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Spectral analysis and stabilization of a chain of
serially connected Euler-Bernoulli beams and

strings

Kais Ammari *, Denis Mercier T, Virginie Régnier
and
Julie Valein *

Abstract. We consider N Euler-Bernoulli beams and N strings alternatively
connected to one another and forming a particular network which is a chain begin-
ning with a string. We consider two stabilization problems on the same network.
The spectrum of the conservative system is studied: the characteristic equation as
well as its asymptotic behavior are given. We prove that the energy of the solutions
of the first dissipative system tends to zero when the time tends to infinity under
some irrationality assumptions of the length of the strings and beams. On another
hand we prove a polynomial decay result of the energy of the second system, in-
dependently of the length of the strings and beams, for all regular initial data.
Our technique is based on a frequency domain method and combines a contradic-
tion argument with the multiplier technique to carry out a special analysis for the

resolvent.
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1 Introduction

We consider the evolution problems (P;) and (P) described by the following systems
of 2N equations :

(0Fugj_1 — O2ugj_1)(t,z) =0, z € (0,l2j-1), t € (0,00), j =1,..., N,

(OFugj + Ougj)(t,x) =0, z € (0,ly;), t € (0,00), j =1,..., N,

ui(t,0) =0, uan(t,lon) =0, t € (0,00),

D2ug;(t,0) = OFugj(t,ly;) =0, t € (0,00), j =1,..., N,

(P1)
uj(t,l;) = uj41(¢,0), t € (0,00), j =1,...,2N — 1,
O3ugj(t,0) + Oyugj—1(t,loj—1) = — dgugj_1(t,12j-1), t € (0,00), 5 =1,..., N,
Ddugj(t,laj) + Opuzjt1(t,0) = dgug;(t,lgy), t € (0,00), j =1,..., N,
uj(0,2) = ug(x), Oru;i(0,z) = ujl(a:), z € (0,l5),j=1,...,2N,
and

(OFugj—1 — O2ugj—1)(t,x) =0, z € (0,l2j-1), t € (0,00), j =1,..., N,

(OFugj + Ougj)(t,x) = 0, z € (0,ly;), t € (0,00), j =1,..., N,

up(t,0) = 0, ugn(t,lany) = 0, PPugn(t,loy) =0, t € (0,00),

D2us;(t,0) = 2. ug;(t,0), t € (0,00), j =1,..., N,

(P2) S 0%ug;(t,la;) = —02ugj(t,la;), t € (0,00), j =1,..., N — 1,

uj(t,l;) = uj41(t,0), t € (0,00), j =1,...,2N — 1,

Ddugj(t,0) + Opugj_1(t, lzj—1) = — Opugj—_1(t,1g5-1), t € (0,00), j =1,..., N,
D3ugj(t,loj) + Opugji1(t,0) = dgugjr1(t,0), t € (0,00), j =1,..., N — 1,

uj(0,2) = ug(m), Oruji(0,z) = ujl(x), xz e (0,0),7=1,...,2N,

where [; >0,Vj=1,...,2N.

Models of the transient behavior of some or all of the state variables describing the
motion of flexible structures have been of great interest in recent years, for details
about physical motivation for the models, see [11], [14], [16] and the references therein.

Mathematical analysis of transmission partial differential equations is detailed in [16].

Let us first introduce some notation and definitions which will be used throughout the
rest of the paper, in particular some which are linked to the notion of C¥- networks,
v € N (as introduced in [13] and recalled in [19]).

Let I" be a connected topological graph embedded in ]RZ, with 2N edges (N € N¥). Let
K ={kj : 1 <j <2N} be the set of the edges of I". Each edge k; is a Jordan curve in



R? and is assumed to be parametrized by its arc length x; such that the parametrization
w1 [0,1;] = kj = x; — mi(x;) is v-times differentiable, i.e. w; € C¥([0,1;],R?) for all
1 < j <2N. The length of the edge k; is [; > 0. The C¥- network G associated with T’
is then defined as the union

G=J#

J=1

We study two feedback stabilization problems for a string-beam network, see [1]-[8],
[16] and [27]-[28]. In the following, only chains will be considered as mathematically
described in Section 5 of [20]. See also [21] and Figure 1.

k1 ko ks ky ks ke

0 10 l2 0 30 40 I50 lg

string beam string beam string beam

Figure 1: A chain with 2V = 6 edges

Following Ammari/Jellouli/Mehrenberger ([9]), we study a linear system modelling the
vibrations of a chain of alternated Euler-Bernoulli beams and strings but with /N beams
and N strings (instead of one string-one beam). For each edge k; (representing a string
if j is odd and a beam if j is even), the scalar function u;(x,t) for x € G and t > 0
contains the information on the vertical displacement of the string if j is odd and of the

beam if j is even (1 < j < 2N).

Our aim is to study the spectrum of the conservative spatial operator which is defined

in Section 3 and to obtain stability results for (P;) and (P).



We define the natural energy E(t) of a solution u = (uy, ..., uan) of (P1) or (P) by

N

loj 1
B)=3 3 (/O (1801 (8,2 + Btz 1 (1,) 2) d

lo;
+/0 (\&ugj(t,x)]z + laquj(t,:c)P) dac) . (1.1)

We can easily check that every sufficiently smooth solution of (P) satisfies the following

dissipation law
2N—1

E't)=— Y |0t 1)]* <0, (1.2)

j=1
and therefore, the energy is a nonincreasing function of the time variable t.
The first result concerns the well-posedness of the solutions of (P;) and the decay of
the energy E(t) of the solutions of (P;). We also study the spectrum of the correspond-
ing conservative system. We give, in particular, the characteristic equation and the
asymptotic behavior of the eigenvalues of the corresponding conservative system. We
deduce that the generalized gap condition holds: if we denote by (\;,)nen+ the sequence

of eigenvalues counted with their multiplicities, then
Iy >0,Vn>1, Apron — A > 7. (1.3)

Contrary to [9], it seems that the (simple) gap condition fails in general (for any N > 2).
Therefore we do not succeed to obtain an observability inequality (and then to deduce
stability results for (P;)) directly by the study of the spectrum and the eigenvectors (see,
for instance, [22]). In fact, the difficulties are to locate precisely the type of eigenvalues

in the packets.

