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THE REPRESENTATION OF THE SYMMETRIC GROUP
ON m-TAMARI INTERVALS

MIREILLE BOUSQUET-MELOU, GUILLAUME CHAPUY, AND LOUIS-FRANCOIS PREVILLE-RATELLE

ABSTRACT. An m-ballot path of size n is a path on the square grid consisting of north and east
unit steps, starting at (0, 0), ending at (mn,n), and never going below the line {z = my}. The
set of these paths can be equipped with a lattice structure, called the m-Tamari lattice and
denoted by ,Em), which generalizes the usual Tamari lattice 7, obtained when m = 1. This
lattice was introduced by F. Bergeron in connection with the study of diagonal coinvariant
spaces in three sets of n variables. The representation of the symmetric group &, on these
spaces is conjectured to be closely related to the natural representation of &, on (labelled)
intervals of the m-Tamari lattice, which we study in this paper.

An interval [P, Q)] of ’T,Em) is labelled if the north steps of @ are labelled from 1 to n in
such a way the labels increase along any sequence of consecutive north steps. The symmetric
group &, acts on labelled intervals of T,Em) by permutation of the labels. We prove an explicit
formula, conjectured by F. Bergeron and the third author, for the character of the associated
representation of &,,. In particular, the dimension of the representation, that is, the number
of labelled m-Tamari intervals of size n, is found to be

(m+1)"(mn +1)""2.
These results are new, even when m = 1.

The form of these numbers suggests a connection with parking functions, but our proof is
not bijective. The starting point is a recursive description of m-Tamari intervals. It yields
an equation for an associated generating function, which is a refined version of the Frobenius
series of the representation. The form of this equation is highly non-standard: it involves two
additional variables z and y, a derivative with respect to y and iterated divided differences
with respect to . The hardest part of the proof consists in solving it, and we develop original
techniques to do so.

1. INTRODUCTION AND MAIN RESULT

An m-ballot path of size n is a path on the square grid consisting of north and east unit steps,
starting at (0,0), ending at (mn,n), and never going below the line {x = my}. It is well-known

that there are
1 (m+1)n
mn + 1 n

such paths [8], and that they are in bijection with (m + 1)-ary trees with n inner nodes.

Francois Bergeron recently defined on the set n(m) of m-ballot paths of size n an order relation.

It is convenient to describe it via the associated covering relation, exemplified in Figure 1.

Definition 1. Let P and Q be two m-ballot paths of size n. Then Q covers P if there exists in
P an east step a, followed by a north step b, such that Q is obtained from P by swapping a and
S, where S is the shortest factor of P that begins with b and is a (translated) m-ballot path.
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FIGURE 1. The covering relation between m-ballot paths (m = 2).

It was shown in [7] that this order endows 7™ with a lattice structure, which is called
the m-Tamari lattice of size n. When m = 1, it coincides with the classical Tamari lattice

Tn [5, 9, 23, 24]. Figure 2 shows two of the lattices 7}(m).

FIGURE 2. The m-Tamari lattice T.™ for m = 1 and n = 4 (left) and for
m = 2 and n = 3 (right). The three walks surrounded by a line in 71(1) form a

lattice that is isomorphic to 7'2(2) (see Proposition 6).

The interest in these lattices is motivated by their — still conjectural — connections with
trivariate diagonal coinvariant spaces [4, 7]. Some of these connections are detailed at the end
of this introduction. In particular, it is believed that the representation of the symmetric group
on these spaces is closely related to the representation of the symmetric group on labelled m-
Tamari intervals. The aim of this paper is to characterize the latter representation, by describing
explicitly its character.

So let us define this representation and state our main result. Let us call ascent of a path a
maximal sequence of consecutive north steps. An m-ballot path of size n is labelled if the north
steps are labelled from 1 to n, in such a way the labels increase along ascents (see the upper
paths in Figure 3). These paths are in bijection with (1,m, ..., m)-parking functions of size n, in
the sense of [30, 31]: the function f associated with a path @ satisfies f(¢) = k if the north step
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upper path

lower path

FI1GURE 3. A labelled 2-Tamari interval, and its image under the action of 0 = 2356 14.

of @ labelled i lies at abscissa k — 1. The symmetric group &,, acts on labelled m-ballot paths of
size n by permuting labels, and then reordering them in each ascent (Figure 3, top paths). The
character of this representation, evaluated at a permutation of cycle type A = (A1,..., \¢), is

(mn + 1)L,

This formula is easily proved using the cycle lemma [27]. As recalled further down, this repre-
sentation is closely related to the representation of G,, on diagonal coinvariant spaces in two sets
of variables.

Now an m-Tamari interval [P, Q] is labelled if the upper path @ is labelled. The symmetric

group &,, acts on labelled intervals of 7}(m) by rearranging the labels of @) as described above
(Figure 3). We call this representation the m-Tamari representation of &,,. Our main result is
an explicit expression for its character y,,, which was conjectured by Bergeron and the third
author [4].

Theorem 2. Let A = (\1,...,\¢) be a partition of n and o a permutation of &,, having cycle
type \. Then for the m-Tamari representation of &,

Xm(a) — (mn + 1)272 H ((m j)L\l)Az) (1)
1<i<t v

Since &,, acts by permuting labelled intervals, this is also the number of labelled m-Tamari
intervals left unchanged under the action of o. The value of the character only depends on the

cycle type N, and will sometimes be denoted xm(N).
In particular, the dimension of the representation, that is, the number of labelled m-Tamari

intervals of size n, is

Xom (id) = (mn + 1) 2(m + 1)™. (2)
We were unable to find a bijective proof of these amazingly simple formulas. Instead, our proof
uses generating functions and goes as follows. We introduce a generating function F(™) (t,p;z,y)
counting labelled intervals according to multiple parameters, where p is an infinite sequence of
variables p1, p2, . . ., which can be thought of as power sums. We call this series the refined Frobe-
nius series of the m-Tamari representation (Section 2). Then, we describe a recursive construc-
tion of intervals and translate it into a functional equation defining F'(™) (t,p; x,y) (Proposition 5,
Section 3). The form of this equation, which involves both continuous and discrete derivatives
(a.k.a. divided differences) is new to us, and its solution is the most difficult and original part
of the paper. The principles of our approach are explained in Section 4, and exemplified with
the case m = 1. The general case is solved in Section 5. The techniques we use are borrowed
from a former prepublication’ by the same authors, which only proves (2). Since going from (2)

Lwhich will not be submitted, as it is subsumed by the present paper
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to (1) implies a further complexification, the prepublication [6] may be a good introduction to
our techniques. However, the present paper is completely self-contained. Section 6 gathers a few
final comments. In particular, we reprove a result of [7] giving the number of unlabelled intervals

of 7™,

In the remainder of this section, we recall some of the conjectured connections between Tamari

intervals and trivariate diagonal coinvariant spaces. They seem to parallel the (now largely
proved) connections between ballot paths and bivariate diagonal coinvariant spaces, which have
attracted considerable attention in the past 20 years [12, 14, 15, 18, 21, 20, 26] and are still a
very active area of research today [1, 2, 10, 11, 19, 16, 22, 25].
Let X = (x”)i%% be a matrix of variables. The diagonal coinvariant space DRy, is
defined as the quotient of the ring C[X] of polynomials in the coefficients of X by the ideal J
generated by constant-term free polynomials that are invariant under permuting the columns of
X. For example, when k£ = 2, denoting x1; = x; and x2; = y;, the ideal J is generated by
constant-term free polynomials f such that for all o € &,,,

f(X) - U(f(X>>a where U(f(X>> = f(za(l)a s To(n)y Yo (1) - - - 7y0'(n))'

An me-extension of the spaces DRy, is of great importance here [13, p. 230]. Let A be the
ideal of C[X] generated by alternants under the diagonal action described above; that is, by
polynomials f such that o(f(X)) =e(o)f(X). There is a natural action of &,, on the quotient
space A1 / JA™ L. Let us twist this action by the (m — 1)%* power of the sign representation
e: this gives rise to spaces

DRZ?n — Em—l ® Am_l/j.Am_l,

so that DR,lcﬁn = DRy - It is now a famous theorem of Haiman [20, 17| that, as representations
of &,,
DRy, = e ® Parky,(n)

where Park,,(n) is the m-parking representation of &,,, that is, the representation on m-ballot
paths of size n defined above.

In the case of three sets of variables, Bergeron and Préville-Ratelle [4] conjecture that, as
representations of G,,,

DRy, = e @ Tam,,(n),

where Tam,, (n) is the m-Tamari representation of &,,. The fact that the dimension of this space
seems to be given by (2) is an earlier conjecture due to F. Bergeron. This was also observed
earlier for small values of n by Haiman [21] in the case m = 1.

2. THE REFINED FROBENIUS SERIES
2.1. DEFINITIONS AND NOTATION

Let L be a commutative ring and ¢ an indeterminate. We denote by L[¢] (resp. L[[t]]) the
ring of polynomials (resp. formal power series) in ¢ with coefficients in L. If IL is a field, then
L(t) denotes the field of rational functions in t. This notation is generalized to polynomials,
fractions and series in several indeterminates. We denote by bars the reciprocals of variables:
for instance, @ = 1/u, so that L[u, @] is the ring of Laurent polynomials in v with coefficients in
L. The coefficient of u™ in a Laurent polynomial P(u) is denoted by [u™]P(u).

We use classical notation relative to integer partitions, which we recall briefly. A partition A
of n is a non-increasing sequence of integers Ay > Ay > -+ > Xy > 0 summing to n. We write
A F n to mean that A is a partition of n. Each component ); is called a part. The number of
parts or length of the partition is denoted by £(\). The cycle type of a permutation o € &,, is the
partition of n whose parts are the lengths of the cycles of o. This partition is denoted by A(o).
The number of permutations ¢ € &,, having cycle type A - n equals Z%' where z) = Hizl 1%y,
where «; is the number of parts equal to 7 in A.
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We let p = (p1,p2,...) be an infinite list of independent variables, and for A a partition of
n, we let px = px, -+ Pay,,- The reader may view the py’s as power sums in some ground set
of variables (see e.g. [28]). This point of view is not really needed in this paper, but it explains
why we call refined Frobenius series our main generating function. Throughout the paper, we
denote by K = Q(p1, p2, ... ) the field of rational fractions in the p;’s with rational coeflicients.

