPOSITION 1.  Let N and N~! be two independent Poisson processes
on a metric space X with intensities f and g with respect to some measure
1 oon X and such that Assumption 1 is satisfied. Then the pooled process N
whose point measure is given by AN = dN' +dN~1 is a Poisson process on
X with intensity f + g with respect to p. Moreover, let (eg)meN be defined
by €2 = 1 if x belongs to N' and €) = —1 if x belongs to N~1. Then,

conditionally on N, the variables (Eg)xeN are i.i.d. and for every x in N,
f(z) 0 g (x)

2.6 P(=1N)=—" P =-1N)=—2

GO P =N = 5w P TN S i

with the convention that 0/0 =1/2.

2.3. Probabilities of first and second kind errors. We here study the prob-
abilities of first and second kind errors of the test ®x , defined by (2.5).

From Proposition 1, we deduce that under (Hp), Tk and Tf{ exactly have
the same distribution conditionally on N. As a result, given « in (0,1),
under (Hy),

(2'7) P (TK > Q%ﬁ)—a

N) < a.
By taking the expectation over N, we obtain that
]P)(Ho)(CI)K,Oc = 1) < a.

In fact, the inequality (2.7) can be turned in an equality only for some partic-
ular values of «, due to the discreteness of the conditional distribution of Tk
given N. To go a little further, from Proposition 1, we deduce that the ran-
domization hypothesis as defined by Romano and Wolf [45] and introduced
by Hoeffding [23] is satisfied. From the construction of Hoeffding [23], one
can therefore randomize ® , to obtain a test Wy , such that Wy o > ®g
a.s. and such that under (Hp), E(¥g o|N) = « for every a. Thus, by using
the classical tool of randomization, one can circumvent the trouble due to
the atoms of the discrete conditional distribution of T given N, and obtain
a test with a probability of first kind error exactly equal to « for every a.
Note that the randomized test ¥ , necessarily has a probability of second
kind error smaller than ®x ,’s one, since Vi o, > Pk o a.s.

However, in practice, since the conditional quantile qf,??_ ., 18 approxi-
mated by a Monte Carlo method as we have explained aBove, we do not
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have access to the true randomized version of ®x ,. This explains why we
have decided to focus in the following on the non-randomized test ®x 4.

Given  in (0, 1), we now aim at bringing out a non-asymptotic condition
on the alternative (f,g) which will guarantee that Py (g, = 0) < .
Denoting by ¢% ;_ 8/2 the (1 — /2) quantile of the conditional quantile

(N)
qK,l—oz7

Pyg(®xa=0) <Ppy(Tk < Ak, 1-p2) + B/2.

Thus, a condition which guarantees that ]P’ﬁg(TK < g% 5 /2) < B/2 will be
enough to ensure that Py (g o = 0) < 5. The following proposition gives
such a condition.

PROPOSITION 2.  Let o, 8 be fized levels in (0,1), and let us recall that for
any symmetric kernel function K satisfying Assumption 3, Er  [Tk] = £k,
with Ex given in (2.3). If

2nAk + Bg o
(2.8) Ex > 2ny | 5 taKx1-p/2

with A = [y (K [f = 9] (2))* (f + 9)(@)dve, and B = [ K*(w,2")(f +

A

9)(@)(f + g)(@")dvydvy, then Py o(Tx < q?{,1—ﬁ/2) < B/2, so that
Prg(Pra=0) < 0.

Moreover, there exists some constant k > 0 such that, for every K,

(2.9) Ak 1—pje < KIn(2/a)ny | 23%

To prove the first part of this result, we simply use Markov’s inequality
since obtaining precise constants and dependency in 3 is not crucial here (see
Section 4). The control of q?‘(’l_ 5/2 derives from a property of Rademacher
chaoses combined with an exponential inequality (see [12] and [35]).

The following theorem allows to better understand Proposition 2, and to
deduce from it more recognizable properties in terms of uniform separation
rates.

THEOREM 1. Let «, 8 be fized levels in (0,1). Let K be a symmetric ker-
nel function satisfying Assumption 3, and Pk o be the test defined by (2.5).
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Let Ck be an upper bound for fX2 K2(z,2')(f + 9)()(f + 9)(2)dvpdvy.
Then, we have Py o(Pr .o =0) < B, as soon as
(210) If —gl* = int [[[(f —9) =K [ — g

4+2vV2:In(2/a) 1, 8|f + gl
* nrv/B CK} " pn .

For instance, C can be taken as follows.

o Cx =|f+9gl%D when K is chosen as in the [Projection kernel case],
considering an orthonormal basis {px,\ € A} of a D-dimensional
subspace S of L2(X, dv),

o Cx =|f+9llcllf+9lliD when K is chosen as in the [Projection ker-
nel case/, considering an orthonormal basis {px, A\ € A} of a possibly
infinite dimensional subspace S of L*(X,dv), which satisfies:

(2.11) sup Z loa(@)pa(z")| = D < +o0,
T,z EX)\EA
2
(2.12) / (Z loa(z)oa(z") ]) (f + 9) (2" dvpdyvy < 400,
AEA

e Cx = |f + gloolf + g||1||l’<:||2/]_[;-1:1 h; when K is chosen as in the
[Approzimation kernel case].

Comments.

1. When K is chosen as in the [Projection kernel case/, then K [f — g] =
IIs(f — g). Hence by taking » = 1 in (2.10), the right hand side of the in-
equality reproduces a bias-variance decomposition close to the bias-variance
decomposition for projection estimators, with a variance term of order VD /n
instead of D /n. This is quite usual for this kind of test (see [2] for instance),
and we know that this leads to sharp upper bounds for the uniform separa-
tion rates over particular classes of alternatives.

2. When K is chosen as in the [Approzimation kernel case] with k in
L' (R%) ), Jpa k(x)dv, =1, and hy = ... = hq, then K [f —g] = kp * (f — g),
and |(f —g) — K[f—g]| is a blas term. Hence by taking » = 1 in the
inequality (2.10), we still reproduce a bias-variance decomposition, but with
a variance term of order hl_d/ 2 /mn, which coincides with the above variance
term in the [Projection kernel case] through the equivalence hl_d ~ D. This
equivalence is usual in the approximation estimation theory (see [52] for
instance for more details).
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3. When K is chosen as in the [Reproducing kernel case/, if K is pro-
portional to a kernel from the two above cases, then one can appropriately
choose the constant 7 such that |(f — g) — r 'K [f —g]| is still a bias
term. We thus recover for such kernel functions, such as the Gaussian and
Laplacian kernels, which are commonly used in statistical learning theory,
the same bias-variance decomposition as above. However, in some cases, one
can not find any normalization constant 7 for which |(f —g) —r 'K [f — ¢] |
can be viewed as a bias term, and the result can not be interpreted from a
statistical point of view. In these cases in particular, the L?-norm which is
considered in Theorem 1 is not the appropriate one to obtain relevant uni-
form separation rates, since it does not necessarily have any link with the
norm of the RKHS H . We give in the following theorem a more adequate
result for the specific [Reproducing kernel case].

THEOREM 2. Let «, 8 be fized levels in (0,1), and k > 0 be the constant
of Proposition 2. Let X = R and K be a kernel function on X x X chosen
as in the [Reproducing kernel case]. Let ® o be the test function defined by
(2.5). We assume furthermore that [y f(x)dv, = [y g(x)dv, = 1, that K
is a bounded measurable characteristic kernel, and that K(x,x) is constant
equal to ko. Let my and my be the mean embeddings of the distributions fdv
and gdv respectively in Hy. We have Py g(Px o =0) < 5 if

4 4 2+ 21n(2
umf—mgH%Kzﬂ( 4 2 Kv2In /O‘)>-

B VB

Comments.

