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Some of the French railroad network’s rails have been affected for the last about twenty
years or so by an undesirable physical phenomenon known as Tribological Surface Trans-
formations (TSTs), which are irreversible, quasi-surface solid–solid phase transformations.
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causes of TSTs have not yet been clearly established, it seems likely
ads combined with the thermal effects of the wheel/rail contacts
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ical constraints may generate solid–solid phase transformations.
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element analysis.
1. Introduction

Tribological Surface Transformations (TSTs) occur in
some metallic materials undergoing repeated compression
loads. From the metallurgical point of view, these pro-
cesses correspond to irreversible (permanent) solid–solid
phase transformations, the main characteristic of which
is that they occur near the surface at which the mechanical
loads are applied (Eleöd et al., 1999). Actually, after being
initiated, TSTs develop down to a very low depth, which
probably depends on the metallic material in question.

The weight and velocity of freight trains have increased
over the years, resulting in the emergence of new physical
phenomena such as TSTs, which have been observed on
some straight parts of the French railroad network. TSTs
may be partly caused by heavy corrugation of the rails:
ique et d’Acoustique,
Marseille Cedex 20,

ntoni), desoyer@lma.
ebon).
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the troughs of corrugated rails, like undamaged rails, con-
sist of pearlitic steel, whereas the crests, where TSTs devel-
op, are made of ‘‘quasi-martensitic’’ steel. As shown in
Fig. 1, TSTs, which result in what has been called a ‘‘White
Etching Layer’’, occur around the surface of the rails (Bau-
mann et al., 1996; Österle et al., 2001).

It has been established that rail corrugation is due to
stick-slip processes occurring in the wheel/rail contact area
(Sato et al., 2002), but the reason why TSTs develop only on
the crests of corrugated rails still remains to be elucidated.
The aim of this study was to try to answer this question.
The main assumption adopted here was that both the
mechanical loads – which are mainly applied to the crests
as soon as corrugation is initiated – and the increase in the
temperature – due to the friction occurring in the wheel/
rail contact area – are responsible for TSTs, i.e. TSTs are
due to a thermo-mechanical coupling process. Accordingly,
the thermal stresses occurring in the wheel/rail contact
area increase the effects of the mechanical loads, especially
at the surface and in the immediate vicinity. This assump-
tion is in line with a comment made by Baumann et al.



Fig. 1. (extract from Österle et al. (2001)) Transverse cross-section of the
upper part of a rail showing TSTs (or ‘‘White Etching Layer’’). The rail is
made of S54/900A steel. The parent phase (the grey part of the picture) is
pearlite, which still exists in the main part of the rail when TSTs have
developped. The daughter phase (the white part of the picture), occurring
at the surface, is ‘‘quasi-martensite’’.
(1996) that ‘‘. . . there is some [experimental] evidence to
suggest that the [Tribological Surface] Transformation[s]
may be produced by normal and shear stresses superimposed
with high thermal stresses limited to a small surface layer.’’

Calculating the temperature variations due to friction
and other heat transfer phenomena between the rail and
its environment is a highly involved problem, which is be-
yond the scope of the present study. Some previous
authors have attributed the developpement of TSTs to the
presence of high temperatures known as ‘‘Flash tempera-
tures’’ of around 1000 �C in the wheel/rail contact area dur-
ing a very short period of only a few seconds (Archard and
Rowntree, 1988; Ahlström and Karlsson, 1999). The result-
ing temperatures are therefore liable to generate solid–
solid phase transformations. Flash temperatures have not
been measured in practice so far in the case of railway sit-
uations problems. On the other hand, Van and Maitournam
(1994); Van et al. (1996), have presented numerical results
on the temperature field in the rail, based on various
hypotheses about the stress field in the wheel/rail contact
area. These results tend to show that, in the case of a
steadily moving train, the temperature will increase at
the surface of the rails by 150 �C or so at most. This
temperature increase alone is obviously too low to gener-
ate solid–solid phase transformations; whereas these
thermal stresses superimposed on the purely mechanical
(isothermal) stresses could result in solid–solid phase
transformations.

