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Abstract

The extreme-value index v plays an important parameter in extreme-value theory since it
controls the first order behavior of the distribution tail. In the literature, numerous estimators
of this parameter have been proposed especially in the case of heavy-tailed distributions, which
is the situation considered here. Most of these estimators depend on the k largest observations
of the underlying sample. Their bias is controlled by the second order parameter p. In order
to reduce the bias of 7’s estimators or to select the best number k of observations to use, the
knowledge of p is essential. In this paper, we propose a simple approach to estimate the second
order parameter p leading to both existing and new estimators. We establish a general result
that can be used to easily prove the asymptotic normality of a large number of estimators

proposed in the literature or to compare different estimators within a given family.

Keywords: Extreme-value theory; Heavy-tailed distribution; Extreme-value index; Sec-

ond order parameter; Asymptotic properties.

1 Introduction

Extreme-value theory establishes the asymptotic behavior of the largest observations in a sample.
It provides methods for extending the empirical distribution function beyond the observed data. It
is thus possible to estimate quantities related to the tail of a distribution such as small exceedance
probabilities or extreme quantiles. We refer to [9, 22] for general accounts on extreme-value theory.
More specifically, let Xi,..., X, be a sequence of random variables (rv), independent and identi-

cally distributed from a cumulative distribution function (cdf) F. Extreme-value theory establishes



that the asymptotic distribution of the maximum X, ,, = max{X;y,..., X, } properly rescaled is

the extreme-value distribution with cdf
Gy(w) = exp (—(1+y2)4) "

where y; = max(y,0). The parameter v € R is referred to as the extreme-value index. Here, we
focus on the case where v > 0. In such a situation, F' is said to belong to the maximum domain
of attraction of the Fréchet distribution. In this domain of attraction, a simple characterization of

distributions is available: the quantile function U(x) := F* (1 — 1/z) can be written as
U(zx) =2"(x),

where ¢ is a slowly varying function at infinity i.e. for all A > 0,

o L(\x)
acl—>oo (x)

=1 (1)

The distribution F' is said to be heavy tailed and the extreme-value parameter v governs the heav-
iness of the tail. The estimation of y is a central topic in the analysis of such distributions. Several
estimators have thus been proposed in the statistical literature and their asymptotic distributions
established under a second order condition: There exist a function A(z) — 0 of constant sign for

large values of  and a second order parameter p < 0 such that, for every A > 0,

A

xlirgoﬁlog (%) =K,()\) ::/1 uftdu. (2)

Let us highlight that (2) implies that |A] is regularly varying with index p, see [14]. Hence, as the
second order parameter p decreases, the rate of convergence in (1) increases. Thus, the knowledge
of p can be of high interest in real problems. For example, the second order parameter is of
primordial importance in the adaptive choice of the best number of upper order statistics to be
considered in the estimation of the extreme-value index [21]. The estimation of p can also be used
to proposed bias reduced estimators of the extreme value index (see for instance [4, 18, 20]) even
though some bias reduction can be achieved with the canonical choice p = —1 as suggested in
[10, 19]. For the above mentioned reasons, the estimation of the second order parameter p has
received a lot of attention in the extreme-value literature, see for instance [3, 6, 11, 15, 16, 23, 26].
In this paper, we propose a simple and general approach to estimate p. Let I = *(1,...,1) € R%
The two main ingredients of our approach are a statistic T}, = T},(X1, ..., X,,) € R? verifying the

following three assumptions:
(T1) There exists 1vs wy,, xn and a function f : R~ — R< such that w;, (T, — x,I) £ f(p).
and a function 1 : R? — R such that

(¥1) (x+ M) = (z) for all x € R? and A € R,



(U2) Y(\x) = (z) for all A € R\ {0}.