However, we prove that the energy F(t) of the solutions of (P;) tends to zero when
t— + oo in an appropriate energy space (described later), under some assumptions
about the irrationality properties of the length of the strings and beams. For that, we

use a result from [10].

As we do not succeed to obtain the explicit decay rate to zero of the energy of the
solutions of (P;), we change a little the system, by considering more dissipation condi-
tions. That is why we introduce in problem (F;), in addition, the following dissipation
conditions
D2ug;(t,0) = 93 ugj(t,0), te (0,00), j=1,..,N,
2ugj(t,loj) = —0Zus;(t,1p5), t€(0,00), j=1,...,N—1.



In this case, we are able to prove more interesting stability results for system (P) and
to give the explicit decay rate of the energy of the solutions of (P») in an appropriate

space.

In the same manner as previously and with the same energy E(t) (defined by (1.1)),
every sufficiently smooth solution of (P,) satisfies the following dissipation law

2N—-1

N—-1 N
E'(t)=— Y [0t 1) = S [0Fus;(t oy)|* = D [0Rua;(t,0)]F <0, (1.4)
j=1 j=1 j=1

and therefore, the energy is a nonincreasing function of the time variable ¢.

The main result of this paper then concerns the precise asymptotic behavior of the
solutions of (P). As it was shown in [9] in the case of one string and one beam
connected together (i.e. N = 1), we can not except to obtain an exponential decay rate
of the solutions of (P,). However we are able to prove that the decay rate to zero of
the energy is In*(¢)/t2, independently of the length of the strings and beams and by
taking more regular initial data in an appropriate space. Our technique is based on a
frequency domain method from [17] and combines a contradiction argument with the

multiplier technique to carry out a special analysis for the resolvent.

This paper is organized as follows: In Section 2, we give the proper functional setting
for systems (P;) and (P) and prove that these two systems are well-posed. In Section
3, we study the spectrum of the corresponding conservative system and we give the
asymptotic behavior of the eigenvalues. We then show that the energies of systems (P;)
and (P,) tend to zero. Finally, in Section 4, we study the stabilization result for (P»)
by the frequency domain technique and give the explicit decay rate of the energy of the

solutions of (Pz).

2 Well-posedness of the systems

In order to study systems (P;) and (P2) we need a proper functional setting. We define

the following space

N
V= {’U, = (ul, ...,UQN) S H (Hl(o,lgj_l) X H2<0, lgj)) s
j=1

uj(lj) = Uj+1(0),j = 1, Ce ,2N — 1, ul(O) = O, UQN(ZQN) = 0},



equipped with the sesquilinear form

lgj

N loi_1
<was=Y ( / " Oz 1 () iy (@) da + agugj(x)agan(x)dx> - (25)
= \Jo 0

Note the following lemma:

Lemma 2.1. We have that 0 is an eigenvalue associated to (Py) and (Pa) of multiplicity
N — 1, i.e. there exists a subspace of V of dimension N — 1 such that any ¢ in this

subspace satisfies

;

D2paj—1(z) =0,z € (0,l3j-1), j = 1,..., N,
Dipoj(z) =0, x € (0,19;), j =1,..., N,
$1(0) =0, dan(lan) =0,

(ER) § 92¢2;(0) = 82¢9;(l2;) =0, j =1,..., N,
#;(l;) = ¢j41(0), j =1,...,2N — 1,
D3¢2;(0) + Opp2j—1(l2j—1) =0, j =1,..., N,
D32 (laj) + Op2j+1(0) =0, j = 1,...,N.

\

Proof. Let ¢ be a non-trivial solution of (£ F). By the two first equations of (EFy), for
jeA{l,--- N}, ¢poj_1 is a first order polynomial and ¢o; is a third order polynomial.
Moreover, with the fourth equation of (EP), ¢2; also is a first order polynomial. The

two last equations of (EPy) become

6x¢2j71(0) = ax¢2j,1(l2j,1) = (), j — 1’ ... ’N‘

Consequently there exists by;—1 € C such that ¢oj_1 = bgj_1 for j € {1,---,N}. The
third equation of (EPy) implies by = 0. Moreover we find, by the fifth equation of
(EP()), that

b1 — b

lgj

where we set boyy1 = 0.

The function ¢ defined above with (b3,bs, - ,bay—1) € CN=1 then satisfies (EP,),
which finishes the proof. O

It is well-known that system (P;) may be rewritten as the first order evolution equation

(2.6)



where U is the vector U = (u, d;u)! and the operator A; : Y] — V x HQN L2(0,1; ;) is
defined by

Ai(u,0) = (v, (82uzj—1, —0tuz;)1<j<n)’

with
N
Y1 = H Olzj 1 XH(O ZQJ)) xV
7j=1
satisfies (2.7) to (2.10) hereafter} ,

D2uan(lan) =0 (2.7)

Dug;(0) =0 j=1,...,N and 02ug;(lz;) =0, j=1,..,N—1 (2.8)

PBug;(0) + pugj_1(laj—1) = —vaj_1(lgj—1), j=1,..,N (2.9)

Oquj(t, lgj) + axU2j+1(0) = ’Ugj(lgj), j=1,..,.N—1. (2.10)

It is clear that < ., . >y does not define a norm for V' but only a semi-norm since,

for all u € V', we have < u, u >y= 0 if and only if u satisfies (EFy). In order to get a
Hilbert space we define by Ejy, the eigenspace of A; associated to the eigenvalue 0, i.e.

2N
Ey=4¢(9,0) €V x HLZ(O, lj) : ¢ satisfies (EP) o,
i=1

and Pyp1:V x H?fl L%(0,1;) — Ey the projection onto Ey defined by

1
Py1 = — I— At
0,1 o %y()\ .Al) )\,

where v is a simple closed curve enclosing the eigenvalue 0 (see Theorem 6.17 of [15]).

Now let H; the Hilbert space defined by

2N
V x []L%(0,1;) = Eo ® Ha, (2.11)
j=1

where Hy = (I—Py1)(V < [[32; L*(0,1;)) and Ey = Po1(V x 32} L*(0,1;)). Then Py
is the projection onto Fy parallel to Hi. Note that, if N =1, H1 =V x H?fl L%(0,15).

