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Abstract

We consider the minimization of fﬂz |Du|P dx in a perforated domain Q. := Q\ Uf\il B.(a;)
of R", among maps u € WHP(Q.,R") that are incompressible (det Du = 1), invertible, and
satisfy a Dirichlet boundary condition u = g on 99Q. If the volume enclosed by g(9f?) is greater
than |Q], any such deformation u is forced to map the small holes B.(a;) onto macroscopically
visible cavities (which do not disappear as e — 0). We restrict our attention to the critical
exponent p = n, where the energy required for cavitation is of the order of Zf\il v;|loge| and
the model is suited, therefore, for an asymptotic analysis (vy, ..., vy denote the volumes of the
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Ty dx— >, villogel,
showing its dependence on the size and the shape of the cavities, on the initial distance between
the cavitation points ay, ..., aps, and on the distance from these points to the outer boundary
0f). Based on those estimates we conclude, for the case of two cavities, that either the cavities

prefer to be spherical in shape and well separated, or to be very close to each other and appear

cavities). We obtain estimates for the “renormalized” energy % fQ

as a single equivalent round cavity. This is in agreement with existing numerical simulations,
and is reminiscent of the interaction between cavities in the mechanism of ductile fracture by
void growth and coalescence.

1 Introduction

1.1 Motivation

In nonlinear elasticity, cavitation is the name given to the sudden formation of cavities in an
initially perfect material, due to its incompressibility (or near-incompressibility), in response to
a sufficiently large and triaxial tension. It plays a central role in the initiation of fracture in
metals [35, 62, 34, 78, 58] and in elastomers [29, 80, 32, 22, 18] (especially in reinforced elastomers
[57, 31, 15,9, 52]), via the mechanism of void growth and coalescence. It has important applications
such as the indirect measurement of mechanical properties [45] or the rubber-toughening of brittle
polymers [46, 14, 76, 48]. Mathematically, it constitutes a realistic example of a regular variational
problem with singular minimizers, and corresponds to the case when the stored-energy function of
the material is not WP -quasiconvex [2, 5, 7], the Jacobian determinant is not weakly continuous
[7], and important properties such as the invertibility of the deformation may not pass to the weak
limit [55, Sect. 11]. The problem has been studied by many authors, beginning with Gent-Lindley



[30] and Ball [4]; see the review papers [29, 41, 25|, the variational models of Miiller-Spector [55] and
Sivaloganathan-Spector [70], and the recent works [38, 49] for further motivation and references.
The standard model in the variational approach to cavitation considers functionals of the form

/ [Dul” dx, (1.1)
Q

where the deformation u: 2 C R" — R™ is constrained to be incompressible (i.e. det Du = 1) and
globally invertible, and either a Dirichlet condition u = g or a force boundary condition is applied.
Unless the boundary condition is exactly compatible with the volume, cavities have to be formed.
If p < n this can happen while still keeping a finite energy. A typical deformation creating a cavity
of volume w, A™ at the origin (w, being the volume of the unit ball in R™) is given by

u(x) = YA § x| (1.2)

|

We can easily compute that
(n —1)A?

D 2
Pl o~

(1.3)

In that situation the origin is called a cavitation point, which belongs to the domain space, and
its image by u is the cavity, belonging to the target space. Contrarily to the usual, we study the
critical case p = n where the cavity behaviour (1.2) just fails to be of finite energy.

This fact is analogous to what happens for S'-valued harmonic maps in dimension 2, which
were particularly studied in the context of the Ginzburg-Landau model, see Bethuel-Brezis-Hélein
[10]. For S'-valued maps u from 2 C R?, the topological degree of u around a point a is defined

by the following integer
1 ou
d=— — X u.
27 dB(a,r) or

Points around which this is not zero are called vortices. Typical vortices of degree d look like
0 (in polar coordinates). If d # 0 again [Dul? just fails to be integrable since for the typical

2
vortex |Dul? ~x—o %, just as above (1.3), up to a constant factor. So there is an analogy in

u—==c¢

that sense between maps from Q to C which are constrained to satisfy |u| = 1, and maps from
Q) to R? which satisfy the incompressibility constraint det Du = 1. We see that in this analogy
(in dimension 2) the volume of the cavity divided by 7 plays the role of the absolute value of the
degree for S'-valued maps. In this correspondence two important differences appear: the degree is
quantized while the cavity volume is not; on the other hand the degree has a sign, which can lead
to “cancellations” between vortices, while the cavity volume is always positive.

In the context of S'-valued maps, two possible ways of giving a meaning to fQ |Dul|? are the
following. The first is to relax the constraint |u| = 1 and replace it by a penalization, and study
instead

Dl + 50 ) (14)

in the limit € — 0; this is the Ginzburg-Landau approximation. The second is to study the energy
with the constraint |[u| = 1 but in a punctured domain Q. := Q\ U; B(a;, &) where a;’s stand for



the vortex locations:

min / |Dul? (1.5)

again in the limit € — 0; this can be called the “renormalized energy approach”. Both of these
approaches were followed in [10], where it is proven that the Ginzburg-Landau approach essentially
reduces to the renormalized energy approach. More specifically, when there are vortices at a;, |Du]|
will behave like |d;|/|x —a;| near each vortex (where d; is the degree of the vortex) and both energies
(1.4) and (1.5) will blow up like 73", d?log 1 as e — 0. It is shown in [10] that when this divergent
term is subtracted off (this is the “renormalization” procedure), what remains is a nondivergent
term depending on the positions of the vortices a; and their degrees d; (and the domain), called
precisely the renormalized energy. That energy is essentially a Coulombian interaction between the
points a; behaving like charged particles (vortices of same degree repel, those of opposite degrees
attract) and it can be written down quite explicitly.

Our goal here is to study cavitation in the same spirit. A first attempt, which would be the
analogue of (1.4), would be to relax the incompressibility constraint and study for example

1 — det Du)?
/ |Dyf? 4 L= det Du) (1.6)
Q g

We do not however follow this route which seems to present many difficulties (one of them is
that this energy in two dimensions is scale invariant, and that contrarily to (1.4) the nonlinearity
contains as many order of derivatives as the other term), but it remains a seemingly interesting
open problem, which would have good physical sense. Rather we follow the second approach, i.e.
that of working in punctured domains while keeping the incompressibility constraint.

For the sake of generality we consider holes which can be of different radii 1, - , &, define
Q. == Q\ U™, B(a;,¢;) and look at

min / | Dul? (1.7)
Qe

det Du=1

(or minget pu=1 er |Du|™ in dimension n), in the limit ¢ — 0. This also has a reasonable physical
interpretation: it corresponds to studying the incompressible deformation of a body that contains
micro-voids which expand under the applied boundary deformation. One may think of the points
a; as fixed, then they correspond to defects that pre-exist, just as above. Or the model can be seen
as a fracture model where we postulate that the body will first break around the most energetically
favorable points a; (see, e.g., the discussion in [4, 43, 69, 29, 42, 55, 6, 71, 74, 49, 50]). It can also
be compared to the core-radius approach in dislocation models [13, 59, 28].

Following the analogy above, we would like to be able to subtract from (1.7) a leading order
term proportional to log%, in order to extract at the next order a “renormalized” term which
will tell us how cavities “interact” (attract or repel each other), according to their positions and
shapes. This is more difficult than the problem (1.5) because the condition det Du = 1 is much
less constraining than |u| = 1. While the maps with |u| = 1 can be parametrized by lifting in the
form u = €%, to our knowledge no parametrization of that sort exists for incompressible maps. In
addition while the only characteristic of a vortex is an integer —its degree—, for incompressible maps,
the characteristics of a cavity are more complex —they comprise the volume of the cavity and its



shape—, and there is no quantization. For these reasons we cannot really hope for something as nice
and explicit as a complete “renormalized energy” for this toy cavitation model. However we will
show that we can obtain, in particular in the case of two cavities, some quantitative information
about the cavities interaction that is reminiscent of the renormalized energy.

1.2 Method and main results : energy lower bounds

Our method relies on obtaining general and ansatz-free lower bounds for the energy on the one
hand, and on the other hand upper bounds via explicit constructions, which match as much as
possible the lower bounds. This is in the spirit of I'-convergence (however we will not prove a
complete I'-convergence result). For simplicity in this section we present the results in dimension
2, but they carry over in higher dimension.

To obtain lower bounds we use the “ball construction method”, which was introduced in the
context of Ginzburg-Landau by Jerrard [44] and Sandier [65, 66]. The crucial estimate for Ginzburg-
Landau, or more simply S'-valued harmonic maps, is the following simple relation, corollary of

2
2
/ Duf? > —— / o u] =2t (1.8)
aB(ar) 21 \ JoB(a,r) OT r

if d is the degree of the map on 0B(a,r). Integrating this relation over r ranging from € to 1 yields

Cauchy-Schwarz:

a lower bound for the energy on annuli, with the logarithmic behavior stated above. One sees that
the equality case in (1.8) is achieved when u is exactly radial (which corresponds to u = ¢¥ in
polar coordinates), so the least energetically costly vortices are the radial ones. For an arbitrary
number of vortices the “ball construction” a la Jerrard and Sandier allows to paste together the
lower bounds obtained on disjoint annuli. Previous constructions for bounded numbers of vortices
include those of Bethuel-Brezis-Hélein [10] and Han-Shafrir [36]. The ball construction method will
be further described in Section 3.1.

For the cavitation model, there is an analogue to the above calculation, which is also our
starting point. Assume that u develops a cavity of volume v around a cavitation point a in the
domain space. By v we really denote the excess of volume created by the cavity (we still refer to
it as cavity volume), this way the image of the ball B(a,¢) contains a volume 7e? + v. Using the

Cauchy-Schwarz inequality, we may write

2
/ Duf? > - / \Du-7|] . (1.9)
dB(a,r) 2mr 0B(a,r)

But then one can observe that [, 9B (ar) |Du - 7| is exactly the length of the image curve of the circle
0B(a,r). We may then use the classical isoperimetric inequality

(Per E(a,r))? > 47| E(a,r)| (1.10)

where |-| denotes the volume, and E(a, r) is the region enclosed by this image curve, which contains
the cavity, and has volume 772 4- v by incompressibility. Inserting this into (1.9), we are led to

2 2
/ [Duf? _ Per®(E(a,r)) _ |E(ar)| _ v (1.11)
OB(a,r)

2 = 4d7r = r o o



This is the building block that we will integrate over r and insert into the ball construction, to
obtain our first lower bound, which is proved in Section 3.1. To state it, we will use the notion of

weak determinant:

(Det Du, ¢) := ! /Q u(x) - (cof Du(x))D¢(x) dx, Vo e ()

n

whose essential features we recall in Section 2.4; as well as Miiller and Spector’s invertibility “con-
dition INV” [55] which is defined in Section 2.3 (Definition 5) and which essentially means that the
deformations of the material, in addition to being one-to-one, cannot create cavities which would
at the same time be filled by material coming from elsewhere. Even though we have discussed
dimension 2, we directly state the result in dimension n.

Proposition 1.1. Let Q be an open and bounded set in R"™, and Q. = Q\ U™, B(a;,e;) where
ay, -+ ,a, € Q and the B(a;, ;) are disjoint. Suppose that u € WH™(Q.,R™) and that condition
INV is satisfied. Suppose, further, that Det Du = L™ in Q. (where L™ is the Lebesgue measure),
and let v; := |E(a;,&;)| — wpel (with E(a;,e;) as in (1.10)). Then for any R >0

1 " ) i R
—1)dx> v; | log —7—.
Qe <‘Vn— , Z 2> &

i,B(a;,R)CQ

Note that ) . v; = V is the total cavity volume, which due to incompressibility is completely
determined by the Dirichlet data, in the case of a displacement boundary value problem.

Examining the equality cases in the chain of inequalities (1.9)—(1.11) already tells us that the
minimal energy is obtained when “during the ball construction” all circles (at least for r small) are
mapped into circles and the cavities are spherical. A more careful examination of (1.9) indicates
that the map should at least locally follow the model cavity map (1.2). It is the same argument that
has been used by Sigalovanathan and Spector [72, 73] to prove the radial symmetry of minimizers
for the model with power p < n.

When there is more than one cavity, and two cavities are close together, we can observe that
there is a geometric obstruction to all circles “of the ball construction” being mapped into circles.
This is true for any number of cavities larger than 1; to quantify it is in principle possible but a
bit inextricable for more than 2. For that reason and for simplicity, we restrict to the case of two
cavities, and now explain the quantitative point.

Let a; and ag be the two cavitation points with |a; —ag| = d, small compared to 1. For simplicity
of the presentation let us also assume that €1 = €2 = . The ball construction is very simple in
such a situation: three disjoint annuli are constructed, B(ai,d/2)\B(ai,¢), B(az,d/2)\B(az,¢)
and B(a, R)\B(a,d), where a is the midpoint of a; and as (see Figure 1). These annuli can be
seen as a union of concentric circles centred at aj, as, a respectively. To achieve the optimality
condition above, each of these circles would have to be mapped by u into a circle. If this were true,
the images of B(ai,d/2) and B(ag,d/2) would be two disjoint balls containing the two cavities,
call them E; and Fs. By incompressibility, |E1| = v1 +7(d/2)? and |Ez| = ve + 7(d/2)?. Then the
image of B(a,d) would also have to be a ball, call it E, which contains the disjoint union F; U E»,
and by incompressibility

|E| = v1 + va + md?. (1.12)



Figure 1: Ball construction in the reference configuration

If d is small compared to v; and wvs it is easy to check this is geometrically impossible: the radius
of the ball E; is certainly bigger than \/vi/m, that of Fs than /vy/m and since E is a ball that
contains their disjoint union, its radius is at least the sum of the two, hence |E| > (\/v1 + /v2)%.
This is incompatible with (1.12) unless 7d? > 2,/0103.
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Figure 2: Incompressible deformation u : B(0,d) \ {a;,as} — R?, d = |ay — a3, opening dis-
torted cavities of volumes vy + &2, vo + me3; deformed configuration for increasing values of the
displacement load (p := \/%). Choice of parameters: d = 1, Z—f =0.3.

So in practice, if d is small compared to the volumes, the circles are not all mapped to exact
circles, the inclusion and disjointness are preserved, but some distortion in the shape of the images
has to be created either for the “balls before merging” i.e. E1 and Fy — this corresponds to what is
sketched on Figure 2 — or for the “balls after merging” i.e. E — this corresponds to what is sketched
in Figure 3 (the situations of Figures 2 and 3 correspond to the test-maps we will use to get energy
upper bounds, see below Section 1.3).

A convenient tool to quantify how much these sets differ from balls, which is what we exactly
mean by “distortion”, is the following



(a) Reference (b) Deformed (c) Deformed (d) Deformed
configuration configuration, p =1 configuration, p = 2 configuration, 4 =3

Figure 3: Incompressible deformation of B(0,d), d := |ay—ay|, for increasing values of p := /%532,

s
Final cavity volumes v; and v given by d = 1, Z—f =0.3.

Definition 1. The Fraenkel asymmetry of a measurable set E C R" is defined as

EAB
D(FE) := min M, with rg such that |B(x,rg)| = |E]
xcR™ ‘E|

where /A denotes the symmetric difference between sets.

Note that D(E) is a scale-free quantity which depends not on the size of E, but on its shape.

The following proposition, which we shall prove in Section 3.3, allows to make the observations
above quantitative in terms of the distortions.

Proposition 1.2. Let E, Eq, and Es be sets of positive measure in R", n > 2 such that E D F1UFEs
and E1 N Ey = @, and assume without loss of generality that |Ey| > |E2|. Then

|E|D(E)#-T + |E1|D(Ey) 7T + | Ey|D(Ey) 71
|E| + |E1 U E2|

n(n+1)
_n_ 1 1 n—
(B Y (m gy —im )
- n 1 1
|E1| + [ B2l (|E1|" + |Ea|n)" — |E1 U Es|

for some constant Cy, > 0 depending only on n.

The fact that Ep, Fs, E cannot simultaneously be balls is made explicit by the fact that D(E1),
D(E,), D(FE) cannot all vanish unless the right-hand side is negative, which can happen only if | F|
is large relative to |E;| and |Ea|. The first factor in the estimate degenerates only when one of the
sets is very small compared to the other.

Note that such a geometric constraint is also true for more than two merging balls, so in principle
we could treat (with more effort) the case of more than two cavities, however the estimates would
degenerate as the number of cavities gets large.

These estimates on the distortions are useful for us thanks to the following improved isoperi-
metric inequality, precisely expressed in terms of the Fraenkel asymmetry:



Proposition 1.3 (Fusco-Maggi-Pratelli [27]). For every Borel set E C R"
1 n—1
Per E > nwj|E| » (14 CD(E)),
where C is a universal constant.

In dimension 2, we thus have the improved isoperimetric inequality
(Per E)? > 47| E| + C|E|D*(E), (1.13)

for some universal C' > 0. Inserting (1.13) instead of (1.10) into the basic estimate (1.11) gives us

2
[ B RO, S nipXe(a,n) 2 L + o+ B0 B ). (119
9B(a,r) 2 T r r T

This then allows us to get improved estimates when integrating over r (in a ball construction
procedure), keeping track of the fact that to achieve equality, all level curves E(a,r) which are
images of circles during the ball construction would have to be circles. This way, after subtracting
off the leading order term ). v; log ﬁ we can retrieve a next order “renormalized” term that will
account for the cavity interaction. This is expressed in the following main result.