Note that (T1) imposes that T;, properly normalized converges in probability to some function
of p, while (¥1) and (¥2) mean that ¢ is both location and shift invariant. Starting from these

three assumptions, we straightforwardly obtain that

D(wy N(Ty = xal)) = O(T0) — (£ (p)),

under a continuity condition on . Denoting by Z, := ¥(T,,) and by ¢ := ¢ o f : R= — R,
we obtain 7, AN ©(p). It is thus clear that, under an additional regularity assumption and
assuming that both Z, and ¢ are known, p can be consistently estimated thanks to p~1(Z,).
This estimation principle is described more precisely in Section 2. The consistency and asymptotic
normality of the proposed estimator is also established. Examples of T, statistics are presented in
Section 3. Some functions v are proposed in Section 4 and it is shown that the above mentioned
estimators [6, 11, 15, 16] can be read as particular cases of our approach. As a consequence,
this remark permits to establish their asymptotic properties in a simple and unified way. We also

illustrate how a lot of new asymptotically Gaussian estimators can be derived from this framework.

2 Main results

Recall that T), is a R%- random vector verifying (T1) and ® is a function R? — R verifying (¥1)
and (02). We further assume that:

(¥3) There exist Jy C R~ and an open interval J C R such that ¢ =1 o f is a bijection Jy — J.

Under this assumption, the following estimator of p may be considered:
Pn = 9071(Zn)]1{Zn € J} (3)
To derive the consistency of p,, an additional regularity assumption is introduced:

(T4) ¢ is continuous in a neighborhood of f(p) and f is continuous in a neighborhood of p.

The proof of the next result is based on the heuristic consideration of Section 1 and is detailed in

the Appendix.
Theorem 1. If (T1) and (V1)—(V4) hold then p, N p asn — oo.
The asymptotic normality of j,, can be established under a stronger version of (¥4):

(5) v is continuously differentiable in a neighborhood of f(p) and f is continuously differentiable
in a neighborhood of p,

and the assumption that a normalized version of T;, is itself asymptotically Gaussian:



(T2) There exists two 1vs wy,, Xn, & sequence v,, — 0o, two functions f, m : R~ — R% and a d x d

matrix ¥ such that v, (w; (T, — xnl) — f(p)) N Na(m(p),¥?X).

Theorem 2. Suppose (T2), (¥1)—~(¥3) and (¥5) hold. If p € Jy and ¢'(p) # 0, then

on(pn— o) L p [ M(0)_0P)
wlbo=p) SN ( 7 (0) ’«o'(p))?)’

with @' (p) = f'(p)V(f(p)) and where we have defined

my(p) = 'm(p) Vo (f(p)),
V(f(p) E VY(f(p)).

a5(p)

3 Examples of T), statistics

Let X1, < ... < X, be the sample of ascending order statistics and k = k, be an interme-
diate sequence i.e. such that k& — oo and k/n — 0 as n — oo. Most extreme-value estimators
are based either on the log-excesses (log Xp,— 11, — log X, _k ) or on the rescaled log-spacings
j(log Xpn—jy1,n—log X, ) defined for j =1,..., k. In the following, two examples of T}, statistics
are presented basing on weighted means of the log-excesses and of the rescaled log-spacings.

The first example is based on the statistics
R j
Rk(T) = E Z HT (kl) j(log Xn,jJan — 10g ,Xvn,jﬂ)7 (4)
Jj=1 +

where H, : [0,1] — R is a weight function indexed by a parameter 7 € (0,00). Without loss of
generality, one can assume that H, integrates to one. This statistic is used for instance in [1] to
estimate the extreme-value index v and in [15, 23] to estimate the second order parameter p. It is
a particular case of the kernel statistic introduced in [7]. Let us also note that, in the case where
H:(u) =1 for all u € [0,1], Ri(7) reduces to the well-known Hill estimator [24]. The asymptotic
properties of Ry (7) require some technical condition (denoted by (C1)) on the weight function

H.. It has been first introduced in [1] and it is recalled hereafter. Introducing the operator
1
W h € Ly(]0,1]) — p(h) = / h(u)du € R
0
and I;(u) = u~ ! for t <0 and u € (0,1], the condition can be written as

(C1) H: € Lo([0,1]), u(|Hr|[Ip114¢) < o0 and

H,(t) = 1/0tu(u)dl/ and
for some € > 0 and for some function u satisfying for all j =1,... k
3/ (k+1) j
(k+1) /(jl)/(k:+1) u(t)dt| < g <k+1) ,




where g is a positive continuous and integrable function defined on (0,1). Furthermore, for
n € {0,1}, and k — oo:

1 j i\ 1
i (o) (c57) = o,

H, <ki1>’ = o(k'Y/?).