Given a Laurent polynomial P(u) in a variable u, we denote by [u=]P(u) the non-negative
part of P(u) in u, defined by
[w?]P(u) =Y ' [u']P(u).
>0
The definition is then extended by linearity to power series whose coefficients are Laurent poly-
nomials in u. We define similarly the positive part of P(u), denoted by [u”]P(u).

We now introduce several series and polynomials which play an important role in this paper.
They depend on two independent variables u and z. First, we let v = v(u) be the following
Laurent polynomial in wu:

v=(1+u) "ty
We now consider the following series:
Pk k_k
Vv) = — . 3
(0) = 3 Bt 3)
E>1

It is is a formal power series in z whose coefficients are Laurent polynomials in u over the field
K. Finally we define the two following formal power series in z:

L=Lzp) = [WV(e) =Y 2 <(m; 1)’“) 2, (4)

} k
K(u) = K(z,pu) = [u7]V(v)= Z %zk Z <(w;tll)k> u', (5)

As shown with these series, we often omit to denote the dependence of our series in certain
variables (like z and p above). This is indicated by the symbol =.

2.2. A REFINED THEOREM

As stated in Theorem 2, the value of the character y,,(¢) is the number of labelled intervals
fixed under the action of o, and one may see (1) as an enumerative result. Our main result is a
refinement of (1) where we take into account two more parameters, which we now define. The
first parameter is the number of contacts of the interval: A contact of a ballot path P is a vertex
of P lying on the line {& = my}, and a contact of a Tamari interval [P, Q)] is a contact of the
lower path P. We denote by ¢(P) the number of contacts of P.

By definition of the action of &,, on m-Tamari intervals, a labelled interval I = [P, Q] is
fixed by a permutation o € &,, if and only if ¢ stabilizes the set of labels of each ascent of Q.
Equivalently, each cycle of ¢ is contained in the label set of an ascent of ). If this holds, we
let a,(Q) be the number of cycles of o occurring in the first ascent of @: this is our second
parameter.

The main object we handle in this paper is a generating function for pairs (o, I), where
o is a permutation and I = [P, Q)] is a labelled m-Tamari interval fixed by o. In this series
F™)(t,p;z,y), pairs (o,I) are counted by the size |I| of I (variable t), the number ¢(P) of
contacts (variable x), the parameter a,(Q) (variable y), and the cycle type of o (one variable p;
for each cycle of size i in o). Moreover, F(™)(t, p;z,y) is an exponential series in ¢. That is,

1
FUM(t,pa,y) = > ol PNy @pyo), (6)
I=[P,Q], labelled '~ ' o€Stab(I)
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where the first and second sums are taken respectively over all labelled m-Tamari intervals I,
and over all permutations o fixing I.
Note that when (z,y) = (1,1), we have:

[1]
FO (1, pi1,1) = z !

[l > e = Z > xXm(@pae) = DY xm Zi,
=[P,Q]

o€Stab(I) n>0 nl oEG, n>0  Akn
since the number of intervals fixed by a permutation depends only on its cycle type, and since

Zl! is the number of permutations of cycle type A. Hence, in representation theoretic terms,
A

[t"]F™) (t,p;1,1) is the Frobenius characteristic of the m-Tamari representation of &, also

equal to

Z c(N)sx,

AFn
where sy is the Schur function of shape A and ¢()) is the multiplicity of the irreducible repre-
sentation associated with A in the m-Tamari representation [28, Chap. 4]. For this reason, we
call F(™) (t,p;x,y) a refined Frobenius series.

The most general result of this paper is a (complicated) parametric expression of F(™) (¢, p; z, %)

which becomes simpler when y = 1. We state here the result for y = 1.

Theorem 3. Let F(m)(t,p; x,y) = F(t,p;x,y) be the refined Frobenius series of the m-Tamari
representation, defined by (6). Let z and u be two indeterminates, and write

t=ze ™ and  x= (14 u)e ™KW, (7)

where L = L(z,p) and K(u) = K(z,p;u) are defined by (4) and (5). Then F(t,p;x,1) becomes
a series in z with polynomial coefficients in u and the p;, and this series has a simple expression:

F(t,p;x,1)=(1+ ﬁ)eK(u)JrL ((1 + u>eme(u) B 1) (8)

with @ = 1/u. In particular, in the limit u — 0, we obtain

F(t,p;1,1) = el Zpk k<m+11)k) ) (9)

k>1

Theorem 2 will follow by extracting from F(t,p;1,1) the coefficient of py/z) (via Lagrange’s
inversion). Our expression of F(m) (t,p;x,y) is given in Theorem 21. When m = 1, it takes a
reasonably simple form, which we now present. The case m = 2 is also detailed at the end of
Section 5 (Corollary 22).

Theorem 4. Let F(l)(t,p;x,y) = F(t,p;x,y) be the refined Frobenius series of the 1-Tamari
representation, defined by (6). Define the series V(v), L and K(u) by (3-5), with m = 1, and
perform the change of variables (7), still with m = 1. Then F(t,p;x,y) becomes a formal power
series in z with polynomial coefficients in u and y, which is given by

Flt.pi,y) = (14 ) [2) (9050 _ gV ()-8 (10)
with @ = 1/u.

Remarks

1. Tt is easily seen that the case y = 1 of (10) reduces to the case m =1 of (8) (the proof relies
on the fact that L and K (u) are respectively the constant term and the positive part of V' (v) in
u, and that v = (1 4+ u)(1 4 @) is symmetric in v and @).

2. When p; = 1 and p; = 0 for ¢ > 1, the only permutation that contributes in (6) is the identity.
We are thus simply counting labelled 1-Tamari intervals, by their size (variable t), the number
of contacts (variable z) and the size of the first ascent (variable y). Still taking m = 1, we have
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V(v) =zv=z(14u)(14+a), K(u) = zu and the extraction of the positive part in u in (10) can
be performed explicitly:

Ft,piz,y) = (L+u)[us] (e?” =" — qe?* %)

I (g — 1) o ity — 1)
_ (1+u)e2yz Z u‘]f’bz Y (y ) - Z uzfgflz Y (y )

ilj! il
0<i<j J 0<j<i J

When x = 1, that is, u = 0, the double sums in this expression reduce to simple sums, and the
generating function of labelled Tamari intervals, counted by the size and the height of the first
ascent, is expressed in terms of Bessel functions:

F(t,p;1,y) Z 22yt (y — 1) Z 2y (y — 1)

2 12 ; 151
e?yz = 1! = (7 4+ Dy!

3. A FUNCTIONAL EQUATION
The aim of this section is to establish a functional equation satisfied by the series F (™) (t, p; ,y).

Proposition 5. For m > 1, let FU™)(t, p;x,y) = F(x,y) be the refined Frobenius series of the
m-Tamari representation, defined by (6). Then

Few) = Yk (@ na)™)"” @

k>0

exp yz % (tx(F(x, 1)A)(m))(k) (x),

k>1
where pA
h - LA L)
k(y) Z P Yy ’ (1]‘)
Ak
A is the following divided difference operator
S(x) —S1)
A B A e
S(a) = 2=,

and the powers (m) and (k) mean that the operators are applied respectively m times and k times.
Equivalently, F(x,0) = x and

) = 3 2 (e )™)Y (Pla ), (12

k>1

The above equations rely on a recursive construction of labelled m-Tamari intervals. Our
description of the construction is self-contained, but we refer to [7] for several proofs and details.

3.1. RECURSIVE CONSTRUCTION OF TAMARI INTERVALS

We start by modifying the appearance of 1-ballot paths. We apply a 45 degree rotation to
transform them into Dyck paths. A Dyck path of size n consists of steps u = (1,1) (up steps)
and steps d = (1,—1) (down steps), starts at (0,0), ends at (2n,0) and never goes below the
z-axis. We say that an up step has rank ¢ if it is the ith up step of the path. We often represent
Dyck paths by words on the alphabet {u,d}. An ascent is thus now a maximal sequence of u
steps.

Consider an m-ballot path of size n, and replace each north step by a sequence of m north
steps. This gives a 1-ballot path of size mn, and thus, after a rotation, a Dyck path. In this
path, for each i € [0,n — 1], the up steps of ranks mi + 1,...,m(i + 1) are consecutive. We
call the Dyck paths satisfying this property m-Dyck paths, and say that the up steps of ranks
mi—+1,...,m(i+ 1) form a block. Clearly, m-Dyck paths of size mn (i.e., having n blocks) are
in one-to-one correspondence with m-ballot paths of size n.
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@1 Q2

FIGURE 4. The recursive construction of Tamari intervals.

We often denote by 7, rather than ’7;1(1), the usual Tamari lattice of size n. Similarly, the
intervals of this lattice are called Tamari intervals rather than 1-Tamari intervals. As proved
in [7], the transformation of m-ballot paths into m-Dyck paths maps 7;l(m) on a sublattice of

Tmn .

Proposition 6 ([7, Prop. 4]|). The set of m-Dyck paths with n blocks is the sublattice of Tpm
consisting of the paths that are larger than or equal to u™d™ ...u™d™. It is order isomorphic

to Em).

We now describe a recursive construction of (unlabelled) Tamari intervals, again borrowed

from [7]. Thanks to the embedding of T into Trm, it will also enable us to describe recursively
m-Tamari intervals, for any value of m, in the next subsection.

A Tamari interval I = [P, Q] is pointed if its lower path P has a distinguished contact. Such
a contact splits P into two Dyck paths P’ and P", respectively located to the left and to the
right of the contact. The pointed interval I is proper is P’ is not empty, i.e., if the distinguished
contact is not (0,0). We often use the notation I = [P‘P",Q] to denote a pointed Tamari
interval. The contact (0,0) is called the initial contact.

