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Computation of electromagnetic fields in high resolution computational phantoms requires solving large linear systems. We present
an application of Schwarz preconditioners with Krylov subspace methods for computing extremely low frequency induced fields in a
phantom issued from the Visible Human.

Index Terms—Extremely low frequency, finite-element methods, numerical dosimetry.

I. INTRODUCTION

N UMERICAL dosimetry of electromagnetic fields into the
human body is important for assessing safety of devices

which generate strong fields (such as magnetic resonance im-
agery systems or welding industry). First computations of in-
duced electromagnetic fields into the human body date at 80s
[1], but it is mainly during nineties that important advances
have been made by the scientific community, among others by
Stuchly et al. [2]–[4]. At the same time, the milestone work of
Gabriel et al. brought a large amount of key data on the elec-
trical properties of tissues [5]–[7].

Most of the existing literature is based on computations using
the finite-difference (FD) method, or some closely related vari-
ants like the impedance method (IM). All these methods have
the advantage that a computational phantom can easily be ob-
tained on a Cartesian grid from segmented images of the human
body. However the price to pay is that this approach requires a
huge number of degrees-of-freedom (DOFs). When an explicit
temporal scheme is adopted, there is no linear system to in-
vert: time iterations are taken on until the steady state is reached
with a “sufficient” accuracy. As the problem is linear, frequency
scaling techniques are used to avoid instabilities due to large
time steps [8]. More recently, the finite-integration method (FIT)
has been used; in this case, the human body is discretized over
a structured mesh, and therefore a huge number of DOFs is also
required [9].

The finite-element method (FEM) has been seldom used to
solve these kind of problems, mainly because of the difficulty
to obtain an unstructured and adaptive mesh of the computa-
tional phantom—which is key for taking advantage of the fea-
tures of this method. However, recently methods for building
such a mesh have been proposed [10], making possible to per-
form more efficient computations based on FEM.

The purpose of this paper is to show how domain decom-
position preconditioners [11] combined with Krylov subspace
solvers [12] can be used to solve this kind of linear systems.
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The presented algorithms enable to improve the convergence for
solving the systems, and are naturally well suited for distributed
parallel computing.

II. FORMULATION

Due to the particular features of the living tissues, specific
formulations have been developed [13]. Consider a magnetic
vector potential source such that . It is assumed
that is not modified by the presence of the human body (do-
main ); therefore is known a priori. From Faraday’s law

one obtains , where the
scalar potential is the unknown. Displacement cur-
rents are neglected; from Ampère’s equation one ob-
tains the current continuity equation . Supplemented
by Ohm’s law and imposed weakly it gives

Find in such that:

(1)

At the discrete level is expanded on nodal functions, hence a
gauge is simply fixed by imposing the value of in a node. This
formulation leads to a large sparse linear system which
is solved by using a Krylov subspace solver.

III. SCHWARZ PRECONDITIONERS

In Schwarz preconditioners, the computational domain is
decomposed in several overlapping subdomains . Each
subdomain is discretized on a mesh , which may eventu-
ally be a subset of a global mesh : in this case the nodes
on the overlapping regions are shared between several partial
meshes (matching meshes). The formulation is assembled over
each subdomain ; hence linear systems are gen-
erated. At each step of the algorithm, the residual is restricted
to the interior of each subdomain , a local
correction is computed and projected back to the global domain.
All Schwarz preconditioners are founded on this general idea.
Many variants of this class of preconditioners exist, which differ
mainly in the number of levels and in the order the different cor-
rections are computed.
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A. Restriction/Prolongation Operators

A key point is that each local vector can be easily obtained
from the global vector through a linear restriction operator of
matrix

(2)

In the same way, a linear prolongation operator of matrix
allows to obtain the global contribution which correspond to
each local vector, so that

(3)

In the case of matching meshes, is a permutation of the ma-
trix , and it can be shown that is simply the transposed
matrix of . In the general case of non-matching meshes, each
term of the local vector is computed from the global one by
using a first-order finite-element interpolation. The prolonga-
tion matrix is obtained by transposing and normalizing
the sum of the terms over each row to one: therefore the pro-
longation of the local correction over a node of is computed
by averaging its (local) value over the neighbor nodes of .
We stress that this is not the unique way to perform the restric-
tion/prolongation: other methods can be used—for instance in
[14] is described an approach based on aggregation of neighbor
nodes.

Algorithm 1 One-level additive Schwarz preconditioner

Require

for , N do

solve

end for

B. One- and Two-Levels Methods

In one-level methods, a local correction is computed on each
subdomain from the local restriction of the residual . There
exist many variants of this method, one of which is Algorithm
1. One observes that the residual is not updated, therefore all
subdomains can be processed in parallel—the corrections
being accumulated together afterward.

The link between the subdomains is uniquely ensured by the
overlap, which is usually limited to a few layers of elements.
One observes that: 1) the number of iterations increases with the
number of subdomains and 2) the less the size of the overlap, the
more iterations are required. This fact can be explained heuris-
tically by arguing that the information needs to “travel” through
all subdomains before reaching the other extremity of the whole
domain: therefore, the long-range (i.e., low-frequency) terms of
the error require many iterations for being corrected [11].