This paper is organized as follows: a thermodynami-
cally consistent, thermo-mechanical model is first pre-
sented in Section 2 (see also Antoni et al. (2009, 2010)).
This model is mainly based on previous studies on TRans-
formation Induced Plasticity (TRIP), such as those by Le-
blond et al. (1989a,b); Taleb and Sidoroff (2003), which
are extended here to include thermo-mechanical coupling
in order to account fot TSTs. In Section 3, the numerical
integration method used to solve the constitutive equa-
tions for the present thermo-mechanical model is briefly
presented. This method is based on the Return Mapping
2

Algorithm (RMA) (see for example Nguyen (1977); Simo
and Taylor (1985)). In order to assess the relevance of the
main assumption underlying the present study, i.e., that
TSTs result from combined thermo-mechanical stresses, a
2-D finite element analysis was performed, which is pre-
sented in Section 4.

2. Irreversible solid–solid phase transformations and
TSTs: a thermo-mechanical model

Permanent solid–solid phase transformations are gen-
erally associated in modeling studies with so-called
‘‘anomalous’’ plastic strains: these irreversible strains oc-
cur in for states of stress where the Von Mises or Tresca
stress is much lower than the initial yield strength of the
softest phase. This situation, which is also known as TRans-
formation Induced Plasticity (TRIP; see for example Green-
wood and Johnson (1965)), has been widely studied and,
from the purely mechanical point of view, successfully
modeled (see, for example, Leblond et al. (1989a,b); Taleb
and Sidoroff (2003)). The phenomenological model pre-
sented in this Section was based on these previous studies
and simply extended to include the main assumption
adopted here that TSTs result from a thermo-mechanical
coupling process. It takes into account both the ‘‘TRIP-like’’
process and the classical, isochoric plasticity: the latter can
also develop, especially under ‘‘high’’ mechanical loadings
conditions.

The state variables used here are: the absolute temper-
ature T > 0; the (total) strain tensor, �, which is decom-
posed into its spherical and deviatoric parts, � = 1/3
Tr(�)G + e (where G denotes the metric tensor); the mass
fraction of the daughter phase, z 2 [0,1], where qd, the par-
tial density of the daughter phase, is given by qd=zq; an
isotropic hardening variable associated with classical plas-
ticity, v; a TRIP-like strain deviatoric tensor, epz; and a clas-
sical plasticity strain deviatoric tensor, epc. The elastic
strain deviatoric tensor, ee, is defined classically as the dif-
ference between the (total) strain deviatoric tensor, the
TRIP-like strain deviatoric tensor and the classical plastic-
ity strain deviatoric tensor:

ee ¼ e� epz � epc: ð1Þ

It must be underlined that TRIP-like processes involve a
density variation, which is characterized here by z/j and
such that:

Trð�eÞ ¼ Trð�Þ � 3aðT � TiÞ þ
z
j
; ð2Þ

where Ti denotes the initial temperature, a > 0 is the coef-
ficient of thermal expansion, and j > 0 is a material param-
eter characterizing the density variation during the phase
transformation. Note that the phase transformation in
question results in a volume decrease, i.e. �z/j < 0 (mar-
tensite density mass, qmartensite � 7800 kg.m�3 and ferrite
density mass, qferrite � 7700 kg.m�3).

Assuming that the material under investigation is ini-
tially non-transformed (i.e. zi = 0 and epz

i ¼ 0), the following
expression gives the Helmholtz free energy potential per
unit mass:



wðT;Trð�Þ;e;epc;epz;z;vÞ ¼�C�
ðT�TiÞ2

2Ti
þ 1

2qi
hv2þ 1

2qi

� 3kþ2l
3

Trð�Þþ z
j

h i2

þ l
qi
ðe�epc�epzÞ : ðe�epc�epzÞ½ �

� 1
qi
ð3kþ2lÞaðT�TiÞ Trð�Þþ z

j

h i

þ d
qij

Tz
i

2
z2þðT�Tz

i Þz
� �

þw0; ð3Þ

where C� > 0 is the specific heat capacity, l > 0 and k > �(2/
3)l are the Lamé constants, Tz

i is the solid/solid phase
transformation temperature when the pressure is zero,
h > 0 is a material parameter characterizing the linear iso-
tropic hardening (in classical plasticity), and d > 0 is a
material parameter characterizing the latent heat associ-
ated with the phase transformation. In Eq. (3), qi and wi

are the initial density and the initial Helmholtz free energy
of the material per unit mass, respectively. Note that, in a
first approximation, the thermo-elastic parameters, C�, l,
k and a are taken to be identical in the two phases. Eq.
(3) was strongly inspired by the model for the 1-D-Helm-
holtz free energy potential developed by Chrysochoos
et al. (2003) for Shape Memory Alloys (SMAs). However,
the thermo-mechanical coupling process is extended here
to include an irreversible solid–solid phase transformation.