Then H; is a Hilbert space, equipped with the usual inner product

< ul > :i< /Ol (v21-1(2)52y2(@) + Dytigy1 ()0, 1(a) )

Ha i=1

STREN I3

S

+ /l (v (s () + g ()0 ) d’““) |



The domain D(A;) of the operator A; is defined by

D(.Al) =HiNY.

Therefore

Al . D(.Al) — Hl,
since A; commutes with P .

Moreover the norm on D(A;) is defined by
2 2 2
[, ) [Ipayy = 1AL (e, V) [, + 1w, 0)]1, - (2.12)
Note that, with all these notation, problem (P) is rewritten in an abstract way as: find

(u,v)! € D(Ay) such that (u,v)t = A;(u,v)’.

Now we can prove the well-posedness of system (P;) and that the solution of (P;)

satisfies the dissipation law (1.2).

Proposition 2.2. (i) For an initial datum Uy € Hi, there exists a unique solution

U € C([0, +00), H1) to problem (2.6). Moreover, if Uy € D(A1), then

U € C([0, +00), D(A1)) N CH([0, +00), H1).

(i) The solution u of (Py) with initial datum in D(Ay) satisfies (1.2). Therefore the

enerqgy s decreasing.

Proof. (i) By Lumer-Phillips’ theorem (see [24, 26]), it suffices to show that A; is
dissipative and maximal.
We first prove that A; is dissipative. Take U = (u,v)! € D(A;1). Then
N loj—1 ) . -
<A1U, U>H1 = Z (/ (8quj_1(x)v2j_1(:c) + 8$v2j_1(:c)8quj_1(a:)> dx
j=1 ™0

+ / (-~ 0tz (e)ua, () + ey ()02 ) d”“") |

By integration by parts, we have

N N
§R(<A1U U Hl Z 8 U2 —1V25—1 1 Z -0 UQJUQJ i + Z [ag%UQJa’EE]i)z]



Moreover, we have
N
E 8 UQJG UQJ — 0,
Jj=1

by (2.7) and (2.8), and by the continuity of v at the interior nodes, we obtain

> st a3 )y T+ D [~0un, ]

N N
i—1 j=1

<

N-1
Z a zU2j—1 l2] 1) +0 UQJ(O)) V251 l2] 1 Z a U2]+1 +8 UQJ(ZZJ)) @(ZQJ')
J=1 j=1
—9,u1(0)v1(0) — Oiuan (lon ) V2N (l2n)

N N-1
== fozioa(ly-)[F = D Jvg(la))
j=1 j=1

by (2.9), (2.10) and since v € V. Therefore

2N-1

R ((ALU, U)yy,) Z v, (1 (2.13)

This shows the dissipativeness of Aj.

Let us now prove that A; is maximal, i.e. that AI — A; is surjective for some A > 0.

Let (f,9)" € Hi. We look for U = (u,v)" € D(A;) solution of

u /
(M — Ay) = =1, (2.14)
v g
or equivalently
Auj —vj = f; Vje{1,...,2N},
)\U2j71 — O%Uijl = g2j—1 V] S {1, ceey N}, (2.15)
Avgj + Oyus;j = g2 Vje{1,..,N}.

Suppose that we have found u with the appropriate regularity. In the following, due to
(2.11), we set V; the Hilbert space defined by

2N
My =Vix [] L%(0,1)),

Jj=1

equipped with the inner product (2.5). Then for all j € {1,...,2N}, we have

Vj 1= )\u]‘ - fj eVrcV. (2.16)



It remains to find u. By (2.15) and (2.16), u; must satisfy, for all j =1,..., N,
Nugj_1 — Oaugj_1 = gaj—1 + Afaj1,

and
Nugj + Opusj = goj + Aoy

Multiplying these identities by a test function ¢, integrating in space and using integra-

tion by parts, we obtain

loj 1 N l2] )
Z/ (Nugj_1doj—1 + Oyunj—10,¢2j—1) dx — Z [Ozusj—162j-1] 0
7j=1

N lo;
+Z/ ’ ()\ u23¢23 + 82 UQJa ¢2] dx—l— Z( 8 UQ]¢2]] [8 U2 0y ml%)
j=1"0 j=1
2Nl _
= Z/ (gj + Afj) pjd.
j=1"9

Since u € D(A;) and (u,v) satisfies (2.16), we then have

lo;

B — | 92 27—
Z/ )\ U2j— 1(Z>2] 14 0, U2;j— 18$¢2] 1 dZL‘—I-Z/ /\ quqbngr&gﬁquaxgsz) dr

2N—-1 2N—-1

+ Z Au;i(l5) Z/ (95 + Af5) ¢Jd37+ Z fil ¢J . (217)
j=1

This problem has a unique solution u € V; by Lax-Milgram’s lemma, because the left-
hand side of (2.17) is coercive on Vi. If we consider ¢ € H2N D(0, ;) C Vi, then u
satisfies
Nugj_y — 2ugj1 = goj—1 + Afoj—1 inD'(0, lyj—1), j=1,---,N,
Nugj + Oqugs = goj + Afa;  in D'(0, ly;), j=1,---,N.

This directly implies that u € vazl (H?(0, l3j—1) x H*(0, lz;)) and then u € Vi N
H§Vz1 (HQ(O, laj—1) x H*(0, le)). Coming back to (2.17) and by integrating by parts,
we find

Z (a u2j l2] I¢2] (12]) 8:%“2](0)650?%(0))

J=1
N

+ Z (Ozugj—1(l2j—1) + O3ug;(0)) doj—1(l2j—1)
]N:—ll 2N—-1 2N—-1

— > (92unj1(0) + BJug;(lag)) daj(lag) + Z Muj(l)gi (L) = > fi() (1)
j=1 =1

10



Consequently, by taking particular test functions ¢, we obtain

O2uzj(ly;) =0 and O2ug;(0)=0,j=1,---,N,
Opung—1(loj—1) + Opugj(0) = —Xugj_1(loj—1) + f2j—1(l2j-1)
= —wvi—1(lgj—1),7=1,---,N,
Oru2j+1(0) + A2ug;(l2j) = Augj(la;) — f2j(la;) = ve;(l2j), j=1,--- , N — 1.

