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An algebraic-analytic approach of Fermat-Catalan
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Jamel Ghanouchi

jamel.ghanouchi@topnet.tn

Sommaire

Nous commençons avec l’équation de Beal (ou Fermat-Catalan) U c+2 =
Xa+2+Y b+2 puis nous definissons deux équations qui en sont conséquentes.
Après en avoir déduit quelques résultats, nous généralisons l’approche
à toutes les équations de Fermat-Catalan ; ce qui nous permet de relier
le problème au théorème de Matyasevitch. En effet, nos investigations
vont nous amener à établir des égalités qui ne s’expliquent que par l’in-
décidabilité de certaines conjectures inhérentes aux équations diophan-
tiennes. Notre approche nous permet alors également de proposer une
nouvelle conjecture concernant les équations de Fermat-Catalan généra-
lisées. Nous proposons, d’autre part, une démonstration de la conjecture
de BeaL. ( MSC=11D04) Mots clés : Fermat-Catalan ; Equations diophan-
tiennes ; Analyse ; Suites ; Séries ; Séries de Fourier ; Conjecture.

Abstract

We begin with Beal equation (or Fermat-Catalan) U c+2 = Xa+2 + Y b+2

and establish two equivalent equations. We generalize the approach to all
Fermat-Catalan equations which allows us to relate the problem to Ma-
tyasevich theorem. Our approach will lead us to propose a new conjec-
ture concerning Fermat-Catalan equations. We propose also a proof of Beal
conjecture. ( MSC=11D04) Keywords : Fermat-Catalan ; Diophantine equa-
tions ; Analysis ; Series ; Fourier series ; Conjecture.

The approach

Let
u = U2(c+2)

x = U c+2Xa+2

y = U c+2Y b+2
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z = Xa+2Y b+2

We have

u = U2(c+2) = U c+2(Xa+2 + Y b+2) = x+ y (1)

And

1

z
=

1

Xa+2Y b+2
=

U2(c+2)

U c+2Xa+2U c+2Y b+2
=

u

xy
=

x+ y

xy
=

1

x
+

1

y
(2)

Lemma 1 If U,X, Y, a, b, c are integers verifying U c+2 = Xa+2+Y b+2, then
u, x, y, z as defined higher verify simultaneously (1) and (2) which follow

u = x+ y (1)

1

z
=

1

x
+

1

y
(2)

Or

z = Xa+2Y b+2

u = (Xa+2 + Y b+2)2

x = Xa+2(Xa+2 + Y b+2)

y = Y b+2(Xa+2 + Y b+2)

Let us define the sequences whose first terms are

x1 = x

And
y1 = y

But ∀x1, y1, ∃z1 verifying

1

z1
=

1

x1
+

1

y1
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And

z1 =
xy

x+ y
= z

Or

(x1 + y1)z1 = x1y1

And

x1(y1 − z1) = z1y1

Let us pose

y2 = y1 − z1 =
z1y1

x1

And
y1(x1 − z1) = z1x1

Also

x2 = x1 − z1 =
z1x1

y1

So, we have
x2y2 = z21

Or

x1 = x2 + z1 = x2 +
√
x2y2

And

y1 = y2 + z1 = y2 +
√
x2y2

With

u1 = u = (x1 + y1) = (
√
x2 +

√
y2)

2 > x2 + y2 > 0

(x1 + y1) integer

x1 =
√
x2(

√
x2 +

√
y2) > x2 > 0
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x1 integer

y1 =
√
y2(

√
x2 +

√
y2) > y2 > 0

y1 integer

z1 =
x1y1

x1 + y1
= Xa+2Y b+2 =

√
x2y2 > z2 =

x2y2

x2 + y2
> 0

z2 rational
Because
∀x2, y2 rational, ∃z2 rational which verifies

1

z2
=

1

x2

+
1

y2

Until infinity. For i

(xi + yi) = (
√
xi+1 +

√
yi+1)

2 > xi+1 + yi+1 > 0

And xi + yi rational for i > 2

xi =
√
xi+1(

√
xi+1 +

√
yi+1) > xi+1 > 0

xi rational for i > 2

yi =
√
yi+1(

√
xi+1 +

√
yi+1) > yi+1 > 0

yi rational for i > 2

zi =
xiyi

xi + yi
=

√
xi+1yi+1 > zi+1 =

xi+1yi+1

xi+1 + yi+1

> 0

zi rational for i > 1 and also, of course

1

zi+1

=
1

xi+1

+
1

yi+1

Lemma 2 The expressions of the sequences are

(xi + yi) = (
√
xi+1 +

√
yi+1)

2
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xi = x2i−1

j=i−2
∏

j=0

(x2j + y2
j

)−1 (3)

yi = y2
i−1

j=i−2
∏

j=0

(x2j + y2
j

)−1 (4)

Prof of lemma 2 We prove it by induction, we have

x =
√
x2(

√
x2 +

√
y2) =

√
x2(x+ y)

1
2

x2 =
x2

x+ y

Also

y2 =
y2

x+ y

The lemma is verified for i = 2. Let us suppose it verified for i, from (3)
and (4)

xi =
√
xi+1(

√
xi+1 +

√
yi+1) =

√
xi+1(xi + yi)

1
2

Which means

xi+1 = x2
i (xi + yi)

−1

But the lemma is verified for i, it leads us to

xi+1 = x2i
j=i−2
∏

j=0

(x2j + y2
j

)−2(x2i−1

+ y2
i−1

)−1

j=i−2
∏

j=0

(x2j + y2
j

)

= x2i
j=i−1
∏

j=0

(x2j + y2
j

)−1

The lemma is verified for i+ 1, the proof is the same for yi, we deduce

xi = x(2i−1)

j=i−2
∏

j=0

(x(2j) + y(2
j))−1
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And for yi

yi = y(2
i−1)

j=i−2
∏

j=0

(x(2j) + y(2
j))−1

∀i > 1

But

x− y = (x(2i−1) − y(2
i−1))

j=i−2
∏

j=0

(x(2j ) + y(2
j))−1 (5)

And

j=i−2
∏

j=0

(x(2j ) + y(2
j)) =

(x(2i−1) − y(2
i−1))

x− y

Lemma 3 This lemma is not necessary, we establish it because it will al-

low us to meet generalised Fermat numbers x2i−1
. We must suppose here

that

x 6= y

or

xi 6= yi

xi =
x(2i−1)

x(2i−1) − y(2
i−1)

(x− y) = U c+2 X(a+2)2i−1

X(a+2)2i−1 − Y (b+2)2i−1 (X
a+2 − Y b+2)

And

yi =
y(2

i−1)

x(2i−1) − y(2
i−1)

(x− y) = U c+2 Y (b+2)2i−1

X(a+2)2i−1 − Y (b+2)2i−1 (X
a+2 − Y b+2)

ui = xi + yi = U c+2X
(a+2)2i−1

+ Y (b+2)2i−1

X(a+2)2i−1 − Y (b+2)2i−1 (X
a+2 − Y b+2)
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Lemma 4
xi − yi = x− y

From lemma 3, this lemma is evident, and also for x = y, we have

xi − yi = xi+1 − yi+1 = x− y

Lemma 5 We have supposed x − y 6= 0. A priori nothing allows to say
that x is différent or equal to y. Nonetheless, our investigations leaded ud
to a strange result, which is that x = y, without any condition on x and
y. Why this impossible result ? We think about Matyasavitch theorem. All
diophantine equations have not solutions and the conjectures linked to
those equations are not all decidable. But, the sequences established here
are available for all Fermat-Catalan equations, even for the following one
kUn = k1X

n1
1 + k2X

n2
2 + ... + kiX

ni

i . This equation resumes all Fermat-
Catalan equations. Nowadays, we do not know when there are solutions
and when there are not. But, if we pose

u = k2U2n

x = kUn(kUn − kjX
nj

j )

y = kUnkjX
nj

j

z = kjX
nj

j (kUn − kjX
nj

j )

we find lemma (1) :
u = x+ y

and
1

x
+

1

y
=

1

z

If there is an undecidability, those sequences should lead to an impossi-
bility. The impossibuility is xy(x − y) = 0 for all x, y. We will prove that
xy(x − y) = 0 formally. We have a lot of proofs. Here are some. THe first
utilises series and particularly Fourier series. Effectively, as

xi =
x2i−1

x2i−1 − y2
i−1 (x− y)

And

yi =
y2

i−1

x2i−1 − y2
i−1 (x− y)

We can say

x ≥ y ⇒ lim
i−→∞

(xi) = x− y, lim
i−→∞

(yi) = 0

And
y ≥ x ⇒ lim

i−→∞
(yi) = y − x, lim

i−→∞
(xi) = 0
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The series
As we have seen √

xiyi = yi−1 − yi = xi−1 − xi

Or
xi − xi+1 =

√
xi+1yi+1

xi−1 − xi =
√
xiyi

...

x1 − x2 = x− x2 =
√
x2y2

Telescopic series

j=i+1
∑

j=2

(
√
xjyj) = x− x2 + x2 − x3 + ...+ xi − xi+1 = x− xi+1

And the limit
j=∞
∑

j=2

(
√
xjyj) = lim

i−→∞
(x− xi+1)

