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random walks on random environment
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Abstract

In this paper we are interested in a random walk in a random environment on a
super-critical Galton-Watson tree. We focus on the recurrent cases already studied
by Y. Hu and Z. Shi [7], [6], G. Faraud, Y. Hu and Z. Shi [5], and G. Faraud [4]. We
prove that the largest generation entirely visited by these walks behaves like logn and
that the constant of normalization which differs from a case to another is function
of the inverse of the constant of Biggins’ law of large number for branching random
walks [1].

1 Introduction and results

First, let us define the process:

The environment E: Let Ty a Ng-ary regular tree rooted at ¢. For all vertices x € Ty
we associate a random vector (A(z!), A(x?),---, A(z™=), N,) where N, is a non-negative
integer bounded by Ny. We assume that the sequence (A(z'), A(x?),--- , A(z™*),N,),z €
Ty) is i.i.d. and that each vector has the same law as (A1, Aa, -+, Ax, N), we also assume
that all A;’s are independent of N. The sub-tree T = {z € Ty, N(z) # 0} is a Galton-
Watson tree (GW), so (z!,22,--- ,2"*), are the N, children of z, and we denote |x| the
generation of x. For all vertex z in T, we denote 7 the parent of z, we also assume

that ¢ has a unique ancestor denoted Z& The set of environments denoted E is the set
of all sequences (A(z!), A(z2),--- , A(xN=),N,),x € Ty), we denote by P the associated
probability measure, and by E the expectation.

A random walk on € € E: we define a nearest neighbors random walk (X,,,n € N, Xo = ¢)
by its transition probabilities,

Ny Ny
plza') = A@)/ [ D A@) +1], pla,z)=1- p(x,2"),
=1 i=1

p(g,@ =1,
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note also that if N, = 0, then p(x,g) = 1. We denote by P the probability measure
associated to this walk, the whole system is described under the probability P which is the
semi-direct product of measures P and P.

General properties for the environment: Note that by construction the GW is locally
bounded, and we also add an ellipticity condition on the A;’s,

P—as30<egy <1, Vieg < A; < 1/ey, (1.1)

so the moment-generating function ¥ we define now, which contains the characteristics of
the environment, is defined for all ¢:

N
Y(t) =log E <Z A;?) .
=1

These assumptions (for the A;’s, 1/4;’s and N), may be weaken by assuming exponential
moments for all of them instead of ellipticity, but we do not think that we could reach easily
the even weaker assumptions like in [5] for example. Nevertheless, we keep more generalist
proofs as often as possible.As mentioned in the abstract we assume that ¢(0) > 0 so our
Galton-Watson is super-critical, also that the random environment is non-degenerate.
The recurrence criteria: on a regular tree, they are first due to [9], in the present settings,
we refer to ([11]) and the first part of [4]. Let

X = té%,fl} ¥(t),
then the walk is transient if and only if x > 0. The recurrent case can be specified as
follows, if

x <0 (1.2)

then the walk is positive recurrent, to determine the other case, we have to take into
account the sign of

N
¢/(1) = eiw(l)E Z Az log Az .
i=1
If
x =0 and ¥'(1) > 0, (1.3)
the walk is positive recurrent, whereas if
x =0 and ¢'(1) = 0,0r (1.4)

x =0 and ¥'(1) <0,

the walk is null recurrent. In figure (1) we present the shape of v for each case, for the
last one (1.5) a constant appears naturally:

k= inf{t > 1,9(t) = 0} € (1, +o0].

Asymptotics for the largest visited generation X: The asymptotic behavior of X :=
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Figure 1: The recurrent cases

max)<k<n | Xg| is well known thanks to the works of Y. Hu and Z. Shi [6], [5] and G.
Faraud, Y. Hu and Z. Shi [7]. They prove that there is three main different behaviors, the
first one ([6]) says that the walk is very slow and will never reach a generation larger than
logn for an amount of time n, more pricisely

| Xi

if (1.2) is realized then P a.s. — A/, lim max = (],
n—+o0 0<i<n logn

where P a.s. — N means P almost surely on the set of non-extinction of the Galton Watson
tree. Note that in [6] a regular tree is considered but the result remains true with our
hypothesis. In [5] and [6], it is proven that

X,
if (1.3) is realized then P a.s. — A/, lim max X = Cy,
n—+o00<i<n (logn)3
X,
if (1.4) is realized then P a.s. — N, lim max X = Cj,
n—+o00<i<n (logn)3

in this delicate case, there is still a slow movement, but they prove that the environment
allows enough regularity to let the walk escape until generation (logn)3. Note that in [7]
they work with a more general setting, a GW tree, weaker hypothesis of regularity than
ours, and succeed to determine Cs and C3. Finally, there is also a sub-diffusive case also
obtained in ([6]) :

log maxp<i<n ’Xz‘ o 1

if (1.5) is realized then P a.s. — A/, lim =1-—.
n—-o00 logn min (k, 2)

Note also that for large k [4] shows the existence of a central limit theorem for this last case.