In summary we have found (u,v)! € D(A;) satisfying (2.14), which finishes the proof of
().
(ii) To prove (ii), it suffices to derivate the energy (1.1) for regular solutions and to use

system (P;). The calculations are analogous to those of the proof of the dissipativeness

of Ay in (i), and then, are left to the reader. O

We see, in the same manner, that problem (P;) can be rewritten in an abstract way as:
find (u,v)! € D(A2) such that (u,v)} = Az(u,v)!, where Ay : Yo — V x H?gl L%(0,15)

for

N
Yy = )€ [T (H?(0,125-1) x H*(0,12;)) x V" :
7j=1

satisfies (2.7), (2.9), (2.10) and (2.18) hereafter} ,
ag’u,gj(()) = axvgj((]), j = 1, ...,N and 8§qu(l2j) = —8;5U2j(l2j), ] = 1, ...,N — 1, (2.18)
As(u,0)" = (v, (8Fuzj—1, —gusj)1<j<n)"-

Then we define the Hilbert space Ho by

2N 2N
Vx [T L20,0;) = By @ Ha, Ha = (I — Rop)(V x [ L2(0,13)
=1 i=1

with Py : V X H?fl L*(0,1;) — Ey the projection onto Ey defined by
1
Pyp = — f(u — Ag) " tdx
’ 2 J,
(with ~ is a simple closed curve enclosing the eigenvalue 0), and
'D(Az) =HoNYs.

Then
./42 . D(AQ) — HQ.

The following proposition holds:

11



Proposition 2.3. (i) For an initial datum Uy € Ha, there exists a unique solution
U e C([0, +00), Ha) to

U' = AU,

U(0) = (u°, u') = Up.

Moreover, if Uy € D(Ag), then

U € C(]0, +00), D(As)) N C*([0, +00), Ha).

(ii) The solution w of (P») with initial datum in D(As) satisfies (1.4). Therefore the

energy is decreasing.

Proof. The proof of (i) and (ii) is the same as the proof of Proposition 2.2, and therefore
is left to the reader. O

3 Spectral analysis of a chain of serially connected Euler-Bernoulli

beams and strings

In this section, we study the spectral analysis of the corresponding conservative system.

Let @ be the solution of the conservative system derived from problems (P;) and (Ps)

given in the introduction, i.e. @ is the solution of the following system

(0FPoj_1 — O2®9;_1)(t,z) =0, x € (0,12j—1), t € (0,00), j = 1,..., N,
(02 ®g; + O1®9;)(t,2) =0, x € (0,1a;), t € (0,00), j =1,..., N,
®1(t,0) =0, Pon(t,lon) =0, t € (0,00)

2®4;(t,0) = 029, (t,l2;) =0, t € (0,00), 5 =1,..., N,

®;(t,1;) = ®;+1(¢,0),t € (0,00), j =1,...,2N — 1,

D3®9;(t,0) + 0;Poj—1(t,l2j—1) =0,t € (0,00), 5 =1,..., N,

D39 (t,l2j) + OxP2ji1(t,0) =0,t € (0,00), 5 =1,..., N,

®;(0,2) = ul(x), 9®;(0,2) = uj(z), z € (0,1;), j =1,...,2N,

where we have replaced the dissipative conditions (in bold in systems (P;) and (P)) by

the conservative ones.

We can rewrite system (P.) in an abstract way as: find (®,¥)" € D(A.) such that

12



(@, 0) = A (D, ¥)!, where A.: Y, — V x H?ﬁl L*(0,1;), for

N
Y, = )€ [T (H?(0,1-1) x H*(0,12;)) x V" :
7j=1

satisfies (2.7), (2.8), and (3.19), (3.20) hereafter},
8:2112]‘(0) + 8xu2j_1(l2j_1) =0, j=1,..,.N (319)
8gZL2j(t, lgj) + 8xZL2j+1(0) =0, j=1,...N —1, (320)

and
Ae(@,0)" = (T, (2891, —02Poj)1<j<n)"

Then we define the Hilbert space H. by

2N 2N 2N
Vx JJL%0,5) = By @ He, He=(I—Po)(V x []L*0,1)) = Ve x [] L?(0,1))
j=1 j=1 j=1

with Py :V x HQN L*(0,1;) — Ejy the projection onto Ey defined by with
1 -1
POc:f ()\I—Ac) d\
’ 2 J,
(with ~ is a simple closed curve enclosing the eigenvalue 0), and
D(A:) :=H.NY..

Following Section 2, it is clear that system (P.) is well-posed in the natural energy
space. If we suppose that (u°,u') € H. = V. x HQN L*(0,1;), then problem (P.) admits

a unique solution
2N

® € C([0,T],Ve) n ([0, 7], T] L%(0, 1))
j=1
This system is obviously conservative, i.e. its energy is constant.

3.1 The characteristic equation

Let ¢ be a non-trivial solution of the eigenvalue problem (EP) associated to the con-
servative problem (P.) and A? be the corresponding eigenvalue. That is to say, ¢ e Ve

satisfies the transmission and boundary conditions (3.21)-(3.25) hereafter as well as

Bdoj—1 = N¢gj—1  on (0,151), Vje€ {1,..,N},
(EP)§ —0ipaj = Noha, on (0,ly;), Vje {1,..,N},
$2j—1 € H*(0,l35-1), Vj € {1l,...,N}, ¢2j € H*0,ls;), Vj € {1,..., N},
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$1(0) =0, gan(lan) =0, (3.21

82¢2;(0) = D2ha;(laj) =0, j=1,.,N (3.22

¢j(lj) = ¢j41(0), j=1,..,2N -1 (3.23

25 (0) + Oppoj—1(laj—1) =0, j=1,.,N (3.24

DB d2;(l2j) + 02¢p2j41(0) =0, j=1,.,N—1. (3.25)

Note that this also means that (¢, A¢) € D(A.) is an eigenvector of A. associated to

the eigenvalue A. By the definition of A. and of its domain, 0 is not an eigenvalue of

A.. Moreover 0 is not an eigenvalue of A; and As.
Define z by A = iz% where z lies in R™ with 2 = —1.
Following Paulsen ([23]) and Mercier ([18]), we will rewrite this eigenvalue problem on

a chain of 2N beams and strings using only square matrices of order 2 in the following

way: we define, for each j € {1,..., N}, the vector functions V;_; and V3; by

t
Vaj1(z) = <¢2j1($), Z123x¢2j1($)> , Vo € [0,lg5-1],

1 t
Vaj(z) = (¢2j(9€)7 2383@1-(96)) , Vo € [0, lg].
Define the matrices A; by

C2j-1  S2j-1
Agj_1(z,l2j-1) = ;
—S9j_1 C2j-1

1
Asi(z,l9;) :=
2]( ) 2]) e2l2jz _ 2€l2j252j -1
295 2o
€% (g — Saj) — Caj — S2j 2525 (1 — €*'%)
)
€2l2j202j — 2¢l2i% + c2j e2l2jz (ng — 82]') — C2j — S2j5

with j € {1,--- , N} and with the notation

C2j—1 = COS(lgj_l . 2’2), §2j—1 = Sin(lgj_l . 22) (3 26)
coj = cos(ly; - 2), s = sin(ly; - 2).