Proposition 7. Let I} = [P{P], Q1] be a pointed Tamari interval, and let Iy = [Pz, Q2] be a
Tamari interval. Construct the Dyck paths

P=uP{dPIP, and Q=uQ1dQ

as shown in Figure 4. Then I = [P, Q)] is a Tamari interval. Moreover, the mapping (I1,I2) — I
is a bijection between pairs (I1,Is) formed of a pointed Tamari interval and a Tamari interval,
and Tamari intervals I of positive size. Note that I is proper if and only if the first ascent of
P has height larger than 1.

Remarks

1. To recover P{, P, Q1, P> and Q5 from P and @, one proceeds as follows: Qs is the part of Q
that follows the first return of @ to the z-axis; this also defines (1 unambiguously. The path P,
is the suffix of P having the same size as Q2. This also defines P, := uP{dP] unambiguously.
Finally, P/ is the part of P, that follows the first return of P; to the xz-axis, and this also defines
P! unambiguously.

2. This proposition is obtained by combining Proposition 5 in [7] and the case m = 1 of
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Lemma 9 in [7]. With the notation (P’;p;) and (@', ¢1) used therein, the above paths P» and Q2
are respectively the parts of P’ and @’ that lie to the right of 1, while P{ P and @ are the parts
of P’ and Q' that lie to the left of ¢;. The pointed vertex p; is the endpoint of P{. Proposition 5
in [7] guarantees that, if P < Q in the Tamari order, then P{P] < Q; and P, < Q.

3. One can keep track of several parameters in the construction of Proposition 7. For instance,
the number of non-initial contacts of P is

c(P)—1=(c(P])—1)+ c(P). (13)
3.2. FROM THE CONSTRUCTION TO THE FUNCTIONAL EQUATION

We now prove Proposition 5 through a sequence of lemmas. The first one describes F(") (t,p;x,y)
in terms of homogeneous symmetric functions rather than power sums.

Lemma 8. Let hy(y) be defined by (11), and set

P
=)= Y2
Nk 29

Hence hy, is the kth homogenous symmetric function if px is the kth power sum. Then the refined
Frobenius series F™(t,p;x,y), defined by (6), can also be written as the following ordinary
generating function:

FO (8, pa,y) = > M2 g, (y) T hars (14)
I1=[P,Q], unlabelled i>2

where the sum runs over unlabelled m-Tamari intervals I, and a; is the height of the ith ascent of
the upper path Q. In particular, F(™) (t,p;z,1) = F(m) (x,1) is the ordinary generating function
of m-Tamari intervals, counted by the size (t), the number of contacts (x), and the distribution
of ascents (h; for each ascent of height i in the upper path).

Proof. Let I = [P, Q] be an unlabelled Tamari interval, and let a; be the height of the it ascent
of Q. Denote n = |I|. An I-partitioned permutation is a permutation o € &,,, together with
a partition of the set of cycles of o into labelled subsets Aq, Ao, ..., such that the sum of the
lengths of the cycles of A; is a;. In the expression (6) of F' (m) " the contribution of labelled
intervals I = [P, Q] obtained by labelling Q in all possible ways is 2°F)¢(I), where

|I|v > > v

I=[P,Q] c€Stab(I)
In other words, this is the exponential generating function of I-partitioned permutations, counted
by the size (variable t), the number of cycles in the block A; (variable y), and the number of cycles
of length j (variable p;), for all j. By elementary results on exponential generating functions, this
series factors over ascents of (). The contribution of the ith ascent is the exponential generating
function of permutations of &,,, counted by the size, the number of cycles of length j for all j,
and also by the number of cycles if ¢ = 1. But this is exactly t%hg, (or t* hg, (y) if i = 1), since

_4a 2 e(x) é()\(a))
D=t Ry = 5 (o),

A-a oEG,
Hence
¢(I) = t"1ha, () [ ] Pas
i>2
and the proof is complete?. =

2An analogous result was used without proof in the study of the parking representation of the symmetric
group [21, p. 28|.
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Lemma 9. In the expression (14) of FU")(t,p;x,y) = F(x,vy), the contribution of intervals
I =[P, Q)] such that the first ascent of Q) has height k is

i) (1P )2)) " (@),

This proves the first equation satisfied by F(m)(x, y) in Proposition 5.

Proof. We constantly use in this proof the inclusion 7?1(7”) C Tnm given by Proposition 6. That
is, we identify elements of ’ﬁl(m) with m-Dyck paths having n blocks. The size of an interval is
thus now the number of blocks, and the height of the first ascent becomes the number of blocks
in the first ascent.

Lemma 9 relies on the recursive description of Tamari intervals given in Proposition 7. We
actually apply this construction to a slight generalization of m-Tamari intervals. For ¢ > 0, an
{-augmented m-Dyck path is a Dyck path @ of size ¢ + mn for some integer n, where the first ¢
steps are up steps, and all the other up steps can be partitioned into blocks of m consecutive up
steps. The ¢ first steps of () are not considered to be part of a block, even if ¢ is a multiple of m.
We denote by a(Q) the number of blocks contained in the first ascent® of ). A Tamari interval
I =[P, Q)] is an L-augmented m-Tamari interval if both P and @ are f~augmented m-Dyck paths.

For k,¢ > 0 let F;@g(ac)(m) = Fj¢(z) be the generating function of f-augmented m-Tamari
intervals I = [P,Q] such that a(Q) = k, counted by the number of blocks (variable t), the
number of non-initial contacts (variable ) and the number of non-initial ascents of @ having i
blocks (one variable h; for each i > 1, as before). We are going to prove that for all k,¢ > 0,

_ L (ta(F(a, 1)) )Y (@) it e =0,
et {(F(w,l)A)(“ (tz(F(z,1)A) ™)™ (1) if 0> 0. (15)

We claim that (15) implies Lemma 9. Indeed, m-Tamari intervals coincide with 0-augmented
m-Tamari intervals. Since the initial contact and the first ascent are not counted in Fj o(x),
but are counted in F(™)(z,y), the contribution in F("™) (x,y) of intervals such that a(Q) = k is
xhy,(y) Fro(x), as stated in the lemma.

We now prove (15), by lexicographic induction on (k, ¢). For (k,¢) = (0,0), the unique interval
involved in Fy () is {e}, where o is the path of length 0. Its contribution is 1 (since the initial
and only contact is not counted). Therefore Fyy o(z) = 1 and (15) holds. Let (k,¢) # (0,0) and
assume that (15) holds for all lexicographically smaller pairs (k/,¢') < (k,¢). We are going to
show that (15) holds at rank (k,£).

If £ > 0 and ¢ = 0, then we are considering 0-augmented m-Tamari intervals, that is, usual
m-Tamari intervals. But an m-Tamari interval I = [P, Q] having n blocks and k blocks in the
first ascent can be seen as an m-augmented m-Tamari interval having n — 1 blocks and k — 1
blocks in the first ascent, by considering that the first m up steps of P and @ are not part of a
block. This implies that:

1 k)
Fro(@) = tFetm(x) = — (t2(F(2,1)8)™) (@)
by the induction hypothesis (15) applied at rank (k—1,m). This is exactly (15) at rank (k, £ = 0).

Now assume ¢ # 0. The series Fy, ¢(z) counts (-augmented m-Tamari intervals I = [P, Q)] such
that a(Q) = k. By Proposition 7, such an interval can be decomposed into a pointed interval
I = [PfP{,Ql] and an interval I = [P, Q2] (the “£” in the notation Pf is a bit unfortunate
here; we hope it will not raise any difficulty). Note that 5 is an m-Tamari interval, while I is
an (¢ — 1)-augmented pointed m-Tamari interval. Conversely, starting from such a pair (I, I5),

3Since the number of blocks does not depend on @ only, but also on £, it should in principle be denoted
a® (Q). We hope that our choice of a lighter notation will not cause any confusion.
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the construction of Proposition 7 produces an f-augmented m-Tamari interval, unless I is not
proper and £ > 1. Moreover, a(Q1) = a(Q). Using (13), we obtain:

Fro(@) = F(2,1) (F 1 (2) + L= F 4 (@) (16)

where [}, (z) (vesp. I}, ;(z)) is the generating function of proper (resp. non-proper) pointed
(¢ — 1)-augmented m-Tamari intervals I; = [P{P], Q1] such that a(Q;) = k, counted by the
number of blocks (variable ¢), the number of non-initial ascents of ()1 of height i (variable h;)
for each ¢ > 1, and the number of non-initial contacts of P{ (variable x). The factor F(z,1)
in (16) is the contribution of the interval Is.

To determine the series F)?, (), expand the series F o—1(z) as

Fro-1(x) = Z Fro_1.2",

i>1

where Fj o1 ; = [2']Fj¢—1(z) is the generating function of (/—1)-augmented m-Tamari intervals
[P1, Q1] such that r(Q1) = k, and having ¢ non-initial contacts. Each such interval can be
pointed in i different ways to give rise to i different proper pointed intervals [Pf P, Q1], having
respectively 0,1,...,7 — 1 non-initial contacts. Therefore,

Feoq(z) ZFk,efl,i(1+:E+~~+xi*1)

xt—1
Z Fro—1: p—
1

1

= — (Fre—1(x) = Fre-1(1))

= AF]C7@_1(.T). (17)

This, together with (16), already allows us to prove (15) when ¢ > 1. Indeed, one then has:
() (my)
Fre() = F(2,1)AF o1 (2) = (F(2,1)A) (ta(F(2,1)2)™) " (@),

by the induction hypothesis. This is (15) at rank (k, ¢).

