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Abstract
A new modeling approach to subcritical crack propagation (i.e.
static fatigue) in ceramics is introduced and applied to the case of
ceramic ﬁbers. This approach relies on classical fracture mechanics,
in which the zone near the crack’s tip is modiﬁed by the environment
(particularly through oxidation). Chemical reactions and diﬀusion
are introduced naturally, which makes the model highly dependent
on the environmental conditions, such as partial oxygen pressure. In
some cases, the result comes down to the widely-used Paris-like subcritical crack propagation law. For the general case, a two-parameter
model calibrated and validated up to 1, 000◦C for Hi-Nicalon ﬁbers is
presented.
Key words:
Subcritical cracking, A. Fibers, A. Ceramics, D. Life prediction, E. Modeling

1. Introduction
Woven Ceramic Matrix Composites (CMCs) reinforced with long ﬁbers
are potential candidates for high-temperature thermal/structural applications
[Evans, 1997; Bunsell and Berger, 1999; Dambrine, 2006]. Their structural performance is controlled mainly by the ﬁbers [Lamon, 2001]. Indeed, the ﬁbers
within the composite are protected from the surrounding cracks thanks to the
mechanical fuse concept [Aveston et al., 1971; Rebillat et al., 1998]. However,
once the surrounding matrix has cracked, the ﬁbers are no longer protected
from the aggressive environment: air (actually, oxygen, water, etc.) can penetrate the crack network and damage the ﬁbers through oxidation or corrosion
[Evans et al., 1996; Forio et al., 2004]. There have been attempts to introduce an environmental protection of the ﬁbers within the composite (using,
e.g., self-healing multilayered ceramic matrices or ﬁber treatments, referred to
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as chemical fuses), but even then the environmental protection is not complete
and the ﬁbers remain one of the key factors in the material’s lifetime [Cluzel
et al., 2008; Gauthier and Lamon, 2009].
The study of ﬁbers lifetime under given environmental conditions
is denoted static fatigue analysis because most works use the Paris
law as in classical fatigue analysis, or subcritical cracking. Subcritical
propagation, also known as slow crack growth, has been widely studied in the literature, especially for ceramics [Lawn, 1974; Wiederhorn
et al., 1980; Wachtman, 1996; Evans et al., 1996; Hild et al., 1996;
Gauthier and Lamon, 2009]. These works describe the crack’s propagation using a Paris-like law relating the crack’s velocity to the crack’s
stress intensity factor calculated under the assumption of elastic behavior. This law, which depends on the temperature, agrees fairly
well with experimental results [Wiederhorn et al., 1980; Wachtman,
1996], but cannot be applied directly to varying environmental conditions such as oxygen or water concentration around the ﬁbers. Moreover, it was found [Lawn, 1974; Wachtman, 1996; Evans et al., 1996;
Laforêt and Lamon, 2008] that as the temperature increases two different propagation stages take place. In the ﬁrst stage, called the
reaction-controlled stage, the crack’s tip is damaged directly. The
second stage, called the diﬀusion-controlled stage, is diﬀerent in the
sense that oxygen and water, prior to damaging the crack’s tip, must
ﬁrst diﬀuse through an oxide layer formed on the surface of the ﬁber.
Corresponding models can be found in [Lawn, 1974] for the ﬁbers and
in [Laforêt and Lamon, 2008] for the multiﬁlament tow.
The alternative approach to subcritical propagation introduced
here relies on classical fracture mechanics, in which the environment
modiﬁes the damage zone only at the crack’s tip, then drives the
progressive propagation of the crack. Pure elastic behavior without
creep or mechanical damage is assumed, which is what is observed
within the restricted scope of this study, as will be seen further on.
The proposed model for subcritical propagation does not depend explicitly on temperature, but depends only on the total oxygen ﬂux
reacting at the crack’s tip (which, in turn, depends on the temperature, the oxygen pressure, etc.). Consequently, the model is valid for
any temperature or oxygen pressure, which can be functions of time,
and the only diﬃculty consists in modeling the oxidizing environment
of the crack properly. Only two parameters are needed in order to
use the model under varying environmental conditions.
If the crack’s growth is relatively slow, one can achieve a very good approximation; in the case of constant environmental conditions, this leads to the
widely-used Paris-like law for the lifetime. For Hi-Nicalon ﬁbers up to 1, 000◦C
in dry environment, we introduced the chemical phenomena observed (reaction
and diﬀusion) through simple models in order to deﬁne the true oxygen ﬂux
reacting at the crack’s tip. The resulting calibrated model was validated using
the experimental data reported in [Gauthier and Lamon, 2009].
2
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2. The new approach
2.1. Defect modeling
In this paper, classical Weibull theory and associated idealizations are used
to describe the distribution of defects over the ﬁber’s surface [Lamon, 2007;
Gauthier and Lamon, 2009].
In the Weibull theory, the strength of a ﬁber of length L, denoted σR , follows
the cumulative density function:

 mσ 
σ
L
(1)
p (σR < σ) = 1 − exp −
L0 σ0
where L0 , σ0 and mσ are classical Weibull coeﬃcients.
Moreover, the growth of surface defects is generally assumed to be a simple
one-dimensional problem in which the size of a defect is described by a scalar
parameter (Figure 1). This assumption means that the Stress Intensity Factor
(SIF), denoted K, is approximately uniform along the crack’s tip and that the
impact of the environmental conditions on the elasticity coeﬃcients is limited.
This fact was proven for Hi-Nicalon ﬁbers up to 1, 000◦C in [Bunsell and Berger,
2000; Song et al., 2000]. Thus, the SIF induced by a surface defect of size a in a
ﬁber subjected to a stress σ can be calculated using classical elasticity theory:
√
K = σY a
(2)
√
where Y = 2/ π is the shape coeﬃcient associated with the crack assumed to
be constant throughout the propagation.
This modeling framework introduces two important quantities (see Figure
1):
• The largest surface defect (whose initial size is denoted a0 ) is responsible
for ﬁber failure in statics as well as in static fatigue. During static loading,
the SIF reaches the Critical Stress Intensity Factor (CSIF), denoted Kc ,
at the largest surface defect when the applied stress reaches the ﬁber’s
strength, denoted σR . Therefore, the initial size of the largest surface
defect is obtained, for any given strength, by:
σR Y

√


a0 = K c

=⇒

a0 =

Kc
σR Y

2
(3)

• Similarly, if the ﬁber is stressed at σ < σR , there exists a critical defect
size ac > a0 for which the SIF reaches the CSIF:

2
√
Kc
σY ac = Kc =⇒ ac =
(4)
σY

3
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(a) Actual defect, laforet.2008

(b) Idealized defect: initial size and critical size
Figure 1: Surface defect in a cross section of a ﬁber