It is then possible to define a statistic 7™ on the basis of Ry (7) as

max
je{l, ...k}

T = (1 = (Ru(r) )", i = 1.....d).
where 6;, i = 1,...,d are arbitrary real parameters. In the next lemma, it is proved that T,(LR)

satisfies condition (T2) under a third order condition, which is a refinement of (2):

(C2) There exist functions A(z) — 0 and B(z) — 0 both of constant sign for large values of z, a
second order parameter p < 0 and a third order parameter 8 < 0 such that, for every A > 0,

—logf(x x) — A 8

and the functions |A| and | B| are regularly varying functions with index p and § respectively.

This condition is the cornerstone for establishing the asymptotic normality of estimators of p. Let

us denote by Y;,_j », the n — k largest order statistics from a n-sample of standard Pareto rv.
Lemma 1. Suppose (C1), (C2) hold and let k = k,, be an intermediate sequence k such that
k — 00, n/k — oo, k?A(n/k) — oo, kY2A%(n/k) = Aa and k*/2A(n/k)B(n/k) = A, (5)

for Ay € R and A\g € R. Then, the random vector TéR) satisfies (T2) with wr(lR) =AY 0—kn)/7;
VB =1, v, = KY2A(n/K),

) = (Op(HI), i=1,...,d),
(R) 0:;(0; —1) , .
mP(p) = )\ATM (Hr1,) = Apbip(H- I, K_g); i=1,...,d],

and, for (i,j) € {1,...,d}%, 2" = 0:0,u(H,, H,,).

The proof is a straightforward consequence of Theorem 2 and Appendix A.5 in [15]. The second

example requires some additional notations. Let us consider the operator
bR (u)ha(v)
9 (hl,hg) S LQ([O 1]) X LQ([O 1]) — 19(h1,h2 7dudv — ,u(hl),u(hg) eR

and the two functions I;(u) = (1 — u)~* and J;(u) = (— log u)_t defined for ¢ < 0 and u € [0, 1).

The statistics of interest are

w\H

k .
-iye o (27) o8 X ginn ~ Tor X (©)



where G, is a positive function indexed by two positive parameters o and 7. Without loss of
generality, it can be assumed that ©(G; oJ_o) = 1. In [8] an estimator of y based on this statistic
is introduced in the particular case where G is constant. Most recently, in [6, 12, 23, 25] the
statistics Si (7, ) is used to estimate the parameters v and p. The asymptotic distribution of

these estimators is obtained under the following assumption on the function G 4.

(C3) The function G, is positive, non-increasing and integrable on (0,1). Furthermore, there

exists § > 1/2 such that u(Gr oI_s5) < co and M(GT,DJ,(;) < 0.

It is then possible to define a statistic TT(LS) on the basis of Si(7, ) as
() = (T,(Li-) = (Sp(ri, i) [, i = 1,...7d> .
The following result is the analogous of Lemma 1 for the above statistics.

Lemma 2. Suppose (C2), (C3) hold. If the intermediate sequence k satisfy (5) then the random
vector TS satisfies (T2) with W) = A(n/k) /v, =1, v, = kY2 A(n/k),

fp) = (=0;0iu(Grya a1 K_p); i=1,....d),
91‘051' Q; — 1 .
m(s)(p) = ()\A (2,Y),U(Gnoci']2—aiK3p) + /\BaieiM(Gn,ai J1_aiL_p7_5); 1=1,..., d) ,

and, for (i,5) € {1,...,d}?, Egi) = 0:0;0;0;9(Gr 0;J1-a; Grja; J1-a;)-

The proof is a straightforward consequence of Proposition 2 and Lemma 1 in [6]. In the next

)

section, we illustrate how the combination of the statistics 7% and T\ with some function P

following (3) can lead to existing or new estimators of p.