1. The assumption that K (z,z) is constant is usual, since it is satisfied by
any normalized or translation-invariant kernel (see [47] p 46-47, 57, or [51]
for instance). Moreover, as specified in [51] for instance, bounded continuous
characteristic and translation-invariant reproducing kernels exist, at least in
R?, where Bochner’s theorem enables to characterize them.

2. The result that we have here is in fact comparable to the one obtained
by Wellner [53] for two-sample tests in an i.i.d. samples framework. While
Wellner’s test is based on the estimation of a weak distance between fdv
and gdv, associated with the Sobolev norm with negative index, our test
statistic is an unbiased estimator of Ex = n?||m; — mgH%K, where ||my —
Mg\ = SUD ||, <1 J5(f = 9)(x)r(x)dv, defines a weak distance between
the distributions fdv and gdv. As in [53] (or [20] beforehand for the problem
of testing uniformity), we obtain a uniform separation rate for this weak
distance of the same order as the usual parametric separation rate, that is
of order n=1/2.



TWO-SAMPLE PROBLEM FOR POISSON PROCESSES 15
2.4. Performance of the Monte Carlo approximation.

2.4.1. Probability of first kind error. In practice, a Monte Carlo method
is used to approximate the conditional quantiles qgl)_ o+ It is therefore neces-
sary to address the following question: what can we say about the probabil-
ities of first and second kind errors of the test built with these Monte Carlo

approximations? Recall that we consider the test ®x  rejecting (Hp) when

Tk > qgl)_a, where T is defined by (2.1), and qgl)_a is the (1—«) quantile
of Tf{ defined by (2.4) conditionally on N. The conditional quantile q%\’fl)_ o

is estimated by Lj%\jl)_ ., Via the Monte Carlo method as follows. Conditionally

on N, we consider a set of B independent sequences {e’,1 < b < B}, where
e = (%),en is a sequence of i.i.d. Rademacher random variables. We de-
fine, for 1 < b < B, Tf; = rwen K(2, 2')ebel,. Under (Hy), conditionally
on N, the variables Tf{b have the same distribution function as Tk, which
is denoted by Fg. We denote by Fg p the empirical distribution function

(conditionally on N) of the sample (Tf(b ,1<b< B):
1 B
Vo € R, FK,B(x) = EZITIE:SSL"
b=1

Then, qA%\’fl)_a is defined by (jgl_a =inf {t € R, Fx p(t) > 1 — a}. We finally
consider the test given by

(2.13) Bpo=1

.
TK>q§<,1)7a

PROPOSITION 3.  Let o be some fived level in (0,1), and @ ., be the test
defined by (2.13). Under (Hy),

Comment. For example, if B = 200 and a = 0.05, @K,a is of level 5.5%.
2.4.2. Probability of second kind error.
PROPOSITION 4. Let o and (8 be fized levels in (0,1) such that ap =

a—+/InB/(2B) >0 and fp =8 —2/B > 0. Let @K@ be the test given in
(2.13). Let Ex, Ax, Bk and K as in Proposition 2, and let q?(Bl—BB/Z be the
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(1 —BB/2) quantile of q%\;)_OCB. If

2nAx + B
(2.14) Ex > 20y /T O

then Pf,g(iK,a =0) < 5. Moreover,

2B
< kIn(2/ap)n =K

(2.15) o

qu Bp/2 =

Comments. When comparing (2.14) and (2.15) with (2.8) and (2.9) in
Proposition 2, we notice that they asymptotically coincide when B — +oo.
Moreover, if a = g = 0.05 and B > 6000, the multiplicative factor of
kny/Bg is multiplied by a factor of order 1.2 in (2.15) compared with (2.9).
If even B = 200000, this factor passes from 23.4 in (2.9) to 24.1 in (2.15).

3. Multiple testing procedures. In the above section, we consider
testing procedures based on a single kernel function K. Using such single
tests however leads to the natural question of the choice of the kernel, and/or
its parameters: the orthonormal family when K is a projection kernel, the
vector of bandwidths A when K is based on an approximation kernel, the
parameters of K when it is a reproducing kernel. Authors often choose par-
ticular parameters regarding the performance properties that they target for
their tests, or use a data-driven method to choose these parameters which
is not always justified. For instance, in [22], the parameter of the kernel is
chosen from a heuristic method.

In order to avoid choosing particular kernels or parameters, we propose
in this section to consider some collections of kernel functions instead of
a single one, and to define multiple testing procedures by aggregating the
corresponding single tests. We propose an adapted choice for the critical
value. Then, we prove that these multiple tests satisfy strong statistical
properties, such as oracle type properties and minimax adaptivity properties
over many classes of alternatives.

3.1. Description of the multiple testing procedures. Let us introduce a
finite collection {K,,,m € M} of symmetric kernel functions: X x X — R
satisfying Assumption 3. For every m in M, let TK and T ¢ Dbe defined
by (2.1) and (2.4) respectively, with K = K,,, and let {wm,m € M} be a

collection of positive numbers such that >, e™*" < 1. For u in (0,1),
(N)

m,1—u

we denote by ¢ the (1 —u) quantile of T}%m conditionally on the pooled
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process N. Given « in (0,1), we consider the test which rejects (Hy) when
there exists at least one m in M such that

TKm > q(N)

N 9
m,l—ug )e*“’m

where ugN) is defined by

(3.1) u,(lN) =supu>0,P| sup <Tf<m — qﬁan)—ue*wm) >0
meM ’

N>ga}.

Let @, be the corresponding test function defined by

(3.2) o, =1 A .
SUPme M (TKm_q(Ni7 (N) *wm)>0

(N)

Note that given the pooled process N, us ' and the quantile q(N)

m 1—u((1N)e*wm

can be estimated by a Monte Carlo method.

It is quite straightforward to see that this test is of level a and that
one can guarantee a probability of second kind error at most equal to £ in
(0,1) if one can guarantee it for one of the single tests rejecting (Hy) when
TKm > q;Nl) A g We can thus combine the results of Theorem 1.

3.2. Oracle type conditions for the probability of second kind error.
3.2.1. Multiple testing procedures based on projection kernels.

THEOREM 3. Let o, 8 be fized levels in (0,1). Let {S,,,m € M} be a
finite collection of linear subspaces of L2(X,dv) and for all m in M, let
{ex, A € Ay} be an orthonormal basis of Sy, for (.,.). We assume either
that Sy, has finite dimension D, or that the conditions (2.11) and (2.12)
hold with A = A, and D = D,,. We set, for all m in M, Ky(z,2') =
Y oneh,, Pa(m)pa(a’). Let @, be the test defined by (5.2) with the collection
of kernels { K., m € M} and a collection {w,,,m € M} of positive numbers
such that -, -\ e”"m < 1.

Then @, is a level o test. Moreover, Py, (®o =0) < 3 if

(33) 1f —gl* > inf {Il(f —g) ~ T, (f ~ )l

4+ 2v2k(In(2/) + wy,) 81f + gl
+ =/ M(f,g)@}JrT’

where &> 0 and M(f, g) = max (£ + gloe, /17 + glclF + 11 ) -
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Comments. Comparing this result with the one obtained in Theorem 1
for the single test based on a projection kernel, one can see that considering
the multiple testing procedure allows to obtain the infimum over all m in M
in the right hand side of (3.3) at the price of the additional term w,. This
result can be viewed as an oracle type property: indeed, without knowing
(f — g), we know that the uniform separation rate of the aggregated test is
of the same order as the smallest uniform separation rate in the collection of
single tests, up to the factor w,,. It will be used to prove that our multiple
testing procedures are adaptive over various classes of alternatives.