Taking e to denote the internal energy potential per unit
mass and writing e = w + TS, where S is the entropy per unit
mass, the local expression for the First Principle of Thermo-
dynamics simply reads (see for example Garrigues, 2007):

q _e ¼ r : _�� divðqÞ () qT _Sþ divðqÞ
¼ s : _e� PTrð _�Þ � qS _T � q _w; ð4Þ

where q is the heat flux vector and r is the Cauchy stress
tensor (r = �PG + s, where the pressure P is such that
P = �1/3 Tr(r)); for the sake of simplicity, remote heat pro-
duction rate has been omitted.

The Second Principle of Thermodynamics must be satis-
fied (see Garrigues, 2007): i – whatever the local thermo-
mecanical state of the material may be, (T,Tr(�), z, v, e,
epz, epc); ii – whatever the evolution locally undergone by
the material, ð _T;Trð _�Þ; _eÞ; iii – whatever the temperature
gradient locally acting on the material, $T , i.e.:

� 1
T q:$T þ qT _Sþ divðqÞP 0 8ðT; Trð�Þ; z;v ; e; epz; epcÞ;

8ð _T; Trð _�Þ; _eÞ;8$T
ð5Þ

By combining Eqs. (4) and (5), the Clausius-Duhem inequal-
ity can be immediately obtained, which shows that the dis-
sipated (per unit volume) power, /, is always non negative:

/ ¼ � 1
T q:$T � q Sþ @w

@T

� �
_T þ s� q @w

@e

� �
: _e

� P � q @w
@Trð�Þ

� �
: Trð _�Þ � q @w

@epz : _epz � q @w
@z

_z

�q @w
@epc : _epc � q @w

@v
_v P 0

8ðT;Trð�Þ; z; v; e; epz; epcÞ;8ð _T;Trð _�Þ; _eÞ;8$T

ð6Þ

Assuming that neither _z, nor _epz depend on _T , and due to
the fact that the specific entropy S is a state function, a first
3

necessary and sufficient condition for the Clausius-Duhem
inequality to be systematically satisfied is:

S ¼ � @w
@T

ð7Þ

Neglecting the visco-elastic effects (or, alternatively,
assuming the Cauchy stress tensor to be a state function),
a second necessary and sufficient condition for the Clau-
sius-Duhem inequality to be systematically satisfied is:

s ¼ q
@w
@e

and P ¼ �q
@w

@Trð�Þ ð8Þ

Based on Eqs. (7) and (8), Eq. (6) reduces to:

� 1
T q:$T � q @w

@epz : _epz � q @w
@z

_z� q @w
@epc : _epc � q @w

@v
_v P 0

8ðT;Trð�Þ; z; v; e; epz; epcÞ;8ð _T;Trð _�Þ; _eÞ;8$T
ð9Þ

or, alternatively, based on Eqs. (3) and (8), from which
q(@w/@epz) = �q(@w/@e) = �s:

� 1
T q:$T � q @w

@z
_zþ s : _epz � q @w

@v _v þ s : _epc P 0

8ðT;Trð�Þ; z; v; e; epz; epcÞ;8ð _T;Trð _�Þ; _eÞ;8$T
ð10Þ

Fourier’s law, q ¼ �k$T , where k > 0 denotes the thermal
conductivity, therefore turns out to be a sufficient condi-
tion for the previous inequality to be systematically satis-
fied. Assuming that neither _z, nor _�pz depend on $T ,
another sufficient condition for the inequality Eq. (10) to
be systematically satisfied is:

s : _epz � q @w
@z

_zþ s : _epc � q @w
@v

_v P 0

8ðT;Trð�Þ; z; v; e; epz; epcÞ;8ð _T;Trð _�Þ; _eÞ;8$T
ð11Þ

The equations of evolution of the internal state vari-
ables associated with the TRIP-like process (z and epz)
and the classical isochoric plasticity process (v and epc)
are then classically defined by: i – a yield function; ii – a
non negative, viscoplastic multiplier; iii – a flow rule,
namely:

� The TRIP-like process:
– Yield function:
f pzðT; PÞ ¼ T
Tz

i

� exp �hPi
x

� 	
ð12Þ
where P = �1/3 Tr(r) is the pressure, x > 0 is a material
parameter characterizing a ‘‘pressure sensitivity’’ level,
and h�i denotes the Macaulay brackets (hxi = x when
x P 0 and hxi = 0 when x < 0).

– Viscoplastic multiplier _p and flow rule:
_epz ¼ _p 3
2req

s; _z ¼ j _p

with _p ¼ h1�zi
g hf pzðT; PÞiHðP þ d½ð1� zÞTz

i � T�ÞP 0

ð13Þ
where g denotes the characteristic time of the viscous
effects associated with the TRIP-like process and H(�)
denotes the Heaviside step function (H(x) = 1 when x P 0
and H(x) = 0 when x < 0).
� The classical isochoric plasticity process:

– Yield function:



f pcðr;vÞ ¼ req � ðry þ hvÞ with req ¼
3
2

s : s
� 	1

2

ð14Þ
where req is the Von Mises equivalent stress, s is the stress
deviator and ry is the classical yield strength.

– Viscoplastic multiplier _v and flow rule:
_epc ¼ _v @f pc

@r
¼ _v 3

2req
s _v ¼ hf

pcðr; vÞi
nry

P 0 ð15Þ
where n denotes the characteristic time of the viscous
effects associated with the classical plasticity.

It should be stressed that Eqs. (12)–(15) are thermody-
namically consistent, i.e. they systematically satisfy the
inequality described by Eq. (11). It should also be noted
that: i – Eq. (12) reflects the fact that the solid/solid phase
transformation is activated by the temperature, which acts
as a ‘‘driving force’’, and accelerated by the pressure. This
‘‘pressure sensitivity’’ is in agreement with Baumann et al.
(1996) who have established that applying of a hydrostatic
pressure decreases the temperature of the a?c phase
transformation; ii – Eq. (13)-c means that the visco-plastic
multiplier will always be zero whenever z reaches its
maximum value (z = 1), as well as when a pressure
state and temperature condition has been met, i.e.
P þ d ð1� zÞTz

i � T

 �

6 0; iii – Eq. (13)-b means that _z cannot
be negative, which is consistent with the fact that the solid–
solid phase transformations involved in the present study
are irreversible; iv – when the characteristic times of the
viscous effects, associated with the TRIP-like plasticity (g,
see Eq. (13)-c) and the classical plasticity (n, see Eq. (15)-
b), tend to zero, a rate-independent model is obtained.

Lastly, based on Eqs. (3) and (8), and assuming that
q � qi whatever the local thermo-mechanical state of the
material may be, the Cauchy stress tensor r reads:

r¼�ð3kþ2lÞ
3

Trð�Þþ z
j
�3aðT�TiÞ

h i
Gþ2lðe�epz�epcÞ

ð16Þ
Upon combining Eqs. (3), (4), (7) and (8) and Fourier’s law,
the heat equation is given by:

qiC�
T
Ti

_T�kDT ¼�ð3kþ2lÞaTTrð _�Þþs : _epcþ _epzð Þ�hv _v

þ1
j

P�ð3kþ2lÞaTþdð1�zÞTz
i


 �
_z ð17Þ

where ‘‘D’’ denotes the Laplacian. The term on the right-
hand side of Eq. (17) corresponds to the thermo-elasticity,
the TRIP-like plasticity and the classical plasticity and the
latent heat associated with the solid–solid phase
transformation.

3. Numerical implementation

The constitutive equations involved in the present mod-
el (see Section 2) were implemented numerically using a
Return Mapping Algorithm (RMA, see for example Nguyen,
1977; Simo and Taylor, 1985).