4
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2.2. Subcritical propagation: the classical model
There have been several attempts at modeling subcritical crack propagation,
i.e. deriving a set of equations deﬁning the evolution of the crack’s size a (t)
from a0 to ac . The approaches found in the literature [Wiederhorn et al., 1980;
Wachtman, 1996; Gauthier and Lamon, 2009] are based on a Paris-like law for
the crack’s velocity:
da
= v0 · K n
(5)
dt
where v0 and n are parameters which must be calibrated from experimental data.
It is worth observing that it is the use of this Paris law which is responsible for
the term static fatigue being commonly used in the literature to refer to the
subcritical propagation problem.
However, this law has several limitations. First, its physical meaning is not
clear: the crack’s propagation is only described, but not explained, and it does
not follow the principles of fracture mechanics. Second, the temperature dependence induced by chemical reactions is generally handled through a macroscopic
exponential law (or Arrhenius law) for v0 , which requires the introduction of
an additional parameter which must be calibrated. Finally, the introduction of
external environmental conditions, such as the oxygen concentration, and their
variations is not straightforward.
2.3. Subcritical propagation: the new model
2.3.1. Fundamentals
Propagation law. The basic idea is very simple. The propagation of defects
follows classical fracture mechanics:
⎧
⎨ K ≤ Ksc (a (t) , t)
ȧ (t) ≥ 0
(6)
⎩
ȧ (t) · (Ksc (a (t) , t) − K) = 0
where Ksc is the SubCritical Stress Intensity Factor (SCSIF), which is
smaller than the CSIF Kc because of the oxidation. Let us emphasize
that Ksc , which is a function of time, is deﬁned everywhere within the
ﬁber. However, for the sake of simplicity, we will show that Ksc can
be assumed to be a function of only one unidirectional space variable
(the same variable which describes the crack’s size) and time.
The damage law. Now let us consider the dependence of Ksc on the
environment. The progression of the oxidation reaction which is responsible for the material’s damage is described by the reaction rate
φr , which is the most suitable parameter to represent the oxidationinduced degradation of the local mechanical properties (Young’s modulus, strength, etc.). For the example of the degradation of the CSIF
into the SCSIF, one writes:
K̇sc (x, t) = −f (Ksc (x, t) , T (x, t) , φr (x, t))
5
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where f is a simple function to be calibrated. It was proven in [Bunsell and
Berger, 2000; Song et al., 2000] that for Hi-Nicalon ﬁbers up to 1, 000◦C the
direct dependence of the critical properties on the temperature is limited; therefore, it will be disregarded in the following discussion. Then, taking into account
the initial conditions:
(8)
Ksc (x, t = 0) = Kc
Ksc can be written as follows:



Ksc (x, t) = Kc (1 − g (r (x, t)))

with r (x, t) =

t

φm
r (x, τ ) dτ

(9)

0

where m is a positive scalar, and g is another simple function. In this paper,
the value of the material integer m is set to 1. It is important to observe
the similarity between this law and the classical laws of damage mechanics
[Lemaitre, 1996] which are widely used, for example, to describe the stiﬀness
drop in materials due to microcracking.
2.3.2. Calculation of r
The diﬀusion-reaction problem. The calculation of r is carried out
through the resolution of a diﬀusion-reaction problem within the ﬁber
with prescribed boundary conditions. A ﬁrst analysis is performed
based on the following assumptions:
(i) The diﬀusion-reaction phenomenon is localized near the oxygen
input, which means that the eﬀects of the crack’s geometry and
ﬁber’s size are small; thus, the problem can be written over a
semi-inﬁnite unidirectional space.
(ii) The evolution is quasi-stationary, which means that the velocity
of the diﬀusion-reaction process is signiﬁcantly higher than that
of the crack’s growth.
(iii) The mechanical and chemical ﬁelds are uncoupled, which means,
for example, that the reaction and diﬀusion coeﬃcients are independent of the stress state.
Thus, one must solve the following simple problem (see Figure 2):
• Unknowns (the concentration and ﬂux of O2 within the ﬁber):

c (x, t)
∀x ∈ [a (t) ; +∞[ ∀t ∈ [0, +∞]
φ (x, t)

(10)

• Conservation equation:
∂φ
+ φr = 0
∂x

∀x

∀t

(11)

• Diﬀusion equation (Fick’s law, D being the diﬀusion coeﬃcient of O2 in
SiC):
∂c
∀x ∀t
(12)
φ = −D ·
∂x
6
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• Reaction equation (ﬁrst-order reaction, k being the reaction coeﬃcient of
O2 with SiC):
∀x ∀t
(13)
φr = k · c
• Boundary condition (φ0 being a given boundary function):
∀t

φ (x = a (t) , t) = φ0 (t)
• Initial condition:

(14)

∀x

c (x, t = 0) = 0

(15)

• Crack’s growth (v0 being a given velocity function):
∀t

ȧ (t) = v0 (t)
whose solution is:
⎧
⎪
⎪
⎨ c (x, t)

=

⎪
⎪
⎩ φ (x, t)


φ0 (t)
√
· exp −
kD


=

φ0 (t) · exp −

(16)


k
D
k
D

(x − a (t))

(x − a (t))