Theorem 1 (Lower bound). Given Q C R™ a bounded open set, let Q. := Q\ (Be, (a1) U Be,(a2)),
where a1, az € Q, £1,e2 > 0, and assume that Be,(a1) and Be,(ag2) are disjoint and contained in .
Suppose that u € WL (Q. R") satisfies condition INV and Det Du = L™ in .. Set

a;r +a
a:= 12 2 d:=|a; — asl, vy = |E(ay, £1)| — wne?, vg == |E(ag, £3)| — wnel.

Then, for all R such that B(a, R) C €,

" R R
—1) dx > vy log — + vo log —
281 282

1/ ( Du(x)
n Jo.nB(a,r) \|vVn —1

n 1
min{vy, ve} '\ 1 wpd™ . vy +vy\n?2 R d
C e £ - — 11 —_—
+ (U1+1}2) << V1 + vy ) 1)1+2}2>+ Ogmln{<2nwnd"> ’ d’maX{€1,€2}

for some constant C independent of 2, a1, ag, d, vi, va, €1, and ey (t4+ stands for max{0,t}).

Two main differences appear in this lower bound compared to Proposition 1.1. First, the leading
1
e1+e2
goes to infinity as €1 — 0 or g9 — 0, even if £1 +£2 4 0. This term is optimal since it coincides with

order term (v; +v2) log has been improved to v1 log é + w9 log é, which shows that the energy
the leading order term in the upper bound of Theorem 2 below, and in fact it should be possible
to replace ), v; log ﬁ with >, (v; log E—IZ) in Proposition 1.1 (however, this would require a more
sophisticated ball construction, and it is not immediately clear how to obtain a general result for
the case of more than two cavities). Second, and returning to the discusion in dimension two and
choosing €1 = g3 = ¢, compared to Proposition 1.1 we have gained the new term

. 2 2
min{ovy, v} wd . 4/ U1+ Vo R d
— log 4/ log —,log —
C(U1+U2)<< v1 + U2 > U1+v2>m1n{og And? OB %L (0
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This term is of course worthless unless ¢ < (mm{”l’”"’} ie. wd? < M. Under that con-

v1+v2 v1+v2 v1+v2
dition, it expresses an interaction between the two cavities in terms of the distance of the cavitation
wd?

points relative to the data of v1,v9 and . As — 0 the interaction tends logarithmically to

+00; this expresses a logarithmic repulsion bet\z))x;e?:ﬁ the cavities, unless the term 10gg is the one
that achieves the min above, which can only happen if log d is comparable to loge. This expresses
an attraction of the cavities when they are close compared to the puncture scale, which we believe
means that two cavities thus close would energetically prefer to be merged into one. This suggests

that three scenarii are energetically possible:

Scenario (i) the cavities are spherical and the cavitation points are well separated (but not nec-
essarily the cavities themselves), this is the situation of Figure 3

Scenario (ii) the cavitation points are at distance < 1 but all but one cavity are of very small
volume and hence “close up” in the limit ¢ — 0

Scenario (iii) “outer circles” (in the ball construction) are mapped into circles and cavities (as
well as cavitation points) are pushed together to form one equivalent round cavity, this is the
situation of Figure 2. This seems to correspond to void coalescence (c.f. [81, 47]).

1.3 Method and main results: upper bound

After obtaining this lower bound, we show that it is close to being optimal (at least in scale). To
do so we need to construct explicit test maps and evaluate their energy (in terms of the parameters
of the problem). The main difficulty is that these test maps have to satisfy the incompressibility
condition outside of the cavitation points, and as we mentioned previously, there is no simple
parametrization of such incompressible maps. The main known result in that area is the celebrated
result of Dacorogna and Moser [20] which provides an existence result for incompressible maps
with compatible boundary conditions. Two methods are proposed in their work, one of them
constructive, however they are not explicit enough to evaluate the Dirichlet energy of the map.

The question we address can be phrased in the following way: given a domain with a certain
number of “round holes” at certain distances from each other, and another domain of same volume,
with the same number of holes whose volumes are prescribed but whose positions and shapes are
free; can we find an incompressible map that maps one to the other, and can we estimate its energy
[ |Du|™ in terms of the distance of the holes and the cavity volumes?

We answer positively this question, still in the case of two holes, by using two tools:

(a) a family of explicitly defined incompressible deformations preserving angles, that we introduce

(b) the construction of incompressible maps of Riviere and Ye [63, 64], which is more tractable
than Dacorogna and Moser to obtain energy estimates.

We believe it would be of interest to tackle that question in a more general setting: compute
the minimal Dirichlet energy of an incompressible map between two domains with same volume,
and the same number of holes, the holes having arbitrary shapes and sizes; and find appropriate



geometric parameters to evaluate it as a function of the domains. This question is beyond the scope
of our paper however and we do not attempt to treat it in that much generality.

== < = <

———

(a) 6=0.1 (b) 6=0.4 (c) 6=0.9

Figure 4: Transition from round to distorted cavities: d = 1, % = 1.5, 5—? =0.3.

Our main result (proved in Section 4.1) is the following.

Theorem 2. Let aj,as € R", v; > vy > 0, and suppose that d := |a; — ag| > €1 + 2. Then, for
every 0 € [0,1] there exists a* in the line segment joining a; and az, and a piecewise smooth map
u € C(R™\ {a1, a2}, R™) satisfying condition INV, such that Det Du = L™ + v10a, + v20a, in R"
and for all R > 0

n

Du
vn—1

+ +
+ Ca(v1 + v2) <(1 —9) <log R) +6 <{"/ e log 4 + % %2 log d))
dj, vy €1 vy €2

(Cy and Cy are universal constants depending only on n).

R R
dx < Cy(v1 +v2 + wp, R™) + vy <log ) + vy <log 8)
2

1
n €1

B(a*,R)\(Be, (a1)UBe, (az2))

If we are not preoccupied with boundary conditions but just wish to build a test configura-
tion with cavities of prescribed volumes and cavitation points at distance d, then the above result
suffices. This is obtained by our construction of an explicit family of incompressible maps, which
contains parameters allowing for all possible cavitation points distances d and cavity volumes vy, vs.
The feature of this construction is that it allows for our almost optimal estimates, as the shapes
of the cavities are automatically adjusted to the optimal scenario according to the ratio between
d, e, /v1,4/V2, their logs, etc, as in the three scenarii of the end of the previous subsection. In
other words, the construction builds cavities which, when d is comparable to ¢, are distorted and
form one equivalent round cavity while the deformation rapidly becomes radially symmetric (as in
Scenario (iii)); and cavities which are more and more round as d gets large compared to ¢ (as in
Scenario (i)). For the extreme cases § = 1 and 6 = 0, the maps are those that were presented in
Figures 2 and 3 respectively. The result for intermediate values of § is shown in Figure 4.
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2d; | 2da

2d

Figure 5: Geometric construction of domains §21, s satisfying % = Z—;

The idea of the construction is the following. Take two intersecting balls B(ai, p1) and B(as, p2)
such that the width of their union is exactly 2d and the width of their intersection is 2dd, and let

Q; and Qg be as in Figure 5 (the precise definition is given in (4.4)). As will be proved in Section

4.1, for every § € [0, 1] there are unique p; and p2 such that % = Z—; The cavitation points a;

and ag are suitably placed in ©; and Qo, respectively, in such a way that |a; —az| = d. It is always

possible to choose a* between a; and as such that Q1 U Qo is star-shaped with respect to a*. In

order to define u in R™\ £ U Q9 we choose a* as the origin and look for an angle-preserving map
x —a* V1 + U2 (3] %)

u(x) = Aa* + f(x)———, AT 1= - - .
(x) f( >|X_a*| QUQ| ] Qs

By so doing, we can solve the incompressibility equation det Du = 1 explicitly, since for angle-
preserving maps the equation has the same form as in the radial case,

- pn—1 -

det Du(x) r=|x—a*|,

which we will see can be solved as
x—a* \"
"x)=|x—a* "+ Al ——— | ,
P00 = - a4 ()
where the function A : S*~! — R is completely determined if we prescribe u on 9Q; U 0Q5. Inside
Q7 and 9 the deformation u is defined analogously, taking a; and as as the corresponding origins.
The resulting map creates cavities at a; and as with the desired volumes, and with exactly the
same shape as 921 and 0Qy. For compatibility we impose u(x) = Ax on 9y U 9.
In the energy estimate, (1 — J)log % is the excess energy due to the distortion of the ‘outer’

curves u(0B(a*,r)), r € (d,R), and ¢ < ¢/ 32 log g + %/ 32 log %) is that due to the distortion of

the curves u(0B(aj, 7)), r € (¢i,d), i = 1,2 near the cavities. When § = 0, 1 and Q5 are tangent
balls, the cavities are spherical, and the second term in the estimate vanishes. The outer curves
are distorted because their shape depends on that of 9(£2; U €3), hence a price of the order of
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(v1 + v2) log % is felt in the energy. When é = 1, at the opposite end, 21 U €2y is a ball of radius
d, the deformation is radially symmetric outside €2; U €23, and no extra price for the outer curves
is paid. In contrast, the cavities are “D-shaped” (they are copies of 9€; and 0f23), and a price of
order (vy + v2) % % logg is obtained as a consequence (in this case the excess energy vanishes as
% — 0, in agreement with the prediction of Theorem 1).

Since the last term of the energy estimate is linear in 6, by taking® either § = 0 or § = 1 (and
assuming R > d) the estimate becomes

. R d / d
C(v1 + v2) min {logd, i Z—?loga—l— n Zjlog@}_

Comparing it against the corresponding term for the lower bound, namely?,

. V2 = R (v = d
C 2 10g S (2) log—
(v1+v2)mm{<vl) ogd,<vl> ogmax{ghgz}},

we observe that there are still some qualitative differences. First of all, in the case when &1 < &9,
d
max{e1,e2} "
in the lower bound quantifies more accurately the effect of the distortion of the cavities, and that

a term of the form log % + log % is much larger than log We believe that the expression
the obstacle for obtaining a comparable expression in the upper bound is that the domains {2; and
9 in our explicit constructions are required to be star-shaped. For example, in the case d ~ 9, an
energy minimizing deformation u would try to create a spherical cavity at a; (so as to prevent a
term of order log % from appearing in the energy due to the distortion of the first cavity), and, at
the same time, to rapidly become radially symmetric (because of the price of order log % due to the
distortion of the ‘outer’ circles). Therefore, for values of me3 < vy + vq, the second cavity would be
of the form B\ Bj for some balls By and B such that By C B, |B1| = v1, and |B| = v; +v2. In other
words, u must create “moon-shaped” cavities, which cannot be obtained if u is angle-preserving.
In the second place, the interaction term in the lower bound vanishes as Z—f — 0 regardless of
whether the minimum is achieved at log% or at log g, whereas in the upper bound this vanishing
effect is obtained only for the case of distorted cavities (when logg is the smallest). This is
because when § = 0 and vy > v, the circular sector? {a* + de'?, 0 € (3,2F)} is mapped to a
curve A\a* + f(p)e'? with polar angles ¢ ranging almost from 0 to 2. This “angular distortion”
necessarily produces a strict inequality in (1.9), so in principle it could be possible to quantify its
effect in the lower bound. It is not clear, however, whether for a minimizer an interaction term of
the form (v1 + v2) log & will always be present (in the case when 32 — 0), or if the fact that such a
term appears in the upper bound is a limitation of the method used for the explicit constructions.
Finally, the factor Z—f in front of log g and log % is raised to a different exponent in each term,
the reason being that 1 and ) play different roles in the upper bound construction. Provided
4 > 0, when % — 0 the first subdomain is becoming more and more like a circle (its height and its

width tend to be equal, and the distortion of the first cavity tends to vanish) whereas Q2 becomes

"When considering boundary conditions, not all values of § can be chosen, see the discussion below.
2we assume, e.g., that v; + v2 < 47R?, in order to illustrate the main point
3we state this in two dimensions for simplicity
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increasingly distorted (the ratio between its height and its width tends to infinity). The factor
2nf Z—f in front of log % is only due to the fact that the effect in the energy of the distortion of the

cavities also depends on the size of the cavity.

Dirichlet boundary conditions

If we want our maps to satisfy specific Dirichlet boundary conditions, then they need to be “com-
pleted” outside of the ball B(a*, R) of the previous theorem. For that we use the method of Riviere
and Ye, and show how to obtain explicit Dirichlet energy estimates from it. We consider the
radially symmetric loading of a ball, but other boundary conditions could also be handled. Let
a*, §, p1, p2, 1, Q2 be as before. We are to find Ry, Ro, and an incompressible diffeomorphism
u: {R; < |x—a*| < Ry} — R" such that

i) Q1 UQy C B(a*, Ry) and ulpp(a+ gr,) coincides with the map of Theorem 2

ii) ulpp(ar,r,) is radially symmetric.

(a) 6 = 0.1, reference configuration, (b) 6 = 0.4, reference configuration, (¢) 6 = 0.9, reference configuration,

w(R3 — R?) = 3.06(vy + v2)(1 — §) w(R3 — R?) = 3.12(vy + v2)(1 — §) m(R3 — R?) = 2.46(v1 + v2)(1 — §)

—

3

(d) 6 = 0.1, deformed configuration.  (e) & = 0.4, deformed configuration.  (f) § = 0.9, deformed configuration.
Thick line at u(9B(a*, R1)). Thick line at u(0B(a*, R1)) Thick line at u(0B(a*, R1))

Figure 6: Transition to a radially symmetric map. A larger initial domain is necessary in order to

create spherical cavities. Parameters: Q = B(0, Rz), ,/% = 1.5, Z—f =03,d=1, Ry =~d.
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Not all values of R; and Ro are suitable for the existence of a solution, since the reference config-
uration {R; < |x—a*| < Ry} must contain enough material to fill the space between u(0B(a*, R2))
(with shape prescribed by the Dirichlet data) and u(0B(a*, R;)) (whose shape is determined by
Theorem 2, see Figure 6). In the case of a radially symmetric loading, the farther 1 U Q5 is from
being a ball, the larger the reference configuration has to be. If § = 1 nothing has to be imposed;
if § < 1, we must have that

wp(Ry — RY) > C(v1 +v2)(1 —0)

for some constant C' (see Lemma 4.5). It turns out that the above necessary condition is also
sufficient, as we show in the following theorem:

Theorem 3. Suppose that aj, ag € R" and d := |a; —ag| > &1 +e9. Let § € [0,1], v1 > v2 >0,

Vs = 22" n(v) + v)(1 = 6), R; > max { ,”/V‘s,m} , Ry = {/R} + Y (1.15)
Wn,

’IL

Then there exists a* in the segment joining a; and as and a piecewise smooth homeomorphism
u e WHe(R™\ {a1,as},R") such that Det Du = L™ +v18a; +v20a, in R™, Ulgm p(a* gry) is radially
symmetric, and for all R > Ry

n

1 Du

n /;(a"‘,R)\(B81 (a1)UBg,(a2)) [ VL —

+Ca(v1 +v2) <(1 —9) <10g \ wn6n> i <\/T210g QT\l/: 52))

The main differences with respect to Theorem 2 are that u is now radially symmetric in
R"\ B(a*, Rs) and that log £ has been replaced with log { =C+log ¢ 14v2)(=9) 4 the

Wn, dn wndn
interaction term. The proof is presented in Section 4.2. As a consequence we finally obtain

R R
dx < Cy(v1 4+ v2 + wy, R"™) + v1 log = + vo log .
1 2

Corollary 1. Let Q) be a ball of radius R > 2d, with d > &1 + 2 > 0. Then, for every vy > vy >0
there exist a1, ag € Q with |a; — as| = d, and a Lipschitz homeomorphism u : Q\ {a;,as} — R",

such that Det Du = L™ 4 v10a, + V20a, in Q, ulpg = Aid (with \" — 1 := ”1@“2 ), and

n

1

/ Du
Q\(Bgl (a1 U352 a2 vV —

. B (’Ul -+ UQ)(I — 5 U2 a om
+ Ca(v1 + v2) 535101711] ((1 J) <log o log o 52

with 50 = maX{O’ 1— w}

R R
dx < C1(U1 + vy + wan) + v1 log Z + v9 log ;

4n+t1inw,dn

The value of dy is such that 6 > g if and only if w, R™ > w, R} + Vs, with w, R} := Vs 4w, (2d)™;
the idea is to be able to use Theorem 3 and obtain a final energy estimate dependmg only on vy,
va, d, 1, €2 and the size || of the domain.
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1.4 Convergence results

Once we have upper and lower bounds, we are able to show that for “almost-minimizers” one of
the three scenarii described after Theorem 1 holds in the limit ¢ — 0.