We focus here on two particular examples. The first example involves
a nested collection of linear subspaces of L2(]0,1]), as in model selection
estimation approaches. In the second example, we consider a collection of
one dimensional linear subspaces of I.2([0, 1]), and our testing procedure is
hence related to a thresholding estimation approach.

[Multiple kernels case - Example 1] Let X = [0, 1] and v be the Lebesgue
measure on [0,1]. Let {0, ¢k, j €N, k€ {0,...,2/ —1}} be the Haar
basis of L2([0, 1]) with

(3.4) po(z) =1 (z) and @(x)(z) = 2j/27/1(2j37 — k),

where () = 1jo1/2)(z) — 1[1/2,1)(z). The collection of linear subspaces
{Sm,m € M} is chosen as a collection of nested subspaces generated by
subsets of the Haar basis. More precisely, we denote by Sy the subspace of
L2([0,1]) generated by ¢g, and we define Ko(x,z') = wo(z)po(x"). We also
consider for J > 1 the subspaces S; generated by {¢x, A € {0} UA;} with
Ay = {(,k), 5 € {0,...,J =1}, k € {0,...,27 — 1}}, and K (z,2') =
DoNe{oluA, ox(x)px(a’). Let for some J > 1, M ;= {J,0 < J < J}, and for
every J in My, wy =2 (In(J + 1) + In(x/V6)) .

Let @ be the test defined by (3.2) with the collection of kernels { K ;, J €
M3} and with {wy, J € M ;}. We obtain from Theorem 3 that there exists

C (0,8, floes lgllo) > 0 such that Py, (0§ =0) < 3 if

(35) |If =gl = C(a, 8,1 floc, Iglo) jiud {H(f —9) — s, (f - 9)|I”

9J/2
+ (In(J + 2))—}

n

[Multiple kernels case - Example 2] Let X = [0, 1] and v be the Lebesgue
measure on [0, 1]. Let {0, ¢(jx),J € N,k € {0,...,2/ —1}} still be the Haar
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basis of L2([0,1]) defined by (3.4). Let for some J > 1,
Aj={(.k), j€{0,....0 =1}, ke {0,...,27 —1}}.

For any A in {0} U A7, we consider the subspace Sy of L2(]0,1]) generated

by ¢x, and Ky(z,2") = ox(z)px(z). Let 3P be the test defined by (3.2)
with the collection of kernels {K, A € {0} UAj;}, with wg = In(2), and
Wiy =m(27) +2 (In(j + 1) + In(r/v/3)) for j € N,k € {0,...,2/ —1}. We
obtain from Theorem 3 and Pythagoras’ theorem that there is some constant
C (o, B, | floos lgloc) > 0 such that if there exists A in {0} U A7 for which

W)
Mg, (F = 9)II* = C (e, B, [ flloes l9loo) —
then Py g <<I>,(12) = 0) <B. I Mj={m,m C {0} UAj}, the above condition
is equivalent to saying that there exists m in M ; such that

M5, (7 = )17 > € (0B oo Iglo) 2252

where S, is generated by {px, A € m}. Hence, there exists some constant
C (o, B, floos |9loc) > 0 such that Py, (@g) = 0) < Bif

(3:6) [If —9ll* = C (a, 8,1 floos |9l o) i%j {H(f —9) — s, (f = 9

me

+ ZAEm wx }

n

3.2.2. Multiple testing procedures based on approximation kernels.

THEOREM 4. Let o, B be fized levels in (0,1), X = R? and let v be the
Lebesgue measure on R, Let {ky,,m1 € My} be a collection of approxi-
mation kernels such that [y k2, (z)dvy < 400, km,(z) = kp,(—2), and a
collection {hm,, mo € Ma}, where each hmy,, is a vector of d positive band-
widths (Rmy,1;s- - Pmg.d). We set M = My x My, and for all m = (my, mo)
in M, z = (z1,...,3q), ¥ = (z},...,2,) in R,

1 r1 — 2 Tq —
/ 1 d d
By (T — @) = ———Fkpy, . b .
| |i:1 hmg,i ma,1 ma,d

Let @, be the test defined by (3.2) with {K,,,m € M} and a collection
{wm, m € M} of positive numbers such that )\ e” "™ < 1.

Kp(z,2') = [
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Then ®, is a level o test. Moreover, there exists k > 0 such that if

If =gz, it {10 —0) s (F = 9)P+

4+ 2v2k(In(2/a) + wp) Hf+ﬂmW+9MWmV L 8If gl
n\/B Z 1 th,i /Bn '

then

We focus here on two particular examples. The first example involves a
collection of non necessarily integrable approximation kernels with a collec-
tion of bandwidths vectors whose components are the same in every direc-
tion. The second example involves a single integrable approximation kernel,
but with a collection of bandwidths vectors whose components may differ
according to every direction.

[Multiple kernels case - Example 3] Let X = R% and v be the Lebesgue
measure on RY. We set M; = N\ {0} and My = N. For my in My, let k,,
be a kernel such that [ k2, (z)dv, < +oo and ki, (%) = km, (—), non nec-
essarily 1ntegrable whose Fourler transform is defined when k,,, € L'(R9)N
L2(R%) by kml = Jpa km, (z)e"®" dy, and is extended to k,,, € L*(R) in
the Plancherel sense. We assume that for every m; in My, Hk/n; loo < o0,
and

1 — Ky ()]
Julg™

<C,

(3.7) Ess sup,cra\ (0}

for some C' > 0, where |u|s denotes the euclidean norm of u. Note that
the sinc kernel, the spline type kernel and Pinsker’s kernel given in [52] for
instance satisfy this condition which can be viewed as an extension of the
integrability condition (see [52] p. 26-27 for more details). For mgy in Mo,
let Ry, = (27™2,...,272) and for m = (my,ma) in M = M; x My, let

1 T — T Tq— !
Ko, ‘/E/) - kmlﬁ’w (z — 33/) - 9—dma Fom ( 2—m2 . T 9—ma <)
We take Wi, my) = 2 (In(mi(mg + 1)) +1In(72/6)), so > e < 1.

Let ¢ be the test defined by (3.2) with the collection of kernels {K,,,m €
M} and {wp,,m € M}. We obtain from Theorem 4 that there exists
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C(a, B) > 0 such that Py, (CIDS’) = 0) < gif

(m1,m2)eM

(38) If—gl*= C(mﬁ)( inf {Il(f = 9) = kg hony* (F = 9)I?

+

W ma) (17 + gloclf + gl T 2 } . ||f+9||oo>
—dm :
n 2 2 n
[Multiple kernels case - Example 4] Let X = R% and v be the Lebesgue
measure on R%. Let M; = {1} and My = N For = (1,...,74) in
R, let ki(z) = H?:l k1i(z;) where the ki ;’s are real valued kernels such
that k; € LY(R) NL2(R), k(i) = kii(—a;), and [g k1(a)da; = 1. For

mo = (m271,...,m27d) in Mo, hmz,i = 27™2i and for m = (ml,mQ) in
M = M; x Ma,
o x; —
Ky (z,2)) =k o r—1) = /<;1-<Z Z>
m( ) mi, 2( ) E hmz’i )t hm27i

We also set Wy m,) = 22?:1 (In(mg; + 1) + In(7//6)), so that

S meryxit, €U = 1. Let 2 be the test defined by (3.2) with the collec-
tions {K,,,m € M} and {w,,, m € M}. We deduce from Theorem 4 that

there exists C(o, ) > 0 such that Py, <<I>g[4) = 0) < Bif

(39) 1f ~gl* = Cla,) (mgggAZ {H(f =)~ R, * (F = )P

W(i,m o k| o0
L W) [IF + gleolf + gl }+||f+g|| )

d
n [Li=1 P n

3.3. Uniform separation rates over various classes of alternatives. We
here evaluate the uniform separation rates, defined by (1.1), of the multiple
testing procedures introduced above over several classes of alternatives based
on Besov and weak Besov bodies when X = [0, 1], or Sobolev and anisotropic
Besov-Nikol’skii balls when X = R

3.3.1. Uniform separation rates for Besov and weak Besov bodies. In this
section, we adapt to the present setting the results that we obtained in [18].