It remains to treat the case £ = 1. To this end we need to determine the series Fy(z). By
definition, a pointed interval I = [P{P], Q] is non-proper if P{ is empty, in which case I
can be identified with the (non-pointed) interval [P{, @1]. This implies that Iy (z) = Fo(z).
Therefore (16) and (17) give:

Fr1(x) F(z,1) (AFg0(x) + Fro(x))

F(z,1)A(2Fyo(z)).

By the induction hypothesis, Fj,o(z) = L (tz(F(z, 1)A)(m))(k) (x), so that

Fia(z) = F(z,1)A (tz(F(z, 1)A)(m))(k) .

We recognise (15) at rank (k,¢ = 1), and this settles the last case of the induction. =

Proof of Proposition 5. By Lemmas 8 and 9, and the definition (11) of R (y), we have:
Fay) = i) (2@ nd)™) " @ = Sy O (arena)) " @,
) ? A ZA )

k>0
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Letting «; be the number of parts equal to 7 in the partition A, and summing on the «;’s rather
than on A, we can rewrite this sum as:

Pay) = Y H(?Z;' (%)“ (tm(F(x,l)A)(m))(ia)) (z)

- o2 ) Yo

= exp <yz% (tw(F(m, 1)A)(m))(i)> ().

We have used the fact that the operator A commutes with the multiplication by y and by p;.
This is the second functional equation satisfied by F'(x,y) given in Proposition 5. The third one,
(12), follows by differentiating with respect to y. -

4. PRINCIPLE OF THE PROOF, AND THE CASE m = 1

4.1. PRINCIPLE OF THE PROOF

Let us consider the functional equation (12), together with the initial condition F'(¢, p; x,0) =
x. Perform the change of variables (7), and denote G(z,p;u,y) = G(u,y) = F(t,p;x,y). Then
G(u,y) is a series in z with coeflicients in K[u, y] (where K = Q(p1, pa2, . ..)) satisfying

(k)
G(u,1 e
Zm( (1+u)e m(K(u)-i—L)(( uG(u, ))71 Au) ) G(u,y), (18)

—mK(u
= 1+ue (

with A, H(u) = w, and the initial condition
Gu,0) = (1 +u)e ™KW, (19)

Observe that this pair of equations defines G(u,y) = G(z,p;u,y) uniquely as a formal power

series in z. Indeed, the coefficient of z" in G can be computed inductively from these equations:

one first determines the coefficient of 2" in aG , which can be expressed, thanks to (18), in terms

of the coefficients of z* in G for i < n; then the coefficient of 2™ in G is obtained by integration

with respect to y, using the initial condition (19). Hence, if we exhibit a series G(z, p; u,y) that

satisfies both equations, then G(z,p; u,y) = G(z, p; u,y). We are going to construct such a series.
Let

G1(z,p0) = Ga(u) = (14 )X (14 upe K — 1), (20)

Then G (u) is a series in z with coefficients in K[u], which, as we will see, coincides with G(u, 1).
Consider now the following equation, obtained from (18) by replacing G(u, 1) by its conjectured
value G1(u):

~ (k)
oG . _ Pk —m(L+K(u)) uGl(u) (m) ~ )
a—y(z,p,u,y) = Z ( (1+ue A u)e k@ —1 Ay G(z,piu,y)

k>1

Pk L+K K I3 (m) (k) ~
52 (14 e (1 et 8,) ™) G i), (21

k>1

with the initial condition

G(2,p;4,0) = (1 + e~ ™K, (22)
Eq. (21) can be rewritten as
; k)
o ) = 30 B (soama ™) G piug), (23)

k>1
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where u
A(u) = —K) 24
(1) = T, (24)
A is the operator defined by
H(u) — H(0)

A(H) (u) = (25)

Alw)
and v = (14 u)™ 1 u~™ as before. Again, it is not hard to see that (23) and the initial con-
dition (22) define a unique series in z, denoted é(z,p; u,y) = é(u, y). The coefficients of this
series lie in KJu, y]. The principle of our proof can be described as follows.

If we prove that G(u,1) = G1(u), then the equation (21) satisfied by G coincides

with the equation (18) that defines G, and thus G‘(u, y) = G(u,y). In particular,

G1(z,p;u) = Gz, p;u, 1) = G(z,p;u, 1) = F(t,p;x,1), and Theorem 3 is proved.

Remark. Our proof relies on the fact that we have been able to guess the value of G(u,1),
given by (20). This was a difficult task, which we discuss in greater details in Section 6.1.

4.2. THE CASE m =1

Take m = 1. In this subsection, we describe the three steps that, starting from (23), prove
that G(u, 1) = G1(u). In passing, we establish the expression (10) of F(t,p; x, 1) (equivalently, of
G(z,p;u,1)) given in Theorem 4. The case of general m is difficult, and we hope that studying
in details the case m = 1 will make the ideas of the proof more transparent. Should this
specialization not suffice, we invite the reader to set further p;, = 1,—¢, in which case we are
simply counting labelled Tamari intervals (see also [6]).

4.2.1. A homogeneous differential equation and its solution. When m = 1, the equa-
tion (23) defining G(Z' u y) = G(u,y) reads

(k) -
)= B+ w+)0) Gluy), (26)
k>1
where & = 1/u and the operator € is defined by QH (u) = H(u)— H(0), with the initial condition
Gu,0) = (1 +u)e KW, (27)

These equations imply that G(—1,y) = 0. The following lemma provides us with a symmetry
property which is crucial in our approach.
Lemma 10. For k > 0 one has:
(k) ~ ~
(A+u)+m)2) Gluy) = (1 +w)* (1 + @) Glu,y) - Pu(v),
where Py, € K[y][[z]][v] and v = (1 + u)(1 + @).

Proof. This is easily proved by induction on k. Alternatively, readers well acquainted with lattice
path enumeration may view this lemma as a form of André’s reflection principle. -

Observe that the quantity Py(v), being a function of v = (1 + w)(1 + @), is left invariant by
the substitution u — . This symmetry is the keystone of our approach, as it enables us to
eliminate some a priori intractable terms in (26). Replacing u by @ in (26) gives

Zp’“ k( (1+u)(1 —I—u)Q)(k)é(ﬂ,y),

so that, applying Lemma 10 and using v(u) = v(@) we obtain:
5 (Glu) = G@y) = - B 1w (Guy) - Ga) = Vo) (Gluy) - Ga,n)

k>1
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where V(v) is given by (3). This is a homogeneous linear differential equation satisfied by
G(u,y) — G(u,y). It is readily solved, and the initial condition (27) yields

G, ) = G y) = (14 w) (750 — e K@) V), (28)
4.2.2. Reconstruction of G(u,y). Recall that G(u,y) = G(z,p;u,y) is a series in z with

coefficients in Ku, y]. Hence, by extracting from the above equation the positive part in u (as
defined in Section 2.1), we obtain

G(u,y) — G(0,y) = [u”] ((1 +u) (eiK(“) — aefK(ﬁ)) eyv(”)) .
For any Laurent polynomial P, we have
[w”] (1 +w)P(u)) = (1 + u)[u”]P(u) + ulu’] P(u). (29)

Hence

G(u,y) — G(0,y) = (1 + u)[u”] (ew<v> (e—w _ ﬁe—m)))
+ ufu] (eywu) (efmu) - ﬁefzqa))) _

Setting u = —1 in this equation gives, since G(—1,%) = 0,

—G(0,y) = —[u°] (eyvm (efmu) _ ﬂefma))) ,

so that finally,

Glu,y) = (14 u)[u”] (eyv(”) (efK(“) - ﬂefK(ﬂ)))
+(1 4 ) [u) (eyv(”) (e_K(“) — ae_K(ﬂ)))
= (L u)u] (V) (KW —gem K@) (30)

As explained in Section 4.1, G(u,y) = G(u, y) will be proved if we establish that G(u, 1) coincides
with the series G1(u) given by (20). This is the final step of our proof.

4.2.3. The case y = 1. Equation (30) completely describes the solution of (26). It remains to
check that G(u, 1) = G1(u), that is

G(u,1) = (1 + @)eKW+L ((1 +u)e K@ 1). (31)
Let us set y =1 in (30). We find, using V(v) = K (@) + L + K (u):
Gu1) = (1+u)u] (eHK(ﬂ) - aeHK(“))

= (1+u)e” (1 — gl 4 @) ,

which coincides with (31). Hence G(z,p;u,y) = G(z,p;u,y) = F(t,p;x,y) (with the change of
variables (7)), and Theorem 4 is proved, using (30).

5. SOLUTION OF THE FUNCTIONAL EQUATION: THE GENERAL CASE

We now adapt to the general case the solution described for m = 1 in Section 4.2. Recall from
Section 4.1 that we start from (23), and want to prove that G(u,1) = G (u). We first obtain
in Section 5.1 the counterpart of (28), that is, an explicit expression for a linear combination of
the series G‘(ui,y), where ug = u,uy,...,u, are the m + 1 roots of the equation v(u) = v(u;),
with v(u) = (1 + u)™™a™. In Section 5.2, we reconstruct from this expression the series
G(u,y), by taking iterated positive parts. This generalizes (30). The third part of the proof
differs from Section 4.2.3, because we are not able to derive from our expression of é(u, y) that
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G(u,1) = G1(u). Instead, the arguments of Section 5.2 imply that the counterpart of (28) has
also a unique solution when y = 1, and we check that G (u) is a solution.
5.1. A HOMOGENEOUS DIFFERENTIAL EQUATION AND ITS SOLUTION
Let us return to the equation (23) satisfied by G‘(u, y). This equations involves the quantity
v=o(u) = (1+u)" g™

In the case m = 1, this (Laurent) polynomial was (1 4+ u)(1 + @), and took the same value for u
and u. We are again interested in the series u; such that v(u;) = v(u).