In this paper we are interested in the largest generation entirely visited by the walk, more
precisely we get the asymptotic behavior of

Ry, := sup{k > 1,V]2| = k, £(z,n) > 1},

with £ the local time of X defined by L£(z,n) := >}, Lx,=.
We also need the following constant of law of large number for branching random walks

J(a) = }trzl(f){w(_t) —at}, 7 :=sup{a € R, J(a) > 0}, (1.6)



note that as x <0, ¥ > 0. Our main result shows that, contrary to X, there is essentially
two cases:

Theorem 1.1 Assume (1.1), then if (1.2) or (1.83) or (1.4) are realized, P a.s. — N
R,

i 1
lim = -,
n—+oo logmn ¥

otherwise P a.s. — N
. R, 1
lim = — .
n—+oologn  Jmin(k,2)

So the largest generation entirely visited is far smaller than the largest generation visited
by these walks except for the slowest case (1.2). In fact there is no difference between the
first three cases (which are the slowest ones) and we see appear the characteristic constant
k for the fourth one. In fact, if instead of stopping the walk at a deterministic time n we
stop it at n return time to the root, we have no longer any difference. More precisely, for
all 7> 1 let T; = inf{k > T(;_l, X} = ¢} the i return time to ¢, with T(g = 0 and denote

R, = RTJ: then

Proposition 1.2 Assume (1.1), then P a.s. — N

: R,
lim =
n—+oc logn

| =

This last fact shows that the difference for all the cases appears only in the behavior of
the local time at the root ¢. In fact we only need the logarithm behavior of £ at ¢ , it is
given by

Proposition 1.3 Assume (1.1), then if (1.2) or (1.3) or (1.4) are realized, P a.s. — N

n—+oo  logn

otherwise P a.s. — N
g £(g,n) 1
lim = — .
n—+oo  logmn min(x, 2)

(1.2) and (1.3) are obvious given recurrence positivity.

The rest of the paper is organized as follows, in Section 2, we prove the result for R,
it is the upper bound that needs more attention. In Section 3 we move from R, to Ry,
also for the sake of completeness we add classical results in an appendix.

To study asymptotical behaviours associated to (X, )nen, @ quantity appears natu-
rally: the potential process V associated to the environment which is actually a branching
random walk. It is defined by V(¢) := 0 and

V(z):=— Z log A(z),z € T\{¢},
z€]p,x]

where [¢,z] is the set of vertices on the shortest path connecting ¢ to = and ¢, z] =

[¢, z[\{#}-



2 Proof of Proposition 1.2
2.1 Lower bound
In this first section, we prove that P a.s. — N for n large enough

}?n 1—¢

logn ot

=:C1. (21)

For this purpose, note that:

PS(Ry < cilogn) =P5 | | {L(=T0) =0} | =P5(4)

|z|=c1logn

where A, = U‘ 2|=c1 log AT > Tg} Note that for typographical simplicity, we do not
make any difference between a real number and its integer part. Thus, according to strong
Markov property:

£
Pg(An) < Z Pi(TZ > Ttb)n < Z, logn  Max GN1ogP¢(Tz>T¢)
Is|=cx logn |z|=c1logn

with Z,, := Card{|z| = n}, the number of vertices in the n-th generation. With E[Z;] =
E[N] = e?(©) | the expected number of offspring at the first generation, it is a classical result
that W, := efl’% is a positive martingale an consequently (W,,),>0 admits a.s. a limit
when n goes to infinity. So, there exists C'(w) and ng(w) such that: ¥Yn > ng(w), eni% <
C(w). Consequently Vn > ng(w), noting that e?(Q)erlogn — pe1v(0).

Pi(An)SC(w)nclw(o) max "0 P (T=<To)), (2.2)

|z|=c1logn

As X is recurrent, P‘;(TZ < Ty) tends to 0 when n goes to infinity and we have to study
the asymptotical behaviour of:

—nPE(T.<T, - PE (T.<T,
N,:= max e " o(=<Ts) = max e "P(@P2)Pg (T=< d>),

|z|=c1logn |z|=c1logn

where ¢, is the child of ¢ in ]¢, z].
Recall that, thanks to the ellipticity conditions, Yu € T, eV ® = A(u) > &g, formulas
(4.3) yields:
V(¢z) e—V(Z) e—V(Z)
BTy s
¢ 2u€]¢,zﬂ eV(u)

where V(z) = max,¢)y, .1 V (#). The ellipticity conditions ensure that there is a constant
K > 0, such that Vz € T, K < €op(¢:¢2)/c;, then using 2.3:

= 2.3
2] Eocllogn’ (23)

N, < max e ciloen < e logn® . (2.4)

" |z|=c1logn

7”5017((157(152)6—7(2) Kn —max‘z‘:cl lognv(z)

At this level, it remains to study V and we need the following:



Lemma 2.1 Assume x < 0, there exists a constant a > 0 such that P a.s.— N for { large
enough :

— log ¢
Tnla%V(z) <y (1 +a O? >

Let us postpone the proof of this lemma and finish the proof of (2.1): for n large enough,

the previous lemma implies:

max V(z) < Aeplogn (1 +¢/2),

|z|=c1logn
and one can write P a.s. — N for n large enough:

=, £ £
Knl—c17(1+3) Kn3

N, <e  Ten <e legn, (2.5)

Finally formulas (2.2) and (2.5) give that P almost surely on the set of non-extinction
Z]qus(An) < 00, thus (2.1) is established using Borel-Cantelli Lemma.