4 Applications

In this section, we propose estimators of p based on the statistic T; (R (subsection 4.1) and 7%

(subsection 4.2). In both cases, d = 8 and the following function s : D +— R\ {0} is considered
Vs(@1, ..., w8) = Ys(x1 — 02,3 — T4, T5 — T6, U7 — Tg),

where 6 > 0, D = {(x1,...,28) € R®; 1 # @9, w3 # 24, and (x5 — z6)(x7 — w3) > 0}, and
¥s : R4 R is given by:

5

7 Y1 [ Ya
wzs(ylv‘"ayﬁl):() .
Y2 \Y3

Let us highlight that ;s verifies the invariance properties (¥1) and (02).
4.1 Estimators based on the statistic Ry (1)

Since d = 8, the statistic T depends on 16 parameters: {(6;,7;) € (0,00)%, i =1,...,8}. The

following condition on these parameters is introduced. Let 6 = (6;,...,04) € (0, 00)* with 3 # 6.



(C4) {91' = é[i/g], 1= 1,...,8} with 6 = (51 - 52)/(53 - §4) Furthermore, 7 < 70 < 13 < 74,

5 < T < 77 < Ts,

where [z] = inf{n € N|z < n}. Under this condition, T involves 12 free parameters. We
also introduce the following notation: Z(R) = ’Lﬁg(Tr,(L )) and <p(R) s o f). Note that, since
6 = (6, —05)/ (A3 —0y), it is easy to check that 7 does not depend on the unknown parameter ~.
We now establish the asymptotic normality of the estimator pn 1) defined by (3) when the statistic

TflR) and the function s are used. The following additional condition is required:

(C5) The function v, (1) = pu(H-1,) is differentiable with, for all p < 0 and all 7 € R, v,(7) > 0.

Let us denote for i € {1,...,4},

K A K I (HT i— — H- z)I K*B
O T s { i}

and for u € [0, 1],

14 ((HTm 1 7'27,

For the sake of simplicity, we also introduce mff) (my (R, 2)

1,...,4) and o) = (o(BD 5 =1,... 4).

) H’T i 7—
,U(R,’L) (U,) — exp{ 2171( 21 }
=1,.

)

Corollary 1. Suppose (C1), (C2), (C4) and (C5) hold. There exist two intervals J and Jy such
that for all p € Jy and for a sequence k satisfying (5),

K2 An ) (5 —p>—>N( SLABL 5.p) — AnABS 6., ), Av<R><5,p>)

where
ABB (5. p) = Mlog%(m(m)
b ) (o) a
(R) 90((;3)(/)) 1 R)
ABSY(8,p,8) = () oghs(mi"),
(R)
(p) 5
AV(R)(5,p) = (WV(,D)) (10g2¢6(U(R)))-

Note that this result can be read as an extension of [15], Proposition 3, in two ways. First, we
do not limit ourselves to the case § = 1. Second, we do not assume that the function (p( )is a
bijection, but it is shown to be a consequence of (C4). Besides, as illustrated below, the proof of
Corollary 1 is very simple basing on Theorem 2 and Lemma 1.

Proof — Clearly, 15 satisfies (¥1) and (¥2). Moreover, Lemma 1 shows that (T2) holds. To

apply Theorem 2 it only remains to prove that (¥3) and (¥5) are satisfied. First remark that



under (C4) and (C5), ga((;R) (p) is well defined for all p < 0 since f)(p) € D. Furthermore, from

Lemma 1, we have for i =1,...,4,
R R 0 A( n kn)
T =T = S (u(Hey, 1) — p(Hey 1)) (1 + 0p(1)),

~y
as n goes to infinity. Hence, conditions (C4) and (C5) imply that 7" e p. Finally, using Lerch’s

Theorem (see [5], page 345), condition (C4) implies that there exists py < 0 such that the first

(™ is non zero at po- Thus, the inverse function theorem insures the existence of

intervals Jy and J for which the function <p((5R) is a continuously differentiable bijection from Jy to

derivative of ¢,

J. In conclusion, conditions (¥3) and (¥5) are satisfied and Theorem 2 applies. |

As an example, the function H, : u € [0,1] — 7u” "1, 7 > 1 satisfies conditions (C1) and (C4)
since v,(7) = 7/(7 — p). Letting 71 < 75, 70 = 73, 74 = 73 and 76 = 77 leads to a simple expression

of @ESR) :

5 ~ ~ 5
(R) —w ~ u Ts — P where w 3 — 91(7’1—7’2) 94(7‘6—74)
s (p) B (6’9) <Tl,0) <T4P) h (579) <é2(72—74)> <§3(T5—76)> .