Theorem 4. Let Q be an open and bounded set in R", n > 2. Lete; — 0 be a sequence, that we will
denote in the sequel simply by . Let {0} be a corresponding sequence of domains of the form Q. =
Q\U~, Be(aie), withm €N, ajz,...,ame € Q and £ such that the balls B-(a1z),. .., B:(am.)
are disjoint. Assume that for each i = 1,...,m the sequence {a;c}. is compactly contained in €.
Suppose, further, that there exists u. € WH™(Q.,R"™) satisfying condition INV, Det Du. = L" in
Qc, sup, [ucl|pe(,) < oo and

1 Du.(x)|" - diam -
13
e A R T vie | 1o o 19+ v |, 1.16
SR s (S e (o B). 0
where* v; == |E(aje,e;u:)| — wype™ and C is a universal constant.
Then (extracting a subsequence) the limits a; = lim._,0a;. and v; = lim.,0v;c, i = 1,...,m
are well defined, and there exists u € Ni<p<n WIP(Q,R™) N Wﬁ)cn (Q \ {ai,... ,am},Rn) such that

o u. —uin W' (Q\ {ai,...,an},R")
e Det Du, = Det Du in Q\ {ay,...,a,,} locally in the sense of measures
e Det Du=>"" v;0a, + L™ in Q.
When m = 2, one of the following holds:
i) if a; # ag and vi,ve > 0 (assume without l.o.g. v1 > vg), then

e the cavities im7(u,a;) and imr(u,as) (as defined in (2.3)) are balls of volume vy, vo
o |E(aje, eu.)Aimyp(u,a;)] -0 ase =0 fori=1,2

e under the additional assumption that v1 + vo < 2nwn(dist(alTJ“a2, o))",

>Crexp | —Cy 1+ L + ]ng U2 n-1
vy + V2 vy + V2 V1 + o

for some universal constants C1 and Cy depending only on n;

wplag —ay|"
V1 + U2

i) if min{vy,va} =0 (say va = 0), then imr(u,a;y) (the only cavity opened by u) is spherical;
ii1) if a1 = ag and vy, vy > 0 (assume vy > vy), then

e imp(u,a;) is a ball of volume v1 + vy

e lag. —aj|=0() ase =0

4Now we write E(a;.,¢e;u.), and not just E(a;.,¢), to highlight the dependence on u.. It corresponds to the
cavity opened by u. at a; . (compare with (1.10) and (2.3)).
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e the cavities must be distorted in the following sense (Cy, being as in Proposition 1.2):

lim inf

D(E(aie,e;u.)) "1 + vaD(E(as., e;u.)) -1 st
(%1 ( ( l,e 5)) V2 ( ( 2. 5)) > Cn< (%) > . (1'17)
e—0 V1 + 2

V1 + U2

In the situation of two cavities, the three cases above correspond to the three scenarii of the
end of Section 1.2 in the same order.

The main ingredients for the proof are the comparison of the upper bound (1.16) with the
lower bounds Proposition 1.1 and Theorem 1, standard compactness arguments, and an argument
introduced by Struwe [77] in the context of Ginzburg-Landau which allows to deduce from the
energy bounds sufficient compactness of u..

1.5 Additional comments and remarks

We note first that our analysis works provided that the distance of the cavitation points to the
boundary does not get small (thus the domain cannot be too thin either). It is an interesting
question to better understand what happens when they do get close to the boundary, as well as
the effect of the boundary conditions.

Second, it follows from our work that it is always necessary to compare quantities in the reference
configuration with quantities in the deformed configuration, due to the scale-invariance in elasticity.
For example, we have shown that a large price needs to be paid (in terms of elastic energy) in order
to open spherical cavities whenever the distance between the cavitation points is small compared
to the final size of the cavities (w,d™ < v1 + ve). If we only know that the cavitation points are
becoming closer and closer to each other, from this alone we cannot conclude that the cavities
will interact and that the total elastic energy will go to infinity, as the following argument shows.
Suppose that u is an incompressible map defined on the unit cube @7 C R”, opening a cavity, and
satisfying affine boundary conditions of the form u(x) = Ax on 9Q, A € R"*". Then, by rescaling
u and reproducing it periodically, it is possible to construct a sequence of incompressible maps
creating an increasingly large number of cavities, at cavitation points that are closer and closer to
each other, in such a way that all the deformations in the sequence have exactly the same elastic
energy (cf. Ball & Murat [7]; see also [60, 49, 50]). This is possible because the cavities themselves
are also becoming increasingly smaller, with radii decaying at the same rate as the distance between
neighbouring cavitation points. This example also shows that the strategy of filling the material
with an arbitrarily large number of small cavities is, in a sense, equivalent to forming a single
big cavity (there is no interaction between the singularities). Here we complement that result by
showing that if it is not possible to create an infinite number of cavities, then the interaction effects
in the energy do become noticeable, and under some circumstances can even be quantified.

Third, we mention that the idea of partitioning the domain and using angle-preserving maps
inside the resulting subdomains (as described in Section 1.3) can be used to produce test maps
that are incompressible and open any prescribed number of cavities (for example by dividing the
initial domain in angular sectors, as in Figure 7). The relative size of the cavities can be controlled
by specifying the volume ratios of the subdomains in the partition; the cavity shapes will also be

16



Figure 7: Incompressible maps creating multiple cavities of arbitrary sizes.

determined by the shape of those subdomains. The deformations thus constructed may be relevant
for future work on the subject, for instance when obtaining energy estimates.

Finally, we discuss the case p # n. It is not clear how to extend the analysis to this case, the
main reason being that the energy is no longer conformally invariant while the “ball-construction
method” is only suited for such cases. To see this in a simple way, let us consider the case of two
cavities, assuming incompressibility, letting £; = 9 — 0, and let us try to reproduce the steps (1.8)
and (1.11) with (1.14). The p-equivalent of (1.14) obtained by Holder’s inequality (and by relating
|Du|"~! to the area element |(cof Du)v|, see Lemma 3.1) is

/83(a7r)

According to this, when p # n we may bound from below the energy in B(ay, %) U B(ag, %) (with

Du(x)

_ Pex(B(ar)mt _  nor|E(ar)|
vn—1

p
n—1
AT (x) P2 )

(1 + CD(E(a,r))%> .

(nwnr”_l)"%l_

d = ’ag —a1|) by

—n

[l

B(al,%)UB(ag,g)

IS

p

P P d\"P g

where (D(E(a;, r)))ﬁ> stands for the average distortion
p P D 2 _p_ _P
(D(B(a;,1)))™7) i= (vf D(B(ar,m) ™7 +vf D(E(ag, r)77 ) (v1 +v2) .

Analogously, we can bound the energy in B(a, R) \ B(a,d) (with a = 21322) by

p—n

[ e

B(a,R)\B(a,d)

p

R R
> (01 4 v) 5 / =1L Oy + v9) s / D(E(a, r))i1rm—r-1
d d
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and obtain:

—n

/ wZT ‘ Du(x)
B(a,R) M n—1

+ C(vy + v2)

3

P g R » » . d\"P
> (v1 + v2) / +/ piPl (vf +oy — (v + vg)z) <>
0 d 2

17

‘ p . p
[/ (D(E(ai, r)=)r" " + / D<E<a,7«)>mr"‘p—1] .
0 d

Sk

117

Assume that v1 4 v9 is fixed (as is the case in the Dirichlet problem). Let us first consider the
case p < m. Since the limit ¢ — 0 is not singular in this case (contrarily to p = n), the problem
cannot be analyzed by asymptotic analysis. If we guide ourselves only by the second and third
terms (II and III), when p < n we can say the following. The factor 1’1% + UQ% — (vy + vo)n in II
is minimized when min{v;,v2} = 0, hence it motivates the creati(gn of just one cavity (the same

can be said for the problem with M cavities, because 1)1% 4+ fu]@ is concave and the restriction
v] + ...+ vy = const. is linear). If the above difference has to be positive, the factor (g)n
suggests that the two cavitation points would want to be arbitrarily close, and that the cavities
will tend to act as a single cavity. This is consistent with the prediction for III; indeed, consider

the corresponding estimate for p = n:

1 Du(x) " 2 RN dr
 fopa [vasT] 2o (/ ‘), )
% n r R p r
+Clor +v2) / (D(B(ai,r)i5) T 4 o ))d]

Under a logarithmic cost, it is much more important to minimize the distortions D(E(a;,r)) of the
circles u(0B(a;, 7)), i = 1,2, e <1 < % near the cavities, rather than the distortion of the outer
circles D(E(a,r)), r > d. As was discussed before, this leads either to the case of well-separated
and spherical cavities (scenario (i) in p. 9), or to the conclusion that if outer circles are mapped
to circles (scenario (iii)) then the distance between cavitation points must be of order ¢ (Theorem
4iii)). In contrast, When p < n, in the presence of the weight r” P~ minimizing the distortions
D(E(a,r)), r > d gains more relevance compared to the distortion near the cavities.

For the previous reasons, we believe that the deformations of scenario (i) will not be global
minimizers, instead the body will prefer to open a single cavity. If multiple cavities have to be
created, then the cavitation points will try to be close to each other, and the deformation will try
to rapidly become radially symmetric. The cavities will be distorted and try to act as a single cavity
(as in scenario (iii), which creates a state of strain potentially leading to fracture by coalescence),
at distances between the cavitation points that are of order 1 (not of order €). This, in fact, is
what has been observed numerically [81, 47].
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Let us now turn to p > n. The lower bound reads

—-n

7 d
wn" | Du(x) | (v +v2)n B p /2 e 2o

dx + ——R" P > (v + o2 TP (v Fvg)nd™ TP

/QEOB(a,R) n ’\/n—l p—n (vi i) e £_;§)_’

I
d R
2 : )\l Pl i1 n—p—1
+ C(vy +vg)n (D(E(a;,r))»1)r + D(E(a,r))»1r
5 d

P b
This time the limit ¢ — 0 is singular, even more so than for p = n. The factor v{* + v5 is now

minimized when the cavities have equal volumes. Regarding d, the first term prefers small distances
(d = 2¢) while the second prefers d — oo; since (v; + vg)w > 1)1% + ’1)2%, it can be said that II has
a stronger influence, hence d large should be preferred®. With respect to the third term, it is now
much more vital to create spherical cavities (so as to minimize the first of the two integrals) than
when p = n. This implies that it is scenario (i), rather than (ii) or (iii), which should be observed.

The case p < n, therefore, should favour a single cavity and coalescence, p > n should favour
many cavities and splitting, and both situations are possible in the borderline case that we have
studied: p = n.

1.6 Plan of the paper

In Section 2 we describe our notation and recall the notions of perimeter, reduced boundary,
topological image, distributional determinant, and the invertibility condition INV. In Section 3
we begin by extending (1.14) to the case of an arbitrary power p and space dimension n (Lemma
3.1). In Section 3.1 we prove the lower bound for an arbitrary number of cavities using the ball
construction method (Proposition 1.1). In Section 3.2, we prove the main lower bound (Theorem
1) and postpone the proof of our estimate on the distortions (Proposition 1.2) to Section 3.3. The
energy estimates for the angle-preserving ansatz are presented in Section 4.1 and proved in Section
4.3. In Section 4.2 we show how to complete the maps away from the cavitation points so as to fulfil
the boundary conditions, and in Section 4.4 we comment briefly on the numerical computations
presented in this paper based on the constructive method of Dacorogna & Moser [20]. Finally, the
proof of the main compactness result and of the fact that in the limit only one of the three scenarii
holds (Theorem 4) is given in Section 5.

1.7 Acknowledgements

We give special thanks to G. Francfort for his interest and his involvement in this project. We
also thank J.-F. Babadjian, J. Ball, Y. Brenier, A. Contreras, R. Kohn, R. Lecaros, G. Mingione,
C. Mora-Corral, S. Miiller, T. Riviere, and N. Rougerie for useful discussions.

Salthough in order to be sure it would be necessary to compute the energy in the transition region B(a,d) \
(B(a1, §) U B(a2, 5))

19



2 Notation and preliminaries

2.1 General notation

Let n denote the space dimension. Vector-valued and matrix-valued quantities will be written in
bold face. The set of unit vectors in R™ is denoted by S"~!. Given a set £ C R™", A > 0 and
h € R", we define AE := {Ax: x € E} and E+h :={x+h: x € E}. The interior and the
closure of E are denoted by Int F and E, and the symmetric difference of two sets £y and Ey by
E\AE,. If Ey is compactly contained in Fs, we write E; CC Ey. The notations B(x, R), Br(x) are
used for the open ball of radius R centred at x, and B(a, R), Bg(a) for the corresponding closed
ball. The distance from a point x to a set E is denoted by dist(x, E), the distance between sets by
dist(F1, E2), and the diameter of a set by diam F.

Given A an n x n matrix, AT will be its transpose, det A its determinant, and cof A its
cofactor matrix (defined by AT cof A = (det A)1, where 1 stands for the n x n identity matrix).
The adjugate matrix of A is adj A = (cof A)7.

The Lebesgue and the k-dimensional Hausdorff measure are denoted by £ and H¥, respectively.
If E is a measurable set, L"(F) is also written |F| (as well as |I| for the length of an interval I).
The measure of the k-dimensional unit ball is wy (accordingly, H"~1(0B(x,7)) = nw,r"~!). The
exterior product of 1 < k < n vectors aj,...,a; € R is denoted by a; A --- A ag or /\f:1 a;. It is
k-linear, antisymmetric, and such that |a; A --- A ag| is the k-dimensional measure of the k-prism
formed by ay,...ay (see, e.g., [24, 75, 33, 1]). In particular, |x|?> = |x - e|? + [x A e|? for all x € R"
and e € S”~1. With a slight abuse of notation, when k& = n the expression a; A --- A a,, is used to
denote the determinant (in the standard basis) of the matrix with column vectors ay, ..., a, € R".

The characteristic function of a set F is referred to as x g, and the restriction of u to E as u|pg.
The sign function sgn : R — {—1,0,1} is given by sgnx = x/|z| if z # 0, sgn0 = 0. The notation
id is used for the identity function id(x) = x. The symbol f f stands for the integral average
|TIE\ [ f- The support of a function f is represented by spt f.

The space of infinitely differentiable functions with compact support is denoted by C°(€2), and
the LP norm of a function f by ||f||z». Sobolev spaces are denoted by W1P(Q, R"), as usual. The
Hilbert space W12(, R") is denoted by H' (2, R™). The weak derivative (the linear transformation)
of a map u € WlP(Q,R") at a point x € R" is identified with the gradient Du(x) (the matrix of
weak partial derivatives).

Use will be made of the coarea formula (see, e.g., [24, 23, 1]): if E C R™ is measurable and
¢ : E — R is Lipschitz, then for all f € L'(E)

x)|Do(x)|dx = - x)dH (%) | dt.
| reipotolax = [~ (/{xem(x)ﬂ}ﬂ) <>) t

2.2 Perimeter and reduced boundary

Definition 2. The perimeter of a measurable set E C R" is defined as

Per E := sup {/ divg(y)dy : g € CHR™,R"),||glleo < 1} .
E
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Definition 3. Given yg € R" and a non-zero vector v € R", we define

H'(yo,v) :={y €R": (y —yo) v >0}, H (yo,v):={y €R":(y —yo) v <0}

The reduced boundary of a measurable set E C R™, denoted by 0*F, is defined as the set of points
y € R" for which there exists a unit vector v € R™ such that

ENH™ B 1 EnH' B
o ENH rw)0Baol 1 B0 H (v,0) 0 B(y.r)]

=0.
r—0+ |B(y,r)| 2 r—0+ |B(y, )|

If y € O*FE then v is uniquely determined and is called the unit outward normal to E.

The definition of perimeter coincides precisely with the "~ !-measure of the reduced boundary,
as follows from the well-known results of Federer, Fleming and De Giorgi (see, e.g., [24, 83, 23, 1])°.

2.3 Degree and topological image

We begin by recalling the notion of topological degree for maps u that are only weakly differentiable
[56, 26, 12, 17].
If ue WHr(Q,R") and x € R", then, for a.e. r € (0,00) with dB(x,r) C £,

(R1) u(z) and Du(z) are defined at H" !-a.e. z € OB(x,7)
(R2) u|8B(x,7') € WLp(aB(Xa T‘), Rn)

(R3) D(ulppx,r)(z) = (Du(z))|r,0B(x,r) (the n-dimensional and the tangential weak derivatives
coincide; T,(0B(x,r)) denotes the tangent plane) for H" -a.e. z € dB(x,r)

(this follows by approximating by C'* maps and using the coarea formula). If, moreover, p > n—1,
then, by Morrey’s inequality, there exists a unique map u € C°(0B(x,r)) that coincides with
ulyp(x,) H" '-a.e. With an abuse of notation we write u(dB(x,r)) to denote W(dB(x,)).

If p > n—1and (R2) is satisfied, for every y € R"\ u(0B(x,r)) we define deg(u, 0B(x,r),y) as
the classical Brouwer degree [68, 26] of u|pp(x,) With respect to y. The degree deg(u,dB(x,7),")
is the only L!'(R") map [56, 12] such that

/ deg(u,0B(x,r),y)divg(y)dy = / g(u(z)) - (cof Du(z))v(z) dH" 1 (z) (2.1)
n dB(x,r)
for every g € C1(R",R"), v(z) being the outward unit normal to dB(x,r).

For a map u € W'P(Q,R") that is invertible, orientation-preserving, and regular except for
the creation of a finite number of cavities, deg(u, 0B (x,7),y) is equal to 1, roughly speaking, only
at those points y enclosed by u(0B(x,r)). Because of this, the degree is useful for the study of
cavitation, since we can detect a cavity by looking at the set of points where the degree is 1, but
which do not belong to the image of u (they are not part of the deformed body). This gave rise to
Sverék’s notion of topological image [79].

SWhen Per E = oo, the result is true if we consider the measure-theoretic boundary, as defined in [23, Th. 5.11.1].
For sets of finite perimeter the two notions of boundary coincide "~ '-a.e., thanks to a result of Federer [24] (also
available in [1, Th. 3.61], [23, Lemma 5.8.1], or [83, Sect. 5.6]).
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Definition 4. Let u € WYP(9B(x,r),R") for somex € R", r >0, and p >n — 1. Then
imp(u, B(x,r)) :={y € R": deg(u,0B(x,r),y) # 0}.

It was pointed out by Miiller-Spector [55, Sect. 11] that Sobolev maps may create cavities in
some part of the body, and subsequently fill them with material from somewhere else (even if they
are one-to-one a.e. [3]). In order to avoid this pathological behaviour, they defined a stronger
invertibility condition, based on the topological image’.