Proof of lemma 2.1:
This result is classical and for the sake of completeness, we give some details below. Let
¢ := alog /¢, using the Biggins identity (4.1), we easily obtain:

P (maxV(z) > 0(1 + 85)) =P <U§:1 Ulz|=j {V(z) > 401 + 56)}>

|z|=¢
l Y '
= Z b Z Livezaea4eny | = Ze]w(l)E (esj]l{szfyZ(Hsz)}) )
=1 \lzl=j =1

For any b > 0, a simple partition of the event {S; > F¢(1 +¢¢)} gives:

+o00

E [es“l{sjzw(lm)}] =) E [esj]l{sjeW(1+ez)+br7w<1+en+b(r+1)[}}
.
< Zeﬂ?é(lJrez)er(rJrl)P(Sj > 50(1 + ) + br) .

r=0
The ellipticity condition gives e¥(~%) = B[} = V@] < (%)6 E[N] < oo for all § € R,
so according Biggins identity (4.2), E[e(1+5)51] < +00. Thus, using Markov inequality and
the fact that (S; — S;—1,i > 1) are i.i.d. random variables, Vc > 0, P(S; > ¢) < %
Collecting the previous inequalities, and taking ¢ = 4¢(1 4 ) + br:

¢
P ( maxV(z) > (1 + ¢ ) < bmoviIter) e 0N TR [e(1H0)51) v (1)
(Zzé (2) = 94(1 + ) Z; Ezj [e+9)51]

~

b
_ € (1ey) Z V(=)

1 — e
j=1
b —0
_ € e e~ (1+e0) (ew(—s)e _ 1)
1—e (=0 —1
< Me™ et W(=0=0%) —: MA(6), (2.6)



for the first equality we use Biggins identity, for the second one the fact that for all § > 0,
e?(=9) > ¢¥(0) > 1 and M is a positive constant.

Before going any further, according to the definitions of J and 4 see (1.6), note that
J (%) = 0. Indeed v, as a function of ¢, is convex moreover by hypothesis (0) > 0 and
infyepo,1) ¥(t) < 0, so it reaches its minimum for some ¢ > 0, so J(0) = infs>p¢p(—t) > 0.
Moreover by hypothesis 1(—t) is finite for every ¢ > 0, and therefore for all ¢t we can find
some a, large enough such that —co < J(a) < ¢(—t) — ta < 0. Then the definition of 5
gives effectively that J () = 0. We can now come back to Ay, we have two cases, either

e there exists #g > 0 such that 1)(—to)—to7 = 0. Then >, Au(to) = M 345 e to¥ter <
oo, and we conclude with the Borel-Cantelli Lemma, or

e )(—t) ~ 4t when t goes to infinity, note that by convexity of ¢, 1(t) — 4t > 0 for all
t. Then we can take § = 6, = é, in this case Ag(dy) ~ e~7 and we easily conclude
with Borel-Cantelli Lemma. |

2.2  Upper bound

In this section we prove that, for all € > 0, P a.s. — N for all n large enough

R, 1
<epimtE (2.7)

logn ¥

The strategy is the following, we first make a first cut in the tree close to the root at a
generation which depends on €. We denote (z;,7 < Uc) the vertices of this generation of
the tree. We show that during the n return time to the root the local time at each of these
individuals is not much larger than n (Lemma 2.2). Then we make a second cut in the
tree at generation (1 4+ ¢/2)logn. We select at this generation one descendant for each z;
called z; satisfying the property to have a large potential V' (z;) (see 2.11). We prove that
the local times on these vertices during the return time to z; do not exceed a power of logn
almost surely (Lemma 2.3). We finally prove a last technical lemma (Lemma 2.5) which
shows that there are very few back and forth movements between z; and its descendant
2;. Finally, using the three Lemmata we can extract some parts of the trajectory of the
random walk (before the nth visit to the root) which are independent up to a translation

Ry
logn

in time. Using this independence we finally prove that P¢ ( > 02) is summable which

leads to the result.

Let u. a positive integer that will be precised later. Let (z,i < U, =: |Z,_]|), the
individuals of generation u.. We first prove that before the nth visit to the root each
point at generation u. can not be visited many more times than n.

Lemma 2.2 Assuming (1.2), for all positive and increasing sequence of integers (hp,n €

N) with lim,,_, 4 o hy, = 400, P a.s. — N for n large enough

PEl | {£(z.T) = han} | < a2
1<5<Ue



Proof.

Let us denote | J; i<U. ./le the event in the previous probability. Let ¢,; > 0 and r,, >0
two sequences that we define later. Using successively Markov inequality and the strong
Markov property:

PE(L(z), TY) > royn) < e %™ ES [e%ﬁ(zﬂm Tk (Eg [eqaﬁ(zﬂw])". (2.8)
Let us denote w,; := Pfj (o, > Tp), v, = Pi(qu > T.,). Assuming that for all j, % (1 -
ij) < 1:

W, el5i — 1

J
=1 . .
1— (1 _ wzj)eqzj + UZJ 1— (1 _ wzj)eqzj

Eg [eqzjz:(z,m)] =1 v, +vs,e

As for all j, 1 —w,, < 1 we can chose q,; = log(1 + w,;) which obviously satisfied
e (1 —w,;) < 1, we obtain:
Vs,
A R (2.9)

Wy,

Replacing this expression in (2.8), as v,, < 1:

1 Tz 1 "
pe T >r,n) < 1 21
¢(£(Z]7 qﬁ)_Tan)— <<1+w2j> < +ij>> ’ (210

finally taking r,; = 2log(1 + 1/w,;)/log(1 + w,,), we get

E E —
Py U {L(z,T}) >r.n} | <U: jrﬂ%fp¢(£(zj’T$) >ryn) < U2
1<j<Ue -

To finish, we have to estimate r,; and so w., = p(2;, <;j)IP’i (T.;, > Ty). By (4.4) we note
Zj

that w,; can be small if the potential from the root to z; decreases, but thanks to the
hypothesis of ellipticity, P a.s. w,;, > d(9)Y, where ¢ > 0 so P as. Tz < " (eg)~2U-
with ¢ > 0. By the ellipticity condition for N, P a.s. for n large enough 7., < hy,, and