If x ≥ y
j=∞
∑

j=2

(
√
xjyj) = lim

i−→∞
(x− xi+1) = x− (x− y) = y

If x ≤ y
j=∞
∑

j=2

(
√
xjyj) = lim

i−→∞
(x− xi+1) = x

The applications of the series

Let us suppose firstly x ≥ y. We always have

j=i
∑

j=2

((−1)j
√
xjyj) = x− x2 − (x2 − x3) + (x3 − x4)− ...+ (−1)i(xi−1 − xi)

= x− 2x2 + 2x3 − ...+ 2(−1)i−1xi−1 + (−1)i+1xi

= 2

j=i−1
∑

j=2

((−1)j+1xj) + x+ (−1)i+1xi

= 2

j=i
∑

j=1

((−1)j+1xj)− x− (−1)i+1xi

=

j=i−1
∑

j=2

((−1)j+1xj) +

j=i
∑

j=1

((−1)j+1xj)

= 2

j=i−1
∑

j=2

((−1)j+1yj) + y + (−1)i+1yi
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= 2

j=i
∑

j=1

((−1)j+1yj)− y − (−1)i+1yi

=

j=i−1
∑

j=2

((−1)j+1yj) +

j=i
∑

j=1

((−1)j+1yj)

Or

2

j=i
∑

j=1

((−1)j+1xj) =

j=i
∑

j=2

((−1)j
√
xjyj) + x+ (−1)i+1xi

And

2

j=i
∑

j=1

((−1)j+1yj) =

j=i
∑

j=2

((−1)j
√
xjyj) + y + (−1)i+1yi

As we do not know the limit of (−1)i+1xi, we can say that

j=∞
∑

j=1

((−1)jxj)

is perhapse not convergent. But

j=∞
∑

j=2

((−1)j
√
xjyj)

is absolutely convergent. As yi tends to zero in the infinity, thus

j=∞
∑

j=1

((−1)jyj)

is convergent. The limit of

j=i
∑

j=2

((−1)j
√
xjyj) = 2

j=i
∑

j=1

((−1)j+1yj)− y − (−1)i+1yi

= 2

j=i
∑

j=1

((−1)j+1xj)− x− (−1)i+1xi

And
∑j=∞

j=1 ((−1)j+1xj) is convergent ! It implies, as we said and we have several
proofs, that

lim
i−→∞

(xi) = x− y = 0

It is confirmed by the fact that the limit of the general term of the series is equal
to zero. Let us prove it ! We have

k=2m
∑

k=1

((−1)k+1xke
− k√

2m )
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= xe
− 1√

2m − x2e
− 2√

2m + x3e
− 3√

2m − ...+ (−1)2m+1x2me
− 2m√

2m

= xe
− 2√

2m+x(e
− 1√

2m−e
− 2√

2m )−x2e
− 2√

2m+x3e
− 4√

2m+x3(e
− 3√

2m−e
− 4√

2m )−x4e
− 4√

2m+...−x2me
− 2m√

2m

= xe
− 2√

2m (e
1√
2m − 1) + x3e

− 4√
2m (e

1√
2m − 1) + ...+ x2m−1e

− 2m√
2m (e

1√
2m − 1)+

+(x− x2)e
− 2√

2m + (x3 − x4)e
− 4√

2m + ...+ (x2m−1 − x2m)e
− 2m√

2m

= (e
1√
2m−1)(xe

− 2√
2m+x3e

− 4√
2m+...+x2m−1e

−
√
2m)+(

√
x2y2e

− 2√
2m+

√
x4y4e

− 4√
2m+...+

√
x2my2me

− 2m√
2m )

= (e
1√
2m − 1)

k=m
∑

k=1

(x2k−1e
− 2k√

2m ) +

k=m
∑

k=1

(
√
x2ky2ke

− 2k√
2m )

And also
k=2m
∑

k=1

((−1)k+1yke
− k√

2m )

= ye
− 1√

2m − y2e
− 2√

2m + y3e
− 3√

2m − ...+ (−1)2m+1y2me
− 2m√

2m

= (e
1√
2m − 1)

k=m
∑

k=1

(y2k−1e
− 2k√

2m ) +
k=m
∑

k=1

(
√
x2ky2ke

− 2k√
2m )

But

(e
1√
2m − 1)

k=m
∑

k=1

(y2k−1e
− 2k√

2m ) = S

We have

(e
1√
2m − 1)

k=m
∑

k=1

(y2k−1e
− 2k+1√

2m ) < S < (e
1√
2m − 1)

k=m
∑

k=1

(y2k−1e
− 2k−1√

2m )

(e
1√
2m − 1)e

− 3√
2m

k=m
∑

k=1

(y2k−1e
− 2k−2√

2m ) < S < (e
1√
2m − 1)e

− 1√
2m

k=m
∑

k=1

(y2k−1e
− 2k−2√

2m )

Thus

lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=1

(y2k−1e
− 2k−2√

2m )) = lim
m−→∞

((e
1√
2m − 1)y + (e

1√
2m − 1)

k=m
∑

k=2

(y2k−1e
− 2k−2√

2m ))

= lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=2

(y2k−1e
− 2k−2√

2m )) = lim
m−→∞

(S)

We have

(e
1√
2m − 1)

k=m
∑

k=p

(y2k−1e
− 2k−p√

2m ) = A

And

(e
1√
2m − 1)

k=m
∑

k=p

(y2k−1e
− 2k−p+1√

2m ) < A < (e
1√
2m − 1)

k=m
∑

k=p

(y2k−1e
− 2k−p−1√

2m )
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Or

(e
1√
2m − 1)e

− 2√
2m

k=m
∑

k=p

(y2k−1e
− 2k−p−1√

2m ) < A < (e
1√
2m − 1)

k=m
∑

k=p

(y2k−1e
− 2k−p−1√

2m )

Hence

lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=p

(y2k−1e
− 2k−p−1√

2m ))

= lim
m−→∞

((e
1√
2m − 1)y2p−1e

− p−1√
2m + (e

1√
2m − 1)

k=m
∑

k=p+1

(y2k−1e
− 2k−p−1√

2m ))

= lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=p+1

(y2k−1e
− 2k−p−1√

2m )) = lim
m−→∞

(A) = lim
m−→∞

(S)

Thus

p = m ⇒ lim
m−→∞

(A) = lim
m−→∞

(S) = lim
m−→∞

((e
1√
2m − 1)y2m−1e

− m√
2m ) = 0

Consequently

lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=1

(y2k−1e
− 2k√

2m )) = 0

By the same process

(e
1√
2m − 1)

k=m
∑

k=1

(x2k−1e
− 2k√

2m ) = S

We have

(e
1√
2m − 1)

k=m
∑

k=1

(x2k−1e
− 2k+1√

2m ) < S < (e
1√
2m − 1)

k=m
∑

k=1

(x2k−1e
− 2k−1√

2m )

(e
1√
2m − 1)e

− 3√
2m

k=m
∑

k=1

(x2k−1e
− 2k−2√

2m ) < S < (e
1√
2m − 1)e

− 1√
2m

k=m
∑

k=1

(x2k−1e
− 2k−2√

2m )

Thus

lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=1

(x2k−1e
− 2k−2√

2m )) = lim
m−→∞

((e
1√
2m − 1)x+ (e

1√
2m − 1)

k=m
∑

k=2

(x2k−1e
− 2k−2√

2m ))

= lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=2

(x2k−1e
− 2k−2√

2m )) = lim
m−→∞

(S)

We have

(e
1√
2m − 1)

k=m
∑

k=p

(x2k−1e
− 2k−p√

2m ) = A
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And

(e
1√
2m − 1)

k=m
∑

k=p

(x2k−1e
− 2k−p+1√

2m ) < A < (e
1√
2m − 1)

k=m
∑

k=p

(x2k−1e
− 2k−p−1√

2m )

Or

(e
1√
2m − 1)e

− 2√
2m

k=m
∑

k=p

(x2k−1e
− 2k−p−1√

2m ) < A < (e
1√
2m − 1)

k=m
∑

k=p

(x2k−1e
− 2k−p−1√

2m )

Hence

lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=p

(x2k−1e
− 2k−p−1√

2m ))

= lim
m−→∞

((e
1√
2m − 1)x2p−1e

− p−1√
2m + (e

1√
2m − 1)

k=m
∑

k=p+1

(x2k−1e
− 2k−p−1√

2m ))

= lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=p+1

(x2k−1e
− 2k−p−1√

2m )) = lim
m−→∞

(A) = lim
m−→∞

(S)

Thus

p = m ⇒ lim
m−→∞

(A) = lim
m−→∞

(S) = lim
m−→∞

((e
1√
2m − 1)x2m−1e

− m√
2m ) = 0

Consequently

lim
m−→∞

((e
1√
2m − 1)

k=m
∑

k=1

(x2k−1e
− 2k√

2m )) = 0

We deduce

0 < lim
m−→∞

(

k=2m
∑

k=1

((−1)k+1xke
− k√

2m ))