Definition 5. Let u € WHP(Q,R") with p > n — 1. We say that u satisfies condition INV if
i) u(z) € imp(u, B(x,r)) for a.e. z € B(x,r) N
ii) u(z) € R" \ imr(u, B(x,7)) for a.e. z € Q\ B(x,r)

for every x € R"™ and a.e. r € (0,00) such that u|yp(x,) € WhP(0B(x,7),R").

In the following proposition we summarize some of the main virtues of condition INV. We add
a sketch of the proof to make it easier for the interested reader to compile the different ideas and
conciliate the different notation in [79], [55, Lemmas 2.5, 3.5 and 7.3], [17, Lemmas 3.8 and 3.10],
[39, Lemma 2|, and [40, Prop. 6 and Lemma 15].

Proposition 2.1. Let u € WHP(Q,R") with p > n — 1 satisfy det Du > 0 a.e. and condition INV.
Then, for every x € R™ there exists a full-L*-measure subset Ry of {r € (0,00) : 0B(x,r) C Q} for
which (R1)-(R3), conditions i)-ii) of Definition 5, and the following properties are satisfied:

i) deg(u,0B(x,r),y) € {0,1} for everyy € R"\ u(0B(x,r))

i) 0% imr(u, B(x,7)) = u(0B(x,7)) up to H" 1-null sets
iti) Per (imrp(u, B(x,r))) :/ |(cof Du(z))v(z)|dH" ' (z)
OB(x,r)

1

iv) |inve (, B, )| = /8 o ) €O DU ) 0 ),

Moreover, for every x,x’ € R" and every r € Ry, r' € Ry
v) imr(u, B(x,7)) C imy(u, B(x',7")) if B(x,r) C B(x',r")

vi) imp(u, B(x,7)) Nimp(u, B(x',7")) = @ if B(x,r) N Bx/,r") = .

"The original definition of condition INV in [55, Sect. 3] required that i) and ii) were satisfied only for a.e. r € (0, o)
such that B(x,r) C . Here we impose i) and ii) for a.e. r € (0,00) such that 0B(x,r) C 2. As explained in [37],
this modification is necessary when considering perforated domains, due to Sivaloganathan & Spector’s example of
leakage between cavities [74, Sect. 6].
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Proof. Call Qq the set of x € Q for which there exist w € C'(R”, R") and a compact set K C
such that
. |[KnNB(x,r)]
lim ——————+

A BT b k=Wl and Duli=Dwlk (22)

Since u € WP(Q,R"), it is possible to find (combining Federer’s approximation of approximately
differentiable maps by Lipschitz functions, Rademacher’s theorem, and Whitney’s extension the-
orem, see, e.g., [23, Cor. 6.6.3.2], [24, Thms. 3.1.8 and 3.1.16], [55, Prop. 2.4], [39, Lemma
1]) an increasing sequence of compact sets {Kj}jen contained in €, and a sequence {w;}jen
of maps in C'(R",R"), such that u|x, = wj|k,, Vujlg, = Dwlg,, and |Q\ Kj| < % for
each j € N. By Lebesgue’s differentiation theorem, |Kj; \ K}| = 0 where K} := {x € Kj :
lim, o+ (r~"B(x,7) \ K|) = 0}. Since Qo D U,y £, it follows that [\ Q| = 0.

Define Ry as the subset of {r € (0,00) : 0B(x,r) C 2} for which (R1)-(R3), conditions i)-ii) of
Definition 5, and the following properties are satisfied:

(R4) H" 1(0B(x,7)\ Q) =0
(R5) det Du(z) > 0 for H* '-a.e. z € OB(x, 7).

The fact that |[{r € (0,00) : 0B(x,7) C 2} \ Rx| = 0 is a consequence of the coarea formula and of
the discussion before Definition 4. For this choice of Ry we have that the properties listed in the
proposition are satisfied for all (not only for a.e.) r € Ry. This follows from (2.1), the fact that
u|q, is one to one (by [55, Lemmas 3.4 and 2.5]; only minor modifications are required, see [39,
Lemma 2] if necessary), and a careful inspection of the proofs of [55, Lemmas 2.5, 3.5 and 7.3]. O

By Proposition 2.1v) the topological image of B(x,r) can be defined for all x € R™ and all
r > 0 such that {z : r < |z| < r+ 46} C Q for some § > 0 (not only for radii » € Rx). Indeed, since
the sequence {imr(u, B(x,7)) : 7 € Ry} is increasing for every x € R", we may define

E(x,r) = ﬂ imr(u, B(x,7)). (2.3)

r’€Rx

Whenever explicit mention of u is necessary (such as in Theorem 4 where sequences of deformations
are considered), we write E(a,r;u). Finally, if a point a € R™ is such that B(a,d) \ {a} C Q for
some ¢ > 0, we define its topological image as E(a;,0), and denote it by imp(u,a).

2.4 The distributional determinant

It is well known that the Jacobian determinant of a C? vector-valued map u: Q C R” — R” has a
divergence structure. When n = 2 or n = 3, this is

det Du = uj jug 2 —ugjui 2 = (u1u22)1 — (u1u2,1) 2
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U22 U223 U233 U221 U211 U222
det Du = U1 ’ ’ —+ U9 ’ ’ +ug ’ ’
uz2 U33 uz3 U3l Uzl U3
U2 U23 U3 U1 U1 U2
=\|lw + | wp + | w )
uz2 uzz |/ uz3 uz1 | ), uz1 uz2 |)

where u; ; denotes the j-th partial derivative of the i-th component of u. In higher dimensions, we
may write det Du = Div((adj Du)%).

One of the main ideas in Ball’s theory for nonlinear elasticity [2] is that if the divergence is taken
in the sense of distributions, the right-hand side of the above expressions is well defined for maps
that are only weakly differentiable. This motivated his definition of the distributional determinant
of a map u € Whn=1(Q R") N L (Q,R") as the distribution Det Du € D'(€2) given by

loc

(Det Du, ) 1= _% /Q u(x) - (cof Du(x))Do(x) dx, & € C(Q) (2.4)
(see also [54, 16, 10, 67, 21, 11] and references therein for subsequent developments and for the role
of Det Du in compensated compactness, homogenization, liquid crystals, and superconductivity).
If a map u € WHP(Q,R"), p > n — 1, satisfies condition INV, then u(z) is contained in the
region enclosed by u(0B(x,r)) for every x € R", a.e. z € QN B(x,r), and a.e. 7 > 0 such that
0B(x,r) C Q. Consequently, u € L (2, R"), and the distributional determinant is well defined.

loc

Proposition 2.2 (cf. [55], Lemma 8.1). Let u € WHP(Q R™), p > n — 1, satisfy det Du > 0 a.e.
and condition INV. Then

i) Det Du = (det Du)L" + u®, where p® is singular with respect to L™
ii) |E(x,r) \ imt(u, B(x,r))| =0 for every x € R™ and r € Rx

iii) |E(x,r2) \ E(x,7r1)| = Det Du(A,, ,,) for allry > 0 and rg > 0 such that the annulus A, ,, ==
{x € R":r; < |x| < ra} is contained in S.

Proof. Let x € R™ and set S := {r € (0,00) : 0B(x,7) C Q}. The map

w(r) = 1/ u(z) - (cof Du(z))v(z) dH" Y(z), r € Ry
OB(x,r)

n

belongs to L!(S). Suppose [r1,72] C S for some r1,79 € Ry. For 6 > 0 let ¢5(z) := s5(|z — x|),
where 15 € C2°(]0,00)) is such that )5 = 1 in (r1 + §,r2 — 9), 5 = 0 in [0,71] U [re,00), and
O[¢5lloe < 2. Tt is clear that ¢5 — x4, ,, Pointwise as § — 0%, and that

T2

r1+46
(Det Du, ¢g5) = w(ra) —w(ry) —1—7[ SYs(r)(w(ry) — w(r)) —I—][

T1 T2 —

65%(?“)(00(7"2) —w(r)).

The proof follows from [55, Lemma 8.1], Proposition 2.1iv)-v), and Lebesgue’s differentiation the-
orem aplied to w. O
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3 Lower bounds

The following is the basic estimate that allows us to relate the elastic energy to the volume and
distortion of the cavities. It extends (1.14) to an arbitrary exponent p and dimension n.

Lemma 3.1. Suppose that u € WHP(Q,R"), p > n — 1, satisfies det Du > 0 a.e. and condition
INV. Then, for every x € Q and r € Rx (as defined in Proposition 2.1),

D(uoner) 0 (1B N
]{93(x,r) vn—1 dH™ (%) 2 <|B(x,r)|> (1+CD(E(B(x,1))) "

Equality is attained only if u[aB(x7r) s radially symmetric.
Proof. Given x € R", r > 0 and z € dB(x,r) such that Du(z) is well defined, we have that

|(cof Du(z))v(2)| = |(Du(z))e1 A - A (Du(z))en1| < [(Du)ei]---|(Du)e, |
—_n n—1
< (n =17 ([(Dwer* + -+ |(Dwen?) =,
{e1,...,en_1,v(z)} being an orthonormal basis of R” with v(z) := (z — x)/r. Equality holds only
if |(Du)e;| = [(Du)ej| and (Du)e; L (Du)e; for i # j, as in Sivaloganathan-Spector [72, 73]. If
r € Ry, by Propositions 2.1iii), 2.2ii), and 1.3, we obtain

n—1 ne1
D(ulopx,)) . <\E(x 7«)|>n
— dH" ™ > [ ——= 1+CD(E(x,r))).
\faB(X,T) \/m wnrn ( ( ( )) )
The conclusion follows by Jensen’s inequality. 0

3.1 Ball constructions, the case of multiple cavities

In this Section we prove Proposition 1.1 (our first lower bound, valid for an arbitrary number of
cavities). We start by introducing the necessary notation, and by recalling the ball construction
method in Ginzburg-Landau theory, following the presentation in [67].

Collections of balls will be denoted by expressions with B. If B is a ball, 7(B) denotes its radius.
If B is a collection of balls, then r(B) = > pcpr(B). If A >0, AB:={AB : B € B}. We use |JB
to denote the union | Jg.z B of a collection of balls. Given a measurable set A and a collection of
balls B, we denote {BNA: B € B} by AnNB. Given F : R" x (0,00) — R, we regard F as a
function defined on the set of all balls (cf. [67, Def. 4.1]), and write F(B) for F(x,r) if B = B(x,r)
(or B(x,r)). Also, we write F(B) for Y g5 F(B) if B is a collection of balls.

Proposition 3.2 (cf. [67], Th. 4.2). Let By be a finite collection of disjoint closed balls and let
to := r(By). There exists a family {B(t) : t > to} of collections of disjoint closed balls such that
B(to) = B() and

i) For every s >t > to, UB(t) C |UB(s).

ii) There exists a finite set T such that if [t1,t2] C [to,00) \ T, then B(t2) = %B(tl).
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iii) r(B(t)) =t for every t > to.

We point out that we chose a different parametrization from the one in [67, Th. 4.2]. Here ¢
corresponds to e’ there.

Definition 6 ([67], Def. 4.1). We say that a function F : R™ x (0,00) — R is monotonic (when
regarded as a function defined in the set of balls) if F(x,r) is continuous with respect to r and

F(B) < F(B') for any families of disjoint closed balls B,B" such that |JB C |JB'.

Proposition 3.3 (cf. [67], Prop. 4.1). Let F : R" x (0,00) — R be monotonic in the sense of
Definition 6. Let By and {B(t) : t > to} satisfy the conditions of Proposition 3.2. Then,

s oOF dt
FEE) - FE) = [ Sien (3.1)
to B(x,r)eB(t)
for every s > tg, and for every B € B(s)
5 oF dt
FB-FEnn =[S e (3.2)
¢

0 B(x,r)eB(t)NB

Lemma 3.1 applied to F(x,r) for (?/gp

imply the following result (stated without proof).

— 1) dx and Proposition 3.3 immediately

Proposition 3.4. Suppose that u € WHP(Q,R") with p > n — 1 satisfies det Du > 0 a.e. and
condition INV. Suppose, further, that By and {B(t) : t > to} satisfy the conditions of Proposition
3.2. Then, for every s >ty such that Qs :=JB(s) \ UBo C £,

dt

(RS- [ 5 (s comre-1)

0 BeB(t
where Eg denotes E(x,r) for B = B(x,r). Analogously, for every B € B(s)

ya
1 / ( Du() [ _ 1> dx>/ |B’\ (’EB'L" (1+CD(Ep))mT — 1) dt
n n—1 t
B\U B1

0 BeBn |B|= t
Proposition 1.1 finally follows from Proposition 3.4 and the incompressibility constraint:

Proof of Proposition 1.1. Let A := {i : B(a;,R) C Q}, tog := r(Bo) = > ;ca€i, and By :=
Uiea Be;(ai). Let {B(t) : ¢ > to} be the family obtained by applying Proposition 3.2 to By.
Then, applying Proposition 3.4, if [ B(s) C €,

" noy\ dt
— 1) dx >/ ]EB\ —|B]) + C\EB|D(EB)TL—1) - (3.3)
o peB(t)

1/5sz35)<\1/);(?)
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Proceeding as in the proof of Proposition 2.2 and using incompressibility we obtain
Ep\ U (aj,g;)| = Det Du | B\ U B.,(a;) | =|B| - Z WnEY,
a,eB a;,eB a;eEB
hence, by the definition of v; in the statement of the proposition,
|Es|—|Bl=| ] E(ai,a)|— > waef = > v (3.4)
a;eEB a;eB a;,eB

Combining (3.3) and (3.4) we obtain

(|
QN B(s) n—

Let so := sup{s € [to,R) : UB(s) C Q}. If sp = R, the claim is proved. Otherwise, from
Proposition 3.2 we deduce that there exists a ball B(a,r) € B(sp), of radius r < sp, containing at
least one a;, i € A, such that B(a,r) N 02 # @. The proof is completed by observing that

1) dx > Yoo log+C’/ |EB|D(EB)ﬁ %.
i,B(a;,R)CQe to BeB(t

R < dist(a;, 0Q) < |a; — a| + dist(a, 0Q) < 2so.

3.2 The case of two cavities: proof of Theorem 1

In this section, we prove Theorem 1 assuming Proposition 1.2, whose proof is postponed to Section
3.3.
We will need the following lemma.

Lemma 3.5 (Modulus of continuity of the distortion). Let E, E' C R™ be measurable. Then
i) [|E|D(E) — |E'|D(E)| < 2| EAE'|
ii) ||[E|D(E)"=T — |E/|D(E')a-1| < 271 ML EAEY).
Proof. Let B’ be a ball such that |B’| = |E’| and |E'|D(E’) = |E'AB’|. For all measurable sets B
|[EAB| — |E'|D(E') = [Ixe — xsller — Ixer — xpllo < lIxe — xello + Ixs — x5l
Testing with concentric balls, and taking the minimum over all balls B with |B| = |E|, yields
\EID(E) — |E'|D(E') < |xi — xwlls + 1B - |F|
(Ixe = xB’llzr = ||E| — |E’|| since B and B’ are concentric). Combining this with the fact that

BT =Bl =[xzl = Ixer o] < lIxe = xe o, we obtain i).
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Property ii) follows from i), the mean value theorem, and the fact that D(F) < 2 for all F (a
direct consequence of its definition). To be more precise, suppose that |E| > |E’|, then

|IBID(E)=T ~ |E|D(E )
= |1B= 1<1E\D< )T - |E| 1(1E’\D<E'>>n1
< |BI77T [ EID(E))™T — (|B'|D(E) ™ | + (| E/|D(E) =T | |B| 5 - B[ 7
< 2 |B 7 (max{ | E|D(B), |F|D(E)) =T [EAE + > ||B| - |E,
completing the proof. O

We now proceed to the proof of Theorem 1. As in (3.4), by Proposition 2.2 we have that
E(B)|=|B|+>_,.. -nv; for all balls B with 0B C €2.. Hence, Lemma 3.1 implies that
i:a,€EB

e (G5

for all x € R™ and all r € Rx. Given R > d such that B(a, R) C , let

1) dH" (%) > Z v; + C|E(x,r)\D(E(x,r))# % (3.5)

i:a,€B(x,r)

Ar = Bypp(an) \ Bz, (a1), Az i=Byp(an) \ Bey(a2), A3 := Br(a) \ Ba(a).

By considering that Q. N B(a, R) D A; U A3 U A3 and integrating successively in each annulus, we
obtain

1 Du( ) " d d R
n/QEmBaR< n—1 >dX_Ul 0g261+v2 0g252—|—(vl—|—v2) 08 (3.6)
d/2 e dr 4/ W
+C [ |E(ay,m)ID(Blar,r)) " = +C/ |B(ag, )| D(E(ay, )" =
€2

+C/ E(a,7)|D(E(a, ))ﬁ%.