Ue < hus 50 B (Urejev, A ) <P (Urgjer, { £ T) 2 o0 }) <2 m

In what follows, for simplicity, we denote z > x if |z, 2] # 0, in other words z is an
ancestor of z.
Let (z;,7 < Ue) the individuals of generation a,, := (1 +¢/2)logn/4 such that z; < z; and
satisfying that for all 1 <¢ < U.:
1
Zi) > Fan (1 — -8 a") , max V(u) —V(z;) < Aclogan, (2.11)

(079 u€]zj,z;]

V(&i) - V(

where ?j the descendant of z; on ]zj, z;]. We prove in Lemma 2.4 below that such points
exists almost surely. Define also

K, = (logn)3*<7 /h,n.

L(z;, T
We now prove that the probability for the local time, at each points z; until TZ].(ZJ 5

be larger than nkK,, is rather small.

, to



Lemma 2.3 Assuming (1.2), there exists a constant cs > 0 such that P a.s. — N for n
large enough

LAY {E<z T )>2Knhnn} < ¢ i llogn)?,
1<5<Ue

Proof.
Let us denote ;< <y, B; the event in the previous probability, from (2.8) and (2.9):

= E 2. . < . hnn >
A =P 1<E£U {BjAj} | < Ue max B(L(z; T8™) > Kohyn),

K - nhn
1 " V.

U. max —~ 14 2 ,
1<5<U. 1+w,, Wy,

where w,, = P (sz < T,)) and v, := IP)‘ZSJ,(sz > T,,). Using Lemma 4.1 and the
hypothesis of elhptlclty, P a. S

IN

5 /
62_ < e_(maxue]]zj,gj]] V(u)_v(zj))’wzj > C_Oe_(maxue]]zj-,gj]] V(u)—V(gj))7
Qnp,

with ¢ > 0. Note that for all 0 < ¢ < 1, and x small enough (1 + z)~* < (1 — dax),
taking ¢ = 1/2, x = w;, and o = K,,, we get for all n large enough:

~ ~ hnn ~ ~ hnn
Wy, V. W, V.
A < U. max 1— 2K, |1+ =2 <U: max (1-— 9K, + —
1<5<U. 2 W, 1<5<Ue 2 W,

o Kn —(max V-V, | @ 29\
< U, max (1 _ 0y u€lzj 251 ) 4 _/"e(V(éj)V(Zj))> )
1< <U: 2an, cH

Now, assume for the moment that the sequence (gj, j < U:) we have defined in (2.11)
exists P a.s. — N, then P a.s. — N for n large enough

—Ael n hnn
A < U B é e—7cloga K.+ a_ne,:yanJﬁ,blogan)
- 2 logn h
1+9b n 1"
- 2 nh,  cynl+e/2) = e

To finish just notice that IP)‘; (U1§j§U5 Bj) < Pi <U1§j§U5 {Bj,Aj}> —|—IP)‘¢€) (U1§j§U5 Aj),
use Lemma 2.2 and the ellipticity condition for N. B
We are left to prove the following

Lemma 2.4 Assume 1.5 then there exist two constants bg > 0 and cog > 0 such that P
almost surely on the set of non extinction, for all l large enough

3z, |2l =0, V(z) > At <1 —b01°§€> V(2) — V(2) < jeo log (2.12)



For all integer A > 0, let us denote (z;,1 < i < Ux) the individuals of the A™" generation,
then there exist two constants b > 0 and ¢ > 0 such that P a.s. — N for all | large enough
and alli < Uy

log ¢

Az, |25l =4, V(z;) — V(?,) > Al (1 - bT) , max V(u) —V(z;) <Aclogl. (2.13)

Proof First note that the second part of the Lemma is a simple consequence of the first
part of the Lemma the ellipticity condition and the stationarity of the potential V. So if

we prove that there exists two constants @ > 0 and b > 0 P almost surely on the set of
non extinction for n large enough:

{ma@V(z) <A1+ alogl/l); 3z, |z| =4, V(z) > F(1 — blogf/f)}
2=
then we get the first part of the Lemma. We have already proven, in Lemma 2.1, that there
exists a constant a > 0 such that P-a.s. on the set of non extinction for ¢ large enough
max ¢ V(z) < 3(1+alogl/l). So we just need that P-a.s. on the set of non extinction
for ¢ large enough 3z, |z| = ¢, V(z2) > A4(1 — blog¢/¢), for this we use the results of
[10], note that here we are interested in the maximum instead of the minimum so few

changes occur. Let F(t) =F Z| =1 1y (2)>¢|, by independence of N and the increments
A;, we have F(t) = ;L:OT Z{Zl P(N = j)P(—log A; > t) and by hypothesis (1.1), for all
t > —log(ep), F(t) = 0, therefore & := sup{t, F(t) > 0} is finite. In [10] there is two
theorems the first one and the remarks that follow concern the case with a finite & and
F(&) > 1 and the second one the case F'(d@) < 1 and a second hypothesis (E[N?] < +00)

which is satisfied in our work. We use both theorems. Thanks to the hypothesis of
existence of 1 (again by the hypothesis of ellipticity), F'(7) < 1 and therefore F(&) < 1.

Indeed for all t > 0 F(3) < E [Z‘Z‘:l exp(t(V(z) — '?))], which by taking the infimum
over all t > 0 in both part of the inequality leads to F'(3) < exp(J(%)) = 1. Moreover if
F(&) > 1, then we should have exp J(5) > 1 which is absurd.