Given « in (0,1), let (I)S/)z and (I>((12/)2 be the tests defined in [Multiple
kernels case - Example 1] and [Multiple kernels case - Example 2] (with «
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replaced by «/2), and let ¥, = maX(CI)S/)z, @((3/)2).

Recall that these tests are constructed from the Haar basis {o, YGk)J €
N,k € {0,...,27 — 1}} of L2([0,1]) defined by (3.4). We define for § > 0,
R > 0 the Besov body Bgm(R) as follows:

27 -1

B} o (R) = {S =000+ D > G Pik / af < R% VjeN,
jeN k=0

21
2 26—250
> ol < B2V }

k=0
We also consider the weak Besov body given for v > 0, R’ > 0 by

271 -1

Wy (R) = {8 = Qoo + Z Z Q(5,k) P (5 k) /

jEN k=0

27 -1

2y

2 E E 2 124775~

Vt > 0, Oéola(Z)St + a(j,k)loc%j k:)gt S R t1+2y }
JEN k=0

COROLLARY 1. Assume that Inlnn > 1, 27 > n?, and J = +o00. Then,
for any § >0,v>0, R,R',R" >0, if

BsrooB. R R")={(f.9) | (f —9) € B3 o(R) N W, (R),
max (| floo, |9]oc) < R"},

P(Ya, Bsqyoo(R, R, R"), B), defined by (1.1), is upper bounded by
26

(Z) C(&’Y? R7 R/,R//,Oé,ﬂ) (lnl%) o Zf(s > 7/2;

(i) (6., R, R R 0, B) (B2) 55T i 5 < /2.

Comments.

1. Lower bounds for the minimax separation rates over Bs, (R, R', R")
are also available, proving that the test ¥, is adaptive in the minimax sense
over B~ oo(R, R, R"), up to a Inlnn factor if 6 > max (v/2,7/(1 + 2v))
and exactly if § < v/2 and v > 1/2. In the other cases, the exact rate is
unknown.

2. Let us mention here that our classes of alternatives are not defined in
the same way as in [7] in the classical two-sample problem for i.i.d. samples,
since the classes of alternatives (f,g) of [7] are such that f and g both
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belong to a Besov ball. Here the smoothness condition is only required on
the difference (f — ¢). In particular, the functions f and g might be very
irregular but as long as their difference is smooth, the probability of second
kind error of the test will be controlled.

3.3.2. Uniform separation rates for Sobolev and anisotropic Nikol’skii-

Besov balls. Let @&3) be defined as in [Multiple kernels case - Example 3],
and let us introduce for § > 0 the Sobolev ball Sj(R) defined by

S3(R) = {8 ‘RS R /s e LY(RY)NLE(RY), /]Rd Ju]%)5(u) 2du < (27T)dR2},

where |u]; denotes the euclidean norm of u and § denotes the Fourier trans-
form of s: §(u) = [pa s(x)el ) d.

COROLLARY 2. Assume that Inlnn > 1. For any 6, R, R',R" > 0, if

Sy(R. R, R")={(f,9) /( — 9) € Sy(R), max(|f]1,lgl) < R,
max ([ floc, l9lee) < R},

then

25
Inlnn a4
- .

p(®P) S(R,R',R"), 3) < C(6,, B, R, R', R", d) <

Comments. From [42], we know that, in the density model, the minimax

adaptive estimation rate over SJ(R) is of order n” T when § > d/2. Rigol-
let and Tsybakov construct some aggregated density estimators, based on
Pinsker’s kernel, that achieve this rate with exact constants. In the same
way, the test (IJS’ ) consists in an aggregation of some tests based on a collec-
tion of kernels, that may be for instance a collection of Pinsker’s kernels. It
achieves over S§(R, R’, R") a uniform separation rate of order = up to
a InInn factor. This rate is now known to be the optimal adaptive minimax
rate of testing when d = 1 in several models (see [49] in a Gaussian model
or [27] in the density model for instance). From the results of [24], we can
conjecture that our rates are also optimal when d > 1.

Let @&4) be the test defined in [Multiple kernels case - Example /]. Let A =
(Aqy,...,Ay), where for every i = 1...d, A; is a positive integer. Assume
furthermore that [ k13 (23)||zi|Adr; < 400, and Jz klz(xl)xidxl = 0 for
everyi=1...dand j=1...A,.
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For 6 = (01,...,0q4) € H?Zl(O, A;] and R > 0, we consider the anisotropic
Nikol’skii-Besov ball NQ{ 4(R) defined by:

Ng’d(R) = {s ‘R R / s has continuous partial derivatives DiwiJ
of order |6;] w.rt u;, and Vi=1...d, uy,...,uqg,v € R,
||DiL5iJs(u1, U U ug) — DiwiJs(ul, . ug)l2 < Rlv|% L9 }

COROLLARY 3. Assume that Inlnn > 1. For any 0 = (01,...,d4) in
[1%,(0,A] and R, R',R" >0, if

NLJR, R R"Y={(f.9) | (f —9) € N3 4(R), max(| f]1,]g]:) < R,
max(| f|o, |9loc) < R},

then, for 1/6 = E?:l 1/6;,

n

25
Inl
p(q),(f)’Ng,d(R’ R, R"),8) < C(5,a, 5, R, R, R",d) < n nn> T+43 ‘

Comments. When d = 1, from [27], we know that in the density model,
the adaptive minimax rate of testing over a Nikol’skii class with smoothness
parameter ¢ is of order (Inlnn/n)?/(+49) We find here an upper bound
similar to this univariate rate, but where ¢ is replaced by §. Such results
were obtained in a multivariate density estimation context in [21] where the
adaptive minimax estimation rates over the anisotropic Nikol’skii classes
are proved to be of order n=9/(+20) and where adaptive kernel density
estimators are proposed. Moreover, the minimax rates of testing obtained
recently in [29] over anisotropic periodic Sobolev balls, but in the Gaussian
white noise model, are of the same order as the upper bounds obtained here.

4. Proofs.

4.1. Proof of Proposition 1. All along the proof, | denotes fX. Recalling
that the marked point processes are characterized by their Laplace functional
(see [11] for instance), we first aim at computing E [exp ([ hdN)] for any
bounded measurable function h on X. Since N' and N~! are independent,

o) o) o )]
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The Laplace functional of N! is given by

E [exp </ thlﬂ — exp (/ (eh _ 1) fdu> ,

and the Laplace functional of N~! has the same form, replacing f by ¢, so

E[exp </th>} — exp </<eh—1) (f+g)du>,

which is the Laplace functional of a Poisson process with intensity (f + g)
w.r.t. u. Therefore, N is a Poisson process with intensity (f + g) w.r.t. p.
In order to prove (2.6), we then give an explicit expression of the function:

t = (ty)een — P(t,N) [exp <Z tye )

zeN

)

which characterizes the distribution of (¢2),en conditionally on N.
Let A be a bounded measurable function defined on X, and let

Ey,=E [exp < / AdN) exp <§V txag>] .