The matrix T is defined by:



To finish with, the matrix M (z) is the square matrix of order 2 given by
M(Z) = AQNTA2N71...T_1A2TA]_. (3.27)

Lemma 3.1. (A few trivial but useful properties)

With the notation introduced above, we have:

Vi(ly) = A;V;(0), Vj € {1,...,. 2N},

Vai (0) = TVaj_1(lnj_1), Vi € {1,.... N},
Vajt1(0) = T Wa;(la;), Vi € {1,..., N — 1},
Van(lan) = M(2)V1(0).

Proof. First, for j odd and j € {1,...,2N}, since u; satisfies the first equation of the
eigenvalue problem (EP), u; is a linear combination of the vectors of the fundamental

basis

(cos(2?.), sin(z%.)) .

The first equation of the lemma follows from that property after some calculations.
Now, for j even and j € {1,...,2N}, since u; satisfies the second equation of the
eigenvalue problem (EP), u; is a linear combination of the vectors of the fundamental
basis

(cos(z.), sin(z.), €7, e %)

In this basis, if we consider the two following functions dy, ds with coordinates
dy := (€% sin(l;2), €997 cos(ljz) — 1,0, —e'i% sin(l;2))

dy = (eljz — ez, 0,cos(l;z) — e 1%, eli* — cos(ljz),

we can see that they are independent and satisfy (3.21). Consequently u; can be ex-
pressed as a linear combination of these two functions. Now, to find A;, we proceed as
follows: let (a, 3)! the coordinates of u; in the basis (dy,d2). There exist two matrices
My, My such that V;(0) = My(a, ) and V;(l;) = Mi(a, 3), then A; is the matrix
MMyt

Moreover the transmission conditions (3.23), (3.24) and (3.25) imply the second and
third equations.

The fourth one is the logical consequence of the first three applied successively for j = 1,

7 =2, etc... [
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Theorem 3.2. (The characteristic equation for the eigenvalue problem corresponding
to a chain of alternated beams and strings)
The complex number A = iz% (z € RY*) is an eigenvalue of A. if and only if z satisfies

the characteristic equation

f(z) =mia(z) =0, (3.28)

where mi2(2) is the term on the first line and second column of the matriz M(z).

Proof. Let ¢ be a non-trivial solution of the eigenvalue problem (EP) and A2 be the

corresponding eigenvalue, where A = iz? (2 € RT*).

Using the boundary conditions as well as Van (lan) = M(2)V1(0), it follows:

0 M) 0
1 = Mz 1
;3552’¢2N(52N) o) 1(0)
It is clear that the vector of the second part of the previous equality is non-trivial since

¢ is a non-trivial solution of problem (EFP). Hence the result. O

Proposition 3.3. (Asymptotic behavior of the characteristic equation)

Assume that the characteristic equation is given by Theorem 3.2. Then

f(2) = 2 (foo(2) + 9(2))

where
foo(2) = 51(2) - ca(2) - 83(2) -~ san—1(2) - (can(2) — san(2)) (3.29)

(with c;j, s; defined by (3.26)) and g satisfies lim,_. o g(z) = 0. Thus, the asymptotic
behavior of the spectrum o(A.) corresponds to the roots of the asymptotic characteristic
equation

foo(2) = 0. (3.30)

Proof. In the following, the notation o(h())) is used for a square matrix of order 2 such
that all its terms are dominated by the function A — h(\) asymptotically. For any
Jje{l,...,N},

1

2[2'27 ZQ'Z .
"2 2e27%59; — 1

2oz [ €2 T 52 2595

Agj(z,lzj) = +0(2l2jz)

ng C2j — 52]'

16



Thus

ng — 82]' 282j

Agj(z,lgj) = +0(1),

CQj ng — 82]'

which leads, after some calculations, to:

TV Ay, T Ay 1 — (c2j — s2j)c2—1 (c2j — s2j)82j-1

—2C2;5C25—1 —2C2;525—1
Likewise

1y 4 [ (ezjpa = s2j42)ci41 (C2j42 — S2542)52j41
T " AgjoTAgjq =

—&C2542C25+1 —RC25+2525+1
Thus

T71A2j+2TA2j+1TilAQjTA2j—1

—2(62j+2 — $2j+2)$2j+102j62j71 —Z(Czj+2 - 32j+2)32j+162j32j71
— +o(1).

2 2
27C25+252j+1C25C25—-1 Z27C2j4252j+1C25525—1
The result follows by induction. O
y

Remark 3.4. We can note that the eigenvalues A = iz> of (EP) have 2N families of

asymptotic behavior:

92 2
(7’ k‘ﬂ-> ) j:]-a"')Nv 7’<7T+ kﬂ.) ) j:17"'7N717
laj—1/ pen 2ly; BN
2
and Z(?T/‘H’m) _
ZZN keN*

It follows that the generalized gap condition (1.3) holds.

Proposition 3.5. (Geometric multiplicity of the eigenvalues)
If X # 0 is an eigenvalue of the operator A. and E) is the associated eigenspace, then

the dimension of E) is one.

Proof. The eigenvectors ¢ € V. associated to the eigenvalue A? (cf. problem (EP)) are
entirely determined by their values at the nodes of the network (i.e. where the beams

and strings are connected to one another). Due to Lemma 3.1, they are also determined

by Vi(0) = <¢1(0), 2128x¢>1(0)> . Now ¢1(0) = 0 (cf. condition (3.21)) and 09;¢1(0)

may take any value in R*. Hence the result. O
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3.2 Strong stability of (P;) and (F)

We first prove the following lemma:

Lemma 3.6. If there exist i, j € {1,---, N} such that

2l g o Zgq,

loj—1 lo;
or if there exist i, j € {1,--- , N} such that
los 2 2
(72:) #+ p—Tr, where p, q € Z,
laj—1 " q
then
2N—1

> 1) #0,
j=1

for all eigenvectors ¢ € V. of (EP).