Assuming the mechanical state to be known at time
tn;Sn ¼ ðTrð�nÞ; zn;vn; en; e

pz
n ; e

pc
n ;rnÞ, with a given strain
4

increment D�ðkÞn ¼ �ðkÞnþ1 � �n (see Comment 1), the Cauchy
stress tensor at time tnþ1;r

ðkÞ
nþ1, can be expressed as follows:

rðkÞnþ1 ¼ F Sn;D�ðkÞn

� �
ð18Þ

where F summarizes the effects of the Return Mapping
Algorithm (see Comment 2).

Comment 1: A classical Newton-Raphson algorithm is
used to solve the overall, equilibrium problem. The vari-
ables denoted by ð�ÞðkÞn correspond to the kth equilibrium
iteration at time tn.

Comment 2: Based on Eq. (17), a strong coupling can
be taken a priori between the temperature evolution, _T ,
and the mechanical evolution. Preliminary calculations
have clearly shown, however, that the solution of Eq.
(17) – in the case of a similar problem to that considered
in Section 4 – is very similar to that of the ‘‘classical’’
heat equation, i.e. Eq. (17) with zero on the right-
hand side. The strong thermo-mechanical coupling is
therefore not taken into account in the numerical imple-
mentation: throughout this Section, the temperature
state, Tn, and the increment, DTn = Tn+1 � Tn, are assumed
to be known.

Comment 3: For the sake of numerical simplicity, and
in line with Comment 2, the material parameter d is taken
to be zero.

The main steps in the RMA algorithm applied to the
present thermo-mechanical model can be summarized as
follows (where the time step is simply denoted by
Dtn = tn+1 � tn):

(i) Based on Eq. (16), the ‘‘trial’’, elastic stress deviator,
sel;ðkÞ

nþ1 , and the associated ‘‘trial’’, thermo-elastic stress
tensor, rel;ðkÞ

nþ1 , are calculated as follows:
sel;ðkÞ
nþ1 ¼ snþ2lDeðkÞn ;rel;ðkÞ

nþ1 ¼�Pel;ðkÞ
nþ1 Gþsel;ðkÞ

nþ1

with Pel;ðkÞ
nþ1 ¼� 1

3TrðrnÞþKTrðD�ðkÞn Þ�3KaDTn

h i ð19Þ
where sn ¼ rn � 1
3 TrðrnÞG; en ¼ �n � 1

3 Trð�nÞG and K=(3k+
2l)/3 (the bulk modulus).

(ii) Based on Eqs. (12) and (14), the 2 yield criteria are
tested (four cases): � �

(a) if f pzðTnþ1; P

el;ðkÞ
nþ1 Þ 6 0 and f pc rel;ðkÞ

nþ1 ;�hv ðkÞn 6 0,
then go to (iv)-(a),
(b) if f pz Tnþ1; P

el;ðkÞ
nþ1

� �
> 0 and f pc rel;ðkÞ

nþ1 ;�hv ðkÞn

� �
6 0,

then go to (iii)-(a),
(c) if f pz Tnþ1; P

el;ðkÞ
nþ1

� �
> 0 and f pc rel;ðkÞ

nþ1 ;�hv ðkÞn

� �
> 0,

then go to (iii)-(b),
(d) if f pz Tnþ1; P

el;ðkÞ
nþ1

� �
6 0 and f pc rel;ðkÞ

nþ1 ;�hv ðkÞn

� �
> 0,

then go to (iii)-(c),
(iii) Based on Eqs. (13) and (15), DpðkÞn P 0 (see Comment

4) and Dv ðkÞn P 0 are computed as follows:

(a) in the case of a thermo-elasto-viscoplastic itera-
tion (corresponding only to the TRIP-like process)

DpðkÞn ¼ Dtn
1� znh i

g
Tnþ1

Tz
i

� exp �hPni
x

� 	� 	
HðPnÞ;

Dv ðkÞn ¼ 0 ð20Þ

(b) in the case of a thermo-elasto-viscoplastic itera-
tion (corresponding to the TRIP-like process and
classical plasticity):