Proposition 1.2 applied to E1 = E(ay, %), Es = E(as, %), and E = E(a,r), r € (d, R) gives

|E(a,r)|D(E(a,r)) "1
n(n+1)

>C<vl+v2)<(\El\ +|Bal ) —|E(a,r)>2(n1) (min{’El,‘EQ‘}>n1 o)

(|Ey|= + |EBa|n)n —|E1UE2] |Ey| + | Eo|
_‘E(ahd/QﬂD( (alvd/2>) |E(aQ7d/2)’D( (ag,d/Q))#

Define g(81, 82) = (87 + B83)" — (B1 + B2) (when n = 2, g(B1,f2) = 2v/Bifa). Using that

n o, .
|Ei| = vi + “’5—5, 1 = 1,2 we may write

1 1
(IEx[" + [Eo|7)" = g(|Erl, | E2|) + (|E1] + [Eal) = g([Exl, |E2l) + 2

(3.8)
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Estimate (3.7) is meaningful if |E(a,r)| < (|E1|% + ‘EQ‘%)TL, ie. if

wpd™ wpd™ wpd™
n » U2 + on + on—1

wpd" <wpr™ < g <vl + (3.9)

(since g is increasing in 81 and 2 and g(3, 8) = (2" — 2), the inequality holds at least for r» = d).
Define p as the radius for which w,r" is in the middle of the two extremes in (3.9),

wap" = (271 + 1) 2 wnd” (vl + wgfn, vs + ”;ff") . (3.10)
For all r € (d, min{p, R}) we have that F(a,r) C E(a, p), hence
Ba, )] <wap + o1+ v = Zo(IBil 1Bal) + 2+ DT oy gy (300)
Noticing that g is 1-homogeneous, combining (3.8) and (3.11) we obtain
(B +|Bo )" = [B(ayr)| _ 39( Bl |Eo) — (2" '+ 12" 1 2nl-1
(|E|w + |Ey|w)" — |Ey U Ey| 9(|BAl, | E2]) 2 g(%%)

Without loss of generality, assume that w,d™ < v, + vo. Estimate g <2n|E1| 2n|E2|) by

wWnd™ V' wyd?

n—1
g1+ z,147y) = Z< )(1+$ (1+y)" ) >Z< > (14 kz)a (1+ (n— k)y)«
k=1
nl n 1 1 1
>Z<k>(1+m)n(l—|—y)n 2" =2)(14+x+y)n (3.12)
k=1
(with x = % —-1= % and y = 5 22) to obtain
n(n+1)
1 1 sty 1 2n=1)
<<|E1|1n +\Ez|;>”—|E<a,r>\> L it S > 4B
([Er|e + |Eo[)" — |Eq U By 2 (2n — 2) <1+2nM)E
wnd™

On the other hand, |Ey U Es| < 2(v; 4 v2) (because w,d™ < v; + v2), and since |Ej| > v; and

|E2| > v, we can substitute % with % in (3.7). Hence, for all r € (d, min{p, R}),

all s1 € (e1,d/2) and all s9 € (e2,d/2),

n

|E(a,7)|D(E(a,r)) "1 + |E(a1,s1)|D(E(a1, 51)) " + | E(as, s2)| D(E(ay, 1)) " (3.13)

min{vy, v} \ 71 o B =
> O(n)(v1 + v2) (12> = | 1B s)ID (B, )7~ B, HID(B(ai, §) 7
=1

V1 + U2

Denoting F(ai, s1), E(ag, s2), and E(a,r) by Es,, Es,, and E,, from (3.6) we obtain

" R R
) dx > vy log %, + vglog — (3.14)

¥ !

e (] -
" JQ.nB(a,R) n—1

C inf ETDETﬁ E,,|D(E, P E,.|D(E, o 1 .
O,y (P 450 D) 541 Jtogmin {
si€(€i,

L
"’

&.\b
(“)\&.
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with &€ = max{ey,e2}. In order to estimate log 4, from (3.10) and (3.12) we find that

1

ﬁ > 27(n+1)g <1 + 2myy 14+ 2”1}2) > (271 _ an) (1 + 27“2—21;2)% > (1 _ 21711) (v1+v2>

dn wpdn? wpd™ wnpd™

3=

The proof is completed by combining (3.13) and (3.14) with Lemma 3.5.

3.3 Estimate on the distortions
This section is devoted to the proof of Proposition 1.2.

Lemma 3.6. Let ¢ > 1 and suppose that E, Fy, and Eo are sets of positive measure such that
EDFEIUFEy and E1NEy = @. Then

|EID(E)? + | B[ D(E1)? + |Eo|D(E2)" in <HXB — XB, — XBollLr — (|IB| — | B1| — 132\)>q
‘E| + ‘El U E2| ~ B,B1,B2 ’E’ + ’El U EQ‘ ’

where the minimum is taken over all balls B, By, By with |B| = |E|, |B1| = |E1|, |B2| = |E2]|.

Proof. Let B, By, By attain the minimum in the definition of D(E), D(E1), D(E>), that is, suppose
that [B| = [E|, [Bi| = [E1|, |Bz| = |E2| and

|E|D(E) = |[EAB|, |E1|D(Ey) = |E1AB1|,  [E2|D(E2) = |[E2ABs|.
Since xB — xB, — XB. = (XB — XE) + (XE — XE: — XE») + (XE, — XB:) + (XE, — XB,), then
IxB —xB, — XBa Il — IXE — XBE1 — XE: |l < |E|D(E) + |E1|D(E1) + |E2|D(Es).

Also, note that |xg — xB, — X& |11 = |E| — |E1| — |E2| = |B| — |B1| — |B2| because E1 N Ey = &
and F1 U Fy C E. The result follows by Jensen’s inequality applied to the map t — t9. ]

Lemma 3.7. Let B, By, By be measurable subsets of R™. Then

IXB = XB1 = XBollLy — (1Bl = |B1] = |Ba|) = 2(|B1| + [Bz| — |[BN (B1 U By)|) (3.15)
:2(‘31\B|+|BQ\B’+’BQB1HBQD. (316)

Proof. Consider, first, the elementary relations

BA\B| = |B|—|BNB, i=1,2 (3.17)
‘Bﬁ(BlLJBQ)’ = ’BﬁBﬂ—i—’BﬂBg’—‘BﬁBlﬂBg’. (318)
|B\ (B1UBg)| = |B|—|Bn(B1UBy)|. (3.19)

From (3.17) and (3.18) we obtain
|Bl \B‘ + ’BQ \ B| + ‘B N By ﬂBg| = ‘Bl| + ‘BQ| — ‘B N (Bl UBQ)‘. (320)
From (3.19) and (3.20) we obtain

‘B\(Bl UB2)| = ‘B’ — (’Bl‘ + ’BQD + (|Bl \B‘ + ’BQ\B| + ‘BﬂBl ﬂBQD. (3.21)
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Decomposing R" as U, o, asef0,13{¥  (XB, XB1> XB:) = (, 1, 2) } we find that

IxB = XxB, — XBallL, =I[BN B1N Ba| +|B\ (B1U By)|
+2[(B1 N B2) \ Bl + [(B1\ B) \ B2| + [(B2\ B) \ B1l.

Since |(B1 N Bz) \ B| can be seen either as |(B; \ B) N By| or as |(B2 \ B) N By,
IXB = XB) = XBollLy = [BN B1N Ba| +|B\ (B1UBy)| +[B1\ Bl + |Ba \ B.
Using (3.20) and (3.19) we obtain (3.15); from (3.21) we obtain (3.16). O

From (3.15) we see that the minimization problem in the conclusion of Lemma 3.6 is equivalent
to
max{|B N (B1 U By)|: B, Bi, By balls of radii R, R, Ra}, (3.22)

where R, Ri, Ry are such that |E| = w,R", |E1| = w, R}, |E2| = wy,RY.

Lemma 3.8. Suppose 0 < Rj, Ry < R < Ry + Ry. Then (3.22) admits a solution, unique up to
isometries of the plane, characterized by the facts that:

i) the centres of B, B, Bs are aligned
’L’L) g+ B1NByCB, Bl¢B, andB2¢B

iii) 0BNOB1, 0B1NJBa, and 0By NIB are ((n— 2 )-dimensional) circles having the same radius
(or, if n = 2, the common chords between B and By, By and By, and By and B all three have
the same length, see Figure 8a).

In addition, the solution to (3.22) is such that

n—1

2
‘B NBiN B2| > (323)

n!

RiRy )"21

n+1
R Ry—R) 2 [ ———
(R1 + R2 ) 2 (R1+R2

The proof of Lemma 3.8 uses the auxiliary Lemmas 3.9 and 3.10. As mentioned in Section 2,
we write a A b to denote the exterior product of a,b € R™. In particular, we use that |a A b| =
|b| dist(a, (b)). The purpose of Lemma 3.9 is to show that B(p + he, R) can be written as the
intersection of the two sets in Figure 8b), for all h € R. We then write the derivative of the area of
the sublevel sets with respect to h as a surface integral on 0B(p + he, R), using the coarea formula
(Lemma 3.10).

Lemma 3.9. Let R >0, p € R”, e € S"!. Define

¢(y) == (y—-p)-e—/R>—|(y —p) el
(y) == (y—p)-e+VR>—|(y—p) el

in the infinite slab S :={y € R": |(y — p) Ae| < R}. Then, for all h € R,

B(p+he,R)={yeS:é(y) <h}n{yeS:¢(y)>h}.
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Bo

Figure 8: On the left: optimal choice of B, By and By in (3.23), with h = hy = hs. On the right:
sublevel sets {¢ < h} and {1 > h} in the proof of Lemma 3.10 (as h increases the level sets move
along the slab S, in the direction of e).

Proof. By Pithagoras’s theorem |y — (p + he)|> = |(y — p) - e — h|?> + |(y — p) A e[’>. Then
y € B(p+ he,R) if and only if y € S and |(y — p) -e — h| < \/R%Z — |(y — p) A e|2, that is, if and
only if

yeSv (y_p>e2h and ¢(Y)<ha
or yesS, (y—-p)-e<h and ¥(y)> h.

This proves that B(p + he, R) C {¢ < h} N {¢ > h},

{¢<h}\Bp+heR)C{yeR": (y—p)-e<h}
and {¢Y>h}\B(p+he,R)C{ycR": (y—p)-e>h}.

From this we see that {¢ < h} N {Y > h} C B(p + he, R), so the conclusion follows. O
Lemma 3.10. Let p € R", R > 0, E C R" measurable, and suppose that
H" 1 (0B(p,R)NOE) = 0. (3.24)

Then the map y — |B(y, R) N E| is differentiable at y = p with gradient

2P qyn—(z).

Dy (|B(y, R) N E|)|,_, = /63(p moe B

Proof. Given e € S"~! arbitrary, let ¢, ¥, and S be as in Lemma 3.9. By definition of ¢ and v, we
have that ¢(y) < (y — p) -e < ¢(y) for all y € S, hence

(y—p)-e<h = ¢(y)<h and (y—p)-e>h = ¢(y)>h

for all h € R. Thus, {¢ < h}U{t) > h} = S and is independent of h. From the elementary relation
|[ENS1NSe|+|EN(S1US)| = |ENS1| +|E NSz we obtain (first for the case |[EN S| < oo, then
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for all measurable sets)

|ENB(p+ he,R)|— |EN B(p, R)|
=(En{o <h}+|ENn{y >} —[ENS|)—(EN{p <0} +|EN{y >0} —[ENS])
=|ENn{0<¢ <h}—|EN{0<y <h}|.

Writing y € S as p + \e + pe’, with |€’| =1 and e L €, a direct computation shows that

/ /

and Diy(y) = —i—\/RQj_M?.

ue
N

Hence, by the coarea formula and Pithagoras’s theorem,

|EmB(p+he,R)\—|EmB(p,R)|_/" </{ AH" Y / dH" Ly )) dr

Do(y) =e —

b=TINE |Do(y)| T}mE | Di(y)
// sgn(/\—T)'R dH" H(y)dr
OB(p+71e,R)N R

:e-/ / TP an (y) dr.
0 JoB(p+re,R)NE R

Since h and e are arbitrary, the above equation expresses that for all h € R™

Rp XE—rh(z) AH" L (z) dr.

1
ENB(p+h k) - [ENBp.R) <h- [ [
0B (p,R

Denoting [{7 € (0,1) : z+ 7h € E}| by a(z, h, E), Fubini’s theorem gives

~(2)

rEmB<p+h,R>|—|EnB<p,R>|—h-/
9B(p,R)NE R

< | (x&(2) - a(z, h, B)) 41" (2).
OB(p,R)

Due to the connexity of the line segment joining z and z + h, if dist(z,0F) > |h| then either
z€IntE and a(z,h, E) = xg(z) =1, or z € R" \ E and a(z, h, E) = xg(z) = 0. Therefore,

IEﬂB(p+h,R)\—yEmB(p,R)|_h./ 2P 13n(g)
8B(p,R)NE R

< lim H" 1 ({z € 0B(p, R) : dist(z, 0F) < |h|}) = H" 1 (dB(p, R) N OE),
_)

lim sup |h| ™
h—0

completing the proof. ]

Remark 1. The example p =0, R =1, E = (—1,1)" \ B(0,1) shows that |B(y, R) N E| is not
always differentiable with respect to y if (3.24) is not satisfied. However, this condition holds in
the situations to be considered in the sequel, namely, when FE is a ball, the union of balls, or the
intersection of balls of radii different from R.
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Proof of Lemma 3.8. The existence of solutions to (3.22) can be easily deduced from the continuity
of | BN(B1UBy)| with respect to the centres of B, By, and By. Let (B, By, B2) be one such solution.
We divide the proof of i)-iii) in the following steps.

Step 1: one of the following possibilities occur

dist(By N By, B) >0, dist(By N By, R"\ B) >0, or BN By=0. (3.25)

Suppose, looking for a contradiction, that neither B; N BoNB = () nor By N By C B. Then, by the
connexity of By N Bay, there exists xg € By N B, NJB. Let B = B(p, R), e := 22—, and consider

[x0—p|’

the following parametrization of 0B(p, R) using spherical coordinates
£(0,£) :=p+ (Rcos)e + (Rsinh)¢, 0 (0,x], £eSi?:=8"'n(e)"
Applying Lemma 3.10 to E = By U By (see Remark 1)

/
pu— e .
h=0 aBﬂ(B1 UBQ) R

= R”_l/ / cos A(sin §)" 2 A0 dH" 2 (&)
se=2 Joe(0,m):£(0.6)eE

We can write the integral with respect to 0 as

dH!(z)

% (|B(p + he, R) N (B1 U By)|)

/Oﬁ/2 cos (sin )" (x5 (£(6. €)) — xp(f(r — 0,€))) df.
If we prove that
f(r—0,6) € BiUBy = f£(0,€) € BiUBy for every 0 € [0,7/2] (3.26)
and that
xe(£(0,€) — xe(f(r —6,€)) =1 for all (6,£) in a set of positive measure, (3.27)

we will obtain that d%l (|IB(p + he, R) N (B1 U By)|) > 0 at h = 0. The contradiction will follow by
noting that if (B, By, Ba) solves (3.22), then Dy|B(x, R) N (B1 U Bs)| must be zero at x = p.

Suppose that f(7 —6, &) € B; for some i = 1,2 and some 6 € [0, 5]. Since B;NOB is connected
and contains f(0,&) = xg, its projection to the plane p + (e, &) must contain the whole of the arc
£(0,€), 0 € [0,m — 0p). This proves (3.26). In order to prove (3.27), define 6;(&) := sup{6 € [0, 7] :
f(0,¢) € B U By}. Arguing as before, we see that

{0 € [0,7] : xu(£(0,€)) — xu(f(r - 0,§)) =1}[ >0 (3.28)

unless 61(&) = 0 or 61(¢) = 7 (by continuity, if (3.28) holds for at least one & € S22, then (3.27)
follows). Since Ry, Ry < R, in fact 6; = 7 is not possible (in that case xg and x¢o — 2Re would
belong to some B;, but diam B; = 2R; < 2R). It remains to rule out the possibility that 61(£) =0
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for all &, that is, that BN (B UBs) = {xo}. If that were the case then B and B; would be tangent,
so for all h < R; we would have that

|B(p+ he,R) N (B1UBy)| > |B(p+he,R)NBi| >0=|BN(BLUBy)|

and (B, By, B2) would not be a solution to (3.22). This completes the proof.

Step 2: the centres of B, By, Bs lie on a same line. In all the three cases considered in (3.25),
|BN By N By =|(B+h)N BN By for every h sufficiently small. Also, for given R, Ry, R, the
expression |B(y;, R;) N B(y, R)| is a decreasing function of |y — y;|, ¢ = 1,2. If y were not in the
line containing y; and yso, both |y — yi| and |y — y2| could be reduced by displacing y towards
that line. By (3.18), this would increase |B N (B U Bs)|, contradicting the choice of (B, By, B2) as
a solution to (3.22).

Step 3: (B, B1, Ba) satisfies ii)-iii). Moreover, these conditions uniquely determine the distances
and relative positions between the centres (that is, the solution to (3.22) is unique up to isometries).

Let h, hy, and ho denote, respectively, the radii of 9By N0By, 0BNIBy, and 0B N IB; (or the
semi-lengths of the common chords between By and By, B and Bi, and B and Bj if n = 2) defining
these radii (or lengths) as zero in case of empty intersection. By virtue of i), both p; —p and po —p
are parallel to e := ﬁ;:gh,
gi == (pi — p) - e, i = 1,2, and using Cartesian coordinates (yi,...,¥y,) with p as the origin and
e in the direction of the y;-axis, we have that B = B((0,0, . ,0),R), B; = B((q1,0,... ,O),Rl),
By = B((g2,0,...,0),Rs). By (3.18) and® Lemma 3.10,

where p, p1, p2 are the centres of B, By, Be, respectively. Setting

9

0 0
BN(BiUBy)|=—|BNB|—-——[(BNBy)NB
8q1‘ (B1U By)| 8q1‘ 1] 8q1|( 2) N By

:/ a4 dHnl(z17-..7Zn)_/ = dHnil(Z:L’""Zn)'
8B1NB Rl 0B1N(BNB2) Rl

In the first of the possibilities considered in (3.25), B cannot intersect both B; and B, hence
(B, By, Bs) is not optimal (for example, it would be better if B contained completely either B; or
Bs). In the other two cases we have 9By N (B N Bg) = dB1 N By. Parametrize 0B; by

z€dB, & z—p;=(Ricoshe+ (Rysinf)¢, Hc0,n], £eSr2:=5"1n(e)t.