(3.31)

(3.32)

(3.33)

Proof. Let ¢ € V. be an eigenvector of (EP) associated to the eigenvalue A2, where

A =122 (z € R™). Assume that (3.33) is false, i.e. that we have

2N
> 1 (0))> = 0. (3.34)
j=2

We use in the following the basis introduced in the proof of Lemma 3.1.

First, since ¢2;1(0) =0 for j =1,--- , N, it is easy to see that there exists as;_; such

that

¢oj—1 = agj_1sin(z>), Vj=1,---

Then, by the continuity at the interior nodes (3.23), we get

agj_1sin(z?ly;_1) =0, VYj=1,---,N.

Second, there exist agj, baj, az; and ZN)gj such that

(paj = ag; sin(z-) + byj cos(z-) + ag; sinh(z-) 4 by cosh(z:).

By (3.22) and (3.34), we obtain

bgj = ng = &Qj =0 and (Igj Sin(ZZQj) = 0, V]
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since z # 0. Then, we have, with the notation introduced in (3.26),

a;S; = 0, ] = 1, te ,2N. (335)

Moreover (3.24) gives

1
a2 = ;CLijlCijla

and (3.25) yields

2541 = 2025C2j.
By induction, we obtain, for all j > 2,
a; = zejalcj_lcj_Q -0 Cq, (336)

with eg; = —1 and epj_1 = 0. Therefore a; # 0 (otherwise a; = 0 for all j, and then
¢ = 0, which is impossible). Now, by (3.35), we have s; = 0 and ¢; = 1. Then,
since (3.36) holds, as # 0 and so = 0, again with (3.35). Then ¢y = +1... We see, by
induction, that s; = 0 for all j € {1,--- ,2N}. Therefore, it suffices to have one s; # 0
for some j € {1,--- ,2N} to obtain (3.33). It is the case if there exist ¢, j € {1,--- , N}
such that (3.31) or (3.32) hold. O

As a consequence of the previous lemma, we can prove the following proposition.

Proposition 3.7. We have
lim E(t)=0 (3.37)

t— 400

for all solution u of (Py) with (u®, u') in Hy if and only if (3.33) holds for all eigenvectors
¢ € V. of (EP). Consequently, if there exist i, j € {1,--- , N} such that (3.81) or (3.52)
hold, then (3.37) holds.

Proof. Let us show that (3.33) implies (3.37). For that purpose we closely follow
[25].

First, we show that A; has no eigenvalue on the imaginary axis. If it is not the case, let
iw be an eigenvalue of A; where w € R*. Let Z € D(A;) be an eigenvector associated

with 4w. Then Z is of the form



with
a:%ngj—l = _w2¢2j—1) j = 17 o 7Na
a§¢2j:w2¢2j7 ]:177N

It is an immediate consequence of the identity (iwl — .A;)Z = 0.

(3.38)

We now take the inner product (.,.),,, between A;Z and Z. By (2.13), we have

2N—-1

R((A1Z,Z)y,) = —w? S 16517
j=1

Since Z is an eigenvector of A; associated with iw and w # 0, we obtain

2N—-1

> i) =o.
j=1

Note that Z satisfies the eigenvalue problem (EP) and Z belongs to D(A.), since

1 1 1
PyZ = — 7{@1 — A Zd\ = — —Zd\ =0,
’ 20w ~

20T Vx\—zw

(where we use (A — A¢)(y252) = Z and where 7 is a simple closed curve enclosing 0),
and thus Z = Z — Py .Z € (I — P )(V x [[7%; L*(0,1;)) = H,. Then this contradicts
(3.33). Therefore A; has no eigenvalue on the imaginary axis.

Now, we can apply the main theorem of Arendt and Batty [10]: Since o(A;) NiR is
empty, we obtain (3.37).

Let us show that (3.37) implies (3.33). For that purpose we use a contradiction
argument. Suppose that there exists an eigenvector ¢ € V. of (EP) of associated

eigenvalue \? (where A = iz2, 2 € RT*) such that

2N—-1

> i) =o.
j=1

Let us set

u(., t) = ¢ cos(2%t).

Then w is solution of (P;) and satisfies

because

This contradicts (3.37).

It suffices to use Lemma 3.6 to finish the proof. O
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Moreover, with the same method as previously, we are able to prove the decay to zero of

the energy of solutions without restriction about the irrational properties of the lengths.

Proposition 3.8. We have . 11111 E(t) = 0 for any solution of (P) with (u®,u') in
— 00
Ha.

Proof. As in the proof of Proposition 3.7, we can show that the energy of solutions of

(Py) tends to zero if and only if

2N—-1

N-1
> 105)P + 3 (10502 ()) + 1026250 ) # 0, (3.39)
j=1 i=1

for all eigenvectors ¢ of (EP). Let ¢ be an eigenvector of (£ P) such that (3.39) is false.
By the same proof as Lemma 3.6, this implies that ¢ = 0, which is impossible. Then
(3.39) holds and therefore the energy decays to 0. O

Remark 3.9. If we take the initial data in VxH?ﬁl L*(0,1;), the energy of the solutions
of (P1) and (Py) do not decay to 0, since u = ¢, where (¢,0)" is an eigenvector of A;
(i = 1, 2) associated to the eigenvalue 0, is solution of (P1) and (Py) with constant

energy.

4 Stabilization result for (/)

We prove a decay result of the energy of system (P»), independently of the length of
the strings and beams, for all regular initial data. In [9], the authors prove that the
system described by (P») is not exponentially stable in Hy with N = 1 (i.e. with one
string and one beam). Therefore, in the general case (for N € N*), we can not except to
obtain an exponential decay for the energy of the solutions of (P,), but only a weaker
decay rate, and in this general case, we prove a polynomial decay rate. To obtain this,
our technique is based on a frequency domain method and combines a contradiction
argument with the multiplier technique to carry out a special analysis for the resolvent.