= lim
m−→∞

(

k=2m
∑

k=1

((−1)k+1yke
− k√

2m ))

= lim
m−→∞

(

k=m
∑

k=1

(
√
x2ky2ke

− 2k√
2m )) < lim

m−→∞
(

k=m
∑

k=1

(
√
x2ky2k))

< lim
m−→∞

(

k=2m
∑

k=1

(
√
xkyk)) = y

Thus

lim
m−→∞

(

k=2m
∑

k=1

((−1)k+1(xk − yk)e
− k√

2m )) = 0

= lim
m−→∞

((x− y)

k=2m
∑

k=1

(e
− k√

2m )) = lim
m−→∞

((x− y)e
− 1√

2m
1− e−

√
2m

1 + e
− 1√

2m

) =
x− y

2
= 0
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And
x− y = 0

If U c+2Xa+2 = U c+2Y b+2 then X = Y = Z = 0. With a second manner : Let

xi(t) =

k=i−1
∑

k=2

(xke
−kt) =

k=i
∑

k=2

(xke
−kt)− xie

−it = x′i(t)− xie
−it

yi(t) =

k=i−1
∑

k=2

(yke
−kt) =

k=i
∑

k=2

(yke
−kt)− yie

−it = y′i(t)− yie
−it

ui(t) =

k=i
∑

k=2

(
√
xkyke

−kt) =

k=i−1
∑

k=2

((xk−1 − xk)e
−kt)

= xe−2t+x2(−e−2t+e−3t)+x3(−e−3t+e−4t)+ ...+xi−1(−e−(i−1)t+e−it)−xie
−it

= xe−2t+x2e
−2t(−1+e−t)+x3e

−3t(−1+e−t)+ ...+xi−1e
−(i−1)t(−1+e−t)−xie

−it

= xe−2t − xie
−it + (−1 + e−t)(x2e

−2t + x3e
−3t + ...+ xie

−(i−1)t)

= xe−2t−xie
−it+(−1+e−t)xi(t) = xe−2t−xie

−it+(−1+e−t)x′i(t)−(−1+e−t)xie
−it

= xe−2t − xie
−(i+1)t + (−1 + e−t)x′i(t)

For all t, particularly

t =
1√
i
⇒ lim

i−→∞
(ui(

1√
i
)) = lim

i−→∞
(

k=i
∑

k=2

(
√
xkyke

− k√
i )) = lim

i−→∞
(

k=i
∑

k=2

(
√
xkyk)) = y

= x+ lim
i−→∞

((−1 + e
− 1√

i )

k=i−1
∑

k=2

(xke
− k√

i )− xie
−
√
i) = x

= y + lim
i−→∞

((−1 + e
− 1√

i )

k=i−1
∑

k=2

(yke
− k√

i )− yie
−
√
i) = y

Let us recapitulate
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xi > xi+1, yi > yi+1 ⇒ x = y

xi = xi+1 = xi+1 +
√
xi+1yi+1 ⇒ xy = 0

yi = yi+1 = yi+1 +
√
xi+1yi+1 ⇒ xy = 0

⇒ xy(x− y) = 0

Another proof : We have, if we suppose x 6= y

xxi+1−yyi+1 = (x−y)xi+1+y(xi+1−yi+1) = (x−y)(xi+1+y) = (x−y)(x+yi+1)

= (xx2
i − yy2

i

)

j=i−1
∏

j=0

(x2
j

+ y2
j

)−1

= (x− y)(

j=2i
∑

j=0

(x2
i yj

xj
)

j=i−1
∏

j=0

(x2
j

+ y2
j

)−1)

= (x− y)xi+1(1 +

j=2i
∑

j=1

(
yj

xj
)) = (x− y)(xi+1 + y) = (x− y)(yi+1 + x)

= (x− y)(

j=2i
∑

j=0

(y2
i xj

yj
)

j=i−1
∏

j=0

(x2
j

+ y2
j

)−1)

= (x− y)yi+1(1 +

j=2i
∑

j=1

(
xj

yj
)) = (x− y)(yi+1 + x) = (x− y)(xi+1 + y)

We deduce

x = yi+1

j=2i
∑

j=1

(
xj

yj
) = x− y + xi+1

j=2i
∑

j=1

(
yj

xj
)

y = xi+1

j=2i
∑

j=1

(
yj

xj
) = y − x+ yi+1

j=2i
∑

j=1

(
xj

yj
)

And

x− 2iyi+1 = yi+1

j=2i
∑

j=1

(
xj − yj

yj
) = yi+1(x− y)

j=2i−1
∑

j=0

(

∑k=j
k=0 (y

kxj−k)

yj
)

x−2ixi+1 = x−y+xi+1

j=2i
∑

j=1

(
yj − xj

xj
) = x−y+xi+1(y−x)

j=2i−1
∑

j=0

(

∑k=j
k=0 (x

kyi−k)

xj
)

Also

y − 2ixi+1 = xi+1

j=2i
∑

j=1

(
yj − xj

xj
) = xi+1(y − x)

j=2i−1
∑

j=0

(

∑k=j
k=0 (x

kyj−k)

xj
)
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y−2iyi+1 = y−x+yi+1

j=2i
∑

j=1

(
xj − yj

yj
) = y−x+yi+1(x−y)

j=2i−1
∑

j=0

(

∑k=j
k=0 (y

kxj−k)

yj
)

If we sustract
x− y − 2i(yi+1 − xi+1) = (x− y)(1 + 2i)

= (x− y)(

j=2i−1
∑

j=0

(
yi+1

∑k=j
k=0 (y

kxj−k)

yj
+

xi+1
∑k=j

k=0 (y
kxj−k)

xj
))

x− y − 2i(xi+1 − yi+1) = (y − x)(2i − 1)

= 2(x− y) + (y − x)(

j=2i−1
∑

j=0

(
xi+1

∑k=j
k=0 (x

kyj−k)

xj
+

yi+1
∑k=j

k=0 (y
kxj−k)

yj
))

Hence

(x−y)2i+1 = 2(y−x)+2(x−y)(

j=2i−1
∑

j=0

(
xi+1

∑k=j
k=0 (x

kyj−k)

xj
+

yi+1
∑k=j

k=0 (y
kxj−k)

yj
))

Or

2i(x−y) = −(x−y)+(x−y)(

j=2i−1
∑

j=0

(
xi+1

∑k=j
k=0 (x

kyj−k)

xj
+

yi+1
∑k=j

k=0 (y
kxj−k)

yj
))

But

1 + 2i 6=
j=2i−1
∑

j=0

(
yi+1

∑k=j
k=0 (x

kyj−k)

yj
+

xi+1
∑k=j

k=0 (x
j−kyk)

xj
)

And it is impossible, the hypothesis x 6= y is false. Another proof, if x ≥ y let
di =

yi
xi

, and for n great

(x− y)n+1 = lim
i−→∞

(xn+1
i ) ≥ 1 ≥ 0 = lim

i−→∞
((xi + 1)yni )

Thus
xni (x

n+1
i − (xi + 1)yni ) ≥ 0 ≥ −y2n+1

i

Consequently
xni (x

n+1
i − yni ) ≥ yni (x

n+1
i − yn+1

i )

And
x2n+1
i ≥ yni (x

n+1
i − yn+1

i ) + xni y
n
i

Hence
xni
yni

≥ xn+1
i − yn+1

i

xn+1
i

+
1

xi

We have
1

dni
≥ 1− dn+1

i +
1− di

x− y
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Or if we suppose di 6= 1

1

dni (1− di)
≥ 1− dn+1

i

1− di
+

1

x− y
= 1 +

1

di
+

1

d2i
+ ...+

1

dni
+

1

x− y

And

1

dni (1− di)
− 1

dni
=

1

dn−1
i (1− di)

≥ 1 +
1

di
+

1

d2i
+ ...+

1

dn−1
i

+
1

x− y

Until
1

di(1− di)
≥ 1 +

1

di
+

1

x− y

Which means
1

di(1− di)
− 1

di
=

1

1− di
≥ 1 +

1

x− y

Or
xi

x− y
≥ 1 +

1

x− y

And
xi − 1 ≥ x− y = xi − yi ⇒ yi ≥ 1

Or

yi =
yi

xi − yi
(x− y) ≥ 1 ⇒ yi(x− y) ≥ x− y ⇒ lim

i−→∞
(yi(x− y)) = 0 ≥ x− y ≥ 0

Thus x = y. Another proof : We have

xi − yi + 1 ≥ xi ≥ xi − yi

Hence
xi − yi + 1

xiyi
≥ xi

xiyi

And
1

yi
− 1

xi
+

1

xiyi
≥ 1

yi

− 1

yi
− 1

xi
+

2

yi
+

1

xiyi
≥ 1

yi

Or

− 1

zi
+

1

xiyi
≥ −1

yi

Or
1

yi
≥ 1

√
xi+1yi+1

− 1
√
xi+1yi+1(xi + yi)

And
1

√
yi+1(

√
xi + yi)