Moreover, one also has explicit forms for Jy and J in two situations:

(i) f0 <0 < &g := (14 —71)/(74 — 75) then (p((;R) is increasing from Jyp = R~ to J = w(d, é) .
(1? IZIS(T47 T17 T4a 7-5))'
(ii) If 6 > &y := do75/71 then <p((;R) is decreasing from Jo = R~ to J = w(d, 6) e (¢s (74, 71,71, T5), 1).

Here, e denotes the scaling operator. The case § € [dg, d1] is not considered here, since one can
show that, in this situation, Jy C R~ and thus the condition p € Jy of Corollary 1 is not necessarily

satisfied. Let us now list some particular cases where the inverse function of <p((;R)

is explicit.
Example 1. Let § =1 i.e. 0y — 0y = 05 — 4. The rv Zy(lR) is denoted by Zr(fl). Since §g > 1, we
are in situation (i) and

5 Ry Tsw(l, 0) —
U u(1,0) —

(R) ]I{Z(R E(JJ(l 9) ( ?1;1(7—4a7—177-477—5))}'

nl

Remark that this estimator coincides with the one proposed in [15], Lemma 1.

Example 2. Let § = 0 i.e. §; = 05. The 1v ZéR) is thus denoted by Z,(LIE). Again, we are in
situation (i) and a new estimator of p is obtained
() _ T (0, 0) — le(R)

(R) i
pn w(079~) _ Zfll,g) ]l{Z € UJ(O 9) ( 7’11)0(7—477_1;7-477—5))}'

Example 3. Let 7 = 75. In this case 09 = 61 = 1 and thus, we are in situation (i) if § < 1 and

(R)

in situation (ii) otherwise. In this case, the rv Zy(lR) is denoted by Z,, 5. A new estimator of p is

obtained: . )
(ry Ta(Z83 J(6,0) /6D —

( (R)
n,3 ~ {Z € J}
T (ZW (s, 0) V6D —1




4.2 Estimators based on the statistic Si(7, @)

The statistic T,/ depends on 24 parameters: {(0;,7i,01) € (0,00)3, i =1,...,8}. Let (C1,...,{) €
(0,00)* with (3 # (4. In the following, we assume that

(C6) {iai = (pijay, @ = 1,...,8} with § = (1 — (2)/(¢s — C4). Furthermore, (72;-1,2;—1) #

(7'21‘70121'), fori=1,...,4 and, for i = 3,4, (7'21‘71,0421'71) < (7'21',0421')7

where (z,y) # (s,t) means that x # s and/or y # t and (x,y) < (s,t) means that z < s and
y < t. We introduce the notations: Z$> = ¢5(T\") and %(sS) =15 o f5). Under this condition,
7' involves 20 free parameters. Besides, since 6 = ({1 — (2)/(¢3 — (4), it is easy to check that
Zﬁs) does not depend on the unknown parameter . To establish the asymptotic distribution of

the estimator ﬁ%s), the following condition is required:

(C7) For all p < 0, the function v,(1, ) = p(GraJi—aK,) is differentiable with %I/p(’r, a) >0
and a%up(T,a) >0 forall @ >0 and all 7 € R.

For i =1,...,4, we introduce the notations:

m(S,i) — exp (aQi—l - I)H(Gﬁi—hamflJ2—(¥21171K3p) - (a2i - l)p’(GvaOézz: JQ—azisz)
A M(G‘mz‘,oézi‘]l*amK*P) - /"L(GTQi—loni—lJ17a2i71K7P) ’

m(S’,i) — exp { M(G72i—17a2i—1Jl*a2i—1L(*P,*B)) - M(G‘in,oémJl*aziL(fp,fﬁ)) }
B N(GTzi,OézijlfamK*p) - N(qu‘,—l,&m—lJl*am—lK*P) ’

and for v € [0, 1],

G72i—1>a2'i—1 (u) Jl_a2i—1 (u) B GTzani (U)Jl—azi (u)

(Sﬂ‘)( )=

v U .
M(sz‘,azi‘h*amK*P) - N(G721—17a27:—1Jl*am—lK*P)

Let us also consider mf) = (mff’i)7 i=1,...,4) and mg) = (mg’i), i =1,...,4). The next

result is a direct consequence of Theorem 2 and Lemma 2.