The following theorem is a direct generalisation of the result in [9], which we note, due

In(t)

2 has been written

to a mistake in the choice of 6, the decay rate in the following

ln;(t) (corresponding to a choice of # = 1 and not to 0 = 1/2).
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Theorem 4.1. There erists a constant C > 0 such that, for all (u°,u') € D(As), the

solution of system (P3) satisfies the following estimate

In'(t)
+2

E(t) < C @ u)pyy . YE>O. (4.40)

Proof. We will employ the following frequency domain theorem for polynomial stability

(see Liu-Rao [17]) of a Cj semigroup of contractions on a Hilbert space:

Lemma 4.2. A Cy semigroup e'* of contractions on a Hilbert space satisfies

e Us|| < C'hll:f(t)HUOHD(c)
for some constant C > 0 and for 6 > 0 if
p(L) o{ip | B € R} =R, (4.41)
and
s 55 69— €)1 < o (4.42)

where p(L) denotes the resolvent set of the operator L.
Then the proof of Theorem 4.1 is based on the following two lemmas.

Lemma 4.3. The spectrum of As contains mo point on the imaginary axis.

Proof. Since As has compact resolvent, its spectrum o (.Az) only consists of eigenvalues

of Ay. We will show that the equation
AsZ = iBZ (4.43)

with Z = (y, v)' € D(A2) and § # 0 has only the trivial solution.
By taking the inner product of (4.43) with Z and using

N
R(< AZ,Z >p,) = _Z (1)2],(0)‘2 + |2

N-1 dvs; 9
- <!vzj(lzj)\2 + d—J(ZQj) ) . (4.44)
. x
Jj=1
we obtain that
dva;j , dvo; ‘
’UQJ(O) =0, %(0) = O, 7= ,...,N and ’Ugj(ZQj) = 0’ %(ZQJ) — 07 j= 1’ ,N 1.
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Next, we eliminate v in (4.43) to get an ordinary differential equation:

(B*y2j—1 + Oayaj—1)(x) = 0, x € (0,125-1),j = 1,..., N,
(B%y2j — Ozy2;) () = 0, © € (0,125),j =1,..., N,

y1(0) = 0, yan(lan) = 0, FZyan(lan) = 0,

d2y2;(0) =0, j=1,...,N,

(4.45)
82y2j(l2j) = O, j = 1, ...,N — 1,

T

B3y2;(0) + Dpyaj_1(lyj 1) =0, 5 =1,..., N,
D3yai(la;) + O3y2j+1(0) =0, j =1,..., N — 1.

Then, we can easily see that the only solution of the above system is the trivial one. [

The second lemma shows that (4.42) holds with £ = A4 and 6§ = 1.
Lemma 4.4. The resolvent operator of As satisfies condition (4.42) for 0 = 1.
Proof. Suppose that condition (4.42) is false with § = 1. By the Banach-Steinhaus

Theorem (see [12]), there exists a sequence of real numbers 3, — 400 and a sequence

of vectors Z, = (y,, v,)" € D(A2) with [|Zp[l3, = 1 such that

|18n(iBnl — A2) Zn||H, — 0 as n — oo, (4.46)
ie.,
BY2 (iBpyn —vp) = fn — 0 in V, (4.47)
12 (. o Pyagi\ .9 ‘
ﬁn Zﬁnvnﬂj—l da2 =9n2j—1 — 0 in L (07 l2]—1)7 (4'48)
12 (., d*yn 2; N
/Bn ’Lﬁn’l)n,Qj + dl‘i = ]ﬂn’gj — 0 in L (0, le), (449)

since ﬁ}/ 2 < Bn.

Our goal is to derive from (4.46) that ||Z,||x, converges to zero, thus there is a contra-

diction. The proof is divided into four steps:

First step. We first notice that we have

1Bn(i0n] — A2) Znllry = R (B (iBnl — A2)Zn, Zn)ns) |- (4.50)

Then, by (4.44) and (4.46),

1 1 .
B2 Unaj(0) — 0, [ T2
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and

dvn 2]

1
Bg vn2;(l2j) — 0, B2 (l2j) =0, j=1,..,N—1. (4.52)

This further leads, by (4.47) and the trace theorem, to

3 dyn,2j .
1Bul2 [Yn2ij(0)] = 0, [Bal*/? dxﬂ(o)’ —0, j=1,..,N, (4.53)
and
5 i) =0, [ )] =0, =1 N1 sy

Moreover, since Z,, € D(As) and thus satisfies (2.18), we have, by (4.51) and (4.52),

1 |d 1| d?
|ﬁn| ‘ ynZ](O)‘HO,j:l,...,N, |ﬁny ’ y“J(zQJ) —0,j=1,..,N—1. (4.55)

Then, note that, by continuity at the interior nodes and by (4.53) and (4.54), we have

3 . 3 .
|/8n’2 ’yn,2j—1(0)| — 0, ] = 2, ...,N, ‘ﬁn‘Z ‘yn,Qj—l(ZQj—l)‘ — 0, ] = 1, ,N (456)

Second step. We now express v, as a function of y from (4.47) and substitute it into

(4.48)-(4.49) to get

d? 2i—1 . .
B/ (—ﬁiynﬂj—l - y;T«j = 9n2j—1 T Bnfn2j-1, Jj=1,..,N, (4.57)
12 (52 , d4yn,2j _ L , C N 4
ﬁn nyn’2j + d1'4 = kn,Qj —+ Zﬁﬂfﬂ,zjv ] = 1, ceey . ( 58)

dYn 25—
Next, we take the inner product of (4.57) with qgj_l(-)% in L?(0,12j_1) where
x
q2j—1 € C1([0,15;-1]) and g2;—1(0) = 0. We obtain that

B d*Yn,2j-1 dijn,2j—1
/0 @11/2 < - Zyn,Qj—l - #)Q%—l(ﬂﬁ)% dx
laj—1 Ay, 20—
= / (gn,Zj—l +ifn fn,2j—1> QZj—l(w)% dx
0 X

loj—1 dijn 2 laj 1 dfn2i
2j—1 . n,25—1 _
= i () —/—=—dx —1 i _1dx
/0 In,2j—1 925 1( ) du /0 q25—1 do: /Bnyn,2] 1

f2j-1 g,
—i/ Jn2j—1 qfl; L BuGnaj—1 de + i faj—1(l2j—1)a2j—1(l2j—1) Bubin2i—1(l2j—1)-
0
(4.59)

It is clear that the right-hand side of (4.59) converges to zero. Indeed, fy2;—1 and

9gn2j—1 converge to zero in H' and L? respectively, || Z,|,, = 1 and (4.56) holds, and,

fn,2j—1

51/ + vp2j—1| is bounded in L?(0, laj—1).