≥ xi + yi − 1
√
xi+1yi+1

It means √
xi+1√

xi+1 +
√
yi+1

≥ xi + yi − 1
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Or
2
√
xi+1 +

√
yi+1√

xi+1 +
√
yi+1

≥ xi + yi

∀i > 1 particularly in the infinty

lim
i−→∞

(2
√
xi+1 +

√
yi+1) = 2

√
x− y ≥ lim

i−→∞
(
√

(xi + yi)3) =
√

(x− y)3 ≥ 2
√
x− y

Therefore
x− y = 0

Another proof : as

y2i − x2i = (y − x)(xi + yi) = (yi+1 − xi+1)(xi+1 + yi+1 + 2
√
xi+1yi+1)

= y2i+1 − x2i+1 + 2
√
xi+1yi+1(yi+1 − xi+1)

√
yi+1 = Z is solution of

Z4 + 2
√
xi+1Z

3 − 2
√

x3i+1Z − x2i+1 + x2i − y2i = 0

And
√
xi+1 = Z ′ is solution of

Z ′4 + 2
√
yi+1Z

′3 − 2
√

y3i+1Z
′ − y2i+1 + y2i − x2i = 0

And
Z4 + 2Z ′Z3 − 2Z ′3Z − Z ′4 + x2i − y2i = 0

Also
Z ′4 + 2ZZ ′3 − 2Z3Z ′ − Z4 + y2i − x2i = 0

We pose

Z = u− Z ′

2

But

(u− Z ′

2
)4 + 2Z ′(u− Z ′

2
)3 − 2Z ′3(u− Z ′

2
)− Z ′4 + x2i − y2i = 0

And

u4 +
Z ′4

16
− 2u3Z ′ +

3

2
u2Z ′2+

−1

2
uZ ′3 + 2Z ′u3 − 3u2Z ′2 +

3

2
uZ ′3 − 1

4
Z ′4+

−2Z ′3u+ Z ′4 − Z ′4 + x2i − y2i = 0

= u4 − (
3

2
Z ′2)u2 − Z ′3u− 3

16
Z ′4 + x2i − y2i = 0

Or

(u2 − 3

4
Z ′2)2 − 3

4
Z ′4 − Z ′3u+ x2i − y2i = 0 (5)

And Z ′ = v − Z
2 leads to

(v − Z

2
)4 + 2Z(v − Z

2
)3 − 2Z3(v − Z

2
)− Z4 + y2i − x2i = 0

17



Or

v4 +
Z4

16
− 2v3Z +

3

2
v2Z2+

−1

2
vZ3 + 2Zv3 − 3v2Z2 +

3

2
vZ3 − 1

4
Z4+

−2Z3v + Z4 − Z4 + y2i − x2i = 0

= v4 − (
3

2
Z2)v2 − Z3v − 3

16
Z4 + y2i − x2i = 0

Or

(v2 − 3

4
Z2)2 − 3

4
Z4 − Z3v + y2i − x2i = 0 (6)

We add (5) and (6), we have

(u2 − 3

4
Z ′2)2 + (v2 − 3

4
Z2)2 − 3

4
(Z4 + Z ′4)− Z ′3u− Z3v = 0

= (Z2+
Z ′2

4
+ZZ ′−3

4
Z2)2+(Z ′2+

Z2

4
+Z ′Z−3

4
Z ′2)2−3

4
(Z4+Z ′4)−ZZ ′3−Z3Z ′−Z ′4 + Z4

2
= 0

= (
Z2 + Z ′2

4
+ ZZ ′)2 + (

Z2 + Z ′2

4
+ Z ′Z)2 − 5

4
(Z4 + Z ′4)− ZZ ′(Z2 + Z ′2) = 0

=
Z4 + Z ′4 + 2Z2Z ′2

8
+2Z2Z ′2+ZZ ′(Z2+Z ′2)− 5

4
(Z4+Z ′4)−ZZ ′(Z2+Z ′2) = 0

= −9

8
(Z4 + Z ′4) +

9

4
Z2Z ′2 = 0

= −(Z2 − Z ′2)2
9

8
= 0

The solution is

Z2 − Z ′2 = yi+1 − xi+1 = y − x = 0

Another proof : we have

√
xi−1 +

√
xi =

xi−1 − xi√
xi−1 −

√
xi

=

√
xiyi√

xi−1 −
√
xi

=
1

√

xi−1

xiyi
−

√

xi

xiyi

=
1

√√
xi−1+yi−1√

xiyi
− 1√

yi

=
1

4
√
xi−1+yi−1− 4

√
xi

4
√
xi
√
yi

=
4
√
xi
√
yi

4
√
xi−1 + yi−1 −

√
xi−1

4
√
xi−1+yi−1

=
4
√
xi
√
yi( 4

√
xi−1 + yi−1)√

xi−1 + yi−1 −
√
xi−1

≤
4
√
xi
√
yi 4
√
xi−1 + yi−1

4
√
yi+1

Because

√
xi−1 + yi−1 −

√
xi−1 =

yi−1√
xi−1 + yi−1 +

√
xi−1

≥ 4
√
yi+1
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yi−1 =
√
yi
√
xi−1 + yi−1 ≥ 4

√
yi+1(

√
xi−1 + yi−1 +

√
xi−1) =

√
yi

4
√
xi + yi

(
√
xi−1 + yi−1+

√
xi−1)

And
4
√
xi + yi

√
xi−1 + yi−1 ≥

√
xi−1 + yi−1 +

√
xi−1

Because

4
√
xi + yi =

4

√

x2i−1 + y2i−1

4
√
xi−1 + yi−1

≥ 1 +

√

xi−1

xi−1 + yi−1

And
4

√

x2i−1 + y2i−1 ≥ 4
√
xi−1 + yi−1 +

4
√
xi−1 + yi−1

√
xi−1√

xi−1 + yi−1

We deduce

√
xi−1 +

√
xi ≤

4
√
xi
√
yi

4
√
yi+1

=
4
√
xi 4
√
yi+1( 4

√
xi + yi)

4
√
yi+1

= 4
√
xi(

4
√
xi + yi)

In the infinity

0 <
√
x− y ≤ lim

i−→∞
(
√
xi−1 +

√
xi) = 2

√
x− y ≤ lim

i−→∞
( 4
√
xi

4
√
xi + yi) =

√
x− y

And √
x− y = 2

√
x− y = 0

Another proof : we have

x− y = (
√
x−√

y)(
√
x+

√
y) = xi − yi = (

√
xi −

√
yi)(

√
xi +

√
yi)

√
x−√

y
√
xi +

√
yi

=

√
xi −

√
yi√

x+
√
y

= lim
i−→∞

(

√
x−√

y
√
xi +

√
yi
)

=

√
x−√

y√
x− y

=

√
x−√

y
√

(
√
x−√

y)(
√
x+

√
y)

=

√√
x−√

y√
x+

√
y

√√
x−√

y(
√

(
√
x−√

y)(
√
x+

√
y)−√

xi −
√
yi) = 0

=
√√

x−√
y(
√
x− y −√

xi −
√
yi) = 0

Or
x− y = 0

Another proof. Let

xi = aixi+1 = xi+1 +
√
xi+1yi+1 ⇒ ai = 1 +

√

yi+1

xi+1
= 1 +

yi

xi
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And

yi = biyi+1 = yi+1 +
√
xi+1yi+1 ⇒ bi = 1 +

√

xi+1

yi+1
= 1 +

xi

yi

Or
ai = 1 +

ai

bi
= 1 +

yi

xi

And

bi = 1 +
bi

ai
= 1 +

xi

yi

With
aibi = ai + bi

We have
xi = bi

√
xi+1yi+1, yi = ai

√
xi+1yi+1

But
a

b
=

y

x
=

a2 + b

b2 + a
=

y(y + xi)

x(x+ yi)

=
y2 + yxi

x2 + xyi
=

y2 + by2xi

x2 + ax2yi
=

a2 + b

b2 + a
= a− 1

b2y2 + b3y2xi + ay2 + aby2xi = a2x2 + a3x2yi + bx2 + abx2yi

b2yxi + ay2 + ayxi = a2xyi + bx2 + bxyi

= ((a+ b2)xi + ay)y = ((a2 + b)yi + bx)x

y

x
=

(a2 + b)yi + bx

(b2 + a)xi + ay
=

a2 + b

b2 + a

(a2 + b)(b2 + a)yi + b(b2 + a)x = (a2 + b)(b2 + a)xi + a(a2 + b)y

(a2 + b)(b2 + a)(xi − yi) = (a2 + b)(b2 + a)(x− y) = b(b2 + a)x− a(a2 + b)y

=
(b2 + a)2

a2 + b
ax− (a2 + b)2

b2 + a
by

= ax(
(b2 + a)3 − (a2 + b)3

(a2 + b)(b2 + a)
)

(a2 + b)2(b2 + a)2(x− y) = (x+ y)((b2 + a)3 − (a2 + b)3)

= (x+ y)(b2 + a− a2 − b)((b2 + a)2 + (a2 + b)(b2 + a) + (a2 + b)2)

= (x+ y)(b− a)(ab− 1)((b2 + a)2 + (b2 + a)(a2 + b) + (a2 + b)2)

= (a+ b)(x− y)(ab− 1)((b2 + a)2 + (b2 + a)(a2 + b) + (a2 + b)2)