Theorem 1 of [10], says that there exists a constant ¢; > 0, such that P almost surely on the
set of non-extinction max,—, V(z) — My > ¢1 log £ with M, the median of max|,—, V (),
moreover if F(d) =1, then M, > al — c} log ¢, with ¢; > 0. So we only have to check that
a = 7. This is an easy computation, indeed we note that

E Zet(v(z)_d) > E Zet(v(z)_&)]l\/(z)za > K Z]IV(z)z& =1,
|z|=1 |z|=1 |z|=1

taking the infimum over all ¢ > 0, we get exp(J(&)) > 1 and as J(a) decreases with a and
J(7) =0, we get ¥ > &. The other case is pretty similar, let £ > 0,

B Zet(v(z)_&(lJrg)) _E Zet(\/(z)—&(l—f—a))]lv(z)gd +E Zet(v(z)—d(1+6))]lv(z)>d
|2|=1 |2|=1 |2|=1

10

9



as for |z| =1, V(z) < —logey,, by definition of & the last term is equal to 0, so we get

E Zet(V(z)*d(lJrs)) < e tieR ZHV(Z)@ < etae u(0)
|z|=1 |z|=1

taking the infimum over all ¢ > 0, we get exp(J(&(1 +¢))) =0, s0 5 < &(1 +¢).

For the case F'(a) < 1 we use Theorem 2 (b) in [10] note that it is the point where we use
the hypothesis of second moment for N, it gives that there exists a constant co such that
P almost surely max,— V(z) > ¢ — calog n. [

We finally need a last technical Lemma which tells that, the numbers of back and forth
movement between z; and z; is small for all i.

Lemma 2.5 For all the recurrent cases, for all e >0, P a.s. — N for n large enough

L(zj ,T")fl 1

E
Pl U Z Lo, rien e, mp=1 2 8¢ ¢ | < oo (2.14)
1<j<Ue =1

Proof.
Let us denote |J, <j<U. Cj, the event in the above probability. We have :

U €A} < D PE(Vha(i) > 8/e) (2.15)
1<l<UE 1<e<Ue
where Yy, »(j) :== ?”{L . By the strong Markov property Y3, ,(j) is

L(z;, Te ) ~L(z;,TE)>1

a binomial with parameters h,n and Uy 1= ]P’fj (sz > ng). As Uy < e_(V(EJ)_V(z)) , SO
thanks to Lemma 2.4, P a.s.— N for all j < U and all n large enough Uy <€ logn(l+e/4)
Moreover as we have no restriction for h,, but the fact that it goes to infinity with n, we
can take it for example equal to logn, so we get that nh,v,; < log n/ne/ 4. We can now
use, for example, the result of [3], to get that P a.s. — A for all j < U, and all n large

enough

8/e
o logn/ne/4 logn logn
P§ (Yin(j) = 8/) < e 18"/ <n5/4 tA T
and we conclude with qub (UlngUgéj) < qub (UlﬁjSUs {éj,.Aj}) + ]P’g (UlgngE./‘Ij). [ |

Now we move to the proof of the upper bound for R,,. Let D; := {minz>§i L(z, Tg) > 1}
> cz} C ﬂijzsl D;. Let us
compute an upper bound of the probability P* (ﬂg:fl{Ai, B;, Ci,Di}>, where A;, B;, and

such that all z belongs to generation (1+¢)logn. We have {

log n
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C; have been defined in the previous Lemmata. We have

=11 > > X

) Ue hnn—18/e—=1 K, hpn—1
j=1 kal lJZO mj:lj

Ue
Pé <ﬂ{Ai,Bi,ci,Di}

i=1

U. ki—2
Pg <ﬂ {Dzaﬁ('thg) - ki,£(§i7 ) myg, Z ]l£ 217Tl+1)?g£(sz ) =1 }) .

i=1 =1
In the following expression we add a sum over all the possible sequences (qi, - - - ,qfi) of
the different time of excursions from z; to z;: for this we denote G;" (gt - 7qlii) the event

that says that during the m; returns to z;, the walk will touch the point z; only between
the (¢ — 1)nth and ginth return time to z; for all r < ;.

(ﬂ{AZ,B@,cz,D })
Us: hnn—18/e—1 Kp,hnn—1
S ("

PS

ﬂ {Dz,ﬁ(ZuTq?) = ki,ﬁ(§i7Tff) =mi, G (g}, an)}> .

=1

2.2 > L F

ki=1 1;=0 m;=l; q17"7q

Now on {szl (qt,-- 7qlii), L(z,Ty) = ki,ﬁ(gi,Tfij) = mz} the event D; can be written
D; = < min lg_l L(z qs i 1) - L(z Tqéi) >1
(2 Z>§¢ )y T2 -
li—1 o li—1
Sq, - qsz
= U {g};lzn <E(Z,T§i Y~ L(2, T )> } =: U Hi( Qsl