Calculation of r. Thus, with m = 1, r is equal to:
 t
kφ0 (t)
k
√
r (x, t) =
· exp −
(x − a (t)) dτ
D
kD
0
and the crack’s velocity is introduced through a change of variable:

 a(t)
kφ0 a−1 (a)
dα
k
√
(x − α)
r (x, t) =
· exp −
−1 (a))
D
ȧ
(a
kD
a0

(17)

(18)

(19)

If the diﬀusion-reaction process zone is small compared to the size of the crack:

k
= 0 when x = a
(x − a)
(20)

1 when x > a
D
which means that the reaction is essentially a surface reaction, the exponential
term of the previous integral simpliﬁes to:


 a(t)
k
1/ k/D when x = a
exp −
(x − α) dα ≈
(21)
0 when x > a
D
a0
and r simpliﬁes to:

⎧
1
1
0 (t)
⎨ kφ
√

r (x, t) ≈
kD
k/D ȧ (t)
⎩
0

when x = a (t)

(22)

when x > a (t)

Therefore, from now on, we will consider the surface term
r (t) = r (a (t) , t) =
alone.
7

φ0 (t)
ȧ (t)

(23)
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(a) The real problem

(b) The simpliﬁed unidirectional problem
Figure 2: The diﬀusion-reaction problem for the calculation of r

8
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Return to the damage law. Finally, the damage law for m = 1 is:



φ0 (t)
Ksc (t) = Kc 1 − g
ȧ (t)

(24)

where φ0 (t) is the incoming oxygen ﬂux at the crack’s tip, i.e. the reaction rate
of the oxidizing surface reaction, and ȧ (t) is the crack’s velocity. In the general
case, for m ≥ 0, one has:
Ksc (t) = Kc

1−g

1
φm
0 (t)
·
·
ȧ (t) m



k
D

 m−1
2
(25)

2.3.3. Choice of g
There are several possible choices for g. Some of these choices are
compared in Figure 3:
1. Taking g (r) = λrn (where λ and n are positive scalars), Equation
(24) reduces to:

n
φ0 (t)
Ksc (t)
=1−λ
(26)
Kc
ȧ (t)
which has no physical meaning for large values of r (see Figure
3): Ksc < 0.
n
2. Taking g (r) = e−λ/r (where λ and n are positive scalars), Equation (24) reduces to:


n 
ȧ (t)
Ksc (t)
= 1 − exp −λ
(27)
Kc
φ0 (t)
which is physically more meaningful (see Figure 3).
3. Another possibility is to use the ﬁrst order of the Taylor series
expansion of the previous choice, leading to g (r) = 1−λ/rn . Then,
Equation (24) reduces to:

n
ȧ (t)
Ksc (t)
=λ
(28)
Kc
φ0 (t)
which has no physical meaning for small values of r (see Figure
3): Ksc > Kc . However, in practice, such values would never be
reached because the subcritical propagation is replaced by the
classical propagation when Ksc reaches Kc . Therefore, this will
be our choice from now on.
2.3.4. Summary
Finally, each part of the model has a clear physical meaning:

9
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Figure 3: Comparison of several options for g

• Equation (6) is the standard equation of fracture mechanics.
Since the damaging reaction is a surface reaction (see Equation
(23)), the subcritical propagation is stable and continuous. Thus,
during the whole propagation (ȧ (t) > 0), Equation (6) reduces to:
K (a (t) , t) = Ksc (t)

(29)

• The damage laws (27) and (28) also have a clear interpretation: the lower the velocity and/or the higher the reaction rate,
the smaller the SCSIF and, conversely, the higher the velocity
and/or the lower the reaction rate, the larger the SCSIF. The
power law deﬁned by λ and n characterizes the degradation of
the CSIF for a given amount of oxygen arriving at the crack’s
tip. This is an intrinsic material law which depends neither on
the temperature nor on time.
Grouping Equations (2) for the crack’s intensity, (29) for the crack’s
propagation and (27) or (28) for the material’s degradation through
oxidation, this theory produces a diﬀerential problem in a (t) which
describes the crack’s subcritical propagation under any mechanical
loading and any chemical environment. This can lead to several models depending on the complexity of the description of the chemical
environment surrounding the crack.
It is worth mentioning that in the case of Choice (28), if the reaction rate is assumed to be constant over time, one reverts to the
framework of classical Paris-based laws (see Equation (5)) by intro10
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ducing Equation (29):
ȧ (t) =