Lemma 11. Denote v = (1+u)™ u=™, and consider the following polynomial equation in U :
(1+U)" =U™.
This equation has no double root. We denote its m + 1 roots by ug = u, U1, ..., Up,.
Proof. A double root would also satisfy
(m+1)(1+U)™ =mU™ "o,
and this is easily shown to be impossible. -

Remark. One can express the u;’s as Puiseux series in u (see [29, Ch. 6]), but this will not be
needed here, and we will think of them as abstract elements of an algebraic extension of Q(u).
In fact, in this paper, the u;’s always occur in symmetric rational functions of the u;’s, which are
thus rational functions of v. At some point, we will have to prove that a symmetric polynomial
in the u;’s (and thus a polynomial in v) vanishes at v = 0, that is, at u = —1, and we will then
consider series expansions of the u;’s around u = —1.

The following proposition generalizes (28).

Proposition 12. Denote v = (1 +u)™ ™ u™™, and let the series u; be defined as above. Denote
A; = A(u;), where A(u) is given by (24). Then

Hj;éi(Ai - Aj)

By I1;.:(Ai — Aj) we mean [, ;.;(Ai — A;) but we prefer the shorter notation when the
bounds on j are clear. Observe that the A;’s are distinct since the w;’s are distinct (the coefficient
of 2% in A(u) is u/(1+u)). Note also that when m = 1, then ug = u, u; = %, and (32) coincides
with (28). In order to prove the proposition, we need the following two lemmas.

Z _ Gluy) = pe?V ), (32)
1=0

Lemma 13. Let xp,21,...,Tm be m + 1 variables. Then
m M
- =1 (33)
= g (@i — )
and
- 1/z; 1
= =(-1)"||—. (34)
Moreover, for any polynomial Q of degree less than m,
3 Q) (35)

= [ (@i — )
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Proof. By Lagrange interpolation, any polynomial R of degree at most m satisfies:
m
X —z;
R(X) = ; L,
(0 =3 R [ 7=
1=0 J#i

Equations (34) and (35) follow by evaluating this equation at X = 0, respectively with R(X) =1
and R(X) = XQ(X). Equation (33) is obtained by taking R(X) = X™ and extracting the
leading coefficient. -

Our second lemma replaces Lemma 10 for general values of m.

Lemma 14. Let k > 0, and let A be the operator defined by (25). Let H(z;u) = H(u) be
a formal power series in z, having coefficients in L(u), with L = K(y). Assume that these
coefficients have no pole at w = 0. Then there exists a polynomial Py(X,Y) € L[[z]][X,Y] of
degree less than m in X, such that

(ZUA(u)mMW)(k)H(u) = (20)F H (u) — Py(A(u),v). (36)

Proof. We denote by L the subring of L(u)[[z]] formed by formal power series whose coefficients
have no pole at u = 0. By assumption, H(u) € £. We use the notation O(u*) to denote an
element of LL(u)[[2]] of the form u*J(z;u) with J(z;u) € L.

First, note that A(u) = ue= % /(1 + u) belongs to £. Moreover,

A(u) = u+ O(u?). (37)

We first prove that for all series I(u) € £, there exists a sequence of formal power series () ;>0 €
L[[2]] such that for all £ > 0,

-1
I(u) =gl A(u)’ + O(u"). (38)
j=0

We prove (38) by induction on £ > 0. The identity holds for ¢ = 0 since I(u) € £. Assume it
holds for some ¢ > 0: there exists series g{,...,g/ | in L[[2]] and J(u) € £ such that

-1
I(u) = gl A(u)’ +uJ(u).
j=0
By (37) and by induction on r, we have u” = A(u)” + O(u"1) for all r > 0. Using this identity

with r = ¢, and rewriting J(u) = J(0) + O(u), we obtain u‘J(u) = J(0)A(u)* + O(u’*!), so
that:

‘
I(u) = gj A(u)’ + O,
=0

with g/ := J(0) € L[[2]]. Thus (38) holds for £+ 1.
We now prove that for all ¢ > 0, one has:

A(‘J)I(u) = A(i)q I(u) — ZgJI-A(u)j , (39)

where the series gjl- are those that satisfy (38). Again, we proceed by induction on ¢ > 0. The
identity clearly holds for ¢ = 0. Assume it holds for some ¢ > 0. In (39), replace I(u) by its
expression (38) obtained with ¢ = g+1, and let u tend to 0: this shows that g/ is in fact ADI(0).
From the definition of A one then obtains

A@DT(w) — g - :
AT I (u) = ;@2) . :A(u1)q+1 I(u%;gﬂ(u)ﬂ
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Thus (39) holds for ¢ + 1.

We finally prove, by induction on k& > 0, that (36) holds and that the left-hand side of (36)
is an element of £. For k = 0, these results are clear, with Py = 0. Assume they hold for some
k >0, for any H(u) € L. Let H(u) € £ and let M(u) be the left-hand side of (36). By the
induction hypothesis, M (u) € L, so that applying (39) with I(u) = M (u) and g = m gives:

m—1
wAW) A M) = v | M) - Y gl Au)? | . (40)
j=0
(k+1)
= (sz(u)mA(m)) H(u) by definition of M.

By the induction hypothesis (36), we have M (u) = (2v)*H(u) — Py(A(u),v) with P.(X,Y) of
degree less than m in X, so that the above equation gives:

(k+1)
(s0A@™A) T H @) = (20) U H () — P (A(u), ),
with
m—1
Pt (X,Y) =2 [ (X, Y) + Y gM X7
§=0

Note that Pr11(X,Y") has still degree less than m in X.

It remains to prove that ((sz(u)mA(m))(k+1) H(u) € L. Applying (38) with I(u) = M(u)
and ¢ = m + 1, and substituting in (40), we obtain:

H(u) = zv (g%A(u)m + O(um+1))

— o (g 4+ O(w)

(sz(u)mA(m)) B

since A(u)™ = u™+O0(u™*t1). Since v = (1+u)™ 1y~ this shows that (sz(u)mA(m))(kH) H(u)
belongs to £, which completes the proof. -

Proof of Proposition 12. Thanks to Lemma 14, we can rewrite (23) as

G ) = X B (0 Clu) ~ P, 0), (41)

k>1

where v = v(u) = (1 +u)™ @™, and for all k > 1, P, (X,Y) is a polynomial of degree less than
m in X with coefficients in K(y)[[z]].

As was done in Section 4.2.1, we are going to use the fact that v(u;) = v for all i € [0, m]
to eliminate the (infinitely many) unknown polynomials Py (A(u),v). For 0 < i < m, the
substitution w > u; in (41) gives:

G tus0) = 32 B (20 Gluscy) = Puls0)), (42)

k>1

with A; = A(u;). Consider the linear combination

(43)
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Recall that A; is independent of . Thus by (42),

R —n " AL
Q_y(u’y) = Z = <(zv)kR(U,y) - Z m) )

k>1 i=0

= Z %(zv)kR(u,y), by (35),
E>1
= V(v)R(u,y),

where V' (v) is defined by (3). This homogeneous linear differential equation is readily solved:
R(u,y) = R(u,0)e?V®).

Recall the expression (43) of R in terms of G. The initial condition (22) can be rewritten

G(u,0) = vA(u)™, which yields

Ru,0) = vy —————
; [1i (Ai = Aj)
= v
by (33). Hence R(u,y) = ve?V ("), and the proposition is proved. -

5.2. RECONSTRUCTION OF G(u,y)

We are now going to prove that (32), together with the condition G(—1,y) = 0 derived
from (21-22), characterizes the series G/(u,y). We will actually obtain a (complicated) expression
for this series, generalizing (30).

We first introduce some notation. Consider a formal power series in z, denoted H(z;u) =

H(u), having coefficients in L[u], where L = K(y). We define a series Hy, in z whose coeflicients

are rational symmetric functions of k + 1 variables g, ..., zg:
a H(z,)
Hy(zo, ..., mx) = ) : : (44)
i=0 H (Az;) — A(z;))
0<j<k,j#i
where, as above, A is defined by (24).
Lemma 15. The series Hy(xo, ..., xk) has coefficients in L{xo, ..., xzx]. If, moreover, H(—1) =
0, then the coefficients of Hy are multiples of (1 + xo) -+ (1 + xp).
Proof. Using the fact that e %(*) =1 + O(z), it is not hard to prove that
1 1
= B(mi,acj), (45)

Alwi) = Alz;)  wi—m;
where B(x;,x;) is a series in z with polynomial coefficients in z; and z;. Hence
Hk(l'o,...,l‘k) H (mi—xj)
0<i<j<k

has polynomial coefficients in the z;’s. But these polynomials are anti-symmetric in the z;’s
(since Hj is symmetric), hence they must be multiples of the Vandermonde [[;_,(z; — ;).
Hence Hy(zo,...,xr) has polynomial coefficients.

A stronger property than (45) actually holds, namely:

1 (4 + ;) .
A~ Ay~ mom e
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where C(z;,x;) is a series in z with polynomial coefficients in x; and x;. Hence, if H(—1) =0,
that is, if H(z) = (1 + 2)K(z) where K (z) has polynomial coefficients in z,

k
Hk(ZL'O, S ,l'k) = ZK(Z‘Z)(l —+ ZL'Z')kJrl H (1 + xj)C(SCZ‘,;L'j).

i=0 i Ti =T
Setting xg = —1 shows that Hx(—1,z1,...,2r) = 0, so that Hy(zo,...,zx) is a multiple of
(1 4+ xo). By symmetry, it is also a multiple of all (1 + ;), for 1 <i < k. -

Our treatment of (32) actually applies to equations with an arbitrary right-hand side. We
consider a formal power series H(z;u) = H(u) with coefficients in L[u], satisfying H(—1) = 0
and

u H(uz)

i—0 Hj;éi(Ai - Aj)
for some series ®,,,(v) = ®,,(z;v) with coefficients in vLL[v], where v = (1 +u)™ @™, Using the
notation (44), this equation can be rewritten as

Hp(ugy -y tm) = @ (v).

We will give an explicit expression of H(u) involving two standard families of symmetric func-
tions, namely the homogeneous functions hy and the monomial functions my.