By definition of (2),cn and by independency of N' and N~!, we have that

o [ p< dN>exp </()\(x)—tx)sz_1>]
_ { < )+ ) leﬂE[exp (/(A(fc)—tx>dN:c_1>]

- / [(em 1) f(@) + (O~ 1)g(a)] dpe.

Then, for h(z) = A(x) + In (W)

By = exp [ (€19~ 1)(f + g)(a)ds, = B {exp (/ th)] |

Hence, for every bounded measurable function A defined on X,

exp ( / AdN) exp <Z txgg>] _

zeN

exp </)\dN> H <etz%+6_tz%>].

zeN

E

E
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Since the marked point processes are characterized by their Laplace func-
tional, this implies that

- etz& e_tf”&
B = lexp<§vtxg>' ]_HN< Trow T )

which concludes the proof.

4.2. Proof of Proposition 2. Let us prove the first part of Proposition 2.
Recall that q?(’l_ 5/2 denotes the 1 — 3/2 quantile of qgl)_ o> Which is the
(1 — ) quantile of T} conditionally on N. We here want to find a condition
on Tk, or more precisely on € = Ef 4[Tk], ensuring that

Pry(Tk < q?(,l—ﬁ/2) < B/2.
From Markov’s inequality, we have that for any = > 0,

Var(Tk) ‘

Pyg (‘—TK-F(SK‘ Zx) < 2

Let us compute Var(Tx) = E; [T?] — £%. Let XPl and X[ be the sets

{(z,y,u) € X3, z,y,u all different} and {(z,y,u,v) € X*, z,y,u,v all different}

respectively. Since
Eﬁg[j%] =Esg N” )

2
E ( K(x,x’)sgsg,dede/>
x[2]

by using (2.6),

Bralfd] = Epy| [ K@@t 2@t 2o
-4
) +g( 0)dN,dN,dN,dN,
+4Efg[x[ K () K (2, u) L +g +g( w)dN,dN,dN,
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Now, from Lemma 5.4 III in [11] on factorial moments measures applied to
Poisson processes, we deduce that

Eﬁg[j%] = /

X4

<K(w, YK (u,v)(f = 9)(@)(f — 9)(y)

(f - g)(u)(f - g)(”)) dﬂxdﬂyd,uudﬂv

4 /X K@ y)K(@,0)(f +9)@)(f ~ ) — 9)w)duadptydyn,

+2 g K*(z,9)(f + 9)(@)(f + 9)(y)dptadpsy

Note that the three above integrals are finite, thanks to Assumptions 1, 2 et
3. We finally obtain that E;, [TI%] = 5%{ +4n3Ag + 2n?By, and for = > 0,

. An3 A 2n’B
]P’ﬁg(‘—TK—i-gK‘Zx)S n"Ax + on K.

2

Taking = = 2n\/(2nAk + Bx)/B in the above inequality leads to

) [onay + B
(4.1) Py, <‘—TK+5K‘ > 2n "KTJFK> < g

Therefore, if Ex > 2n\/2"AK%BK + q?(,l—ﬁ/? then ]P’ﬁg(TK < q?‘(’l_ﬁp) <
,8/2, SO ]P)f,g((pK,a = O) < 5
Let us now give a sharp upper bound for ¢%. | /2" Reasoning conditionally

on N, we recognize in Tf{ a homogeneous Rademacher chaos, as defined
by de la Pena and Giné [12], of the form X = Zi#, x; y€i€yr, where the
x; #'s are some real deterministic numbers and (&;);en is a sequence of i.i.d.
Rademacher variables. Corollary 3.2.6 of [12] states that there exists some
absolute constant x > 0 such that if 0% = E[X?] = D it xii,, then

E [exp (|X]/(k0))] < 2.
Hence by Markov’s inequality,

P(|X]| > koln(2/a)) < a.
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Note that one could find more precise constants with the results of [35].

Applying this result to 7% with o2 = D wtaleN K?(z,2') leads to

Gfd—a < mn(z/av K2(z,y)dN,dN,,
’ x[2]

Hence g5 ; 4 /o is upper bounded by the (1 — 3/2) quantile of

mn(z/a)\/ Jeor K2(z, y) AN, dAN,.
Using Markov’s inequality again and Lemma 5.4 IIT in [11], we obtain that

2nzBK> - B
— 27

Py ( K?*(x,y)dN,dN, >
x(2]

2B
I, 1-pjo < Kn (Q/Q)nHTK.

4.3. Proof of Theorem 1. First notice that for every » > 0, and every
kernel function K satisfying Assumption 3,

and

2
= "L (1f gl + 21K~ g P~ I(F ) K [f ] P).

With the notations of Proposition 2, let Cx be any upper bound for By.
Since Ax < |K[f —g]I*|f + gloo, from Proposition 2, we deduce that
Ptg(Pra=0)<Bif

If = gl> +r 2K [f =gl 1> = [(f —9) —r 'K [f — ] |?

SN L2 (aewmn(2)) v,

By using the elementary inequality 2ab < a? + b* with a = |K [f — g]|/r
and b = 2v/2/| f + gloo/(nB) in the right hand side of the above condition,

this condition can be replaced by:

If=gl? > 1(f—g)—r 'K [f—g] >+ W
2 2
v s (2envam (2)) v

We can even add an infimum over r in the right hand side of the condition,
since r can be arbitrarily chosen. Let us now justify our choices for Ck.
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[Projection kernel case] We consider an orthonormal basis {¢x, A € A}
of a subspace S of L*(X,dv) and K (z,2") = 3", cp ©a(z)ea(z’). When the
dimension of S is finite, equal to D,

2
If + gl /X (Zwmu’)) Qv

A€A

Bk

IN

IN

Lf + gl3.D-

When the dimension of S is infinite,

2
Br = /X2 <Z 90)\(33)90)\(;1:/)) (f +9)(@)(f +9)(£Bl)dvmdyx/

A€A

2
17 + ol [ (Z mxm(x@) (£ + 9) ' dvadosy

<
AEA
< 1f + 9l / S oa@ea@)ox @ex (@) | (f + g) (@ )dvadvas
X2 \ A xeA
< |f+ 9l ox(@)ox ()dvy | ox(@)on (@)(f + 9)(@)dv,y,

where we have used the assumption (2.12) to invert the sum and the in-
tegral. Hence we have, by orthogonality, and since by assumption (2.11),

Z)\EA 90%\(1’) < D7

Bk < |f+glee Y. [ 3@)(f+9)(a)dvy
Aen /X

< |f +glolf +9l1D.

[Approzimation kernel case] Assume now that X = R? and introduce
an approximation kernel such that [k%(z)dv, < +oo and k(—z) = k(z),
h = (hi,...,hq), with h; > 0 for every i, and K(z,2') = ky(z — '), with

_ 1 T T4 .
kp(xy, ..., 2q) = mk‘ (h_i’ ol h_d)’ In this case,

B = /X K2z — 2)(f + 9)(@)(f + 9)(&)dvydvy

< 1f + gl /X k(e — 2)(f + 9)(@)dvoduy,

< 1F+gloclf +glilk]*
B JEp
This ends the proof of Theorem 1.




30 M. FROMONT ET AL.

4.4. Proof of Theorem 2. We first recall that when K is chosen as in
the [Reproducing kernel case], under the assumptions of Theorem 2, Ex =
n?|my — mgHiK (see Section 2.1).