φ0
1/n
λ1/n Kc

· K 1/n

(30)

3. A ﬁrst model with a simple environment, for low temperature
3.1. The model
3.1.1. Fiber environment
In this section, we consider that the ﬁber’s surface is in direct contact with
the ambient air. Thus, the reaction rate at the crack’s tip is given by:
φ0 = k · c0

(31)

where k is the reaction coeﬃcient between O2 and SiC, which is assumed to
be independent of mechanical ﬁelds such as the stress ﬁeld or the strain ﬁeld,
and whose temperature dependence is assumed to be of the Arrhenius type (k0
being the prefactor and Eak the activation energy):


Eak
k = k0 · exp −
(32)
RT
and c0 is the O2 concentration in the surrounding air, related to the partial O2
pressure through the ideal gas law:
c0 =

pO2
RT

(33)

3.1.2. Resolution
The ﬁber’s time-to-rupture, denoted tR , is the solution of the diﬀerential
problem (m = 1):
⎧
a (t = 0) = a0 (σR )
⎪
⎪
⎨

1/n
kc0
ȧ (t) =
σ 1/n Y 1/n a (t)
∀t
(34)
1/n
1/n
⎪
λ
K
⎪
c
⎩
a (t = tR ) = ac (σ)
which, in the case of constant mechanical and chemical loading, can
be integrated analytically:
tR =


λ1/n Kc2  (2n−1)/n
2n
(2n−1)/n
σ
− σR
1/n
2
2n − 1 kc0 σ Y

(35)

For more complex loading cases, numerical integration may be required.

11
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Kc

√ 
M P a µm
1250

Table 1: Toughness of Hi-Nicalon ﬁbers

L0 (mm)
1

σ0 (M P a)
3640

mσ
8.47

Table 2: Weibull coeﬃcients of Hi-Nicalon ﬁbers

3.2. Calibration
3.2.1. Summary of published data
For Hi-Nicalon ﬁbers, the toughness, previously presented in [Bunsell and
Berger, 2000] and [Gauthier and Lamon, 2009], is given in Table 1 and the
Weibull coeﬃcients, previously presented in [Gauthier and Lamon, 2009], are
given in Table 2.
3.2.2. Fitting of the experimental data
At this stage, the parameters which remain to be calibrated are: k, which
is temperature-dependent (see Equation (32)), and λ and n, which are assumed
to be temperature-independent. Since the literature does not provide much in
terms of experimental data, this calibration is not straightforward. For example,
regarding Hi-Nicalon ﬁbers, only constant loading and environmental conditions
have been investigated [Gauthier and Lamon, 2009]. These data will be used
in this paper. Therefore, in Model (34), only the terms k/λ1/n and n can be
calibrated at each temperature. Table 3 presents the result of the calibration
process, and Figure 4 shows the comparison of the prediction given by the
calibrated model with the experimental data.
k/λ1/n (T = 500◦ C)
4 10−5

k/λ1/n (T = 800◦ C)
1 10−1

n
0.13

Table 3: The coeﬃcients related to the subcritical propagation

3.3. Discussion
Even though this model is satisfactory at low temperatures, Figure 4 reveals
a limitation at high temperatures: the model drastically underestimates the
ﬁber’s lifetime, especially in the case of long lifetimes. This is a major problem because the model already contains a parameter to adjust the temperature
dependence. What this means is that this temperature dependence is more
12
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1

1
1−pR

0
-0.5

ln ln



0.5

-1.5

-1

-2
-2.5
-3
7

8

9
ln (t)

10

11

(a) T = 500◦ C, σ = 1500 M P a

1

ln ln

1
1−pR



0.5
0
-0.5
-1
-1.5
-2
-2.5
-3
-3.5
3

4

5

6

7
ln (t)