Corollary 2. Suppose (C2), (C3), (C6) and (C7) hold. There exist two intervals J and Jy such
that for all p € Jy and for a sequence k satisfying (5),

B2 AR GE) — p) 5 N (;,jAB@ (6.p) + A ABS (5, p, B), AV G, p>)
where

(S) - @fss)(P) " (S)
AB1 (5,p)—710gw5(m,4 )a

5™V ()
(S) @(S)(P) " (S)
AB3” (8, p, B)=—"L5-——log s(my ),
lps 1" (p)
() 2
AV (5, p)= (W) 9 (05D 5D _ (08 (S p(5 (52 _5(0(5H (59
w5 1'(p



Proof — The proof follows the same lines as the one of Corollary 1. It consists in remarking that,
under (C6) and (C7), one has f(5)(p) € D and 7% € D since,

7 s _ GAM/K)

n,2i—1 n,2i y (/’L(GTZiflaa%flJl_aZiflKp) - IU’(GT21;70¢21'J1_04211K,0)) (1 + OP(I))'

Let us highlight that Proposition 5, Proposition 7 and Proposition 9 of [6] are particular cases
of Corollary 2 for three different value of § (§ = 2, § = 1 and § = 0 respectively). The asymp-
totic normality of the estimators proposed in [16] and in [12] can also be easily established with
Corollary 2.

As an example of function G, one can consider the function defined on [0, 1] by:

— g‘r—l(u)
f()l 9r—1 (x)J,a(m)dx

where the function g, is given by

Gr.olu)

for7>1and a > 0,

-
T—1

gO(x) =1, 9771(55) = (1 - 1,771)’\77_ > 1.

Clearly, the function G, , satisfies condition (C7) and, under (C6), the expression of 905)5) is

<S><p>=<1(Q)é%haal)—w(mw) (s n) — v (75, )]

G2\ 3/ Vp(m3,03) —vp(Ta,4) | Vp(Ts,5) — Vp(T6, Ct6)
with
1-(Q—p) "+ (r—p =7 . 1 (1—p)*—1
= 1 = ————
v,(T, @) ap(l — =1y if 7#1 and v,(1,) ap (= p)F°

Even if Corollary 2 ensures the existence of intervals Jy and J, they are impossible to specify in
the general case. In the following, we consider several sets of parameters where these intervals can
be easily exhibited and for which the inverse function <p((;s) admits an explicit form. To this end,
it is assumed that 75 = 73 = 75 = 74 = ™ = 78 = a7 = 1 and the following notation is introduced:

4

In all the examples below, J; = R™ and thus the condition p € Jy is always satisfied. The first
three examples correspond to existing estimators of the second order parameter while the two last

examples give rise to new estimators.

Example 4. Let 6 =0 (ie. 1 =), o= =az3=ay =1, 71 =as=ag =2 and 74 = ag = 3.

Denoting by Z5) the rv Z,(LS), the estimator of p is given by:

n7

6(z%) +2)

S
3Z(S) 14 ]I{Zfz,zl) € (_27_4/3)}'
n,4

(S
Pt =

Note that this estimator corresponds to the estimator ﬁf}k defined in [6], Section 5.2.

10



Example 5. Let 6 =0, a1 =az=ay =1, 11 =74 = as = a5 = ag = 2 and ag = 3. Denoting by
Zflss) the v Z( ), we find back the estimator p[ ] proposed in [6], Section 5.2:

2(Z%) _9)
~(S) n,5

P8 = D0nd T 7 ) ¢ (19,91,
5 227(7:’5‘5) 1 { n5 }

Example 6. Let 6 =0, =1y =a1 =1, as = az3 = a5 = ag = 2 and ay = ag = 3. Denoting by
e v Zy ', the estimator of p is given by:
25 the v 25, the estimat s given b
S *
(s 3(Znd —w(0,0))

n, (S) *
55 = 1{Z) € w(0,0) o (1/3,1)}.
28 350, 0) 0

This estimator corresponds to the one proposed in [11].