By definition of e, ¢1 < g2. Therefore, z € 9B; N By if and only if § € [0, 03), where 65 is one of the
two angles in [0, 1] such that by h = R;sinfy (when h = 0, we choose 63 = 0 or §; = 7 according
to whether Bo N By = () or By C By). Thus,

0 o
8—\(3 N By) N By| = H" (S 2) / R" 1cosf(sin®)"2df = w,_ A" L.

q 0
As for the integral on 9B N B, the same argument shows that it equals —(sgn ql)wn,lh’ffl. Af-
ter obtaining the corresponding expression for B%QIB N Bs|, and by virtue of the optimality of
(B, By, B2), we obtain

sgn(q )b+ " = k" —sgn(ge)hy ! = 0.

8There is exactly one situation not covered by Lemma 3.10, namely when R; = Ry and B; = By CC B, but it is
easy to see that this does not give a maximum of |B N (By U Ba)|.
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Figure 9: Relationship between h and the distance between the centres.

The case h = hy = hg = 0 is not optimal (due to the assumption R < R; 4+ Rs), hence ¢; <
0 < g2 and h = hy = hg > 0. This proves ii)-iii). It remains to show that ¢i, g2 and h are
uniquely determined by these conditions. Denoting the hyperplane containing the intersection
of the boundaries of two (intersecting) balls B’, B” by II(B’, B”), we have that the hyperplanes
II(By, B), II(By, Bz), and II(Bsg, B) are given by {y1 = a1}, {y1 = a}, and {y1 = aa}, for some ay,
a, az € R. Clearly, the following must be satisfied
(a1 —q1)* +h? = R? (a—q)* +h* =R} a3+ h? = R?
a? +h? = R (a —q)*+h*>=R3 (ag — q2)* + h* = R3.
In particular, |a;| = |as| = VRZ = h2, |a; — q1| = |a — q1] = VRZ —h% and |a — q2| = |az — ¢2] =

\/R5 — h?. Conditions ii)-iii) imply that a1 < ¢1 < a < g2 < a2 and a1 < 0 < az. Therefore

g1 =+\/R?2—h2—+/R2—h%2  gq=+R2—h?—\/R:—h2 (3.29)

which shows that ¢; and ¢o are determined by h. We also find that

a—q1=\/ﬂ, g2 —a =/ R% — h2. (3.30)

Adding the equations in (3.30) and subtracting the equations in (3.29) yields (see Figure 9)

©—q= VR 1= \[R 2[R (3.31)

We may assume, without loss of generality, that Re < R;. Rewrite (3.31) as

R~ 2 2
_ _ h2 —
TR T VR2—h?=0.

The expression at the left-hand side is increasing in h, and equals R — (R; + Rg) < 0 at h = 0,

2 p2
\/RQ—Z%}\%}R%—R% > 0 at h = Ry. This shows that A is uniquely determined by R, R;, R, and

hence the balls B, By too.

and
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Step 4: proof of (3.23). For each k € {2,...,n} denote by Py the k-dimensional polyhedron
with vertices (the convex hull of)

{(¢2 — R2)e,(q1 + R1)e} U{ae - he;:i=2,...,k}, e :=(0,...,1,...,0).

i-th position

It is easy to see that H?(Py) = hy, where v := |(q1 + R1) — (2 — R2)|, and that H*(P) =
2hHE=Y(Py_1)/k, for k € {3,...,n}. Thus, |P,| = (2" 1h" 1y)/nl.

From the previous analysis, we have that By N By contains P,. From this we obtain (3.23),
since, by virtue of (3.31),

y=Ri+Ry—+\VR:2—h?2>R +Ry—R, (3.32)
2 2 2
and h h (Fy + Fiz)h (3.33)

= + <
" T RAVEER Rot JRE_IZ R1Ry
0

We finally prove the main result.

Proof of Proposition 1.2. We can assume that |E1|% + |E2|% > |E|% (otherwise the estimate is
trivially true). By (3.16) and (3.23) we have that

RiR, )”51

. 2n ntl
winllxe — xo, = xaalls ~ (18] = 1Bl = [Bal) > 2y (a4 o = 178 (002

where the minimum is taken over all balls B, By, By with |B| = |E|, |Bi| = |E1|, |B2| = |E2|, and
R, Ry, Ry are such that |E| = w,R", |E1| = w,RY, |E2| = w,RY. Thus, by Lemma 3.6,

[BID(E)™ + |Er[D(E) ™7 +|Eo|D(Bo) ™ (Ry+ Ry = R)'% 71 ( RiRy )
>C D
|E| + |EL U By (R" 4+ R? + Ry)n-1 \Ri+ Ry

The quantities R" + R} + Ry, R} + Ry, and (R; + Ry)" are comparable, since we are assuming
that R < R; + Rg and by virtue of the identity a™ + b" < (a + b)" < 2" 1(a™ + b"). Hence

n(n+1)

n TL2 n
(R™ + R + Ry)" 1 < C(Ry + Ry)" 1 = C(Ry + Ry) ™0 (Ry + Ry)%,

which implies that

n_ n_ n_ n(n+1) n n
|E|D(E)»-T + |E1|D(E1) "1 + |Ey| D(Eg) "1 S C <R1 + Ry — R) 2-0 R R3
- (

—= (3.34
’E‘ + ’El U EQ‘ Ri + Ry R + Rz)n ( )

By the mean value theorem, there exists £ between R and R; + Ro such that

(Rl + Rg)n — R" )
(R1 + RQ)" — R’f — Rg

Ri+Ry—R= (R1+R2) le_RQ
né‘n 1
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Since we are assuming that R < Ry + Ra, then £ < R; + Ry and

Ryt By =R 1(RitRo)" — Ry~ Ry [ (|E|" + By )" | (3.35)
RBi+B “n (Rt Ry (IE1|% + | Ba| )" — | By U By
Suppose now that |Eq| > |Es|, so that Rfng > 1. By the binomial theorem,
(R1+R2)n_Rgl_Rg:§<n> ( R )n—k< R >k> — 530
(Ry + Ro)™ k R+ Ry R+ Ry 2l R+ Ry '

k=1
(we have considered only the term corresponding to k = 1). Combining (3.35) with (3.36) we obtain

n(n+1) n(n+1) n(n+1)
(B t) e (5 ) (Bl + |Balw) = B\ ™
Ri+ Ry - Ry + Ry .

1 1
(1B + [Eof=)" — [E1 U Ey|
The conclusion follows from (3.34) and the above equation, considering that Rﬁrle > % O

4 Upper bounds

As explained in the Introduction, we obtain the upper bounds of Theorem 2 and Corollary 1 by
finding suitable test functions opening cavities of different shapes and sizes, the main difficulties
being to satisfy the incompressibility constraint and the Dirichlet condition at the boundary. We
split the problem into two: in Section 4.1 we define a family of incompressible, angle-preserving
maps whose energy has the right singular behaviour as e — 0, with leading order (v; + v2)|loge|,
and serves to define the test maps close to the singularities. In Section 4.2 we extend those maps,
using the existence results of Riviere & Ye [64], in order to match the boundary conditions.

4.1 Proof of Theorem 2

In order to compute the energy of the test functions, we will need the following auxiliary lemmas,
whose proof is postponed to Section 4.3.

Lemma 4.1. Let Q be a domain in R™, star-shaped with respect to a point a € R™, with Lipschitz
boundary parametrized by ¢ — a+ q(¢)¢, ¢ €SP Let v > 0 and define u: R™\ {a} — R" by

u(a+r¢)i=xa+ ()¢ f(r,O" ="+ (A" =1)q(Q)", r€(0,00), (€S, (41)
with A" := 1+ ﬁ Then u is a Lipschitz homeomorphism, det Du = 1, u(x) = Ax for all x € 09,

u(Q\ {a}) = A\Q\ imr(u,a), u(R"\ Q) = R*\ \Q, |imr(u,a)| = v, and for all r, ¢,

n n—1 n n—1 n—1
Du(a + r¢) §C<T+U|;max{q,|lz>q\}) +<q<<> L omax{a"™ |Dql HDq')i-

vn—1

Lemma 4.2. Suppose thata € R", 0 < d < p, anda = a+de for somee € S*" L. Let ¢ — a+q(¢)¢,
¢ € St be the polar parametrization of OB(a, p) taking a as the origin. Then

Tn—l

] i

|
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q(¢)
Vp(p—d)

i) for all ¢ € S™7, |q(¢)] < 2p, |Dq(¢)| < 2d[¢ Ael, and [Dq(¢)| < 2d

q(¢) <9
di¢-el++/plp—d)

ii) if (- (a—a) <0 then q(¢) > pl¢-e| and 1 <

a§) V8
Volp—d) — 14 L

p(p—d)

iii) if - (a—a) >0 then

Lemma 4.3. Let 0<d<p,acR", ecS" ! and Q:={x € B(a,p): (x—4a)-e > p—2d}. Then
n|Q| > wn,ldnTH(Zo - d)nT_1

Proof of Theorem 2. - Step 1: Construction of the domain.

Given aj,as € R" we claim that it is possible to find a slab of width 2d (where d = |ag — a;|) and

domains 2; and €9, as in Figure 5, such that % = % For ease of exposition, however, let us

first fix d > 0, e € S"~1, and the slab S = {x € R" : |x - e| < d}, and suppose that a; and ap (with

|ag — aj| = d) are still free to be chosen. Given p; and ps in (0, d) define
By = B((—d+ p1)e,p1) and By = B((d— p2)e, p2)

(the balls of radii p1, p2 contained in S and tangent to S from the right and from the left). For
future reference, note that if p; < p} then B;(p;) C Bi(p;), i = 1,2. If the balls intersect, let
a € (—d,d) be such that x - e = a for all x € B; N By and define

_ 2p1+2p2 — 2d

91::{X€Blix-e<&}, QQ::{XEBQ:X'G>&}, 0: 2d (42)
(6 is the ratio between the width of B; N By and that of By U Bg). Set
5t d d—a
dy = a—;— and dy:= 5 e (4.3)

It is clear that a, 1, Q9, di, do, and §, thus defined, are determined by p; and po. Let

1
vird
Pmin ‘= ﬁ; Bi = ((_d + pmin)e, pmin)7 Bé = (pminea d— pmin)
vty
(definition analogous to that of By and Bs but with radii ppi, and d — ppin). The reference radius
Pmin 1s such that B} and B) are tangent, such that they fit precisely in the slab S, and such that

igﬂ = Z—f If 0 < p1 < pmin and By N By # @ then Q1 C B} and Qy D B), hence % > 2
Q2] _ vy

v1
Therefore, if 0 < p1 < pmin there exists no pay € [0,d] such that B and Bs intersect and o] = o
We are going to show that for every p; in the remaining interval [pmin, d) there exists one, and only

one, p2 € (0,d) such that % = Z—f In particular, we may regard J as a function of p;, and we will
see that § increases, from 0 to 1, as p; increases from ppin to d. From this we will conclude that

for every § € [0, 1] there exist unique p; and py for which ©; and Q9 have the desired volume ratio.
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Fix p1 € [pmin,d). In order for Bj to intersect By we must have that po > d — p;. Let pl, < pl
be any two such values of ps. Define ), Q) as the domains obtained when py = p); analogous

definition for Qf, QF. It is easy to see that Q] D Qf and Q) C Qf (the intersection plane moves to

the left). Consequently, % is strictly increasing with respect to po. When ps = d — p; the ratio is

)2 o yn
(d 21) < (d=Pmin)" _ vy < 1; when ps = p; the ratio is 1. This proves that there is exactly one ps

v1

Pmin

forp;vhich the ratio is % Moreover, the solution is such that d — pmin < p2 < d and p1 + ps > d.
Let us now prove that § is increasing in p; and that it goes from 0 to 1. Let p1 € [pmin, d),

p2 = p2(p1), and let € and Q9 be the domains associated to p; and p2. Suppose that p; < p} < d,

and let ] and Q) be the domains associated to the pair (p), p2). It is easy to see that Q) D

€25 Q2] _ vo
| < o = o In the above

and Q) C Qo (the intersection plane moves to the right). Hence

paragraph we showed that for every fixed pi, the ratio % is increasing in pa. Applying this to pf,

and since the desired volume ratio for p is larger than Ig—%:, the value pf, associated to pj must be
larger than ps. We conclude that ps (and, hence, §, by virtue of (4.2)) is increasing as a function
of p1. When p; = pmin, it is clear that po = d — pmin and 6 = 0. It can be shown that as p; — d,
also pa — d, and, therefore, § — 1. To prove this, note first that By C B := B(0,d) and that
|BS\ B1] — 0 as p1 — d (in the limit, By coincides with Bj). Note also that By C Q1 U Qy (see
Figure 5). Then

] _ €] (1 |(91UQ2)\31!>_ v1 <1+hmpﬁd\32\31\>: v1

lim —— = lim = .
p1—d ‘Bl‘ p1—d |Q1 U Qg| |Bﬂ V1 + V2 wpdm V1 + U2

For every p; < d, the intersection By N Bs is a set of the form

Alp) :={a(p)e+re € €S Le Ler</p?—a(p1)?}.

Since a(p1) is determined by %, it has a well-defined limit a(d) as p; — d. For every p; < d,

the sphere 0By can be characterized as the one containing de (the right-most point of the ball)
and the set A(p1). In the limit, it will be the sphere containing de and A(d) (unless v = 0, A(d)
cannot consist only of de). But A(p1) C Bi(p1) for all p; < d, and in the limit B; coincides with
B(0,d) (which also contains de). Hence By tends to coincide with By, and ps — d, as desired. The
limiting domains are those given by (4.2), with a given by the limiting value a(d).

Going back to the original statement, suppose that a; and ag are given, and let d := |ag — a1
and e := ;z:zil. For every § € [0,1] define pi(d), p2(6), di(d), and da2(J) as in the previous

discussion (d; and dy are completely determined by p; and pe: they are the semi-distances from
the intersection plane to the walls of the slab). The domains of Figure 5 are given by

= {xGB(él,pl) : (x—al)-e<d1}, Qg = {XEB(ag,pg) : (x—ag)~e> —dg}, (44)
with
a;:=a;+(p1 —di)e, ax:=as—(p2—dz)e, By:=DB(a,p1), Ba:= B(az,p2)

For future reference recall that d; + do = d, ps < p1 < d, and p; + p2 > d. Note also that 2d;, the
distance from the intersection plane to the left wall of the slab, is smaller than the diameter 2p; of
Bi, that is, dy < p; and ds < po.
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- Step 2: Definition of the map.
We define u : R \ {a;, a2} piecewise, based on Lemma 4.1, in the following manner. Inside ; we
apply Lemma 4.1 to 2 = ()3 and a = a;; inside {2y we apply Lemma 4.1 to Q = {29 and a = ay.
Finally, in order to define u in R™ \ 1 U Q9 we define
. (&1 +pie)+ (a2 — pee)

a* = 5 =a;+(d—ple=ay— (d—p1)e

(when 6 = 0, a* is the intersection point; when § = 1, a* is the center of the ball) and use Lemma
4.1 with Q@ = QL UQg, a =a*. Let ( — a; + ¢1(¢)¢, ¢ — az + ¢2(¢)¢, and ¢ — a* + ¢(¢)¢ be,
respectively, the polar parametrizations of 9Q1, 9Qs, and 9(Q; U Q) (with ¢ € S*~! in all cases).
To be precise,

1

n —
Aaj + <|x —ai" + gha (@3310 ) . x €O\ {ar}

u(x) := 4 \ag + <\X —ap[" + 2 (\ijﬁ\) > s x € Qo \ {az}

|x—as|

* n n * JE—
x4 (Jx - a4+ e (F22) )7 A2 xeR\ DU,

|x—a*| |x—a*|

3=

with

DCS [P S I
1] Q] 21U Qs

Since % = 1L, the construction is well defined and u(x) = Ax for all x € 9Q; UO<2,. The resulting

map is an incompressible homeomorphism, creates cavities at the desired locations with the desired
volumes and is smooth except across 921 U 0o (where it is still continuous). It only remains to
estimate its elastic energy.

- Step 8 : Evaluation of the energy in R™ \ (Q; U Q2).
By Lemma 4.2i), max{q, |Dq|} < 2d, then, by Lemma 4.1

1\ n-l _
-1 Du(r¢) " <cfrs d(vy +v2)ln N < q" n cdr 1\Dq|> U1 +v2.
vn—1 | U Qa|n |21 U Qs |21 U Qg T
%
Since p;, i = 1,2 increases with § and assumes the value — d + when ¢ = 0, it follows that
vt gt
1
2wnd" > wr(p] + py) > Q1 U Q] > iwn(p’f + py) > 27w d". (4.5)

Consequently, for any R > 0

n B n (oo £ dH™ !
1 / Du fgn 1 Wnq < g q )+
= dx < C(v1 + vy + wy, R™) + (v1 + v
" JB(a*, R\, | VR — 1 1 )+ ) €21 U Qg
D R
+C(vy + vg)][ m <log > dH" 1,
Sn—1 q/) 4
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where (log )4 denotes max{0,log z}. Note that fy,_1 wnq(¢)™dH" () = [Q1 U Qy|. Also, since
|a* —a;| + |a* — az| = d(1 — §), Lemma 4.21) implies that |Dg| < 2d(1 — ¢). Therefore,

1/ Du |" < R>
— dx <C(v1 +va +w,R") 4+ (v1 +v2) 14+ C(1 =6 log —
n ot myaom | Vi — 1 (bl (o) (14 €0 -0) (loe )
q"  |Dq d —1
+ C(v +v][ <+> <10 — dH" .
( 1 2) J— dn d gq(C) N (C)
2d4 | 2ds

Figure 10: Angle 6y > 5 and choice of spherical coordinates for ¢ = 0.