8

9

10

(b) T = 800◦ C, σ = 1100 M P a
Figure 4: Cumulative lifetime probability distributions of the ﬁbers: model vs. experiment
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complex than an Arrhenius dependence. Indeed, it is well-known [Lawn, 1974;
Wachtman, 1996; Evans et al., 1996] that at high temperatures, after some time,
the propagation becomes diﬀusion-controlled: the oxygen must diﬀuse through
an oxide layer formed at the ﬁber’s surface prior to oxidizing the crack’s tip, a
process which, by reducing the rate of the reaction which damages the material,
results in a considerable increase in the ﬁber’s lifetime. Therefore, it is necessary
to resort to a more realistic ﬁber environment. This will be the subject of the
next section of the paper.
One should also observe that in the absence of further information only the
coeﬃcients k/λ1/n and n could be calibrated. An illustration of the possible
values of λ and k is given in Figure 5, where the distance used is a classical
norm of the modeling error:
e2 =

1
nexp

exp
n



2
ln tmod
− ln (texp
R
R )

(36)

i=1

Figure 5: Distance between model and experiment at T = 500◦ C as a function of λ and k

4. A Second model with a realistic environment, for high –and low–
temperatures
4.1. The model
4.1.1. Fiber environment
In this section, we use a more realistic model of the oxidizing
environment in the vicinity of the ﬁber. Basically, this is a variation
of the framework introduced in [Deal and Grove, 1965], customized
for the SiC (s) + O2 (g) −→ SiO2 (s) reaction on the surface of the ﬁber.
This enables us to introduce the eﬀect of the oxide layer generated
around the ﬁber which delays the arrival of oxygen at the crack’s tip.
Assuming that the problem is axisymmetrical and that the thickness
14
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of the oxide layer is small in relation to the ﬁber, one can consider a
unidirectional model (see Figure 6).
The diﬀusion-reaction problem. A ﬁrst analysis is performed with the
following assumptions:
(i) The evolution is quasi-stationary, which means that the velocity
of the diﬀusion-reaction process is signiﬁcantly higher than that
of the growth of the oxide layer;
(ii) The mechanical and chemical ﬁelds are uncoupled, which means,
for example, that the reaction and diﬀusion coeﬃcients are independent of the stress state.
Thus, one must solve the following simple problem:
• Unknowns (concentration and ﬂux of O2 in SiO2 ):

c (x, t)
∀x ∈ [−e (t) , 0] ∀t ∈ [0, +∞]
φ (x, t)

(37)

• Conservation equation:
∂φ
=0
∂x

∀x

∀t

(38)

• Diﬀusion equation (Fick’s law, D being the diﬀusion coeﬃcient of O2 in
SiO2 ):
∂c
φ = −D ·
∀x ∀t
(39)
∂x
• Boundary conditions:
– Reaction condition at x = −e (t) (ﬁrst-order reaction, k being the
reaction coeﬃcient of O2 with SiC):
φ (x = −e (t) , t) = k · c (x = −e (t) , t)

∀t

(40)

– Prescribed concentration at x = 0:
c (x = 0, t) = c0 (t)

∀t

whose solution is:
⎧




x
x
c0 (t)
⎪
⎪
· c0 (t) −
·
⎨ c (x, t) = 1 +
e (t)
e (t)
1 + ke (t) /D
kc0 (t)
⎪
⎪
⎩ φ (x, t) =
1 + ke (t) /D

15
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The oxide layer’s growth problem.
• Unknown (the thickness e of the oxide layer):
∀t ∈ [0, +∞]

e (t)

(43)

• Growth equation (oxide creation, M and ρ being respectively the volume
mass and the molar mass of SiO2 ):
∂e
ρ
(t) = −
· φ (x = −e (t) , t)
∂t
M

∀t

(44)

• Initial condition:
e (t = 0) = 0

(45)