DpðkÞn ¼ Dtn
h1�zni

g
Tnþ1

Tz
i
� exp � hPni

x

� �� �
HðPnÞ

Dv ðkÞn ¼
ðrel;ðkÞ

nþ1 Þeq�3lDpðkÞn �ðryþhvnÞ
ryn
Dtn
þ3lþh

8><
>: ð21Þ

(c) in the case of a thermo-elasto-viscoplastic itera-
tion (corresponding only to the classical plasticity):

Dv ðkÞn ¼
rel;ðkÞ

nþ1

� �
eq
� ðry þ hvnÞ

ryn
Dtn
þ 3lþ h

; DpðkÞn ¼ 0 ð22Þ

(iv) From Eqs. (12)–(15), updating the mechanical state
(two cases) gives:

(a) in the case of a thermo-elastic iteration [(ii)-(a)]:

rðkÞnþ1 ¼ rel;ðkÞ
nþ1 ; �pz;ðkÞ

nþ1 ¼ �
pz
n ; �pc;ðkÞ

nþ1 ¼ �
pc
n ;

zðkÞnþ1 ¼ zn; v ðkÞnþ1 ¼ vn

ð23Þ

(b) in the case of a thermo-elasto-viscoplastic itera-
tion [(ii)-(b), (ii)-(c), (ii)-(d)]:

rðkÞnþ1 ¼ � Pel;ðkÞ
nþ1 � KDpðkÞn

� �
G þ sel;ðkÞ

nþ1

�2l D�pz;ðkÞ
n þ D�pc;ðkÞ

n

h i
;

�pz;ðkÞ
nþ1 ¼ �

pz
n þ D�pz;ðkÞ

n ;�pc;ðkÞ
nþ1 ¼ �

pc
n þ D�pz;ðkÞ

n ;

zðkÞnþ1 ¼ zn þ jDpðkÞn ; v ðkÞnþ1 ¼ vn þ jDv ðkÞn

ð24Þ

where the TRIP-like strain increment, D�pz;ðkÞ
n , and the (clas-

sical) plastic strain increment, D�pc;ðkÞ
n , are given by:

D�pz;ðkÞ
n ¼ 3DpðkÞn

2 rel;ðkÞ
nþ1

� �
eq

sel;ðkÞ
nþ1 ; D�pc;ðkÞ

n ¼ 3Dv ðkÞn

2 rel;ðkÞ
nþ1

� �
eq

sel;ðkÞ
nþ1

ð25Þ

based on Eqs. (13)-1 and (15)-1.
Comment 4: A semi-explicit algorithm is used for the

RMA. In fact, the implicit approach is used for the RMA ex-
cept for the calculation of the yield criterion (explicit type).

Comment 5: In order to accelerate the RMA conver-
gence, the consistent tangent operator (fourth order ten-
sor) was used along with the Newton-Raphson algorithm
to solve the overall equilibrium problem.

Using the numerical procedure outlined in this Section,
the present model was implemented in a finite element
software program (Code_Aster; EdF).
4. Illustrative examples

Preliminary remark: The case of the structure studied
in this section is not representative of the complex pro-
cesses occurring in part of a rail when a train is crossing
over it (which we have called the wheel/rail problem here).
It was simply intended to show that it is possible by com-
bining the behavioral model presented in Section 2 with a
temperature field and specific mechanical boundary condi-
tions to model the main characteristic of TSTs, namely the
fact that they occur almost only at the surface. More specif-
ically, we addressed this problem in two steps, as follows:
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Step 1 (Section 4.1): solving the purely thermal problem
with purely temperature related boundary condi-
tions in the stationary case. The non-uniform tem-
perature field obtained in this way is used as a
datum in the second step.

Step 2 (Section 4.2): solving the mechanical problem
with non-uniform pressure-related boundary con-
ditions imposed on part of the boundary and
increasing linearly with time. In the iterative pro-
cedures used to solve this mechanical problem
(see Section 3), the temperature field calculated
in the first step serves as a parameter. It is used
in particular when defining the initial conditions
of the mechanical problem, via the spherical defor-
mation field which can be taken to occur if one
assumes the initial stress field to be zero, and in
the tests performed at each iteration on the yield
function of the solid/solid phase transformation
(see Eq. (12)).