Z4
s;=0

We finally get

Ue
Pg (ﬂ {D@',E(Zi,T¢) - kl,»c( Ziy z ) mz,ng(QIiLa' o a%i)})

i=1

<HZPE <ﬂ{ L), Lz, T = kiy £(24, TE) = mi, G (qh, - - ,q?;)}>

j=1s5;=0

U, lj—1
<11 Z i <ﬂ { L) L2, T)) = ki, Lz, T = mi,g}(q;)}>

j=1s5;=0 =1

{Vr, qu'“ <r< qu' X, > z;}. The next step is to make disappear

where G;(q L) =
= k;, and E(z Tk =m; Carefully, we simply notice that

‘C(Zl’ ) 30+ 2z
Us: hnn U. A )
H Z P <ﬂ {H(qgi)’ﬁ(zi’T(b) = ki, L(z;, T, Fi) = mi,gz’(qsi)}>
Jj=1k;=1 i=1
Us: hnn U A . U. ' )
<[I> ¥ <ﬂ {#ad). £ 13) = kmgi(qsi)}) = p* (ﬂ {H(ggg,gi(qﬁ)}) .
j=1k;=1 =1 i=1

12



We are now ready to apply the strong Markov property, indeed the (Tgf,i < U,) can now
be ordered, and as they are stopping times recursively we finally get:

U .
PE (ﬂ{ (qsl) QZ qsl }) H]P’ ; (gglﬁ (Z qu 41 1_qs¢> > 1)
i=1
< ZI;IIIP"; (glznﬁ (z TK"h”"> > 1> .

We are left to get an upper bound for the probabilities in the above product, and also
to count the number of term we have in the previous product of sums. First about the

. 8 Knhy, 8 Knhy,
sums we notice that le/io Domi=, Zqi,...% 231 o1 211/80 Dy (ml)(h +1) <
(8/e + 1)K, hpyn 2181/20 (K"lh"") < (8/e + 1)2Kphpyn(K,h,n)¥¢, so finally

1

U. 8/¢ Knhnn

11> > Z Z 1< < 8/e + 1) Kphn(K, hnn)8/€> o (K hyn)V=(8/+D).

j=11;=0 mjfl 7qu 5;=0

Using successively the strong Markov property, (4.4) and the hypothesis of ellipticity for
all z > z;:

Kphn
IF’g (mlnﬁ (z TK”h”"> > 1> < IP’; (E (z,T;j”h”"> > 1) =1- ]P’i (Tgi < TZ) "

Zi z>z
Kphnn
1

Zueﬂz. 2] eV(u)7V(zi)

< 1- exp (—cKnhnne* maxyelz,,z] V(U)7V(ZZ)) ,

< 1—[1-pz2,)

_17 )

with ¢ > 0. The stationarity of V gives the following equality in law with respect to P:
maXye[z, ] V() —V(Z@') = MAX|2|= £ logn V(2), moreover thanks to lemma 2.4, P a.s.— N
for all n large enough:

max V(z) > (1— 6)% logn.

|z|= 27 logn
We finally get that P a.s. — N for all n large enough:
/
£ . Ko hon CKnhnn
nhon) > < ——rre
]Plz <£§12£ <Z’T§i ) - 1> - pel—eg)/2”

implying

Ue / Ue

< dK,h,n

P (ﬂ { (QSZ) gz(Q&)}) < <m> .
i=1

Collecting all what we did above and replacing K, h,n by its value, yields that P a.s. — N

for n large enough

U- u
1 £

£ O D K Ue(8/e+2) [ —

P (( ]{Ai,B,,cz,DZ}> < (Kham) = ¢ )<n5<15>/2> '

i=1

13



From Kesten-Stigum theorem [8] (here the hypothesis that F(Nlog™ N) < oo is trivially
satisfied), we know that P a.s. — N lim._, Uf_;/ew(o)“E = W where W a strictly positive,
finite random variable. In particular choosing u. = ew% log 5% Pas. —N forale>0
small enough 4/(1 — e)e < U. < 1/&3, finally remember that K, is given just after 2.11 so
we get P a.s. — N for n large enough

s (log n)<"<'
P ﬂ{AuBHCZaDZ} S 5

. n
=1

with ¢” > 0. Finally collecting the result of the different Lemmata we get that P a.s. — N,

Pe <1£;"n > 02> is summable, applying Borel-Cantelli Lemma we get 2.7.

3 Connexion between R,, and R,

3.1 Case ¥(1) =0, ¥'(1) > 0 or infycjo,1) () <O
We have the following

Lemma 3.1 Assume 1.2 or 1.3 or 1.4, then for alle > 0P a.s.—N for all n large enough
Ryj-- < R, < R,. (3.1)

Note that only the first inequality needs to be proven, moreover the case (1.2) and (1.3)
follows directly by the fact that the random walks are positive recurrent. In what follows
we will always assume that 1.4 is realised and for m € N, we denote Ty, := inf{k >
0,|Xk| = m} the hitting time of the generation m. The key-point is the following

Lemma 3.2 There exists a constant « > 0, such that P a.s. — N for all m large enough

Ai(m) = {L(¢,Tm) = exp ((ma) /3 (1 —/4))}, and (3.2)
As(m) = {Tm < exp((ma)*(1+¢/2))}
are realized.

From the above Lemma the proof of the first Lemma is straightforward, indeed for n large
enough on Ay

£(¢7n) 2 £ <¢7 7- (logn)3 > 9

a(1+€/2)3
therefore, for n large enough on A; and A,
L(¢,n) > exp(logn(l —e/4)/(1 +¢/2)) > nt~¢.

So we are left to prove Lemma 3.2, notice that it can be deduced from what is done in
[5], for completness we give some details here except the proof of the following delicate to
prove Lemma

14



Lemma 3.3 ([5]) For alle >0 P a.s. — N for all m large enough
pm < exp(—m3al/3(1 — £/8)), (3.4)
where py, = Py(Tm < Tp).