Reaction rate. The reaction rate at the crack’s tip is obtained by coupling the previous two problems:
φ0 (t) =

kc0 (t)
1 + ke (t) /D

(46)

where the thickness e of the oxide layer is deﬁned by the diﬀerential
problem
⎧
ρ
kc0 (t)
⎨ de
(t) =
·
(47)
dt
M 1 + ke (t) /D
⎩
e (t = 0) = 0
4.1.2. Resolution
Finally, the ﬁber’s time-to-rupture, denoted tR , is the solution of the diﬀerential problem (m = 1):
⎧
a (t = 0) = a0 (σR ) ; e (t = 0) = 0
⎪
⎪

⎪
1/n
1
kc0
⎪
⎪
σ 1/n Y 1/n a (t)
⎨ ȧ (t) = 1/n ·
1 + ke (t) /D
λ
(48)
ρ
kc0 (t)
de
⎪
⎪
(t)
=
·
⎪
⎪
M 1 + ke (t) /D
⎪
⎩ dt
a (t = tR ) = ac (σ)
which can be integrated numerically.
4.2. Calibration
4.2.1. Summary of published data
The silica-related coeﬃcients are given in Table 4. The diﬀusion coeﬃcient
of O2 in SiO2 , assumed to be Arrhenius-dependent in temperature:
D
Ea

D02 /SiO2 = D0 e− RT

(49)

can be calibrated using the experimental data of [Boyer, 2005] and is given in
Table 5.
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(a) Protective oxide layer

(b) Associated unidirectional problem
Figure 6: The ﬁber’s self-protection problem

ρSiO2 Kg · mol−1
60.0843 10−3



MSiO2

Kg · m−3
2200

Table 4: Silica properties

D0 m2 · s−1
2 10−8



EaD

J · mol−1
177, 000



Table 5: Diﬀusion coeﬃcient of O2 in SiO2
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4.2.2. Fitting of the experimental data
Calibration. In Model (48), k and λ remain to be calibrated. Indeed, even
though the ratio k/λ1/n was calibrated in the previous section (see Table 3),
k appears without λ somewhere else in the model. Therefore, each parameter
must be calibrated separately. In other words, for each temperature, one must
ﬁnd a single pair (k, λ) which veriﬁes the relation of Table 3 and makes the
model agree with the experimental data. Once again, we used the experimental
data of [Gauthier and Lamon, 2009]. The calibrated values are given in Tables
6 and 7, and Figure 7 shows the comparison of the prediction given by the
calibrated model with the experimental data.
k (T = 500◦ C) m · s−1
1.02 10−10
k0

m · s−1
1.47 102





k (T = 800◦C) m · s−1
2.56 10−7
Eak

J · mol−1
180, 000





Table 6: Reaction coeﬃcient of O2 with SiC

λ mol · µm−3
0.2



n
0.13

Table 7: Subcritical propagation coeﬃcients

Sensitivity analysis. Figure 8(a) shows the distance between the model and
the experiments for the ﬁrst environmental condition (T = 500◦ C) near the
calibrated values. The large cross represents the calibrated value and the small
crosses represent all the values of (k, λ) which verify the relation of Table 3.
In order to make things clearer, Figure 8(b) shows the distance as a function
of the position λ along the line. Clearly, the solution is not unique and there
are many pairs which minimize the distance. Indeed, at that temperature, the
oxide layer is expected to have almost no eﬀect [Boyer, 2005] and, therefore, no
information can be retrieved.
Conversely, Figure 9 shows the same plots for the second environmental
condition (T = 800◦C). Clearly, the calibrated pair (k, λ) is that which veriﬁes
the relation of Table 3 and minimizes the distance between the model and the
experiments. This calibration was made possible by the growth of the oxide
layer which dissociates k from λ in the term k/λ1/n .
4.3. Elements of validation
Work is currently in progress in order to validate the calibration of this
model, but some conclusions can already be drawn.
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(b) T = 800◦ C, σ = 1100 M P a
Figure 7: Cumulative lifetime probability distributions of the ﬁbers: model vs. experiment