The main problems at this point are that if § — 0 then py is of the order of % (so g — 0

on 9By N0y if {2 — 0) and ¢(¢) tends to vanish on B1 N IB; (see Figure 10). Parametrize Snt
by ¢ = —cosfe+sinf & with 6 € (0,7) and &€ € S :=S""1 N (e)*. Since ’ZTZ| log§| is bounded we
only study the term with |Dg|, that is, we are to prove that

H <5></0 %;)(S g d <lgq<c<9,£>>>+d9

is bounded independently of d, §, vi, and vy. It can be shown that a* + ¢(0,€){(0, &) € 9B; for all
6 € (0, %) (due to the fact that p; > p2, see Figure 10), and clearly ¢-(a*—a;) = —cos0(d—p2) < 0.
Lemma 4.2ii) can thus be used to estimate the first integral by

2 —1 dg <2 tlogt log—(=-—0)|dd=—(1+log—|.
o d 8 prcos <tIen[(E)L,}1(}| ©8 ’)/0 %83 (2 )‘ e < + Og7r>

As for the second integral we divide (7, 7) into (F, 69]U[6, ), according to whether a*+q(6, &) (6, €)
belongs to 9By or to Bs2. For § > 6y we can still use Lemma 4.2ii) (this time with & = a2 and

p = p2) to obtain exactly the same upper bound as before. For 6 € (5, ), use parts i) and iii) of
Lemma 4.2 together with p; — |a* — a;| = dd to obtain

Dq| _ 2(d— p2) ¢* d— 0\
| q|< ( p2)q—sin6 and |Dq| < 16(d — p2) <1+(,02)]cos|> sin 6.

d — op1 d? Vopid
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Then, for any a € (0, 3), using that t>*|log¢| < (2ce) ! for every ¢t € (0,1),

% |D %D Dql®
/ |Dg] <10g d) deg/ k'S I g <logd) 6
g d q + g d d q +

aqpl—a _ 1-a _ a . 2(a—1)
< 2916 d P2 d P2 / 1+ (d pg)‘ COS 9’ sinfdo
2ae d 5p1 % (5p1d

11—«

1—a 1_ 4 d—p
< 8 (M) ? ][\/W(l + t)?oc—2 dt
ae d 0
The last integral can be bounded by means of the relation
r 1 1 x
1-2 I+ 2dt=1- —— o < 1-— = :
( a)/o( +t) (14 x)t—2e 1+z 14z

Using that 5 +v/I =7 > 1 for all 7 € (0,1) (applied to y = 462 = &-aily
% | d sl=¢  (Gp\2 % d — 1
/ 1Dq| <10g ) < —— (’)1) £
: d q/ . a(l —2a)e \ d pr Y HV/IT =7

14 14
< gl-o si-a d—p2\2 d—p2)?2
~ a(l —2a)e d p1

81—a
a(l —2a)e

< 5271 — )2 .

We conclude that for all R > 0

Du
vn—1

n

1

n /B(a*,R)\Ql U,

R
dx < C(v; + va + wp, R™) + (v1 + ’Ug)(l +C(1 - 5)) (log d> .
+

- Step 4: Estimating the energy in ;.
Near the cavitation points we still have that f w,g" dH" ™1 = |, i = 1,2, so by Lemma 4.1

3
" JQi\B, (a:)

n

Du
vn—1

2 .
dx < C(v; + wppy) + v; <10g m)
+

V1 + V2 n—1 n—1 2d
= max{g;, | Dg; Dg;|d 1
MRATEEON </Sn1 ax{gi, [Dgi[}" | Dgi| dH >0g5i

2d Pt | Dy 2d
< C(u; ") 4 1 log — i -«
< C(vi + wppyt) + v; log - +C(vy + vg)dn_l </Sn—1 g log -

For € set ¢ = —cosfe +sinfg. If 0 € (0, §) then, by Lemma 4.2, using that |a; — a;| = p1 — dj,

Vdip1
p1—d1 d d
Vd1p1 92 1 P11 — a1
216\/d1p1/ A+ 2dt = | ——F————
0 (1+9) pry+vV1—vy
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With’)/:1—%. Since v+ /1 —~ <1 for v € [0, 1],

3
P’fl/ |Dai|sin"~260d6 < pi=2\/dip1(p1 — da).
0

Define 60, as in Figure 5. By Lemma 4.2, |Dq1| < 2(p1 — d1)sinf and q; > +/d1p1, hence

01 d
p1 / |Dg1|sin™ 206 < pi(p1 — di)| cos 1| < (p1 — di) L% < \/dipi(p1 — du).

z q(01)
For 6 € (01,7), ¢1(¢) is given by ¢1¢ - € = dy hence
dq @(l-—¢® Qe dy sin @

) = ———— d |D 0 = = .

ql( ) COS(TI‘*H) an | Q1(C( 75))’ —C-e COSz(ﬂ'*Q)
Using that 1 — |cosf;| = 1ii\ri§191| < sin? 0y and that q(6) > (p1 — d1) cos 0 + \/dip1 > /dip1,

& 1 de¢ d1 Sin2 91 pl((h (91) sin 91)2

Dqi|do < d / & o _ < 4./d —dy),
p1 /01 |Dg1]d6 < dipy o] B S p— 000 < 1p1(p1 — d1)

the last equality being due to the fact that ¢(61) cos 01 = dy and a;+q(61)¢(01,&) € 0B(a1, p1). Now
we show that max{qi,|Dq1|} < 8p1. The fact that ¢(01) > \/d1p1 implies that p1|cos 1| < /dip1.
Clearly q(0) is decreasing, therefore

q(0) < q(01) < 2((p1 — dv)[cosb1] + \/dip1) < 4/ dip1 < 4p1.

As for |Dq|, we have that ¢1(0)sin @ is decreasing and ¢(61) sin 6y = 2+/d1(p1 — d1), then

sin 0 2q1(0 d —d
Do = IO 2 ON Do) g oo < 5

~ qicos(m—60) — dy
The study of u in 22 being completely analogous, the conclusion is that for all R > 0
1

/ Du
N JB(a*,R)\(Be, (a1)UBx, (a2)) | VL — 1

R dy p1 —dy d do p2 — do d
C 1—-46)|log — — log — — log —
+ C(v1 + v2) (( )<ogd>++ T 0g€1+\/d g e

In the case of a; it is p; — dy that has an interesting behaviour, whereas for as it is dy. This follows

n

R R
dx < C(v1 + v2 + wp, R™) + 11 loge— + vg logg—
1 2

from our final ingredient: the ‘height’ of B(ai, p1) N B(ag, p2), whether we measure it from the first
ball or from the second, is the same. The corresponding expression is di(p; — d1) = da(p2 — da).
As a consequence,

p1—di _ d(p1 —dr) _ ddo _ 5@
d (p1 —d1)+ (p2 —d2) di+do d’
The theorem is thus proved since, by Lemma 4.3,

n+1 U2|QIUQ2|

% 2
D (Y
d p2Td"T+1 1 o v1 + VU2
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4.2 Transition to radial symmetry
Our proof of Theorem 3 is based on the following result (see [53, 20, 82, 51, 19, 8] for related work):

Proposition 4.4 (Riviere-Ye, [64], Thm. 8). Let D be a smooth domain, k = 0,1,2,... and suppose
that g € C*1(D) = Wk+1:(D) with infp g > 0 and {59 =1. Then, there exists a diffeomorphism
¢ : D — D, satisfying det D¢p = g in D and ¢ = id on 0D, such that, for any o < 1, ¢ is in
C*tLe(D) and

16— il grsrag) < Clig — Ulorap,
for any 0 < 6§ < 1, where C depends only on o, k, D, infpg, §, and ||g|lo,s-

Lemma 4.5. Let ¢ € S* !+ a* + q(¢)¢ be the polar parametrization of O(Q1 U Qs) and define

n n q(c)n n—1
=R 2 S 4.6
Ry being fized and such that Q1 U Qo C B(a*, Ry). Suppose that u is a one-to-one incompressible

map from {R; < |x —a*| < Ra} onto {r¢: p(¢) <r < R3}, for some Ry, R3 > 0. Then

T _ 1
wn(RY = RY) > g2 (01 +v2)(1 - 9).

Proof. Denote maxgn-1 ¢ = 2p1 — dd by gmax. By incompressibility,
wp R = v1 + vy +wp Ry, (4.7)
hence the requirement that R3 > p(¢) for all ¢ € S~ ! is equivalent to

wn][Snfl (qglax - qn) d,Hnil

wn(Ry — RY) > (v1 + v2) 2 U

Write ¢ := — cosfe + sin ¢ with § € [0,7], £ € S :=S""1 N (e)*. For all § € (0, 5)

Gmax — q(0) = 2p1 — 0d — (p1 — 6d) cos @ — \/3d(2p1 — dd) + (p1 — 6d)2 cos? 6
(p1 + (p1 — 6d)(1 — cos 9))2 — (0d(2p1 — bd) + (p1 — 6d)? cos? 6)
p1+ (p1 — dd)(1 — cos 0) + /6d(2p1 — 8d) + (p1 — 6d)? cos? O
N (p1 — 6d)2(sin? 0 + (1 — cos 0)%) + 2p1(p1 — 8d)(1 — cos )
(2p1 — 6d) + (2p1 — dd) + p1 — 6d

_ 2(p1 —6d)(2p1 — 6d)(1 —cos) 2 2d
a 5p1 — 30d > 3(d p2)(1 — cosf) > 3 (1 —-10)(1—cos#h),

where we have used that p; —dd = d — p2 and p2 < d. Therefore,

wnfgn—l(qaax —q") dyn—1 an—2(S) fg (qmax — q)q&;i (sin (9)”_2 do T _ 1
10, U Q) e 2dn 923
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Proof of Theorem 3. We prove the theorem in the following stronger version (see the remark after
the proof of Corollary 1): “Let Ry, Ry be such that

Ry >2d and  wp(Ry — RY) > 4"n(vi +v2)(1 —6) (4.9)

(0, v1, vo, a1, Az, d, €1, and e being as in the original statement). Then there exists a*, Cy, Co,
and u: R"\ {a1,a2} — R™ such that u|gm\ p(a=,r,) s radially symmetric and for all R > Ry

n

1 Du

n /;(a*,R)\(Bgl (al)UBsg 32 vV —

+CQ(v1+v2)<(1—5 71 (\/>10g 27\/?log€2>>

R R
dx < Cy(v1 +v2 + wp, R™) + 11 log — + Vo log —

the function X being such that $(t) < oo in fort € [0, —) and X(t) = O™ 1) gs t — 0. The
Theorem follows by choosing R; and Ry as in (1.15).

Since the constant in Proposition 4.4 depends on the reference domain, we work on the annulus
D :={z € R":1< |z] < 2} (we choose ¥/2 so that |D| = wy,). Our strategy is to define
u: B(a*,R1) \ {a1,a2} — R" as in Theorem 2 and to look for a map

u:{xeR": R <|x—a*| <Ry} = {y=Xa"+7¢(:p(¢) <r <R3 eSS 1)
(where p is defined in (4.6)) of the form u=vo¢ tow™!, with ¢ : D — D a diffeomorphism and
1
w(r¢) :==a" + (2 —r")R{ + (r" = )R3)" ¢,
1
v(r¢) == Aa" 4+ ((2 - r")p(Q)" + (" = D Rz)" ¢.

The maps w and v are parametrizations of the reference and target domains, and are defined so
that det Dw is constant and v o w—! sends 0B(a*,R), R1 < R < Ry onto a curve enclosing a
volume of exactly v; + v2 + w, R™ (as can be seen by writing

1
—1/ % ¥ n U1+ U2 RS—Rnwn(qn—fqn) "
RC) =\ R 1 4.11
vow (a" + R() a+( = <+R3_R? TOREEON ¢, (4.11)

(4.10)

and by considering that [{Xa* +r¢: ¢ € S" 1, 0 <7 < p(¢)}| = fgu1 wnp™ dH™ ). The problem

for ¢ is ¢ =id on 0D, det D¢p = g := g:;gs’v in D. To use Proposition 4.4 we need to bound

V1 + V2 <1 _ wngq(Q)"
wn(Ry — RY) €21 Uy

v1 +v2 ng" ' Dq()
Rg — R? T“Ql U QQ|

g9(r¢) —1= > and Dg(r¢) = —

for all ¢ € S*1, r € [1, ¥/2]. Using (4.5) and the fact that p;(d) < d and ¢(¢) > &d for all 6, ,

Wi fgn-1 (@hax — q") dH™ ! _1(2p1 —0d) — dd
< n(2d)" < 4"n(1-9). 4.12
oo T T g = d) (12)
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By Lemma 4.2i),

(v1 + v2) 2n(2d)"~1(1 — 6)d < 4 (v1 4+ v2)(1 —9)

Dg| < .
SIS R e S (R — )

This and Proposition 4.4 imply the existence of a (piecewise smooth) solution ¢ such that

6=l < = () (4.13)

for some function ¥ satisfying X(t) < oo for ¢ € [0, 7+-) and S(t) = O(t) as t — 0.
Define u = vo ¢ ! ow. Writing x = w(¢(z)) we obtain

o [ DV(2)adi DS@DW )" RY ey (1 g 01+ 02)(1 = 6)) "
[Putal” = det D(2) <G (1)

The conclusion follows from (4.7). O

Remark 2. For Dirichlet boundary conditions that are not necessarily radially symmetric, the above
method can still be used provided there is an initial diffeomorphism v, from the reference domain
D ={z:1 < |z| < {2} used above onto the desired target domain, for which g := J&Ov
bounded away from zero. The final energy estimate will depend on infp g, || Dv||so||DW ™ }{|00, and

191l + 1Dgl -

is

4.3 Proof of the preliminary lemmas
In this Section, we give the proofs of Lemmas 4.1, 4.2 and 4.3.

Proof of Lemma 4.1. First we show that for any map of the form u(x) := la + f(x)>=2: the

x— a|
incompressibility equation reduces to an ODE of the form f"~!(r, C)%(r, ¢) = "' In order
to see this, we consider any local parametrization (si,...,5,-1) + C(S1,...,5,_1) of S"~1 and

introduce a polar coordinate system of the form
x=x(r,81,...,50-1) =a+7C(51,...,50-1), >0, (51,...,8,.1) € DCR"
D being some parameter space. The claim follows by observing that

n—1
Ju Ou ou ox 0x ox o¢
AT AL =detD A A —det D el
3 N ger NN g = det u(x) <8r Ager N 8sn1) et Du(x) <¢ A k/\ Task>

=1

and

Jdu Ou 3( n— 18f ¢
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From the above we find that u(x) := Aa + f(x)¢ is incompressible provided f(r,¢)" = " +
A(¢)", for some A : S*~! — R. The definition in (4.1) is obtained by imposing the boundary
condition u(x) = Ax on Jf2. Differentiating f in (4.1) with respect to ¢ yields

P ODef(r, ) = (A" = 1)g" 1 (€)Da(C),  Def(r:€), Da(C) : Te(S"™) — R
(T¢(S™™1) being the tangent plane to S*71 at C) Writing r(x) = |x — a|, {(x) = |§:2\ we obtain
Dr = ¢, D¢ = 1=6¢ P2 = (1) = i Folh Da(C) € (Te(™)* with
a vector in (¢)* C R" in the usual manner, from f(z) = f(r(x),{(x)) we find that

o 0 ¢! |Dg|\*
Dsx) = S o+ (00 Des = G ¢+ 2L g | ' (= Tq') OBy
Since Du= ¢ ®@ Df + fD¢, (D) - (€@ Df) = ¢ - (DC)Df) =0, and 9L = fn "L <1, then
2 2 2
|Dul?* = |Df> + f?|D¢)? = (n— 1);%+ o =< (n — 1)f +1+’ (4.15)

The leading order term (v +v2)|log el in the energy estimates will come from (n— 1) L, hence we

n
as f— plus a remainder term (for which we do not require an exact expression,

Dﬁl andb:\/ﬁ—kf—g,as

need to write ‘

only an upper bound). To this end we will write a™ — b", with a = ‘

Du |" 1 2\ 2 la? — b?|
- =) <(a=b)|a" 440" < byt (4.16
'm (n—1+r2> <(a )‘a 4+ 4 ‘_n a+b max{a, b} ( )
n IDe))iE | Du ot o
“n—1 a n—1 - |Q‘ vn—1 ’
n—1
where we have used that (n — 1)a? > ‘%472]”2, and finally that f*~! > (ﬁq”) " . Proceeding
analogously, writing ¢ = % and b" — " < n> +C b1 we obtain
12\ v q" i g\
— <1+ —=—+C|1 = . 4.17
<n—1+r2> - +|Q|r”+ +’Q‘%r (4.17)
———
frjre
Based on (4.15) and (4.14), B by
n—1 1 n—1 n=l n—1 n—1
‘ Du <cf1s+? 1max{q7|DQI} cof1+ 2 maX{q . IlDQI ¥
n—1 Q[+ r o r

This combined with (4.16) and (4.17) yields

Du
vn—1

7“”_1

n 1 n—1 1
<T'n_1—|-0< +’| > +C | ’1‘DQ|rn2
¢" | max{g"" 1,!DQ\”‘1}|Dq!> v
n ( e v,
€2 €2 r

=
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1
The proof is completed by substituting both r and %\D(ﬂ with r 4 ]vﬁ%. O

Proof of Lemma 4.2. Write ¢ = cosfe +sinf¢, § € (0,7), £ € SN (e)*. By virtue of |(a +
q9(¢)¢) — al* = p?,

@ +2¢¢-(a—a)=p?—d?, q(0,€) = —dcosf + \/(p? — d2) + d2 cos2 6.