Let X be a square, material domain (measuring 100 mm
on each side) in the x–y plane. The boundary of X is de-
noted by @X. For the sake of convenience, @X will subse-
quently be divided into six line segments, namely (see
also Fig. 2):

@X ¼ ½A;B� [ ½B;C� [ ½C;D� [ ½D; E� [ ½E; F� [ ½F;A� ð26Þ

where [B, C] is 10 mm in length. A finite element mesh is
generated in X, which is composed of approximately 20
000 quadratic elements. Since the most physically relevant
results will be located in the central, upper part of X, the
mesh is refined in the vicinity of the line segment [B, C]
(see Fig. 2). Note that this mesh is systematically used in
all the numerical simulations presented in this Section.

4.1. Thermal (preliminary) problem

As mentioned in Section 3 (see Comment 2), the strong
thermo-mechanical coupling, inherent to the present ther-
mo-mechanical model, is not taken into account in the
numerical implementation, where the temperature field
is used as an initial datum (in the case of ‘‘weak’’ ther-
mo-mechanical coupling). Due to some thermal boundary
conditions, the temperature field acting in X can therefore
be computed without any need for mechanical
considerations.

This temperature field is plotted in Fig. 3, in the steady
case, i.e., with DT=0. The temperature field is assumed to
be a plane field and the thermal, boundary conditions con-
sidered are taken to be such that the mechanical boundary
conditions do not need to be taken into account in this
purely thermal problem:

T ¼ Ti ¼ 300K on ½A;B� [ ½C;D� [ ½D; E� [ ½E; F� [ ½F;A�
T ¼ Td ¼ 450K on ½B; C�

ð27Þ

Note that, assuming the room temperature to be equal
to the initial temperature, 300 K, the greatest increase in
the temperature is 150 K, on [B, C], which is in agreement
with the results obtained by Van and Maitournam (1994).



(a)

(b)

Fig. 2. (a) Square, material domain (measuring 100 mm on each side) in the x–y plane (origin: o) and boundary conditions on [B,C] (where P denotes the
pressure); (b) Zoom of the refined mesh.

Fig. 3. Steady temperature field (thermal problem); temperature unit: K.
It is worth noting that the stationary thermal problem ad-
dressed in this section is quite different from the wheel/rail
problem.

4.2. (Thermo-)mechanical problem

As previously mentioned, the temperature field pre-
sented in Section 4.1 is used as an initial datum for dealing
with the (thermo-)mechanical problem. For the local equa-
tions of mechanical equilibrium to be satisfied, the stress
field at the same time, r0, must be zero. Based on Eq.
(16) – and due to the fact that neither the TRIP-like pro-
cess, nor the classical plasticity are triggered by the purely
thermal loading –, the following condition must then be
satisfied locally:

r0 ¼ 0() Trð�0Þ ¼ 3aðT0 � TiÞ ð28Þ

where a is the thermal expansion coefficient (the value
used to compute this coefficient is 12 � 10�6K�-1).

Eq. (28) means that a non-zero, spherical strain field ex-
ists at the initial time, which is another initial data. A plane
strain state is assumed. The mechanical boundary condi-
tions are as follows:
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u¼ 0 on ½E;F�; r �n¼ 0 on ½A;B� [ ½C;D� [ ½D;E� [ ½F;A�;

r:n¼� _Pdt 1� x
5

� �2
� �1=2

n on ½B;C�

with _Pd ¼ 100 MPa:s�1

ð29Þ

It can be seen from Eq. (29)-c that the pressure on [B, C] is
maximum at x = 0 and equal to zero at x = �5 mm (at
points B and C). The mechanical parameters of the material
are as follows:

k¼115�103 MPa; l¼77�103 MPa; qi¼78�10�7 kg:mm�3;

Tz
i ¼1000K; x¼700MPa; j¼102; g¼103 s;d¼0;

ry¼400MPa; h¼2�104 MPa; n¼2:5:102 s
ð30Þ

The Young’s modulus E and the Poisson’s ratio m are imme-
diatly deduced from the Lamé parameters k and l, i.e.
E = 210 GPa and m = 0.25. Note also that the characteristic
times of the viscous effects associated with the TRIP-like
process, g, and the classical plasticity, n, are small enough
– with respect to the characteristic loading time, i.e.
tl � E= _Pd ¼ 2100 s – for the viscous effects to be actually
negligible.