= (x− y)((ab− 1)ab((b2 + a)2 + (b2 + a)(a2 + b) + (a2 + b)2)

And if

(a2 + b)(b2 + a)((a2 + b)(b2 + a)− ab(ab− 1)) = ab(ab− 1)((b2 + a)2 + (a2 + b)2)

= (a2 + b)(b2 + a)(b3 + a3 + 2ab)
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It means
(a2 + b)((b2 + a)(a3 + b3 + 2ab)− 2ab(ab− 1))

= (b2 + a)(2ab(ab − 1)− (a2 + b)(a3 + b3 + 2ab))

Or
a((b2 + a)(a3 + b3 + 2ab)− 2ab(ab− 1))

= b(2ab(ab − 1)− (a2 + b)(a3 + b3 + 2ab))

And
(a3 + b3 + 2ab)(ab2 + a2 + a2b+ b2)− 2a2b2(ab− 1) = 0

= (a3 + b3 + 2ab)(a2b2 + a2 + b2)− 2a2b2(ab− 1) = 0

= (a3 + b3 + 2ab)(2a2b2 − 2ab)− 2a2b2(ab− 1) = 0

a3 + b3 + 2ab− 2ab = 0 = a3 + b3

And it is impossible ! Thus
x− y = 0

Another proof : If x > y, we have

aixi = biyi = xi + yi

2− a

bi − 2
=

yi

x
,

2− ai

b− 2
=

y

xi

xix

yyi
− 1 =

(b− 2)(bi − 2)

(2− a)(2− ai)
− 1

=
xix− yiy

yiy
=

bib− 2bi − 2b− aia+ 2a+ 2ai
(2− a)(2− ai)

=
(x− y)xi + y(xi − yi)

yiy
=

(x− y)(xi + y)

yiy
=

(bi − ai)b+ ai(b− a) + 2(a− b) + 2(ai − bi)

(2− a)(2 − ai)

=
(ai − bi)(2 − b) + (a− b)(2− ai)

(2 − a)(2 − ai)

=

√
xi+1yi+1x2y2((ai − bi)(2 − b) + (a− b)(2− ai))√

xi+1yi+1x2y2(2− a)(2− ai)

=
(y − x)(2

√
x2y2 − x) + (y − x)(2

√
xi+1yi+1 − yi)

(2
√
x2y2 − y)(2

√
xi+1yi+1 − yi)

=
(y − x)(

√
x2(

√
y2 −

√
x2)−

√
yi+1(

√
xi+1 −

√
yi+1))√

y2(
√
x2 −

√
y2)

√
yi+1(

√
xi+1 −

√
yi+1)

= (y − x)(
−x

y
√
yi+1(

√
xi+1 −

√
yi+1)

− 1√
y2(

√
x2 −

√
y2)

) = (x− y)(
xi

yiy
+

1

yi
)

Or

(x−y)(
x

y
√
yi+1(

√
xi+1 −

√
yi+1)

− xi

y
√
yi+1(

√
xi+1 +

√
yi+1)

+
1√

y2(
√
x2 −

√
y2)

− 1√
yi+1(

√
xi+1 +

√
yi+1)

) = 0

= (x− y)(
bix

by2(bi − 2)yi
− xi

by2biyi+1
+

b

(b− 2)y
− 1

yi
) = 0
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= (x− y)(
bix

yyi(bi − 2)
− xi

yyi
+

b

(b− 2)y
− 1

yi
) = 0

= (x− y)(
bi(b− 2)x− (b− 2)(bi − 2)xi + b(bi − 2)yi − (b− 2)y(bi − 2)

(b− 2)y(bi − 2)yi
) = 0

And
(x− y)((b− 2)(bix− (bi − 2)xi) + (bi − 2)(byi − (b− 2)y)) = 0

= (x− y)((b − 2)(bi(x− xi) + 2xi) + (bi − 2)(b(yi − y) + 2y)) = 0

= (x− y)((b− 2)(bi(y − yi) + 2xi) + (bi − 2)(−b(y − yi) + 2y)) = 0

= (x− y)((y − yi)(bi(b− 2)− b(bi − 2)) + 2(biy − 2y + bxi − 2xi)) = 0

= 2(x− y)((y − yi)(b− bi) + (bi(y − yi) + biyi − 2y + b(xi − x) + bx− 2xi)) = 0

= 2(x−y)((y−yi)(b−bi+bi−b)+biyi−2y+bx−2xi) = 0 = 2(x−y)(xi+yi−2y+bx−2xi)

= 2(x−y)(yi−xi−2y+bx) = 2(x−y)(−x−y+bx) = 2(x−y)(−by+bx) = 2b(x−y)2 = 0

It means that x can not be different of y and

x− y = 0

Another proof : We have
aibi+1

biai+1
=

bi

ai

=
bi+1 +

√

ai+1bi+1

ai+1 +
√

ai+1bi+1

=
bi+1yi+2 +

√

ai+1bi+1y
2
i+2

ai+1yi+2 +
√

ai+1bi+1y
2
i+2

=
yi+1 + ai+1

√
xi+2yi+2

(ai+1 − 1)bi+1yi+2 + ai+1
√
xi+2yi+2

=
2yi+1

(ai+1 − 1)yi+1 + yi+1
=

2

ai+1
= bi − 1

Thus
2 = ai+1(bi − 1) =

√

ai+1bi+1

Or
√

ai+1bi+1 − 2 = 0 = aibi − 4 =
(x− y)2

xiyi
= 0

Another proof : If we make the hypothesis that x 6= y, ∀x1 = p1, y1 = q1, ∃r1 veri-
fying

1

r1
=

1

q1
− 1

p1

And

r1 =
xy

x− y
= r
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Or

(p1 − q1)r1 = p1q1

And

p1(r1 − q1) = r1q1

Let us pose

q2 = r1 − q1 =
r1q1

p1

And
q1(r1 + p1) = r1p1

Also

p2 = r1 + p1 =
r1p1

q1

So, we have
p2q2 = r21

Or

p1 = p2 − r1 = p2 −
√
p2q2

And

q1 = r1 − q2 = −q2 +
√
p2q2

With

w1 = w = (p1 − q1) = (
√
p2 −

√
q2)

2

(p1 − q1) integer

p1 =
√
p2(

√
p2 −

√
q2)

p1 integer

q1 =
√
q2(

√
p2 −

√
q2)
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q1 integer

r1 =
x1y1

x1 − y1
=

√
p2q2

r2 rational
Because
∀p2, q2 rational, ∃r2 rational which verifies

1

r2
=

1

q2
− 1

p2

Until infinity. For i

(pi − qi) = (
√
pi+1 −

√
qi+1)

2

And pi − qi rational for i > 2

pi =
√
pi+1(

√
pi+1 −

√
qi+1)

pi rational for i > 2

qi =
√
qi+1(

√
pi+1 −

√
qi+1)

qi rational for i > 2

ri =
piqi

pi − qi
=

√
pi+1qi+1

ri rational for i > 1 and also, of course

1

ri+1
=

1

qi+1
− 1

pi+1

Lemma a The expressions of the sequences are

(pi − qi) = (
√
pi+1 −

√
qi+1)

2

pi = x2
i−1

j=i−2
∏

j=0

(x2
j − y2

j

)−1 (5)

qi = y2
i−1

j=i−2
∏

j=0

(x2
j − y2

j

)−1 (6)
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Prof of lemma a We prove it by induction, we have

p =
√
p2(

√
p2 −

√
q2) =

√
p2(x− y)

1
2

p2 =
x2

x− y

Also

q2 =
y2

x− y

The lemma is verified for i = 2. Let us suppose it verified for i, from (5) and (6)

pi =
√
pi+1(

√
pi+1 −

√
qi+1) =

√
pi+1(pi − qi)

1
2

Which means

pi+1 = p2i (pi − qi)
−1

But the lemma is verified for i, it leads us to

pi+1 = x2
i

j=i−2
∏

j=0

(x2
j − y2

j

)−2(x2
i−1 − y2

i−1
)−1

j=i−2
∏

j=0

(x2
j − y2

j

)

= x2
i

j=i−1
∏

j=0

(x2
j − y2

j

)−1

The lemma is verified for i+ 1, the proof is the same for qi, we deduce

pi = x(2
i−1)

j=i−2
∏

j=0

(x(2
j ) − y(2

j))−1

And for qi

qi = y(2
i−1)

j=i−2
∏

j=0

(x(2
j ) − y(2

j))−1

But
pi

qi
=

xi

yi
=

√

xi+1

yi+1
=

√

pi+1

qi+1

Or
pi

xi
=

qi

yi

Thus
piyi = qixi

But, let

pixi − qiyi = qixi(
pi

qi
− yi

xi
) = qixi(

xi

yi
− yi

xi
) = qixi(

x2i − y2i
xiyi

)
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We deduce

xi(pi − qi
x2i
yi

) = yi(qi − qiyi)

xi

yi
=

qi(1− yi)

pi − qi
x2
i

yi

=
qi(1− yi)

pi − pixi
=

qi(1− yi)

pi(1− xi)
=

yi(1− yi)

xi(1− xi)