: 2
Since Ag =[5 ([5 0(x)(f — 9)(x)dvy, 9(y)>HK (f+9)(y)dv,, by the Cauchy-
Schwarz inequality for the norm |||, in the RKHS, we obtain:

AKS/
X

Now, since for every y in X, HH(y)H%{K = K(y,y) = Ko,

2
3 10() 32, (f + 9)(y)dvy.

[ o@)s - 9wy,
X

2
Ax

IN

If+ gl
Hr

Ko

[ o)~ g) @i,
X

IN

2
ko |lmy —mglly, Nf + gl

This leads to

2nAk |2c0n]f + g1
2n E < 2n Tllmf—mgllm

n’ ronlf + gl
2 153 '

Finally, noting that Bx < s3|f + g|? and that by assumption | f + g|1 = 2,

we obtain the desired result from Proposition 2 and obvious calculations.

2
< D flmg —mgly, +4

4.5. Proof of Proposition 3. First let us rewrite here a result due to
Romano and Wolf [45].

LEMMA 1. Let Yy,...,Yp be B 4+ 1 exchangeable variables then for all

(NS [(),1],
Pl{—— 1—|— 1 <u <u
B 1 ;1 Yi>Yo = >~ UW.

Assume that (Hy) is satisfied. Conditionally on N, the observed statistic
Tf(o := Tk has the same distribution and is independent of the Tff ’s for
b =1,..., B. Therefore the variables T f(b 's for b = 0, ..., B are exchangeable
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variables given N. Hence applying Lemma 1, we obtain:
- 2 (N
P(&F=1N) = P (T >a] .|)

B
= P . Lo <
<Z le:ZTf(O < |Ba] N)
b=1
1 & |Ba +1
= P(— |1 Lo 0| <2072
<B—|—1< +b§_:1 TffZT%O) S TBy1

|Ba| +1
- B+1

d

4.6. Proof of Proposition 4. Lett = q?‘(BI_ B2 By definition of ‘j.(r?,fl)— o

B

~(N
Pro(dici o > 1) =Prg(Frp(t) <1—a) =P, (Z 1o, < B(1~ a)) .
b=1

We have
B
P;., (Z oo, < B(1—a), Fi(t)>1- aB>
b=1 h

B
<Py, (Z <1T§bgt - FK(t)> <B(l—a)-B(1- aB)> .

b=1

So we can decompose as follows:

Pra (@00 > t) < Pry(Ficlt) < 1-ap)
B
In B
+Pryg (Z <1T;f§t - FK(t)) < —B\/§>
b=1
By Hoeffding’s inequality applied to the second probability given N, we
obtain:

(N 1
]P)fvg(qgf,l)—a >t) <Pry(Fr(t) <l—ap)+ B

But by definition of ¢, this becomes

v @

~(N
]P)fvg(qg{,l)—oc > t) S
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Let us now control the probability of second kind error of the test o K-

. A(N - (N A(N A(N
Prog(Tk < q&(,l)—a) < Pry(Tk < qg{,f—av q&(,l)—a <t)+ Pf,g(q%,l)—a > t)

< Prg(Tx <t)+B/2.
We deduce from (4.1) that if

2nA B
x> 2n w.i_t’

B

then IP’f,g(TK <t) < /2, and Py, (‘ﬁK,a = 0) < . An upper bound for ¢
is finally derived from (2.9), which concludes the proof.
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5. Supplementary materials.
5.1. Simulation study.

5.1.1. Presentation of the stmulation study. In this section, we study our
testing procedures from a practical point of view. We consider X = [0, 1] or
X =R, n = 100 and v the Lebesgue measure on X. N! and N~! denote two
independent Poisson processes with intensities f and g on X with respect to
wu with dp = 100dv. We focus on several couples of intensities (f, g) defined
on X and such that [, f(2)dv, = [y g(x)dv, = 1. We choose o = 0.05.
Conditionally on the number of points of both processes N' and N~!, the
points of N' and N~! form two independent samples of i.i.d. variables with
densities f and g with respect to v. Hence, conditionally on the number
of points of N! and N~!, any test for the classical two-sample problem
for i.i.d. samples can be used here. We compare our tests to the condi-
tional Kolmogorov-Smirnov test. Thus we consider five testing procedures,
that we respectively denote by KS, Ne, Th, G, E. The testing procedure
KS corresponds to the conditional Kolmogorov-Smirnov test. The testing
procedures Ne and Th respectively correspond to q)(()l) and @&2) defined
in [Multiple kernels case - Example 1] and [Multiple kernels case - Ez-
ample 2] with J = 7 and J = 6. The testing procedures G and E are
similar to the test <I>((14) defined in [Multiple kernels case - Example 4].
For G, we consider the standard Gaussian approximation kernel defined
by k(z) = (2r)"'/2exp(—22/2) for all z € R and for E, we consider the
Epanechnikov approximation kernel defined by k(z) = (3/4)(1 — 2%)1j5<1.
For both tests, we take {h,,,m € M} ={1/24,1/16,1/12,1/8,1/4,1/2} and
the corresponding collection of kernels {K,,, m € M} given for all m in M
by K (z,2') = ﬁk‘ <mh_””/> We also take for both tests w,,, = 1/|M| =1/6.

m

Let us recall that our tests reject (Hp) when there exists m in M such

that TKm > q(N) () where N is the pooled process obtained from
m, -

N and N~ and u is defined by (3.1). Hence, for each observation of
the process N whose number of points is denoted by INV,,, we have to esti-

(N) ()

mate uy ~ and the quantiles ¢ (N) . These estimations are done by
—Uuy e~ wWm

m,1
classical Monte Carlo methods based on the simulation of 400000 indepen-

dent samples of size N,, of i.i.d. Rademacher variables (see Section 2.4 for
the theoretical study of these Monte Carlo methods when single tests are
considered). Half of the samples is used to estimate the distribution of each
T K, The other half is used to approximate the conditional probabilities oc-

(N)

curring in (3.1). The approximation of us ’ is obtained by dichotomy, such
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that the estimated conditional probability occurring in (3.1) is less than a,
but as close as possible to a. By monotony arguments, this is equivalent
to make u varying on a regular grid of [0,1] with bandwidth 2716, and to
choose the approximation of ugN) as the largest value of the u’s on the grid
such that the estimated conditional probabilities in (3.1) are less than a.

5.1.2. Simulation results. We first study the probability of first kind er-
ror of each test for three common intensities. The first one is the uniform
density on [0, 1], the second one is the Beta density with parameters (2,5),
and the third one is a Laplace density with parameter 7. Let

filz) = 1p(z),

z(1— )
r) = —1 ),
f2,2,5() T o(l = o)ida 0,1](7)
far(z) = Te=rla-172),

2

Taking f as one of these three functions, we realize 5000 simulations of two
independent Poisson processes N!' and N~! both with intensity f w.r.t. to
. For each simulation, we determine the conclusions of the tests KS, Ne,
Th, G and E, where the critical values of our four last tests are approximated
by the Monte Carlo methods described above. The probabilities of first kind
error of the tests are estimated by the number of rejections for these tests
divided by 5000. The results are given in the following table:

\f\KS\Ne\Th\G\E\
fi 0.053 | 0.049 | 0.045 | 0.053 | 0.053

fozs | 0.053 | 0.047 | 0.043 | 0.051 | 0.050
fsr | 0.0422 | 0.0492 | 0.0438 | 0.054 | 0.055

We then study the probability of second kind error of each test, or more
precisely the power of each test, for several alternatives. We consider al-
ternative intensities (f,g) such that f = f; and g is successively equal to
intensities that are classical examples in wavelet settings, and are defined by

Ga,e(®) = (14 €)ooy () + (1 — ) 1g,20) (T) + Lj20,1)(T),

1j0,17()
Ca(n)

(@) = (1= () +2 [ 3g, (14 Emal) ) Lo
€ [0:1] J w; 0.284

j J

Go.n(z) = 1—1—772 1—|—Sgn:n—pj))
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where p, h, g, w, € are defined as in [18] 1,0 < e <1,0<a < 1/2, 7> 0 and
Cs(n) is such that fol g2.n(x)dx = 1. We also consider alternative intensities
(f,g) such that f is equal to the above Laplace density f37 with parameter
7, or to the Laplace density f3 19 with parameter 10, such that f310(z) =
Se~10l2=1/2| "and ¢ = 9a,1/2,1/4 is the density of a Gaussian variable with
expectation 1/2 and standard deviation 1/4.