19

ACCEPTED MANUSCRIPT

0,9

0,8

distance

0,7

0,6

0,5

0,4

0,3

0,2

0,16

0,17

0,18

0,19

0,2

0,21

0,22

0,23

0,24

l

(a) as a function of λ and k

(b) as a function of λ, with k/λ1/n
ﬁxed

Figure 8: Distance between model and experiments at T = 500◦ C, σ = 1500 M P a
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Figure 9: Distance between model and experiments at T = 800◦ C, σ = 1100 M P a
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Growth of the oxide layer. An element of validation concerning the calibration of the coeﬃcient of the SiC/O2 reaction (see Table 6) is provided by Figure 10, which compares the predicted (Equation (47)) and
experimentally observed (see [Boyer, 2005]) thicknesses of the oxide
layer around the ﬁber as functions of time at several temperatures.
As expected [Boyer, 2005], the calibrated reaction coeﬃcient is such
that the growth is governed primarily by the diﬀusion process.
Eﬀect of the partial oxygen pressure. An element of validation concerning
the lifetime model directly can also be given. However, not enough
data is available on individual Hi-Nicalon ﬁbers and, therefore, one
must use data on Hi-Nicalon ﬁber bundles. Indeed, observing that
a ﬁber bundle consists of a large number of ﬁbers (≈ 500), one can
show that its lifetime is subject to only small variations [Phoenix,
1978] and is close to that of a particular ﬁber, called the critical ﬁber,
characterized by a given probability of failure [Gauthier and Lamon,
2009; Gauthier et al., 2009]. The comparison of the predicted and
experimentally observed [Gauthier et al., 2009] ﬁber bundle lifetimes
as functions of the partial oxygen pressure (Figure 11) shows that
the orders of magnitude predicted using our model with m = 1 are
correct.
5. Conclusion
This paper reexamined the well-established modeling framework for the subcritical propagation of cracks in ceramics. A more general theory for the description of the degradation of the material due to oxidation was introduced and
applied to the case of surface defects on ceramic ﬁbers. The analysis showed
that the classical Paris law belongs to this framework, and indicated its limits. Two lifetime prediction tools for ceramic ﬁbers were derived from the new
framework. These tools diﬀer in the level of complexity with which the ﬁber’s
chemical environment is described: in the ﬁrst tool, the ﬁber is oxidized directly
by the ambient air, whereas in the second tool the oxide layer which surrounds
the ﬁbers and delays the oxidation process is taken into account.
As expected, after calibration, the ﬁrst model was found to reﬂect reality
satisfactorily at low temperatures, at which the oxide layer plays no role, but
to be inaccurate at higher temperatures. Conversely, the predictions given by
the second model are correct at both low and high temperatures because this
model handles reaction-controlled propagation and diﬀusion-controlled propagation naturally. Moreover, since the framework clearly separates the underlying
subcritical propagation mechanisms (the oxidation reaction which aﬀects the
local mechanical properties of the ﬁbers and the chemical environment of the
ﬁber which governs the kinetics of the reaction), the calibration can be considered to be valid for any set of environmental conditions (low oxygen pressure,
high temperature, variation over time, etc.) provided no other mechanism is
involved. Some validation was presented. Work is currently underway in order
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Figure 10: The thickness of the oxide layer as a function of time at various temperatures:
model vs. experiments [Boyer, 2005]
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Figure 11: Fiber bundle lifetime vs. partial oxygen pressure, at T = 500◦ C and σ =
1, 000 M P a: predicted lifetime of the bundle’s critical ﬁber (i.e. the ﬁber with 5 % failure probability) vs. experiment [Gauthier et al., 2009]
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to extend this validation and deﬁne its limits. An interesting application of
this approach would be the analysis of accelerated tests (for example using high
partial oxygen pressure) in order to reduce the cost of testing campaigns.
Finally, it is important to note that the model is suitable for varying environmental conditions, which constitute the cornerstone of the ﬁber’s lifetime
model as a ﬁrst step toward a complete lifetime model of the tow. For example,
in a composite, the oxygen concentration around the ﬁbers may vary due to
self-healing of the matrix. Thus, work is underway, with the introduction of
self-healing mechanisms, in order to extend this prediction tool from ﬁbers to
ﬁber bundles, then from ﬁber bundles to complete tows.
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