= P (v),

Caveat. These symmetric functions will be evaluated at (ug,u1,...Uny) or
(A(ug), ..., A(um)). They have nothing to do with the variables py involved in
the generating function FU™ (t, p;x,y).
We also use the following notation: For any subset V' = {i1,...,ix} of [0,m], of cardinality k,
and any sequence (Zo, ..., Tn), we denote vy = {z;,,..., 24, |

Proposition 16. Let H(z;u) = H(u) be a power series in z with coefficients in L[u], satisfying
H(-1)=0 and

Hp(uo, - - um) = @ (v), (46)
where @,,(v) = @, (z;v) is a series in z with coefficients in vL[v].
There exists a sequence D, . .., P, of series in z with coefficients in vL[v], which depend only

on D, such that for 0 < k < m, and for all subset V' of [0,m] of cardinality k + 1,
Hy(uv) = i ®;(v)hj—k(Av). (47)
=k
In particular, H(u) = Hy(u) is completely cjletermmed if ®p, is known:
H(u) = i ®;(v)A(u).
j=0

The series @ (v) = Pr(z;v) can be computed by a descending induction on k as follows. Let us
denote by ®;_,(u) the positive part in u of Pr_1(v), that is

05y (u) = [u”] @y (@™ (L + u)™ ).

Then for 1 < k < m, this series can be expressed in terms of Pr,..., Py,
1 = m — L(\)
Op () =~ Yo ®i0) Y B ma(Ar, s Am) | (48)
%) : ; k—£(N)
=k Aj—k+1
The extraction makes sense since, as will be seen, vmy(Az,..., Ay) belongs to Klu,ul[[z]]. Fi-

nally, ®r_1(v) can be expressed in terms of @,?71:

m

P (v) =, (P (ui) = @7y (=1)) - (49)
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We first establish three lemmas dealing with symmetric functions of the series u; defined in
Lemma 11.

Lemma 17. The elementary symmetric functions of ug = u, U1, . .., Uy are

(m+1
ej(UQ,’LLl, s ,Um) = (_1)J( ] ) +U1j:1

with v =u™"(1 +uw)™.
The elementary symmetric functions of ui, ..., uy, are
1 if 3 =m,
Em—j (1, - Um) = (=1)m=a=t5 (m;rl)up’j’l otherwise.

In particular, they are polynomials in 1/u, and so is any symmetric polynomial in uy, ..., Up,.
Finally,

m
H(l +u;) = 0.
i=0
Proof. The symmetric functions of the roots of a polynomial can be read from the coefficients
of this polynomial. Hence the first result follows directly from the equation satisfied by the wu;’s,
for 0 < i < m, namely
(14 u;)™ M = vul.

For the second one, we need to find the equation satisfied by w1, ..., u,, which is
1 j
_ Q) — ()™ e NS G megeins (ML
0= P—— =u ui—Zuiu Z uP.
' =0 p=0 p

The second result follows.
The third one is obtained by evaluating at U = —1 the identity
[[U - w)=0a+v)" -
i=0
]

Lemma 18. Denote v = @™(1 + u)™*L. Let P be a polynomial. Then P(v) is a Laurent
polynomial in w. Let P~ (u) := [u”]P(v) denote its positive part. Then

P(v) = P(0) + Y (P”(u;) — P”(~1)). (50)
=0

Proof. The right-hand side of (50) is a symmetric polynomial of wo, ..., u,,, and thus, by the
first part of Lemma 17, a polynomial in v. Denote it by P(v) The second part of Lemma 17
implies that the positive part of P(v) in u is P> (ug) = P> (u). That is, P(v) and P(v) have
the same positive part in u. In other words, the polynomial Q := P — P is such that Q(v) is a
Laurent polynomial in u of non-positive degree. But since v = (1 + )™ %™, the degree in u of
Q(v) coincides with the degree of @, and so @ must be a constant. Finally, by setting u = —1 in

P(v), we see that P(0) = P(0) (because u; = —1 for all i when u = —1, as follows for instance
from Lemma 17). Hence @@ = 0 and the lemma is proved. u
Lemma 19. Let 0 < k < m, and let R(xq,...,xr) be a symmetric rational function of k + 1

variables xg, ..., xy, such that for any subset V' of [0,k] of cardinality k + 1,
R(UV) = R(u07 cee ,’(,Lk)-

Then there exists a rational fraction in v equal to R(ug, ..., ug).
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Proof. Let R be the following rational function in o, . .., Zn:
- 1
R(Z'O,...,Z'm) = Ty Z R(SCV)
(k+1) vclo,m], |V]=k+1

Then R is a symmetric function of xg, ..., Z,, and hence a rational function in the elementary
symmetric functions e;(zo, ..., Zm), say S(e1(zo,...,ZTm), .., em41(Z0,...,Zm)). By assump-
tion,

R(ug, -y um) = S(e1(woy -« Um),s -« oy €mg1(Uo, - -, Um)) = R(ug, ..., ug).
Since S is a rational function, it follows from the first part of Lemma 17 that R(ug,...,u;) can
be written as a rational function in v. =

Proof of Proposition 16. We prove (47) by descending induction on k. For k = m, it holds by
assumption. Let us assume that (47) holds for some k > 0, and prove it for k — 1.
Observe that

(A(zp—1) — Alxr))Hi (2o, ..., 2x) = He—1(x0, . - ., Zp—2, Th—1) — Hp—1 (20, . . ., Tp—2, Ti).

This is easily proved by collecting the coefficient of H(z;), for all i € [0, k], in both sides of the
equation. We also have, for any indeterminates ag, . . ., G,

(ak—1 —ar)hj_r(ao,...,ax) = hj_py1(ao, ..., ax—2,ax—1) — hj_gt1(ao,...,ax—2,ax).

Let V' be a subset of [0, m] of cardinality k — 1, and let p and ¢ be two elements of [0,m] \ V.
Multiplying (47) by A, — A,, and using the two equations above gives

Hk 1 uv,up Zq) j k+1(Av,A ) Hk 1 uv,uq Zq) j k+1(Av,Aq).
This implies that the series

Hy_1(zo, ..., Tp_1) — Z ®;(0)hj_ry1(Axo), ..., Alzr_1))

takes the same value at all points uy, for V' C [0, m] of cardinality k. Hence Lemma 19, applied
to the coefficients of this series, implies that there exists a series in z with rational coefficients
in v, denoted ®;_1(v), such that for all V' C [0, m] with |[V| = k:

Hy_1(uy) Zcp hj_kr1(Ay) = Bp_1(v). (51)

This is exactly (47) with k replaced by k—1.

The next point we will prove is that the coefficients of ®;_; belong to vL[v]. In order to do

so, we symmetrize (51) over wug, ..., un. By (51),
m-+1 -
p ) Br-(v) = Y Hialuwy) - Z ®i(v) Y hien(Av) | (52)
vc[om],|V]=k j=k vcl[o,m],|V|=k

We will prove that both sums in the right-hand side of this equation are series in z with coefficients
in vIL[v].
By Lemma 15,
> Hy—1(zv)
vclo,m],|V|=k

is a series in z with polynomial coefficients in zg, ..., Z;,, which is symmetric in these variables.
By Lemma 17, the first sum in (52) is thus a series in z with polynomial coefficients in v. We
still need to prove that this series vanishes at v = 0, that is, at v = —1. But this follows from
the second part of Lemma 15, since u; = —1 for all ¢ when u = —1.
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Let us now consider the second sum in (52), and more specifically the term

Oi(v) > hikn(Ay). (53)

vclo,m],|V]=k

Recall that

A = i e K(wi)

14

But by Lemma 17,

11 IT a+uy.

T+ 0<j£i<m

Hence (53) can be written as a series in z with coefficients in L[1/v, ug, ..., Uy], symmetric in
UQy -« -, U By the first part of Lemma 17, these coefficients belong to L[v,1/v]. We want to
prove that they actually belong to vIL[v], that is, that they are not singular at v = 0 (equivalently,
at u = —1) and even vanish at this point. From the equation (14 u;)™" = vu, it follows that
we can label uq, ..., u,, in such a way that

1+u; = (1 +u)+o(l +u),
where ¢ is a primitive (m + 1)%' root of unity. Since ®;(v) is a multiple of v = @ (1 + u)"*1,
and the symmetric function h;_p41 has degree j — k +1 < m, it follows that the series (53) is
not singular at u = —1, and even vanishes at this point. Hence its coefficients belong to vIL[v].

So far, ®;_1(v) has been expressed in terms of H (and the series ®;), and we now want
to obtain an expression in terms of the ®; only. Lemma 18, together with ®,_1(0) = 0, es-

tablishes (49). To express ®; ,(u), we now symmetrize (51) over uq, ..., u,. With the above
notation,
m m
EETENED SIS ED 3 L XUID DI URTEI) PR
VC[l,m],|V]=k j=k vcl,m],|V|=k
As above,

Z Hi_1(zv)

vcll,m],|V|=k

is a series in z with polynomial coefficients in 1, ..., z,,, which is symmetric in these variables.
By the second part of Lemma 17, the first sum in (54) is thus a series in z with polynomial
coefficients in 1/u. Since ®;_1(v) has coefficients in L[v], and hence in L[u, 1/u], the second
sum in (54) is also a zeries in z with coefficients in L[u, 1/u]. We can now extract from (54) the
positive part in u, and this gives

m m
(1)era@ =X (20 X st
j=k vct,m],|V|=k
One easily checks that, for indeterminates ay, ..., amn,
m — L(\)
Z hj—kt1(av) = Z <k_£()\)>m>\(a1,...,am),
vC[tm],|V|=k Arj—k+1

so that the above expression of ®; ,(u) coincides with (48). -
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5.3. THE CASE y =1

As explained in Section 4.1, Theorem 3 will be proved if we establish G (u,1) = G4 (u), where
G (u) = (1 + @)eK@+L ((1 +u)emE@ _ 1) .

A natural attempt would be to set y = 1 in the expression of é(u, y) that can be derived from
Proposition 16, as we did when m = 1 in Section 4.2.3. However, we have not been able to do
so, and will proceed differently.