For each alternative (f, g), we realize 1000 simulations of two independent
Poisson processes N' and N~! with respective intensities f and g w.r.t. p.
For each simulation, we determine the conclusions of the tests KS, Ne, Th,
G and E, where the critical values of our four last tests are still approxi-
mated by the Monte Carlo methods described above. The powers of the tests
are estimated by the number of rejections divided by 1000. The results are
summarized in Figures 1 and 2 where in each column, the estimated power
is represented as a dot for every test. The triangles represent the upper and
lower bounds of an asymptotic confidence interval with confidence level 99%,
with variance estimation.

a8
v Vv

>

A a
v v

KS Ne Th G E KSNe Th G E KS Ne Th G E KS Ne Th G E KS Ne Th G E KS Ne Th G E KS Ne Th G E

FIGURE 1. Left: (f,g9) = (f1,91,a,e). Fach column corresponds respectively to (a,e) =
(1/4,0.7), (1/4,0.9), (1/4,1) and (1/8,1). Right: (f,g9) = (f1,92,n). Each column corre-
sponds respectively to n =4, 8 and 15.

( 0.1 0.13 0.15 023 025 04 044 065 0.76 0.78 0.81

( 4 -4 3 -3 5 -5 2 4 -4 2 -3
g= 4 5 3 4 5 4.2 2.1 4.3 3.1 5.1 4.2

( 0.006 0.005 0.006 0.01 001 0.03 001 0.01 0.005 0.008 0.005
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i = * # 1
09 . . 0ok
08 N 08F v
[ A 07l
06| A o6 a A
v 05 v v
0ar 04|
03 N 03F v
02 a 02

01f 0if

FIGURE 2. Left: (f,g) = (f1,93,c). The two columns correspond respectively to e = 0.5 and
1. Right: (f,9) = (f3.x194,1/2,1/4). The two columns correspond respectively to X =7 and
A =10.

In all cases, the tests G and E based on approximation kernels are more
powerful (sometimes even about 4 times more powerful) than the KS test.
This is also the case for the test Ne, except for the last example. The test Th
is more powerful than the KS test for the alternatives (f,g) = (f1,91,0.¢),
but it fails to improve the KS test for the other alternatives. We conjecture
that the test Th consists in the aggregation of too many single tests. We
can finally notice that the test E strongly performs for every considered
alternative, except in a sparse case, where the test E is less powerful than the
test Th (see Figure 1). Our conclusion is that the test E is a good practical
choice, except maybe when sparse processes are involved. Aggregating the
tests E and Th in such cases would probably be a good compromise.

5.2. Proof of Theorem 3 and Theorem /4. 1t is clear from the definition

of u((lN) that the test defined by @, is of level a. Obviously, by Bonferonni’s

. . N . _
inequality, u((l ) > «, hence, setting a,, = ae™"™, we have

Pt <3m e M, Tx,, > ¢ <N)>

Ky, l—e=wmay,
2 ]P)fvg (Elm € M’TK"” > q%\’;? 1_06m>

>1-— ]P’f’g (Vm S M,TKm < q%\g,l—am)

. A (V)
2 1-— n%g_/f\./[ ]P)ﬁg (TKm S qK77L71—(X77L>
2 1- ﬁv

as soon as there exists m in M such that Py, (TKm < q%\[m) 1— am> < 5. We

can now apply Theorem 1, replacing In(2/«) by (In(2/a) 4wy, ), to conclude
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the proof.

5.3. Proof of Corollary 1. Let us first find an upper bound for
p(@&l),Bgmoo(R, R, R"),3). Considering (3.5), we in fact only need to find
a sharp upper bound for the right hand side of the inequality when (f, g) be-
longs to By oo (R, R, R"). So let us assume here that (f, g) € Bs~.00(R, R, R").
Then (f —g) € Bgm(R), and it is well known (see [18] for instance) that in
this case,

I(f —g) — s, (f — 9)|* < C(O)R*27%°.

Since the constant C(«, 3, | f|co, [9]loo) in (3.5) can be upper bounded by a
constant C(«, 3, R"), the right hand side of (3.5) can be upper bounded by

J/2
C(, 8,6, R,R") inf {2—”‘5 + (In(J + 2))27} .

JEM;

Now, taking

o= s (i) ™) |

2J/2
Cla f,6, R, RY) - inf 2720 4 (In(J + 2))——
J

" —2J*6 * 2J*/2
< C(a,B,6,R,R")< 2 + (In(J* 4+ 2)) -
28
n )—m
Inlnn

< C(a,8,0, R R")

This leads to

20

P(@), By o (R B R'), B) < Cla, 8,6, R, R") () "7

Inlnn

Of course a similar upper bound applies to V.

Let us now find an upper bound for p(tﬁg),B(;moo(R, R',R"),3). Consid-
ering (3.6), we only need to find an upper bound for the right hand side
of the inequality when (f,g) belongs to Bj. oo(R, R', R"). Let J be an in-
teger that will be chosen later. As in [18], for any m C Ay = {(j,k),j €
{0,...,J =1}, k€{0,...,2 —1}}, one can write

[(f—9)~Ts,,(f=9)I” = I(f —9)~ s, (f —9)I*+ s, (f —g) ~ILs, (f —9)I*.



40 M. FROMONT ET AL.

Let us define the coefficients: ay = (f —g, ¢\) for every A in {0}UA s, and let
us consider m such that {ay, A € m} is the set of the D largest coefficients
among {ay, A € {0} UA}. From [18] p.36 for instance, we deduce that

s, (f —9) — s, (f —9)I> < C(R* D™
As above, we also have that
I(f —g) — s, (f — 9)|* < C(O)R*27%°.

Since the constant C(a, 3, | f]co, [|9]oc) in (3.6) can be upper bounded by a
constant C(«, 3, R"), taking

J = Llogz nEJ + 1
for some € > 0, the right hand side of (3.6) is upper bounded by
eDlnn }

n

C(a,5,5,’y,R, R/,R//) {n—265 + D—2’*f +

Now, taking D = |(n/Inn)" D | and € > v/(6(2y+1)), one obtains that
when 0 < /2, then D < 27, and

__>
p(@P), Bsyoo(R, R, R"),8) < C(v, 3,6,7, R, R/, R") (L) e

Inn

Since this upper bound also applies to ¥, one has
p(\I’aa B(S,'y,oo(Ry Rla R”)a B)

SC(@,B,&%R,R’,R”)inf{( o )_“i , (L)_+}

Inlnn Inn

5.4. Proof of the lower bounds. We give here the arguments to derive
from the results given in [18] lower bounds for the minimax separation
rates over Bs.oo(R,R',R"). As usual, we introduce a finite subset C of
Bs~.00(R,R',R"), composed of couples of intensities which are particularly
difficult to distinguish. Here one can use the finite subset of possible inten-
sities Saz,p,» that has been defined in [18] Equation (6.4), and define

C=A{(f,9),f =plpy and g € Su.pr},

for some fixed positive p. Next the computations of the lower bounds of [18]
can be completely reproduced once we remark that the likelihood ratio
dPp1yo,1).9 (NY, N1 = dPp1po (N dPy

- (N_ ! ) ’
del[O,l]:Pl[O,l] dppl[o,u dpﬁl[o,u
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where on the left hand side Py, represents the joint distribution of two
independent Poisson processes N' and N~!, with respective intensities f
and g, and on the right hand side PPy represents the distribution of one
Poisson process with intensity f. This means that the likelihood ratios that
have been considered in [18] are exactly the ones we need here to compute
the expected lower bounds. The results are consequently identical.