Thus
x2i
y2i

=
1− yi

1− xi

Or
x2i − x3i − y2i + y3i = 0 = (x− y)(xi + yi − x2i − y2i − xiyi)

And
x− y = 0

Another proof : we have

x2 =
x2

x+ y
=

x2

x2 − y2
(x− y), y2 =

y2

x+ y
=

x2

x2 − y2
(x− y)

And

p2 =
x2

x− y
=

x2

x2 − y2
(x+ y), q2 =

y2

x− y
=

y2

x2 − y2
(x+ y)

But

(p2 + x2)(x− y) =
2x3

x+ y
= 2x2x, (q2 + y2)(x− y) =

2y3

x+ y
= 2y2y

And

(p2 − q2 + x2 − y2)(x− y) = (x+ y + x− y)(x− y) = 2x(x− y)

= 2x2x− 2y2y = 2(x2 − y2)x+ 2y2(x− y) = 2(x− y)(x+ y2)

Hence, once again, x can not be different of y

2(x− y)(x+ y2 − x) = 0 = y2(x− y)

Another proof : we have

x+y = p2−q2 = p3+q3−2
√
p3q3 = p4−q4−2

√
p3q3 = ... = p2k−q2k−2

√
p3q3−2

√
p5q5−...−2

√
p2k−1q2k−1

= p2k+1 + q2k+1 − 2
√
p3q3 − 2

√
p5q5 − ...− 2

√
p2k+1q2k+1

= p2k − q2k + 2(p2 − p3) + 2(p4 − p5) + ...+ 2(p2k−2 − p2k−1)

= p2k − q2k − 2(q3 + q2)− 2(q5 + q4) + ...− 2(q2k−1 + q2k−2)

= p2k+1 + q2k+1 + 2(p2 − p3) + 2(p4 − p5) + ...+ 2(p2k − p2k+1)

= q2k+1 − p2k+1 + 2p2 − 2p3 + 2p4 − 2p5 + ...+ 2p2k

= p2k+1 + q2k+1 − 2(q3 + q2)− 2(q5 + q4) + ...− 2(q2k+1 + q2k)

= −q2k+1 + p2k+1 − 2q2 − 2q3 − 2q4 − 2q5...− 2q2k
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Thus

2p2 + 2q2 − 2p3 + 2q3 + 2p4 + 2q4 − ...+ 2p2k−2 + 2q2k−2 − 2p2k−1 + 2q2k−1 = 0

And

2q2k+1−2p2k+1+2p2+2q2−2p3+2q3+2p4+2q4−...−2p2k−1+2q2k−1+2p2k−2q2k = 0

= 2q2k+1−2p2k+1+2p2k−2q2k = 2q2k+1−2p2k+1+2p2k+1+2q2k+1−4
√
p2k+1q2k+1 = 0

= 4q2k+1 − 4
√
p2k+1q2k+1 = 0 = 4q2k+1(1−

√

p2k+1

q2k+1
)

= 4q2k+1(1−
x2k

y2k
) = 4q2k+1(

y − x

y2k
) = 0

And it is impossible, the initial hypothesis (x 6= y) is false ! There are too proofs,
the doubt is not allowed. Let us prove Beal conjecture, now ! This conjecture stipu-
lates that Beal equation zc+2 = xa+2 + yb+2 is impossible for a > 0 and b > 0 and
c > 0 and x, y, z coprime. Let us prove that there are solutions only for abc = 0.

Proof of Beal conjecture

Beal equation is zc+2 = xa+2 + yb+2. With x, y and z coprime and greater than
zero. z is odd and one of x and y is even. Let x odd. Let firstly b ≥ a. We have

2(a1S1 + a2S2) = (a1 + a2)(S1 + S2) + (a1 − a2)(S1 − S2) (7)

But

zc+2 = xa+2 + yb+2 = xxa+1 + yyb+1

And (7)

2(xa+2 + yb+2) = (x+ y)(xa+1 + yb+1) + (x− y)(xa+1 − yb+1)

If a = 0, then

2zc+2 = 2(x2 + yb+2) = (x+ y)(x+ yb+1) + (x− y)(x− yb+1)

Our approach will end here (as we will see). For c = 0

2yb+2 = 2(z2 − xa+2) = (z − x)(z + xa+1) + (z + x)(z − xa+1)

THe calculus ends here. Thus, for a > 0, b > 0, c > 0, with (7)

(x+ y)(xa+1 + yb+1) =
1

2
((x+ y)2(xa + yb) + (x+ y)(x− y)(xa − yb))

1

2
(x+ y)2(xa + yb) =

1

22
((x+ y)3(xa−1 + yb−1) + (x+ y)2(x− y)(xa−1 − yb−1))

27



Until a

1

2a−1
(x+y)a(x2+yb−a+2) =

1

2a
((x+y)a+1(x+yb−a+1)+(x+y)a(x−y)(x−yb−a+1))

We add and simplify

2(xa+2 + yb+2)

=
1

2a
(x+ y)a+1(x+ yb−a+1) + (x− y)

m=a
∑

m=0

(
(x+ y)m

2m
(xa+1−m − yb+1−m)))

If we multiply by 2a

2a+1(xa+2 + yb+2) = 2a+1zc+2

= (x+ y)a+1(x+ yb−a+1) + (x− y)
m=a
∑

m=0

(2a−m(x+ y)m(xa+1−m − yb+1−m))

2a+1zc+2 is like (x+ y)a+1(x+ yb−a+1 + (2m+ 1)(x− y), we deduce

2a+1zc+2 = 2a+1(xa+2 + yb+2) = (x+ y)a+1(x+ yb−a+1) + (2m+ 1)(x− y)

But x, y and z are coprimes, z is odd and x or y is odd. Let x odd, thus y is even
and we will study the case a ≥ b. But

2(xa+2 − yb+2) = (x− y)(xa+1 + yb+1) + (x+ y)(xa+1 − yb+1)

(x+ y)(xa+1 − yb+1) =
1

2
((x+ y)(x− y)(xa + yb) + (x+ y)2(xa − yb))

1

2
(x+ y)2(xa − yb) =

1

22
((x+ y)2(x− y)(xa−1 + yb−1) + (x+ y)3(xa−1 − yb−1))

Until a

1

2a−1
(x+y)a(x2−yb−a+2) =

1

2a
((x+y)a(x−y)(x+yb−a+1)+(x+y)a+1(x−yb−a+1))

We add and simplify

2(xa+2−yb+2) =
1

2a
(x+y)a+1(x−yb−a+1)+(x−y)

m=a
∑

m=0

(
(x+ y)m

2m
(yb+1−m + xa+1−m)))

We multiply by 2a

2a+1(xa+2−yb+2) = (x+y)a+1(x−yb−a+1)+(x−y)

m=a
∑

m=0

(2a−m(x+ y)m(yb+1−m + xa+1−m))
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We remember

2a+1(xa+2+yb+2) = (x+y)a+1(x+yb−a+1)+(x−y)

m=a
∑

m=0

(2a−m(x+ y)m(−yb+1−m + xa+1−m))

We deduce

2a+2xa+2 = 2x(x+ y)a+1 + 2(x− y)

m=a
∑

m=0

(2a−m(x+ y)mxa+1−m)

And

2a+2yb+2 = 2yb−a+1(x+ y)a+1 − 2(x− y)

m=a
∑

m=0

(2a−m(x+ y)myb+1−m)

Thus

2a+1xa+1 = (x+ y)a+1 + (x− y)

m=a
∑

m=0

(2a−m(x+ y)mxa−m)

= (x+ y)a+1 + (x− y)(2axa + 2a−1(x+ y)xa−1 + ...+ 2(x+ y)a−1x+ (x+ y)a)

And

2a+1ya+1 = (x+ y)a+1 − (x− y)
m=a
∑

m=0

(2a−m(x+ y)mya−m)

We deduce

2a+1(xa+1 − ya+1) = (x− y)

m=a
∑

m=0

(2a−m(x+ y)m(xa−m + ya−m))

Or

22a+1(x2a+1 − y2a+1) = (x− y)
m=2a
∑

m=0

(22a−m(x+ y)m(x2a−m + y2a−m))

And

2a+1(αxa+1−βya+1) = (α−β)(x+y)a+1+(x−y)

m=a
∑

m=0

(2a−m(x+ y)m(αxa−m + βya−m))

∀(α, β), particularly α = xa, β = ya, thus

2a+1(x2a+1 − y2a+1)

= (xa − ya)(x+ y)a+1 + (x− y)

m=a
∑

m=0

(2a−m(x+ y)m(x2a−m + y2a−m))

And
22a+1(x2a+1 − y2a+1)

= 2a(xa − ya)(x+ y)a+1 + (x− y)

m=a
∑

m=0

(22a−m(x+ y)m(x2a−m + y2a−m))
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= (x− y)

m=2a
∑

m=0

(22a−m(x+ y)m(x2a−m + y2a−m))