Differentiate the first equation with respect to ¢ and multiply by ¢

—2d*(1-¢®C)e | 2dg*sin6 _ 2dg’sin0

|Dq(0,8)| = P+ (P+2¢¢-(a—a)| = (p—d)(p+d) ~— plp—d)’

Part ii) is proved directly from the second equation for ¢, considering that \/ p2—d? > \/ p(p—d)
and that y++/1 —~ > 1 for all v € (0,1). It is clear that ¢(¢{) = dist(a+¢(¢)¢,a) < diam B(a, p) =
2p for all ¢ € S"1. The fact that |Dq(¢)| < 2dsinf follows from the first expression for |Dgq|.
Finally, if ¢ - e = cos# > 0 then

d
21 qee _ Veed(r)
1 dcosf — — - 2 _ 12 5 D) -1 dcosf
+7p(p7d) Velp—d)  /(p*—d?) + d?cos? 0 + dcos b +7p(pid)

O

Proof of Lemma 4.3. Call a :== a + (p — d)e. Consider the (n — 2)-sphere S := {x € 9B(a,p) :
(x —a)-e=0}. It is clear that Q contains the cone generated by a + pe (the ‘right-most’ point
on dB(a,p)) and S. Since the radius of S (the ‘height’) is given by h = /d(2p — d) (see Figure
+1 n—1
(2p—d) =z .

nrl
2

11) and the base measures d, the volume of the cone is a constant times dh" ! = d
The value of the constant is obtained from

1

/}_[n—? Sn—? p —x n—1 ~1d
’Q| > n(_)/ 4 <T p2 - (p - d)2> dxl = Wn—-1V p(2p - d) E
o—

(2 -

Figure 11: Cone generated by S and a + pe (Lemma 4.3)
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4.4 Numerical computations

The deformations depicted in Figure 6 are obtained by the alternative method of Dacorogna-
Moser (constructive in nature and easier to implement, [20, Sect. 4]). Following the notation in

Theorem 3 (and restricting now to the case n = 2), let p(0) := \/R% + (v1 + vz)%, where ¢(6)
denotes the parametrization of 9(Q; U 22) using polar coordinates, taking a* to be the origin. Let
also 0 < Ry < Ry < Rj be such that B(a*, Ry) D Q1 U Q and 7RZ = vy + vg + 7R3. Given
parametrizations w(s,t) and v(s,t), (s,t) € D := [1,v/2] x [0,27] of {x : Ry < |x — a*| < Ry}
and of {y =a* +re: p(f) <r < Rg}, respectively, the strategy is to find an incompressible
homeomorphism u : w(Q) — v(Q) of the form

u=vogyo¢p,ow, with ¢,(s,t)= (h(s,t),t), bo(s,t) = (s,t +n(s)5(t)).

Here 7 : [1,v/2] — R is any function satisfying

V2 V2
F =1 a0 =nm =0 v<g<ire £ pogls)ds<e
1 1

for some £ < min{ min f ming}, where f(s,t) = det Dw(s,t) and g(s,t) = det Dv(s,t). The

2max g’ maxg

functions 8 and h are found by defining g;(s1,t1) := g(@y(s1,t1)) det Depy(s1,t1) and solving

V2 pt4n(o)B(t) V2t o h(s,t) s
I slordrdo = [ [ s pdtas, [ gt ds = [ s as
1 0 1 0 1 1

for every fixed ¢ € [0,27]. The solution is unique, and for v and w as in (4.10), it is such that

I} Ri<|x—a|<Rs |Du|? < C, where C is an expression that might possibly go to infinity only if the
U1 + U2 7rqgnax _

m(R3 — R?) \ | U Qs

% — 1 is of the order of 1 — §, equations (4.8) and (4.12)). In our computations we choose

R1 = Gmax = 2p1 — dd and Ry such that m(R% — R?) = 2(v; + v9) (‘532% — 1).

target domain is too narrow, more precisely, if

1> 1, (recall that

5 Proof of the convergence result, Theorem 4

We follow the strategy of Struwe [77] to prove that sup, ||u:||y 1. < oo for all p < n. Fix e >0,
call By := Ui~ Be(aic), to := r(By) = me, and let {B(t) : t > to} be the family obtained by
applying Proposition 3.2 to By. Define p = sup{t > to : UB(t) C Q} and write C, := U B(rg) \
UB(rrs1), 7 := 27 %p. By using Hélder’s inequality, then comparing the lower bound of Proposition
3.4, to the upper bound, we find that for every p < n

P
1 n
/ |Du.|P dx < C(n, p)p" P2~ (n—P)k /
ck n 5
p

mo\Z . >
< 0 pr-ro-(n-p)k (ym +3 vm) (C +log f/r; + (k+1)log 2) .
=1

Du, |" d “ log TE+L
X — [ (6]
V-1 Ei:l b
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Adding over k we find that

ya
Du.pdx <0 (0] +3 T (C + klog2)n <logdi;/%g>n
. |Du.|Pdx < Cp €2 + Zlvz,s ; S T e —

ye
n

1 Du, |" P
b P b

+nn(n—1)2|Q = / < dx—E e log —
n (n )’ | ( ] f I il’l)z’e og -

m L P

n— " di Q\~

<c (v i0") <|Q‘+Zvi,e> <C+1og T > -
i=1

It can be seen (as in the proof of Proposition 1.1) that p > I dist({ai,...,amnc},0%). Hence, in

order to prove that sup, |[Du.|z» < oo it only remains to show that y ;" | v; . is uniformly bounded.
Choose r > ¢ such that the balls B(a; ., r) are disjoint and r € Ry, foralli=1,...,m. By Propo-
sition 2.1, the topological images E(a; ¢, ;u:) are disjoint, contained in B(O0, [|uc||z=(q.)) (because
E(a;e,r;u.) is the region enclosed by u(0B(a;.,7))), and such that E(a;.,e;u.) C E(ae,r;ue).
Therefore

m m m
D (Wie +wae™) =Y |B(aig, 50| < || Blaie, riu0) | < wallucl[fe g, )-
=1 =1 =1

Since we are assuming that sup, [[uc|| e (q.) < 00, we obtain that sup, [[uc|[yy1,r(q.) < 00, as desired.
For the existence of a limit map and for the convergence in VVI})(?(Q \{ai,...an},R"), let § >0
be small, assume that |a; . —a;| < 6/2 for alli =1,...,m, and consider the following energy bound,
obtained again by comparing (1.16) with the lower bound of Proposition 3.4 (applied to s = §/2)
Du

1/ " i diam € i
- dx < Vielog ———+C | |Q] + Vie | -
n Jouse Vi —1 Z; S o/2m <| ap> )

i=1
Since r(B(6/2)) = 6/2, it follows that {uc,}jen is bounded in WH™(Q\ U, Bs(a;),R™). From
this, and since § > 0 is arbitrary, the existence of u and of a convergent subsequence follows by

standard arguments (see, e.g., [74] or [37]): inductively take succesive subsequences of {uc;}jen
(for some sequence §; — 0) converging weakly in W1 (Q\ UL, Bs, (a;),R"). Choose then a
diagonal sequence {uc, }ren converging weakly in Whm(Q \ U, Bs(a;),R") for every § > 0, to
some u € W(Q\ {ay,...a,}, R").

Since sup, ||uc[y1p(q.) < oo for all p < n, the maps u. can be extended, by multiplying them by
suitable cut-off functions v, inside the holes B(a; ., ¢), in such a way that sup, |[1cu:||y1r@q) < co.
It is easy to see that any weakly convergent subsequence of {9, u., }reny must converge to the limit
map u defined above; this proves that u € W?(Q,R") for all p < n.

By the classical result of Reshetnyak [61, Thm. 4] and Ball [2, Cor. 6.2.2], cof Du,, — cof Du
in L' (Q\ {ay,...,a,}, R™"). By the definition of Det Du in (2.4), and since {Det Du, }. is

loc
bounded as a sequence in the space of measures (Det Du. = L"L Q., by hypothesis), it follows

that Det Du coincides with £" in Q\ {ay,...,a,}, and that Det Du. = Det Duin Q\{ay,...,an}

o1



in the sense of measures. Moreover, by [70, Lemma 3.2] (applied to Q\ ", B(a;,d) instead of ),
we obtain that det Du(x) =1 for a.e. x € Q\ {a1,...,an,}.

From Definition 5 and from the proof of [37, Lemma 4.2] it follows that the limit map u satisfies
condition INV. Proposition 2.2 then implies that Det Du = L™ + Y7 | ¢;0,, for some coefficients
¢; € R, and the proof of the same proposition also shows that

1
il / u. - (cof Du)v dH" ! = w,r™ + Z Ujj,e
" JoB(a;,r) j:aj€B(a;,r)

1
1 / u-(cof DupdH" ' =wr + > g
" JoB(a;,r) j:a;€B(ay,r)

for a.e. > 0 such that 0B(a;,r) C Q (note that if a; = a; for some i # j, then the choice of the
coefficients ¢; is not unique). By standard arguments, for every ¢ > 0 there exists < § such that
u., — u uniformly on 0B(a;,r) and cof Du,, — cof Du in Lﬁ((')B (a;, 7)) (passing, if necessary,
to a subsequence that may depend on r). Taking, first, the limit as ¢ — 0, then the limit as r — 0,
we obtain that Det Du = L" 4+ Y"1, 0;0a,.

. ey al +a
Consider now the case of two cavities. Set a, := =525, d, :

€ = ‘32,6 - al,e’-
i) Suppose that vi > vy > 0 and d = |ag — a;| > 0. By Lemma 3.5 we have that for all » > ¢

‘|E a; ., u:)|D(E(a., 7 ug))n T — |E(ajz,e;u.)|D(E(aje, &; ua))" 1| < 2n—1 1"+1wnr

hence, by (3.5), for all a € (0,1) and all R < min{%, dist({a1,as},99)} we have that

Du(x 2 « R Du(x) | n—
er % - Zi:l (f; + fa‘l> f@B(ai,e,r) % n(—l) dH " tdr
| log | B |log €|
log(R/e T
> Z ( ﬁogg Dt (1= 0)C (1B, 0) [ D(E 1) 77 gan)> .

Combining this with (1.16) we obtain

(‘Q| + v, + 'UQJ) (02 + log %)
C1|logel—2|

+ Ce™.

| A

2
Z Ui,aD (E(ai,87 & ua))
=1

Therefore, as € — 0, D(E(a;¢, ¢;u:)) — 0 (i.e., u. tends to create spherical cavities).

As mentioned before, for every ¢ > 0 there exists 7 < ¢ such that uc|gp(a,,) converges uni-
formly, for each i = 1,2, to u|gp(a,) (Passing to a subsequence, if necessary). By continuity
of the degree, this implies that im7(u, a;) is contained in F(a;, r;u.) for sufficienty small €. In
particular, by definition of v; . and Proposition 2.2,

|E(a;, r;u:)Aimp(u, ;)| = |E(a;, r;ue)| — [imr(u, a;)| = (vie + wpr™) — ;.
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On the other hand, B(a;c,e) C B(a;,r) for sufficiently small e. By Proposition 2.1 this implies
that E(a;.,e;u.) C E(a;,r;u.), so, proceeding as in the proof of Proposition 2.2, we obtain

|E(ajc,c;u. ) AE(a;,r;u.)| = Det Du(B(a;, ) \ B(aie,€)) = |B(a;,r) \ B(aje, )| < wpd™.

Thus,
limsup |E(a; ¢, €; u:)Aimy(u, a;)| (5.1)
e—0
<limsup(|E(a;e,e;u.) AE(a;, r;u)| + |E(a;, m;u:) Aimy(u, a;)]) < 2w, 0"
e—0

for all 6 > 0, that is, the cavities formed by u. converge to the cavities formed by u.

Suppose, finally, that v + v2. < wy(2R)" and that B(a., R) C Q for some fixed R > 0 and
all e sufficiently small. If w,d™ > 27"(v; + vy) there is nothing to prove so assume, further,

that vy ¢ + va > wp(2d:)". Then £ > 1 and ”\/Ué,f:vja 1/ < 4¢. By Theorem 1 and
(1.16), for sufficiently small € > 0

<v2’€ )H _ _wnde log Ve T V2e <C <1 + 7&‘ + log wn(dlamQ)"> )
Ve + V2, V1, + V2 2", d? Vie + Vo wp R

As ¢ — 0, we obtain
" 1 Py
“n Z min 27”) 5 ( e > 727”F(Q7 U1, U?) ’
v1 + U2 2 \v1 + v

Q 2 diam Q)"
1+ Y] +10gwn( iam )
F(Q,v1,v2) :=exp | — C il UL1+ Y2 . (5.2)
( 'U2 )n—l
C
V1 + U2

Since exp(3) > # as h — 0%, there exists C(n) such that "”f > CF(2,v1,v2).

with

Suppose that vi > vo = 0. Applying Proposition 3.2 to By := {B.(ai ), Bs(az2.)} we obtain
B(t) = {B(ai.,t/2), B(age,t/2)} for t € (2¢,d.), and B(t) = {B(a.,t)} for t > d.. We
claim that if R < Zdist({ac,asc},0Q) then (JB(R) C Q. Indeed, if R < d., this holds
automatically. If R > d., then

d
? < dist(ay ¢, 00) < ?5 + dist(a., 09) < g—i— dist(a., 0Q?) = B(a., R) C Q.

Therefore, by Proposition 3.4 and Lemma 3.5, for every a € (0, 1)

o

€
|E(a,¢; ue)\D(E(al,e, €; ue)) T log —

2e
/1 Du,
S —
. nivn—1

«

n
R n_ €
‘ dx — (v + v2,) log % + 2n-1 Z—ﬂ(vgﬁ + wpe*) log %
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iii)

By virtue of (1.16) and again Lemma 3.5,
orD (imp(u,ar)) ™ < 2070 25 i (vae + was™ + [ Blare, £5w5) A im(u,a))).
Proceeding as in (5.1) we find that
lim S(l)lp |E(a e, e;u:)Aimy(u, ap)| < 2(vg + wpr™)
e—

for arbitrarily small values of r > 0, proving that imr(u,a;) is a ball.

Suppose that v1 > va > 0 and a; = az. Let R > 0 be such that B(a.,R) C Q for all j € N.
Since limd. = |ag — a;1| = 0, (3.6) and (1.16) imply that
[ B(ae, r;u0) [ D(B(ag, riug)) 7190 (19 +v1 +va) (1 + log dR‘}gQ)
lim sup == <C . =
30 log d. lim log d.

e—0

For a € (0,1) fixed and € small B(a.,d.) C B(a.,dS) C Q. By Lemma 3.5, for all r € (d., dS)

_n_ _n_ nn+1
”E(aa?“; w.)|D(E(as, 7;5u:)) " — |E(a:, de; ue )| D(E(a, des ue) ) 71 | < 20T n— 1wnd?n-
Dividing fddf ]E(ag,de;ug)\D(E(aa,de;ua))%% by log d®~! we obtain
: o n_n+1
limsup |E(a., de; u:)|D(E(as, do;us)) 1 < limsup 271 wpd2™ = 0. (5.3)
e—0 e—0 -1

Because of the continuity of the distributional determinant, |imr(u,a)| = v; + va. Using this,
and proceeding as in (5.1), it can be proved that lim._, } imp(u,a;)AFE(ag, d:;u:)| = 0, which
in turn implies that D(imp(u,a)) = 0.

In order to prove that at least one of the limit cavities must be distorted, we proceed as in
the proof of Theorem 1 by applying Proposition 1.2 to E1 = E(a;¢,¢;u.), B2 = E(ag., €;u.),

1 1

and £ = E(a.,d:;u.). Again we define g(81, 82) :== (7" + B4)" — (81 + B2) and note that it
is increasing in its two variables. It is easy to see that

(11| + |l )" — |E] wnd? e
>l-——1
(’El‘% + |E2|%)n - |E1 U E2| B g(”l,sa”la)
Therefore,
fos i [EIDE)TT 4+ [ByD(E)TT + |Bo| D) ™T | ( wp |7
e—0 |E|—|—|E1UE2| = V1 + g .

Property (1.17) follows from (5.3). On the other hand, (3.6), (1.16), and Lemma 3.5 imply
that

2 min{%s,a"‘} n " dn dr

5 [ () gt o)

=1

diam €2
R/2

< (Ul,e + '02,5) log + C('Ul,s + V2e + ‘QD
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for every fixed o € (0,1). Hence,

diam Q Q
C | log lam 1 it
. . d. a—1 R/2 v1 + U2
lim sup ( min { log 2—,log6 < - - .
0 € D(E;)n-1 D(E,)n-1
> - ( ()71 +v3, . D(E) _)
e—0 Ve + V2,
By virtue of (1.17), and since | logée| — 0o, we conclude that limsup d. /¢ is finite.
e—0
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