ﬁnally, ’ﬂnyn,Zj—l | =
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By a straight-forward calculation,

loj 1 A2 1
e {/ —B2Yn2j-1 q2j-1 ydij ! dx} = —~q2j-1(12j-1)|Bnyn2j—1(l2j—1)|?
0

2
1 21 dgojq
+/ L | Brtn,2j—1]*dx
0

2 dx
and
l2j—1 d2y 971 dy 971 1 dy i1 2
T _ n,2j 22l U (o ) | 22
{/0 dv2 P gy x} 5 42j-1(l2j-1) | — ——(l2j-1)
1 21 dyn 2j—1 2 dqu_l
5 ’ dx.
" 2 /0 dx de "
We then take the real part of (4.59), and (4.56) leads to
/l2j—1 dgaj—1 13 \Qd +/l2j—1 dgaj—1 | A 2j—1 2d
nYn,2j— X T
0 dx Un25-1 0 dx dx
dyn,2j—1 2
= azj-1(lgj—1) | = —(lgj-1)| — 0. (4.60)

d .
Similarly, we take the inner product of (4.58) with qgj(-)% in L%(0,ly;) with go; €
C3([0,124]) and g2j(la;) = 0. We then repeat the above procedure. Since

/ h dyn,2;
0

d
dx v

2 la; 2= loj 2=
1 2 d*Yn,2; 1 = d“Yn 2j
d — . 9 _ P . 3
€ iBy /0 ,25 da2 iBy ) (Zﬁn Yn,2j Un,2]) A2

j dgn,?
(0) n,25(0) + == 2 (125) Yn,25 (I25),

then, from the boundedness of vy, 25, i6nYn2; — Un.2;, d2§;2’2j in L?(0,1z;) and (4.53)-

(4.54), dy;gfj converges to zero in L%(0,l;). This will give, after some calculations,

25 dgo. l2jd‘d2n'2
/ §;j|ﬁnyn,2j’2dl‘+/ 7;]:; 7dyx272j dz
0 0
dgyn,2j dgn,?j
— 2R (dm3 (0)q2j(0)7dx (0)) — 0. (4.61)

. dyn,2j—1 BYn 2

Third step. Next, we show that ———=—(ly;_1) and o (0) converge to zero. We
x x

take the inner product of (4.58) with ﬁe—ﬁvl/ “o in L2(0, ly;). We have, with (4.58),

l2j d*u, o 1/2 la; 1 1/2
L B2 o T2 ) =B — L M
/0 ( Bryn2j + e > e de = /0 72 kn2j€e dx
n

o (4.62)

. 2j 1/2 —ﬁ1/2:€

+1 By fnoie " Tdx.
0
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It is clear that the first term of the right hand side of (4.62) tends to zero by (4.49).

Moreover, by integration by parts,

l2j 1/2 l2; d : 1/2 1/2
/ B2 f 95650 Ty = / 7{;’2] e P dr — f0(lay)e” " 2+ fn05(0),
0 0 €

which tends to zero since f, 2; tends to zero in H 2 and by the trace theorem.

This leads to

l2j 1/2 12 d4 .
/ (ﬁ%e‘ﬁn T paj — e T ;/ZQJ) dx — 0. (4.63)
0 X

Performing four integrations by parts in the second term on the left-hand side of (4.63),

we obtain
laj 1/2 12 d4 . d3 ; d? ;
2 ,—Bn' "z B P P Yn2j _ Y Yn2j 1/2 ¢ Yn,2j
[ (e gy - e T Yo = T 0y 4 2 2 )
dyn,2;

+ Bn (0) + B3 2yn.2;(0) + 0(1), (4.64)

dzx

with (4.54)-(4.55) and since

2 los 2
d3yn.2; /2, ogl/2 . [ |d ;
yn?,’2j (lgj)e_ﬁ" loj < e 2065 lQJ/ ynfj( ) dx
dx 0 dx
2
lo;
1/2, ik .
< e_QBn l2j/ 1?/2; zﬂnvn,% dx
0 n

l2;
S 26—2671/2l2j/ / |kn,2j‘2 dﬂj
ﬁn 0
2 —aply, [ 2
42327200 2 / |Un,24|” dx — 0,
0
because [|Zy|4, = 1.
Thus, according to (4.53) and (4.55), we simplify (4.64) to

d3yn,2j
dax3

(0) — 0. (4.65)

Consequently, since Z,, € D(Az) and thus satisfies (2.9), we obtain

dyn,Q i—1
ij(l”*) — 0. (4.66)
Then, (4.53) and (4.65) lead to
An2j (1 A Yn.2;
. (0) s (0) — 0. (4.67)
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In view of (4.66)-(4.67), we simplify (4.60) and (4.61) to

201 dgaj 2 it dggiy | dynajoa |
Un, . d J n,4j d 4‘
/0 dx [Bnyn.2j-1] l‘—i—/o dx dx z =0, (4.68)
L7 dgy; 2 2 dgo; | dPyn; |
|2 j n2| g 4.
/0 . | Bnyn,2;] x—f—/o ol r — 0 (4.69)
respectively.
dgaj—1

Fourth step. Finally, we choose g2;_1 and g2; such that is strictly positive and

dao
242 is strictly negative. This can be done by taking
x

Bra@) = =1, ayle) = el 1,
Therefore, (4.68) and (4.69) imply

[18nyn,2i-11122(0,12;1) = 05 [1Bnyn,25llL2(0,05) = 05 [[(Yn,2i-1:Yn,25)je 1, nyllv — 0.

(4.70)

In view of (4.47), we also get
lvn2j-1ll22(000,_1) = 05 lvm25llL2(0,155) — 0 (4.71)
which clearly contradicts || Zp ||, = 1. O

The two hypothesis of Lemma 4.2 are proved by Lemma 4.3 and Lemma 4.4. Then
(4.40) holds. The proof of Theorem 4.1 is then finished. O
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