Proof of lemma 3.1 For A;(m), the strong Markov property gives P€ (L(¢, Tyn) > k) =
(1 — pm)¥, then Lemma 3.3 yields that P a.s. — N for m large enough

P¢ (E((ﬁ, Tm) < exp(m*2at/3(1 — 8/4))) < exp(—m'3al/3e/8), (3.5)

applying Borel-Cantelli Lemma leads to 3.2.

For Ay(m), from U.A. Rozikov [12], E¢[T,,] = %;ﬁ))a where 7,,,(¢) is defined in the ap-

pendix. Lemma 4.2 and 3.3 imply the existence of a constant ¢ > 0 such that P a.s. — N
for m large enough

EE[Tr] < dmexp(m'/3at/?(1 +¢/8)), (3.6)

the Markov inequality together with the above inequality yields that P a.s. — N P¢(7,, >
m'/3a1/3(1 + £/4)) is summable and we conclude with Borel-Cantelli Lemma. [ |

Finally notice that by Lemma 3.1, (2.1) and (2.7), P a.s. — N for n large enough
HIREL LIPS
A logn — %

we get the Theorem for the first three cases by letting € go to zero.

(1+¢) (3.7)

3.2 Case (1) =0, ¥'(1) <0
Let us prove

Lemma 3.4 Under (1) =0, ¢'(1) <0, we have for alle >0, P a.s. — N for all n large
enough

R vl —¢ S Rn S Rnu/-l»s,
where V' := 1/ min(k, 2).

To prove this Lemma we use the following results of [7] that can be extended to a super-
critical Galton Watson tree by using the same technics:

Proposition 3.5 (/7]) Under (1) =0, ¢'(1) <0, we have for alle >0, P a.s. — N for
all m large enough

M BB (6)] < Bn(9') < M E[Bn(¢")], (3.8)
where By (¢t = ]P’i1 [T < Tp). Moreover if k € (2,+0c], E[Bm(6")] = O(1/m) and if
k€ (1,2] m T < E[Bn ()] < m” =1t Also P a.s. — N for all n large enough

7;7/1/(1—5) S n S 7;Lu(l+s), (39)

with v :=1—1/min{k, 2}.
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Proof of lemma 3.4 First notice that thanks to the second part of the above propo-
sition, P a.s. — N for all n large enough

L(}, Tywa-o) < L(d,n) < L(), Tyuae) ) (3.10)

The upper bound we study the asymptotic of L(¢, Tp,) for large m, using Markov inequality
we have

(1 — pm)E[ﬂm((ﬁl)]

pmmZE

B (L(6. Trn) > m™/E[fn(6)]) < . (3.11)

By definition p,, = Zi]i(f) (¢, 0)Bm(4"), then by using the fact that the B,,(¢) are
i.d. with mean E[B,,(¢")], the hypothesis of ellipticity and the first part of the above
Proposition we get that there exist positive constants ¢; > 0 and ¢o > 0 such that P a.s. —
N c1E[Bm(d)]m ™8 < pm < 2 E[Bm(0")]m?, so P a.s. — N for n large enough

2e

P 1= PE <£(¢, Trn) > m> < mi (3.12)

We deduce from that the convergence of the sum ), ps/-, therefore according to Borel
Cantelli Lemma P a.s. — N for all [ large enough L(¢, ’7;%) < E%QS/E [56% ((bl)}. Taking
(¢ — 1)/ < m < (?/¢ in such a way that for £ large enough £%/¢ < m!*¢, we get by
using the fact that L£(¢,Ty) is increasing in ¢ and §; decreasing in ¢, that P a.s. — N
for all m large enough L(¢, Tp,) < m3 /E[B14<(¢')]. Finally P a.s. — A for all n large
enough L£(¢, T, v4e)) < n¥/E[B, 14300 (¢1)]. Now, distinguishing the two cases we get
for k € (1,2], P a.s. — N for n large enough, L(¢, T, v14+)) < n%*'coa, and for k € (2, +00],
L(¢, Tvare)) < n2T¢ where ¢ and ¢, are two positive constant. Collecting this result
and the right-hand side of 3.10 gives the upper bound.

The lower bound, let (\,, m) a positive sequence decreasing to zero when m goes to infinity.
First notice that

RE |:ef>\m£(¢,'7'm)] — Pm 7
L—e (1= pp)

therefore for m large enough and by taking X\, = mfp,, we get Ef [e*)‘m‘:(d’fm)] <

20m/ (A + pm) < 2m~¢. We obtain that E¢ [Zz e_)‘méﬁ(‘é’ﬁ”f)] is finite, for the sub-

sequence my = |£?/¢], therefore P a.s. — N for all ¢ large enough Am L (¢, Tm,) > 1, then
it is clear that for all m € [myg, myy1], A, L (¢, Tr) > 1. Moreover using the estimates
of p. just above (3.12) and of E[B(¢')], P a.s. — N for all £ large enough and for all
m € [mg,met1], 1/Am, > 1/(m®3°Ny,), with c3 > 0 a well chosen constant. Therefore for
some positive constant ¢y, P a.s. — N for n large enough L (¢, Tp,) > #m Then
we separate the two cases and use the left hand side of (3.10) to get the lower bound. W
Lemma 3.4 together with Proposition 1.2 yields the theorem for this last case.

Finally note that Proposition 1.3 is a simple consequence of Lemma 3.2 and proof of lemma

3.4.
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4 Appendix

In this appendix, for completness, we describe and sketch the proof of some classical
results. Given a vertex x € T, we denote x¢ := ¢, ...,z, := x the vertices on [¢, z] with
|z;] = for all 0 <i <mn.