We have proved in Proposition 12 that the series G (u, y) satisfies (46) with ®,,(v) = ve?V "),
In particular, G(u,1) satisfies (46) with ®,,(v) = ve” (). By Proposition 16, this equation,
together with the initial condition G(—1, 1) = 0, characterizes G(u, 1). It is clear that G;(—1) =
0. Hence it suffices to prove the following proposition.

Proposition 20. The series Gy (u) satisfies (46) with ®,,(v) = veV "),

Proof. First observe that
1
G1(u) = e* (vA(u)ml - A—) .

Using Lemma 13 with x; = A;, it follows that

m Gl uz o m
;H#ZA —A) 0+ (-1) +€LE)E (by (34) and (35))

_ (_1)m+1eL+E¢K(“i) ﬁ (1 +ui).

W
i=0 v

By Lemma 17 one has [],(1 +u;) = v and [, u; = (—1)™*%!, so it only remains to show that
L+ K(w) =V(v).
Recall that V(v) belongs to vK[v][[z]] and that K (u) = [u”]V (v). Therefore Lemma 18 gives:

m

V) =0+ (K(u)— K(-1)).

=0
But it follows from (5) that
1) ) 1 —L
=2y (- () -
= -1 = (m+1) m+

where we have used the identity

2 (o2 =-(0) ()

valid for b > a > 0, which is easily proved by induction on a. Therefore V(v) = L+>"1" ( K (u;),
and the proof is complete. -

We have finally proved that G(u,1) = G1(u). As explained in Section 4.1, this implies that
F™)(2,y) = G(u,y) after the change of variables (7). In particular, F(™)(z,1) = G (u), and (8)
is proved. One then obtains (9) in the limit v — 0, using

(= 51 )

k>1
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5.4. FROM SERIES TO NUMBERS

We now derive from (9) the expression of the character given in Theorem 2. We will extract
from F(™) (t,p; 1,1) the coefficient of ¢". We find convenient to rewrite the factor e’ occurring
in this series as Z/s, where s™ =t and Z = sel’ (so that 2™ = z).

Hence

[t"]F(t,p;1,1)

5] [ 2 3 g <<m + 1>’f>

k—1
k>1

L Dk km (M + 1)k (mn+1)L
= ™ |1—m g —(km+ 1)z m< elmn
mn + 1 = k k—1

by the Lagrange inversion formula. This can be rewritten in terms of z = Z":

n . 1 n k (m + 1)k (mn+1)L
IR = ] 1mzpkz< R ) et
k>1
The sum inside the brackets is closely related to the derivative of L with respect to z:
1 oL
tF(tp;1,1) = (1= ma— ) elmmtDL
I = ] (1-me )
_ 1 [Zn] 1— mz 2 e(mn-{-l)L
mn—+ 1 mn+ 10z

_ 1 1— mn [Zn]e(anrl)L
mn + 1 mn + 1

~ el TLeww (B (77 0F))

k>1

1 pt ((m+ 1)k\ ™"
- - Dz JT 25
RS R SR e ! kakak'< k >

a1 +2az+--=n '

1 m—l—l)\i
- T X ey H(( Ai) )

A=(A1,...)Fn i>1

The final equation is precisely Theorem 2.

5.5. THE COMPLETE SERIES F'(t,p;x,y)

We finally give an explicit expression of the complete series F(z,y) = F(m) (t,p;x,y). Recall
that F(x,y) = G(u,y) after the change of variables (7), and that the series G(u, y) satisfies (46)
with ®,,(v) = ve?V (") (Proposition 12). Hence Proposition 16 gives an explicit, although com-

plicated, expression of the complete series F'(t, p; x,y).

Theorem 21. Let F"™)(t,p;x,y) = F(t,p;x,y) be the refined Frobenius series of the m-Tamari
representation, defined by (6). Let z and u be two indeterminates, and write

—mL

t=ze and  x = (1+u)e ™KW,

where L and K (u) are defined by (4-5). Then F(t,p;x,y) becomes a series in z with polynomial
coefficients in u, y and the p;, and this series can be computed by an iterative extraction of
positive parts. More precisely,

m

F(t,piz,y) = ) Br(v)A(w)", (55)

k=0
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where v = u="™(1 + u)™H, A(u) is defined by (24), and ®p(v) = Pi(z;0) is a series in z
with polynomial coefficients in v, y and the p;’s. This series can be computed by a descending
induction on k as follows. First, ®,,(v) = ve?V®) where V(v) is defined by (3). Then for
1<k<m,

Pp-1(v) = Z (Pr_y(us) — @71 (=1))
=0

K2

where
op_y(u) = [u”]Pr-1(v)
1 = m— (A
= [N X (T A, Awa) | 66)
() : : k—€(X)
=k Aj—k+1
and up = U, U1, ..., Uy are the m+ 1 roots of the equation (1 + u;)™ ! = uv.

We can rewrite (55) in a slightly different form, which gives directly (10) when m = 1. This
rewriting combines (55) with the expression of [u”]®g(v) derived from (56). The case k = 1
of (56) reads

0 )o(0) =~ (7] [ - @)D Ay | 67)

Recall that F(t,p;x,y) = G(z,p;u,y) has polynomial coefficients in w, and that © = 1 when
u = 0. Hence, returning to (55):

Ft,pszy) = F(t,p;ly)+[u”] }:dm(wfﬂuﬁ>

Pt p; 1) + 7] (Z @(0) (AW - %ZAW)) (by (57))
> _
(1+wfe] (Z 2t (Aw)k -y A(um)) (58)

k=1

by (29), and given that F(t,p;x,y) = 0 when u = —1. The proof that ®5(v) >/~ A(u;)* has
coefficients in (1 4 «)K[u, @] (which is needed to apply (29)) is similar to the proof that (53) has
coefficients in vK]v].

Examples. We now specialize (58) to m = 1 and m = 2. When m = 1, (58) coincides with (10)
(recall that ®,, = ve?V (")), When m = 2, we obtain the following expression for F(2).,

Corollary 22. Let V(v),L and K(u) be the series given by (3-5), with m = 2. Perform the
change of variables (7), still with m = 2. Then the weighted Frobenius series of the 2-Tamari
representation satisfies

FO(t,p;a,y)

14+u
21 (0 (g - Ae) A 1 g (e - Al _ A
where
" 1+ 3ut(14u)V1+4u Alu) = Uk
12 = 507 , = ,
and

0y (v) = @7 (u) + @7 (u1) + 7 (uz) — 307 (1),
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with
07 (u) = —[u”] ((1+u)*ae?” ™) (A(wr) + A(uz)))

This expression has been checked with MAPLE, after computing the first coefficients of
F®@)(t, p;x,y) from the functional equation (12).

6. FINAL COMMENTS
6.1. A CONSTRUCTIVE PROOF?

Our proof would not have been possible without a preliminary task consisting in guessing the
expression (8) of F(t,p;x,1). This turned out to be difficult, in particular because the standard
guessing tools, like the MAPLE package GFUN, can only guess D-finite generating functions,
while the generating function of the numbers (1), or even (2), is not D-finite. The expression
of F(t,p;x, 1) actually becomes D-finite in z (at least when only finitely many p;’s are non-zero)
after the change of variables (7). The correct parametrization of the variable ¢ by z was not
hard to obtain using the (former) conjecture (1) and the Lagrange inversion formula, but we had
no indication on the correct parametrization of x. Our discovery of it only came after a long
study of special cases (for instance m =1 and p; = 1,—¢), and an analogy with the enumeration
of unlabelled Tamari intervals [7]. Obviously, a constructive proof of our result would be most
welcome, not to mention a bijective one.

6.2. THE ACTION OF &, ON PRIME m-TAMARI INTERVALS

Other remarkable formulas, as simple as (1) and (2), can be derived from our expression (8)
of the series F(m)(t,p;x, 1). Let us for instance focus on the action of &,, on prime intervals,
that is, intervals [P, @] such that P has only two contacts with the line {& = my}. The character
Xm of this representation is obtained by extracting the coefficient of 2 from F("™) (¢, p; x, 1), and
the Lagrange inversion formula gives, for a partition A of length /:

- - + 1)\ —1
m(A) = D —1)"2 (m+ 1A = 1),
) = (G -1 T ()
1<i<e
In particular, the number of prime labelled m-Tamari intervals of size n is
((m+1)n —1)"2m".

For unlabelled intervals, it follows from |7, Coro. 11] that the corresponding numbers are

m (m+1)*n-—m—1

n((m+1)n —1) n—1 '

6.3. THE NUMBER OF UNLABELLED m-TAMARI INTERVALS

Recall from Lemma 8 that the series F'™) (¢, p; 2, %) can also be understood as the generating
function of (weighted) unlabelled m-Tamari intervals. In particular, when p =1 = (1,1,...) and
y =1, we have

(because k!/z\ counts permutations of cycle type M), so that
F(m)(t,l;x,l) — Z 1 pe(P)
I=[P,Q] unlabelled

By specializing Theorem 3 to the case y = 1,p = 1, we recover the following result, already
proved in [7]. The result of [7] also keeps track of the size of the first ascent, but we have not
been able to recover it in this generality.
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Proposition 23 ([7]). Let z' and v’ be two indeterminates, and write

o ’ 2+2 - 1 + ’LL/
Then the ordinary generating function of unlabelled m-Tamari intervals, counted by the size and
the number of contacts, becomes a series in z’' with polynomial coefficients in u’, and admits the

following closed form expression:

1+u)(1+ 2"d) 1+
PO (1,1, 1) = —1).
( ? 71"; ) U/(l _ Z/)m+2 (1 + Z/u/)m+1 (60)

As shown in [7], this implies that the number of unlabelled m-Tamari intervals of size n is

m+1 <(m+1)2n+m>.

n(mn + 1) n—1

Proof. We need to relate the parametrizations (7) and (59), and then the expressions (8) and (60).
Let M = M (z) be the unique formal power series in z satisfying

M=1+zMm (61)

We claim that, when p = 1,
1 1
L m—+1 K(u) _ —
=M d = = . 2
‘ ane e 1—zuMm™ 1 1—u(M—1) (62)
This establishes the equivalence between the parametrizations (7) and (59), with

1 "1—z
M =—— and uzu.
1—2z 1+u'2

The equivalence between the two expressions of F(™), namely (8) and (60), also follows.