5.5. Proof of Corollary 2. Considering (3.8), we mainly have to find a
sharp upper bound for

inf {Mf—g)—hmﬁm*%f—ng

(m1,m2)eEM

+ n 2—dm2

Wiy ) ||f+9||oo||f+9||1||km1||2}

when (f, g) belongs to Sy(R, R', R").
Let us first control the bias term [(f — g) — Kimy hn, * (f — g)|?. Plancherel’s
theorem gives that when (f — g) € L1(R%) N 1L2(R9),

@S —9) = Fmppm, * (F — 92
= (1 = Koy o )T — 9)I2

— 2 —
= [ =R (= .

Assume now that (f, g) € S§(R, R/, R"), and take m} = min{m; € My, m; >

e —

d}. Note that since |k oo < 400 and ky,; satisfies the condition (3.7), there
also exists some constant C(§) > 0 such that

11— Koz (u)]

= CO
d

Ess sup,epa\ {0y

Then

1 =00 = b = (F =0 < 15 [ 12l ),

and since (f — g) € S§(R),

I(f = 9) = kit i, * (f — 9)I> <2722 C(5) R
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Furthermore, |k;,: > < C(6), so

inf {Il(f —9) = kmy by * (f = 9)I?

(m1,m2)eM

| W) ||f+g||oo||f+g||1nkmln2}

n 2—dm2

moEMa n Q—dma

Wim* m o)
<COG.afR) inf {2_25m2+ mim) [1F+ 9] ||f+g||1}.

Choosing

i oo (i) ™)

45
. Inlnn\ 4+
—26 20
2772 <2 <—n ) ;

leads to

and since Wiy ms) < C(6,d)Inlnn,

40
W(m* m 0o a+45
i UM 200 < o,y T gty o ()™

n 9—dmj

Noting that 1/n < (Inln n/n)45/(d+45) , when (f,g) € S$(R, R, R"),

C(@ﬁ)( inf {H(f = 9) = ki oy * (f =9I

(m1,m2)eEM

_l’_

Winymo) |1+ gloolf + glilkm, |2 n If + gl
n 2—dma n

46
vy
<C.0.8. R R, R".d) <lnlnn>d+4 .

This concludes the proof of Corollary 2.

5.6. Proof of Corollary 3. As in the previous section, considering (3.9),
we here have to find a sharp upper bound for

maEMa

) Hf+gHoon+gH1Hk1H2}

. W(1,m
f —9) - -9+
in {”(f 9) K1 iy * (f =9I + n Hle I —
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Let us first evaluate |(f —g) — kip * (f — g)|* when (f — g) € Ngd(R), and
h=(hi,... ha).
For z = (z1,...,74) € R% let b(z) = kyp * (f — g)(z) — (f — g)(x). Then
b(z) = | Fki(us,...,ud)(f=g)(z1turh, ... watuahg)dus ... dua—(f~g)(z),
R

and since fRd ki(uy,...,uq)duy ...dug =1,

bx) = /del(ula---aud)[(f_g)(xl+Ulh17---7xd+udhd)

—(f—g)(a:l,...,xd)}dul...dud

where for i =1...d,

bi(z) = dkl(ula---aud) [(f —g)(w1 +urhy, ... 2 Fuhi, zig1, ..., 1q)
R

—(f—9)(x1 +urhy, ... ,inaﬂfi+17---7xd)]du1 oodug,

As in the proof of Proposition 1.5 p. 13 of [52], using the Taler expansion
of (f — g) in the ith direction and the fact that fR k1 i(u;)uldu; = 0 for
j=1...A;, we obtain that

oy U(Uihi)wiJ ! _ i1
wa) = [ i )7@54—1)![/0(1 )

DY (f — g) (@1 +wiha, . @+ Twihi @i, ,l’d)dT] du,
So,
(uihq)!%] /1 5i]-1
bi(z :/k:u 1 — 7)ol
@ = LG T
<Dit5iJ(f —g)(w1 +urhy, ...,z + Tuihi, g1, ... 3q)

—DiwiJ(f —g9)(x1 +urhy, ... 2, ... ,a:d)>d7'] du.
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Hence, by using twice Lemma 1.1 p. 13 of [52] extended to the spaces R? x R
and R? x R,

u, 6 [ 1 N
il < / (/ |k1(u ’ h’ )[/0 (1— )il

‘Di Y=g (@ +Furha, .z + Tuh, g, .., Tg)

2
_DlwzJ(f _ g)($1 —|—’LL1h1,. RN 7 R ,$d)‘d7’] d’LL) dx

M ' _ -1
[ Rd"‘:l(“)'(wg—l)!(/w[/o (-7

‘D}M (f —9) (@1 +urhy, ..., 2 + Tuihy, Tig1, - .-, 2q)

IN

) 1/2 2
_DlwzJ (f _ g)($1 + u1h17 R I ,$d)‘d7’] dﬂj‘) d’LL]
and
hil |
i3 < by ()] 1 /1— W—l/
Ibil} < [/\1 W= 1)< =
‘DiLéiJ (f =g)(x1 +urhy, ... 2 + Tuihi, g, .., 2q)
2
: 2 \1/2
_DiLM(f—g)(a:l—i—ulhl,...,xi...,xd)‘ dﬂl‘) dT)dU] .
When (f — g) € N3 ,(R),

lbils < C(6; R/ ot () s < C (6, (/ ey (u Huyédu>mé

So,
d

[kin s (f =9) = (f =)l < CORY_ by

1=1

Let us now find some mo in My giving a sharp upper bound for

. W(1,m [+ glool f + glilka?
f o o _ 2 (17 2) || .
nf {Il(f 9) = Kipmy * (f =97+ —

d
Hi:l hmz,i
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Let 1/6 = Zle 1/6;, and choose m3 = (m3,...,m5 4) in My, with

25
n )5i(1+45)

] (
M2, 062 Inlnn

for every i =1...d. Since hp; = (2‘"”371, oo, 272,

d
I(f—9) = Fkin,. x(f—9)] <CO,R) Zg—mé‘,ﬁi,
’ i=1

SO

45
Inln n> T+45

I/ = 9) = Fany = (f — 9)I* < COR) <

Moreover, it is easy to see that w(y ms) < C(4,d) Inlnn, and hence

Wamz) [1f + gloolf + glilF ]

n H?:l 27"
Inlnn n Sl s
_ S oy (1+43)6;
_C( 704757R’R ’ ) n (lnlnn>

45
< C(6,0,8, R, R, d) (ha lnn> =

45
1 <ln lnn> 1+45
_ é ,
n n

when Inlnn > 1, this ends the proof of Corollary 3.
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