4.1 Biggins-Kyprianou identities

For any n > 1 and any mesurable function F' : R” x R" — [0,400), Biggins-Kyprianou
identity is given by

E|Y e V@wnpv(z),1<i<n)| = E[F(S;,1<i<n) (4.1)
lz|=n
where (S; — Sij—1)i>1, are i.i.d. random vectors, and the distribution of S is determined

by :

Elf(S))=E | Y e Vv rw(a)], (4.2)

|z|=1

for any measurable function f : R — [0,4+00). A proof can be found in [2], see also [13].

4.2 Classical results about birth and death chains
Lemma 4.1 For 2’ € [¢,x]:

PE (T, < T _ Ve 4.3

x;( »<T) = Zzé]x/,x] eV(z)’ (43)
V(z)

P (T <Tp) = __°c " (4.4)

Zzeﬂx’,xﬂ eV (®)
where x, is the only children of ' in [2', x].

Proof: Let (0,,)n>0 the family of stopping times defined by o, = inf{k > o,,_1, X}, €
[¢, 2], Xr # Xs, .} and define Z,, = X, for n > 0. (Z,,)n>0 is a birth and death Markov
chain on [¢, z] with transition probabilities given by:

A(m 1)
Dx; ( n+1 'IZ+1| n xz) 1+A(CE¢+1)’
1
qx; ( n+1 Ty 1| n xz) 1+A($i+1)’

V1<i<n-—1andpy =g, =1, indeed

Py = PL(Xoy =wiy1) = ZP‘;-(XTQH = Tiy1, Vm <L, Xppoy & [¢,2])

>0
- i X 7 (i, i41) _ p(zi, Tiv1)
;p i, i1 )PE (X0 ¢ [6,2])" = L-PE(X ¢ [0a]) 1o, plaia™)
_ _Alin)
1+ A(ziy1)
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Let us introduce:

)4
di
=1¢&=]]= >1,
i1 Pk

and consider f : N — R given by f(¢) = 0 and for 1 < k < n, f(zx) = Zlg:_& &p. Easily
we can see that (f(Zg))k>0 is a martingale. With =, = inf{m >,0,Z,, = z;} and for
1 <i < j <k, according to the optional stopping time Theorem, for 1 <i < j <k :

flzg) = Eij [f (Xrinm)] = f(xl)]P’ (Tz < 7k) + flap)[l - P (Tz < 7)]
V(z)
e
= ]Pg (Tz < T ) z = Zzeﬂx“ JH V(z)
Z:i gf Zzeﬂ$i7$kﬂ €
recalling that V(z) = =3 4, log A(2),z € T\{0}. Since {r, < 7o} = {T < T}
conditionnaly on {Xy = 2/, }, thus formula 4.3 is proved. [ |
4.3 About (v, n)
Let us define:
0 if |z| = n,
) e+ A @)
Tn(x) = 1+ZN” A(xl) OB if 1 <|z| <n, (4.5)

ZZ 1p(¢, gbz)ryn(gbz) itz = ¢ .
where 8, := PS(T,, < Te).
Lemma 4.2 Assuming (1) = 0:

sup —— 2n(9) < 400, P.a.s. (4.6)

n>1 N

This result is already proved in the case of a b-ary tree (see for instance [6]). Here, we
treat the case of a Galton-Watson tree.
Proof:

First, observe that for all 2 < k <mn :

k—1
<k I1 4w+ Y | IT 4w ) @ @)
J=1|z|=j y€]d;z] lz|=k \y€]e;z]

where K is a constant satisfying Va € T, p(z, g)_l < K. The existence of K is provided
by assumptions 1.1.
As p(p, ¢') < A(¢?), V1 < i < N, we deduce from (4.5):

N
Z (") (0"), (4.8)



and note that formula (4.5) implies :

Yn(2) < K+ Ale')yn(ah), V1 < Jz| < n. (4.9)

Then from (4.8) and (4.9), we deduce formula (4.7) for k = 2:

N
wm6) < D AW K+ZA n(6") KZM S A )
i=1 i=1 j=1
= Ky I aw+ > | II 4w |
lz|=1y€] 5] lz]=2 \y€]¢;x]

Assume that (4.7) is true for one k > 2 | we prove that it still true for k + 1. Using again
(4.9):

k— Ny
ZZ IT 4aw+> ( II 4w <K+ZA<:&>%<$Z'>>
=1

J=1 |z|=7 y€]$;2] lz|=Fk \y€]o;z]

SKZZ I 4w+ > | 1] 4w | m(=

J=1|z|=j yel¢;a] |z|=k+1 \y€l¢;z]

Applying formula (4.7) to k = n and recalling that v,(z) =0 for |z| =n :

n—1
<KZZ II Aw) =£K>_ M, (4.10)
J=1|z|=j y€]$;z] J=1

where Mj = 322 [Tjp0g A®W)- (Mj);>1 is a positive Fj-martingale with Mo = 1 and
Fj=o{(A(@!), -, A@""), Ny) : || < j, o € T}:

e obviously we have positivity and for all j > 0, M; € Fj;

o forallz € T, as (A(z!), -+, A(xN=), N, ) is equal in law to the vector (Ay,--- , Ay, N):
N
E[M;1|F;] = ME[Y_ Ad,

and we conclude with My = E[Zf\il A;] =1, since ¥(1) =

Consequently, there exists an almost sure limit for (M});>¢ which implies that sup; M; <
oo almost surely.
Thus, (4.10) implying W/"TW) < K sup; Mj, the proof is complete. []
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