And
2a(xa − ya)(x+ y)a+1

= (x− y)(
m=a
∑

m=0

((x+ y)m(22a−m)(x2a−m + y2a−m − (x2a−m + y2a−m)))+

+(x− y)

m=2a
∑

m=a+1

(22a−m(x+ y)m(x2a−m + y2a−m))

= (x− y)
m=2a
∑

m=a+1

(22a−m(x+ y)m(x2a−m + y2a−m))

It means

(xa − ya)(x+ y)a+1 = (x− y)
m=2a
∑

m=a+1

(2a−m(x+ y)m(x2a−m + y2a−m))

Or

(x+ y)a+1(xa − ya − 1

2
(x− y)(xa−1 + ya−1))

= (x− y)(x+ y)a+2
m=2a
∑

m=a+2

(2a−m(x+ y)m−a−2(x2a−m + y2a−m))

= (x+ y)a+1 1

2
(−xya−1 + yxa−1 + xa − ya)

= (x+ y)a+1xy
1

2
(xa−2 − ya−2) + (x+ y)a+1 1

2
(xa − ya)

Thus

xy(xa−2−ya−2) = (x−y)(x+y)

m=2a
∑

m=a+2

(2a+1−m(x+ y)m−a−2(x2a−m + y2a−m))−(xa−ya)

= (x− y)(x+ y)

m=2a
∑

m=a+2

(2a+1−m(x+ y)m−a−2(x2a−m + y2a−m))+

−(x− y)

m=2a
∑

m=a+1

(2a−m(x+ y)m−a−1(x2a−m + y2a−m))

= −(x− y)
1

2
(xa−1 + ya−1) + (x− y)

m=2a
∑

m=a+2

(2a−m(x+ y)m−a−1(x2a−m + y2a−m))

It means that
2a−2xy(xa−2 − ya−2)

= −2a−3(x−y)(xa−1+ya−1)+(x−y)

m=2a
∑

m=a+2

(22a−2−m(x+ y)m−a−1(x2a−m + y2a−m))
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= −2a−3(x−y)(xa−1+ya−1)+(x−y)(x+y)

m=2a
∑

m=a+2

(22a−2−m(x+ y)m−a−2(x2a−m + y2a−m))

= (x− y)xy

m=a−3
∑

m=0

(2a−3−m(x+ y)m(xa−3−m + ya−3−m))

= (x−y)xy(2a−3)(xa−3+ya−3)+(x−y)xy(x+y)

m=a−3
∑

m=1

(2a−3−m(x+ y)m−1(xa−3−m + ya−3−m))

Or
2a−3(x− y)(xy(xa−3 + ya−3) + xa−1 + ya−1)

= (x− y)(x+ y)(

m=2a
∑

m=a+2

(22a−2−m(x+ y)m−a−2(x2a−m + y2a−m))+

−xy

m=a−3
∑

m=1

(2a−3−m(x+ y)m−1(xa−3−m + ya−3−m)))

Thus
B = 2a−1(x− y)(xy(xa−3 + ya−3) + xa−1 + ya−1)

= (x− y)(x+ y)(

m=2a
∑

m=a+2

(22a−m(x+ y)m−a−2(x2a−m + y2a−m))+

−xy

m=a−3
∑

m=1

(2a−1−m(x+ y)m−1(xa−3−m + ya−3−m))) = (x− y)(x+ y)A

B is of the form (x − y)(x + y)A, where A is an integer. Thus x + y divises the
expression B and it is impossible because x and y are coprime, but for a = 2 ! Let
a = 2, hence

2a−2xy(xa−2 − ya−2) = 0

= −2a−3(x−y)(xa−1+ya−1)+(x−y)
m=2a
∑

m=a+2

(22a−2−m(x+ y)m−a−1(x2a−m + y2a−m))

= −2−1(x− y)(x+ y) + 2(x− y)(x+ y) =
3

2
(x2 − y2)

And it is also impossible ! The case a ≥ b is similar. We resume, Beal equation (or
Fermat-Catalan) is impossible for a > 0 and b > 0 nd c > 0 and x, y, z coprime
(zc+2 = xa+2 − yb+2 is also impossible !). For abc = 0, we have

1m + 23 = 32

25 + 72 = 34

132 + 73 = 29

27 + 173 = 712

35 + 114 = 1222

338 + 15490342 = 156133
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14143 + 22134592 = 657

92623 + 153122832 = 1137

177 + 762713 = 210639282

438 + 962223 = 300429072

Another application is

Un = Xn1
1 +Xn2

2 + ...+X
ni

i

Xj ,Xk coprime ∀j, k, j 6= k The conjecture that we propose is that there is no so-
lutuion for n > i(i − 1) and nj > i(i − 1), ∀j ∈ {1, 2, ..., i}. The approach is the
same than higher. If Xi, (i ≥ 2), ni, U, n, X1,X2, ...,Xi coprime and integers and
positive, then XaXb = 0, or Xna

a = X
nb

b ∀a, b = 1, 2, ..., i

nk > i(i − 1),∀k = 1, 2, ..., i, n > i(i− 1)

For the equation (e) which follows

Xn1
1 +Xn2

2 + ...+Xni

i = Un

when n ≤ i(i− 1), nk ≤ i(i− 1), k = 1, 2, ..., i there are solutions, for example :
i = 2 has

32 + 42 = 52

i = 3 hss
33 + 43 + 53 = 63

And
958004 + 2175194 + 4145604 = 4224814

i = 4 has
275 + 845 + 1105 + 1335 = 1445

etc... We Suppose (e) verified and Xk coprime, k ∈ {1, 2, ..., i}; i ≥ 2, effecti-
vely

xk = U (i−1)nX
nk

k

k = 1, 2, ..., i

And
u = U in

And
v = Xn1

1 Xn2
2 ...Xni

i

Or

xk,k = 1, 2, ...i, u, v verify (8)

x1 + x2 + ...+ xi = U (i−1)n(Xn1
1 +Xn2

2 + ...+Xni

i ) = U in = u

And
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(9)

1

v
=

1

Xn1
1 Xn2

2 ...X
ni

i

=
U i(i−1)n

U (i−1)nXn1
1 U (i−1)nXn2

2 ...U (i−1)nX
ni

i

=
u(i−1)

x1x2...xi

THe first terms of the sequences are

xk,0 = xk

u0 = u

v0 = v

And
xk,1 = xik(x1 + x2 + ...+ xi)

−(i−1)

k = 1, 2, ..., i

Which implies

u = x1 + x2 + ...+ xi = (x
1
i

1,1 + x
1
i

2,1 + ...+ x
1
i

i,1)
i > u1 > 1

And

xk,0 = xk = x
1
i

k,1(x1 + x2 + ...+ xi)
(i−1)

i

= x
1
i

k,1(x
1
i

1,1 + x
1
i

2,1 + ...+ x
1
i

i,1)
(i−1) > xk,1 > 0

And

v =
x1,0x2,0...xi,0

u(i−1)
= x

1
i

1,1x
1
i

2,1...x
1
i

i,1 > v1 =
x1,1x2,1...xi,1

u
(i−1)
1

> 0

until infinity.

uj = x1,j + x2,j + ...+ xi,j = (x
1
i

1,j+1 + x
1
i

2,j+1 + ...+ x
1
i

i,j+1)
i > uj+1 > 1

And

xk,j = x
1
i

k,j+1(x
1
i

1,j+1 + x
1
i

2,j+1 + ...+ x
1
i

i,j+1)
(i−1) > xk,j+1 > 0

And
k = 1, 2, ..., i

And

vj =
x1,jx2,j ...xi,j

u
(i−1)
j

= x
1
i

1,j+1x
1
i

2,j+1...x
1
i

i,j+1 > vj+1 =
x1,j+1x2,j+1...xi,j+1

u
(i−1)
j+1

> 0

xk,j , vj , uj are positives ∀j > 1, ∀k = 1, 2, ..., i.

Lemma L (P ) is the expression :

xk,j = xi
j

k (

l=j−1
∏

l=0

xi
l

1 + xi
l

2 + ...+ xi
l

i )
−(i−1)
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Proof of lemma L by induction ! For j = 1 it is verified : see xk,1, u1 and v1, we
suppose (P ) true, but with uj it means with (P ), that

xk,j = x
1
i

k,j+1(x
1
i

1,j+1 + x
1
3
2,j+1 + ...+ x

1
i

i,j+1)
(i−1)

But

x
1
i

k,j+1 = xk,j(x
1
i

1,j+1 + x
1
i

2,j+1 + ...+ x
1
i

i,j+1)
−(i−1)

And

xk,j+1 = xik,j(x
i

1,j+1+x
1
i

2,j+1+ ...+x
1
i

i,j+1)
−(i−1)i = xik,j(x1,j +x2,j + ...+xi,j)

−(i−1)

= xi
j+1

k

l=j−1
∏

l=0

(xi
l

1 + xi
l

2 + ...+ xi
l

i )
−i(i−1)(xi

j

1 + xi
j

2 + ...+ xi
j

i )
−(i−1).

l=j−1
∏

l=0

(xi
l

1 + xi
l

2 + ...+ xi
l

i )
(i−1)2

= xi
j+1

k

l=j
∏

l=0

(xi
l

1 + xi
l

2 + ...+ xi
l

i )
−(i−1)