A better behavior can be obtained by a two-level method: in
this case, an additional correction is computed by using the same
strategy (i.e., restrict/solve/project back) with a global coarse

mesh in order to correct the long-range terms of the error.
Algorithm 2 is obtained by adding a correction in a multiplica-
tive way to Algorithm 1 (it is called a hybrid version in [15]).
This correction does not change significantly the computational
time between both algorithms. and are the restriction/
prolongation matrix for the coarse mesh computed as described
beforehand.

Algorithm 2 Two-level hybrid Schwarz preconditioner

Require

solve

for do

solve

end for

C. Implementation

Both algorithms 1 and 2 have been implemented by a sequen-
tial program written in MATLAB. As the matrix is symmetric
positive definite, we choose the Conjugate Gradient (CG) as
the Krylov subspace method. Each subdomain linear system is
solved by using a direct solver. Indeed, the theory for Krylov
subspace methods requires that the preconditioner is a linear
operator [11]. Some local approximate solvers do not enable us
to satisfy this linearity assumption and should lead us to con-
sider flexible variant of CG [16]. We tried several approximate
solvers, but except some small academical problems, a poor
convergence has been observed.

IV. VALIDATION AND PRELIMINARY TESTS

We performed some tests with an academical benchmark
(exposure of a homogeneous spheroid to a uniform magnetic
field—Fig. 1) by using one and two-level methods. CG is
stopped when the residual is reduced by a factor 10 with
respect to its initial value. The theoretical values of the average
and maximum electric field induced by the extremely low
frequency magnetic field are [17]

(4)

where is the complete elliptic
integral of second kind, and are for the major and minor
axis, respectively. The comparison between the theoretical and
numerical values of the electric field are reported in Table I for

60 cm, 30 cm, 500 T and 50 Hz
(Algorithms 1 and 2 provide the same results). The large error
on is due to the artifacts which are clearly visible at the
surface of the ellipsoide—the 99% percentile values (99% E)
being much better estimates of the true . The results of
Table II show that as the size of the problem increases, the two-
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Fig. 1. Prolate ellipsoid exposed to a field �� � � 500 �T, � � 50 Hz.

TABLE I
ELECTRIC FIELD (MV/M) FOR A 120� 60 cm

ELLIPSOID. # DENOTES “NUMBER OF”

TABLE II
NUMBER OF ITERATIONS FOR THE BENCHMARK. # DENOTES “NUMBER OF”

level method (2-lev) outperforms the one-level method (1-lev).

V. COMPARISON WITH AVAILABLE DATA

We simulated the exposure of the human body to a 60 Hz,
uniform 1 mT back-to-front magnetic field, and compared the
results with the values found in literature [3], [18], [19]. The
computational phantom is based on the Visible Human (see
Fig. 2). It is discretized with a resolution of 3 mm (4.2 M DOFs)
using a structured hexahedral mesh, and decomposed into a grid
of 5 3 15 subdomains, with an overlap of five elements.
The coarse mesh has a resolution of 16 mm. The computa-
tion has been performed with the two-level preconditioner in
12 iterations.

The computed average value of the electric field over
each organ are reported in the last column of Table III;
this table collects the available data obtained with dif-
ferent computational phantoms ( (Univ.
Utah) [3], Univ. Victoria [3], [18],
Brook Air Force [18], ZOL [19]) and methods (IM, SPFD

Scalar Potential FD TDFD Time Domain FD, FEM).
In [3] the average value is based of punctual values, whereas
in [18] the field is previously averaged over 1 cm ; this may
contribute to explain the difference between the reported
values. The maximum values of the electric field have not been

Fig. 2. Electric field plotted in a section of the body.

compared, on one hand because they are much more sensitive
to numerical errors [20], and on the other hand because they
are not always available. The statistic used for comparing the
different results is the following:

%

where is the average value of the electric field on a
given organ for the th column of Table III—that is the th
method—and is the average of . The smaller is , the better
is the coherence of data. Both the phantoms AF, ZOL and the
one used in the present work are based on the Visible Human;
therefore differences cannot be explained by morphological
differences, but only by numerical errors.

When all the available data is considered, the average value
of is 52%. Comfortably, one observes that if only the values
based on UVic are considered, the average value of decreases
to 11%. Similarly, if only the values based on the Visible Human
are considered the average value of is 20% (it decreases to
15% if ZOL—i.e., column 7—is removed from Table III). Only
the organs for which data are available for all the phantoms are
considered. One observes an abnormally low value of the elec-
tric field in testis in our computation; at present time we cannot
explain this value, which could probably be attributed to some
problems in the decimation of the segmented images.

VI. CONCLUSION

This work presents an application of domain decomposition
to numerical dosimetry. Even if the implementation is still not
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TABLE III
AVERAGE ELECTRIC FIELD (MV/M) OBTAINED IN THIS WORK (LAST COLUMN) AND IN LITERATURE

optimized (in particular, the code is not parallelized), the fea-
sibility of this approach is demonstrated. Future works will be
oriented towards: 1) a true parallel implementation; 2) the use of
non structured mesh; 3) the evaluation of optimized Schwarz al-
gorithm [21]. The comparison with data found in literature sug-
gests that the morphological differences are the main factor for
explaining difference in numerical dosimetry. Also, it is shown
how even with a rather coarse phantom like ZOL it is possible
to obtain at least the correct order of magnitude of the average
fields (with differences in magnitude of the order of 50%)—with
a computation time of a few minutes. The availability of more
accurate computational phantoms [22] should allows to better
quantify the different uncertainties and their role on the accu-
racy of the results.
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