Fig. 4. (Classical plasticity) v-field at time t = 10 s.

Fig. 5. (TRIP-like process)(a) z-field at time t = 10 s; (b) Zoom of the z-field.
The v-field at time t = 10 s is plotted in Fig. 4. Note that v
is zero on [B,C], where the mechanical loading is applied,
and reaches a maximum value around 45.10�4 in X. Note
also that there exists a small area, just below the surface,
where both v and z (see Fig. 5) are non zero: the TRIP-like
process and classical plasticity may develop simulta-
neously and have a reciprocal effect.

The z-field is plotted in Fig. 5 at time t = 10 s, when
P(x = 0) = 1000 MPa. Note that, from the qualitative point
of view, the z-field obtained here shows similarities to that
observed experimentally in the TSTs (see Fig. 1). In addition,
the maximum phase transformation occurs in the immedi-
ate vicinity of the surface, where the mechanical loading is
applied. But, from the quantitative point of view, there are
two main differences with the experimental TSTs data: i –
the global layer transformed is deeper; ii – the layer
transformed near the surface is only partially transformed.
Actually, the z-field observed is highly non-uniform: for
example, along the o–y axis (see Fig. 2), z = zmax � 12 � 10�2

when y = 0 – the partial transformation at the point where
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the mechanical loading is applied – and z = 6 � 10�2 when
y � 9 � 10�1 mm. The maximum depth transformed is
about 17 � 10�1 mm: beyond this depth, the transforma-
tion is zero. These results show that the area transformed
is restricted to just a few millimeters below the surface
[B,C], but this finding is not exactly in agreement with the
experimental data, especially those relating to TSTs on rail-
way tracks, which tend to show that the z-field is quasi-uni-
form (z = 1; see Fig. 1). One possible means of partly solving
this problem might consist in changing the z-evolution
equation as follows:

_z ¼ j _p

with _p ¼ Hð1�zÞ
g hf pzðT; PÞiHðP þ d ð1� zÞTz

i � T

 �

Þ ð31Þ

The visco-plastic multiplier given by Eq. (31) is greater
than that given by Eq. (13), where the Macaulay brackets
are used instead of the Heaviside step function. Conse-
quently, z should therefore be greater in the transformed
layer; and a clear-cut boundary can therefore be obtained



between the transformed zone and the non-transformed
zone.

Note also that the tangential stress may also contribute
to the emergence of TSTs. The yield criterion associated
with the TRIP-like process (see Eq. (12)) can be therefore
adapted as follows in order to take the tangential stress
sensitivity into account:
f pzðT; PÞ ¼ T
Tz

i

� exp �hPi
x

� 	
exp �req

x

� �
ð32Þ
where req is the Von Mises, equivalent stress. The effects of
this change in the present thermo-mechanical model in
this paper will have to be studied more closely.
5. Conclusion

Based on the assumption that TSTs are due to combined
thermo-mechanical loads, a thermodynamically consistent
thermo-mechanical model was developed. Apart from the
classical plasticity parameters (ry, h and n), five new mate-
rial parameters (Tz

i , x, d, j and g) are introduced into the
model: these parameters will have to be identified experi-
mentally in future studies. A classical Return Mapping
Algorithm was used for the numerical implementation of
the model, using a finite element software program. In or-
der to confirm the main assumption adopted in this study
– that TSTs are initiated and develop in the immediate
vicinity of the points at which the thermo-mechanical
loading is applied –, some realistic numerical simulations
were performed. The results obtained were satisfactory
but suggest that: i – the z-evolution equation needs to be
improved to obtain a more realistic transformed zone; ii
– the tangential stress may contribute decisively to the
occurrence and the development of TSTs. The relevance
of the behavioral model for the TSTs occurring in the rail-
way context can only be tested by taking the contact/fric-
tion between wheel and rail into account. These non-
stationary interactions are highly complex, mainly because
the surfaces in contact are rough surfaces. Some data on
this topic are available in the literature, mainly in the form
of general formulae (see in particular Liu and Wang
(2003)).
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