We will prove (62) using combinatorial interpretations of the series K, L, M in terms of lattice
paths on the square grid, starting at (0,0) and formed of north and east steps. First, note that
M counts m-ballot paths (defined in the introduction) by the size. Also,

B(z) = z%L(z, =Y ((m—i}; 1)k) %

k>1

counts, by the number of north steps, non-empty paths ending on the line {x = my} (often
called bridges, hence the notation B). We have M = 1/(1 — P), where P counts prime ballot
paths (those that only have two contacts). By a variant of the cycle lemma [3, Section 4.1],
there exists a size preserving bijection between non-empty bridges and pairs formed of a prime
excursion with a marked step, and an excursion. Since a bridge having n north steps has (m+1)n
steps in total, this gives:

d z2(m+1)P'(z d
ZEL(Z, 1)=B(z) = (1—‘—_—;(«2)() =z (In M (z)"*1). (63)
Integrating over z and then exponentiating gives the first part of (62).

Let us now consider the series K(z,1;u). We will interpret it in terms of paths of length
k(m+1) for some k (to generalize the terminology used for ballot paths, we say that such paths
have size k). The depth of path ending at (z,y) is x — my. Observe that

k
d (m+ DE\
SRz Lu) =YY i
“dz =t k>lz i=1 ( k=i )U ,

counts paths of length multiple of (m + 1) having a positive depth (z accounts for the size,
divided by (m + 1), and wu for the depth, also divided by (m + 1)). Let w be such a path, and
look at the shortest prefixes of w of depth 1, then depth 2, and so on up to depth (m + 1)i.
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This factors w into a sequence (My, e, Ma,e,. .., Mni1yis e, B), where the M; are ballot paths,
e stands for an east step and B is a bridge. Accordingly,

Z%K(z, L) = (1+ B(2)) (W - 1) - z% <1n W) ,

by (63). Integrating and exponentiating gives the second part of (62). =
6.4. A -ANALOGUE OF THE FUNCTIONAL EQUATION

As described in the introduction, the numbers (2) are conjectured to give the dimension
of certain polynomial rings generalizing DR3,. These rings are tri-graded (with respect to
the sets of variables {z;}, {y;} and {z;}), and it is conjectured [4] that the dimension of the
homogeneous component in the z;’s of degree k is the number of labelled intervals [P, Q)] in Em)
such that the longest chain from P to @, in the Tamari order, has length k. One can recycle
the recursive description of intervals described in Section 3 to generalize the functional equation
of Proposition 5 (taken when p; = 1,—¢), by taking into account (with a new variable ¢) this
distance. Eq. (12) becomes

G (220) = (F (e, DA™ (F(z.),
where now S(qx) — S(1)
qr) —
A = =TT

Here F'(1,1) counts labelled m-Tamari intervals by the size and the above defined distance. But
we have not been able to conjecture any simple g-analogue of (2).

4]0 D> D>

Acknowledgements. We are grateful to Francois Bergeron for advertising in his lectures
various beautiful conjectures related to Tamari intervals. We also thank Eric Fusy and Gilles
Schaeffer for interesting discussions on this topic, and thank Eric once more for allowing us to
reproduce some figures of [7].

REFERENCES

[1] D. Armstrong. Hyperplane arrangements and diagonal harmonics. Arxiv:1005.1949, 2010.
[2] D. Armstrong, A. Garsia, J. Haglund, B. Rhoades, and B. Sagan. Combinatorics of Tesler matrices in the
theory of parking functions and diagonal harmonics. Prepublication, 2011.
[3] C. Banderier and P. Flajolet. Basic analytic combinatorics of directed lattice paths. Theoret. Comput. Sci.,
281(1-2):37-80, 2002.
[4] B. Bergeron and L.-F. Préville-Ratelle. Higher trivariate diagonal harmonics via generalized Tamari posets.
J. Combinatorics, to appear. Arxiv:1105.3738.
[5] O. Bernardi and N. Bonichon. Intervals in Catalan lattices and realizers of triangulations. J. Combin. Theory
Ser. A, 116(1):55-75, 20009.
[6] M. Bousquet-Mélou, G. Chapuy, and L.-F. Préville-Ratelle. Tamari lattices and parking functions: proof of
a conjecture of F. Bergeron. Arxiv:1109.2398, 2011.
[7] M. Bousquet-Mélou, E. Fusy, and L.-F. Préville-Ratelle. The number of intervals in the m-Tamari lattices.
Electron. J. Combin., 18(2):Research Paper 31, 26 pp. (electronic), 2011. Arxiv 1106.1498.
[8] A. Dvoretzky and Th. Motzkin. A problem of arrangements. Duke Math. J., 14:305-313, 1947.
[9] H. Friedman and D. Tamari. Problémes d’associativité: Une structure de treillis finis induite par une loi
demi-associative. J. Combinatorial Theory, 2:215-242, 1967.
[10] A. Garsia, A. Hicks, and A. Stout. The case k = 2 of the shuffle conjecture. J. Combinatorics, 2(2):193-229,
2011.
[11] A. Garsia, G. Xin, and M. Zabrocki. Hall-Littlewood operators in the theory of parking functions and
diagonal harmonics. Int. Math. Res. Notices, 2012, to appear.
[12] A. M. Garsia and J. Haglund. A proof of the g, t-Catalan positivity conjecture. Discrete Math., 256(3):677—
717, 2002.
[13] A. M. Garsia and M. Haiman. A remarkable ¢, t-Catalan sequence and ¢-Lagrange inversion. J. Algebraic
Combin., 5(3):191-244, 1996.



[14]
[15]

[16]
[17]
(18]
[19]
[20]
21]
[22]
23]
[24]

[25]
[26]

[27]
(28]

[29]
[30]

[31]

THE REPRESENTATION OF THE SYMMETRIC GROUP ON m-TAMARI INTERVALS 29

J. Haglund. Conjectured statistics for the g, t-Catalan numbers. Adv. Math., 175(2):319-334, 2003.

J. Haglund. The q,t-Catalan numbers and the space of diagonal harmonics, volume 41 of University Lecture
Series. American Mathematical Society, Providence, RI, 2008.

J. Haglund. A polynomial expression for the Hilbert series of the quotient ring of diagonal coinvariants. Adv.
Math., 227:2092-2106, 2011.

J. Haglund, M. Haiman, N. Loehr, J. B. Remmel, and A. Ulyanov. A combinatorial formula for the character
of the diagonal coinvariants. Duke Math. J., 126(2):195-232, 2005.

J. Haglund and N. Loehr. A conjectured combinatorial formula for the Hilbert series for diagonal harmonics.
Discrete Math., 298(1-3):189-204, 2005.

J. Haglund, J. Morse, and M. Zabrocki. A compositional shuffle conjecture specifying touch points of the
Dyck path. Canad. J. Math., to appear. Arxiv:1008.0828.

M. Haiman. Vanishing theorems and character formulas for the Hilbert scheme of points in the plane. Invent.
Math., 149(2):371-407, 2002.

M. D. Haiman. Conjectures on the quotient ring by diagonal invariants. J. Algebraic Combin., 3(1):17-76,
1994.

A. S. Hicks. Two parking function bijections: A sharpening of the g, t-Catalan and Schréder theorems. Int.
Math. Res. Notices, 2012, to appear.

S. Huang and D. Tamari. Problems of associativity: A simple proof for the lattice property of systems
ordered by a semi-associative law. J. Combin. Theory Ser. A, 13(1):7-13, 1972.

D. E. Knuth. The art of computer programming. Vol. 4, Fasc. 4. Addison-Wesley, Upper Saddle River, NJ,
2006. Generating all trees—history of combinatorial generation.

M. Lee, L. Li, and N. A. Loehr. Limits of modified higher (g, t)-Catalan numbers. Arxiv:1110.5850, 2011.
N. Loehr. Multivariate analogues of Catalan numbers, parking functions, and their extensions. PhD thesis,
UCSD, San Diego, USA, 2003.

J. Riordan. Ballots and trees. J. Combinatorial Theory, 6:408-411, 1969.

B. E. Sagan. The symmetric group, volume 203 of Graduate Texts in Mathematics. Springer-Verlag, New
York, second edition, 2001. Representations, combinatorial algorithms, and symmetric functions.

R. P. Stanley. Enumerative combinatorics. Vol. 2, volume 62 of Cambridge Studies in Advanced Mathematics.
Cambridge University Press, Cambridge, 1999.

R. P. Stanley and J. Pitman. A polytope related to empirical distributions, plane trees, parking functions,
and the associahedron. Discrete Comput. Geom., 27(4):603-634, 2002.

C. H. Yan. Generalized parking functions, tree inversions, and multicolored graphs. Adv. in Appl. Math.,
27(2-3):641-670, 2001.

410> Db

MBM: CNRS, LABRI, UMR 5800, UNIVERSITE DE BORDEAUX, 351 COURS DE LA LIBERATION, 33405

TALENCE CEDEX, FRANCE

E-mail address: mireille.bousquet@labri.fr

GC: CNRS, LIAFA, UMR 7089, UNIVERSITE PARiS DIDErROT - Paris 7, Case 7014, 75205 PaRris

CeDEX 13, FRANCE

E-mail address: guillaume.chapuy@liafa.jussieu.fr

LFPR: LACIM, UQAM, C.P. 8388 Succ. CeENTRE-VILLE, MONTREAL H3C 3P8, CAaNADA
E-mail address: preville-ratelle.louis-francois@courrier.uqam.ca