Hence

xk,j = xi
j

k

l=j−1
∏

l=0

(xi
l

1 + xi
l

2 + ...+ xi
l

i )
−(i−1)

The solution ∀k ≥ 2 is
Xk = Xm

for all k, m. Let
u = U2n

x = UnX
nk

k

y = Un(Un −X
nk

k
)

z = X
nk

k (Un −X
nk

k )

Thus
u = x+ y

And
1

z
=

1

x
+

1

y

Llemma 1. Its solution is

U = Xk = 0;∀k ∈ {1, 2, ..., i}

The conjecture is that generalized Fermat-Catalan equations have no solutions for
n > i(i − 1) and nk > i(i − 1). There does not exist an explicit formula for the
solutions : for some i, it is i, for other i+ 1, but there are solutions in n ≤ i(i− 1)
or nk ≤ i(i− 1). Why did we have proposed n ≤ i(i − 1), nk ≤ i(i− 1) ? Let

n = nk = i(i− 1)
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The formula become

xk,j = xi
j

k (

l=j−1
∏

l=0

xi
l

1 + xi
l

2 + ...+ xi
l

i )
−(i−1)

= UnijX
nki

j

k (

l=j−1
∏

l=0

(UnilXn1i
l

1 + UnilXn2i
l

2 + ...+ UnilX
nii

l

i ))−(i−1)

= U i(i−1)ijX
i(i−1)ij

k (

l=j−1
∏

l=0

(U i(i−1)ilX
i(i−1)il

1 + ...+ U i(i−1)ilX
i(i−1)il

i ))−(i−1)

= U (i−1)ij+1
X

(i−1)ij+1

k
(

l=j−1
∏

l=0

(U (i−1)il+1
X

(i−1)il+1

1 + ...+ U (i−1)il+1
X

(i−1)il+1

i ))−(i−1)

= U (i−1)ij+1
X

(i−1)ij+1

k (

l=j
∏

l=1

(U (i−1)ilX
(i−1)il

1 + ...+ U (i−1)ilX
(i−1)il

i ))−(i−1)

= (U ij+1
Xij+1

k (

l=j
∏

l=1

(U (i−1)ilX
(i−1)il

1 + ...+ U (i−1)ilX
(i−1)il

i ))−1)i−1

It is the expression of xk,j+1 of the exponent i− 1. If there are solutions for i − 1,
there will be solutions for i(i − 1). It is not the case of i, because of the exponent
i− 1 in the formula. Now, let

x
ni+1

i+1 = xn1
1 + ...+ xni

i

We will prove now definitely that this equation is undecidable for some i. For
this, we will try to find an impossibility. Let

z = xnm
m + x

nk

k

With xm, xk and z greater than zero. Let firstly nk ≥ nm. We have

2(a1S1 + a2S2) = (a1 + a2)(S1 + S2) + (a1 − a2)(S1 − S2) (7)

But

z = xnm
m + x

nk

k = xmxnm−1
m + xkx

nk−1
k

And (7)

2(xnm
m + x

nk

k
) = (xm + xk)(x

nm−1
m + x

nk−1
k

) + (xm − xk)(x
nm−1
m − x

nk−1
k

)

If nm − 1 = 1, then

2z = (xm + xk)(xm + x
nk−1
k ) + (xm − xk)(xm − x

nk−1
k )
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Our approach will end here (as we will see). Thus, for nm − 1 > 1, with (7)

(xm+xk)(x
n1−1
m +x

nk−1
k ) =

1

2
((xm+xk)

2(xnm−2
m +x

nk−2
k )+(xm+xk)(xm−xk)(x

nm−2
m −x

nk−2
k ))

1

2
(xm+xk)

2(xnm−2
m +x

nk−2
k

) =
1

22
((xm+xk)

3(xnm−3
m +x

nk−3
k

)+(xm+xk)
2(xm−xk)(x

nm−3
m −x

nk−3
k

))

Until nm − 2

1

2nm−3
(xm + xk)

nm−2(x2m + x
nk−nm+2
k

)

=
1

2nm−2
((xm+xk)

nm−1(xm+x
nk−nm+1
k )+(xm+xk)

nm−2(xm−xk)(xm−x
nk−nm+1
k ))

We add and simplify

2z =
1

2nm−2
(xm + xk)

nm−1(xm + x
nk−nm+1
k )+

+(xm − xk)

m′=nm−2
∑

m′=0

(
(xm + xk)

m′

2m
′ (xnm−1−m′

m − x
nk−1−m′

k )))

If we multiply by 2nm−2

2nm−1z = (xm + xk)
n1−1(xm + x

nk−nm+1
k )+

+(xm − xk)

m′=nm−2
∑

m′=0

(2nm−2−m′
(xm + xk)

m′
(xnm−1−m′

m − x
nk−1−m′

k
))

But

2(xnm
m − x

nk

k ) = (xm − xk)(x
nm−1
m + x

nk−1
k ) + (xm + xk)(x

nm−1
m − x

nk−1
k )

(xm+xk)(x
nm−1
m −x

nk−1
k ) =

1

2
((xm+xk)(xm−xk)(x

nm−1
m +x

nk−2
k )+(xm+xk)

2(xnm−2
m −x

nk−2
k ))

1

2
(xm+xk)

2(xnm−2
m −x

nk−2
k

) =
1

22
((xm+xk)

2(xm−xk)(x
nm−3
m +x

nk−3
k

)+(xm+xk)
3(xnm−3

m −x
nk−3
k

))

Until nm − 2

1

2nm−3
(xm + xk)

nm−2(x2m − x
nk−nm+2
k

)

=
1

2nm−2
((xm+xk)

nm−2(xm−xk)(xm+x
nk−nm+1
k )+(xm+xk)

nm−1(xm−x
nk−nm+1
k ))
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We add and simplify

2(xnm
m − x

nk

k ) =
1

2nm−2
(xm + xk)

nm−1(xm − x
nk−nm+1
k )+

+(xm − xk)

m′=nm−2
∑

m′=0

(
(xm + xk)

m′

2m
′ (xnk−1−m′

k + xnm−1−m′

m )))

We multiply by 2nm−2

2nm−1(xnm
m − x

nk

k )

= (xm+xk)
nm−1(xm−x

nk−nm+1
k

)+(xm−xk)
m′=nm−2

∑

m′=0

(2nm−2−m′
(xm + xk)

m′
(xnk−1−m′

k
+ xnm−1−m′

m ))

We remember
2nm−1(xnm

m + x
nk

k
)

= (xm+xk)
nm−1(xm+x

nk−nm+1
k

)+(xm−xk)

m′=nm−2
∑

m′=0

(2nm−2−m′
(xm + xk)

m′
(−x

nk−1−m′

k
+ xnm−1−m′

m ))

We deduce

2nmxnm
m = 2xm(xm+xk)

nm−1+2(xm−xk)

m′=nm−2
∑

m′=0

(2nm−2−m′
(xm + xk)

m′
xnm−1−m′

m )

And

2nmx
nk

k = 2xnk−nm+1
k (xm+xk)

nm−1−2(xm−xk)

m′=nm−2
∑

m′=0

(2nm−2−m′
(xm + xk)

m′
x
nk−1−m′

k )

Thus

2nm−1xnm−1
m = (xm+xk)

nm−1+(xm−xk)

m′=nm−2
∑

m′=0

(2nm−2−m′
(xm + xk)

m′
xnm−2−m′

m )

And

2nm−1xnm−1
k = (xm+xk)

nm−1−(xm−xk)

m′=nm−2
∑

m′=0

(2nm−2−m′
(xm + xk)

m′
xnm−2−m′

k )

Hence

2nm−1(xnm−1
m −xnm−1

k ) = (xm−xk)

m′=nm−2
∑

m′=0

(2nm−2−m′
(xm + xk)

m′
(xnm−2−m′

m + xnm−2−m′

k ))

And by the same process than for x = xm, y = xk, nm = a+2, nk = b+2, we prove
that xk = xm. We resume, generalized Fermat-Catalan equation is impossible for
n > 2 and nk > 2, it leads to xm = xk for which the sequences have already
leaded ud.
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Some other exceptions For the equation

kUn = Xn + Y n

for some k integers like 7, there are solutions, for others like 2, there are not. If

u = (kUn)2

x = kUnXn

y = kUnY n

z = XnY n

Thus
u = kUn(Xn + Y n) = x+ y

1

z
=

k2U2n

kUnXnkUnY n
=

u

xy
=

1

x
+

1

y

If
u = U2n

x = UnXn

y = UnY n

z = XnY n

And

u = U2n =
kUn(Xn + yn)

k2
=

x+ y

k

And
1

z
=

U2n

UnXnUnY n
=

u

xy
=

x+ y

kxy
=

1

kx
+

1

ky

Imcompatible equations !

Conclusion This approach of Fermat-Catalan equations allowed to make an
allusion to Matyasevich theorem and to generalize the Fermat-Catalan equations
to a new conjecture. We have proved that Beal equation has no solution for a > 0
and b > 0 and c > 0 with x, y, z are coprime. There are solutions for abc = 0.
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