Example 7. Consider the case § = 1 (i.e. (1 —C = (3 —C4), a1 = g = a3 = ag = 1,
T =5 =ag =2 and 74 = ag = 3. Denoting by Z,(LS; the rv Zfls), a new estimator of p is given

by:
S *
" 52 ¢ 43 (1,0

1{Z{%) € w*(1,) o (~4/3,-2/3)}.

Example 8. Letd =1, a1 =ag=as =1, 71 =74 = as = a5 = ag = 2 and ag = 3. Denoting by

ng) the rv Z,(LS), we obtain a new estimator of p:

(s 328~ 4w (1,¢

Pn,g = (S)—w*(l ))]1{ 8 ew*(1,¢)e(1/2,2/3)}.
n,8

To summarize, we have illustrated how Theorem 2 may be used to prove the asymptotic nor-

R)

mality of estimators built on the statistics T,g and T,SS): Corollary 1 and Corollary 2 cover a large

number of estimators proposed in the literature. Four new estimators of p have been introduced:
,65132) , PEL 3) , ,651 7 and pﬁfg All of them are explicit and are asymptotically Gaussian. The compari-
son of their finite sample properties is a huge task since they may depend on their parameters (6;,
Ti, ;) as well as on the simulated distribution. This point is beyond the scope of this paper. We
conclude this study by proposing a method for selecting some “asymptotic optimal” parameters

within a family of estimators.

5 Asymptotic comparison

In this section, we focus on the estimators of p based on the statistic Ry (7;) considered in Section 4.1
with kernel functions H,,(u) = mu™~1, for i = 1,...,8. The values of the parameters 71, ..., T3,
01, 03 and 6, are taken as in [15]: 7, = 7; + 1 with 74 = 0.25, 7o = 73 = 0.75, 7y = 75 = 1,
75 = 0.5, 7g = 77 = 0.75, él = 0.01, 53 = 0.02 and 9~4 = 0.04. For these parameters, we have
8o = 1.5 and §; = 1.8. Recall that 05 = 0; + (5(94 — 53) for 6 > 0. In the following, we propose to

choose the remaining parameter § using a method similar to the one proposed in [13]. It consists in
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minimizing with respect to § an upper bound on the asymptotic mean-squared error. The method

is described in Section 5.1 and an example of application is presented in Section 5.2.

5.1 Controlling the asymptotic mean-squared error

As in [15], we assume that p = 5. Following Corollary 1, the asymptotic bias components of

pis) are respectively proportional to AB&R) (6,p) and ABgR)((S7 p, p) while its asymptotic variance

is proportional to AP (0, p). The asymptotic mean-squared error of pg,,R) can be defined as

AMSE(S, 7, p) = kA2(1n/k;) <(/\A;’;7(1)ABER)(57 p) — (A+0(1)ABSV (6, p, p)> + 42 AV (5, p)> :

One way to choose the parameter § could be to minimize the above asymptotic mean-squared error.
In practice, the parameters ~, p as well as the functions A and B are unknown and thus the asymp-
totic mean-squared error cannot be evaluated. To overcome this problem, it is possible to introduce
an upper bound on AMGSE(J,~, p). Assuming that § € [0,d¢) U (d1,00) and p € [Pmin; Pmax), it is
easy to check that |ABI™ (3, p)| = |AB{™ (61, pmax)l, [ABS (6, p, p)| = |ABE? (8o, puvin, prin) | and,
numerically, we can see that AV (8, p) > AV (1.32, —0.46). We thus have:
AMSE(:7,0) < oot

with 7(d, p) = (AB%R)((S, p)AB;R)(& p,p))2AVI (5, p) and where the constant C' does not depend
on ¢ and p. We thus consider for p < 0 the parameter § minimizing the function 7 (d,p). By
numerical minimization of (4, p), it is possible to compute the optimal ¢ as a function of p. The
resulting function is depicted on Figure 1. Of course, the optimal § is unreachable in practice since
it depends on p, but three interesting values of § appear: § = §; = 1.8 which is approximately the
optimal value of § when p < —3, 6 = co when p is in the neighborhood of —1.7, § = §p = 1.5 in
the situation p > —1.

5.2 Illustration on a Burr distribution

Let us illustrate the above result on a specific Pareto-type model, namely the Burr distribution
with cdf F(z) = 1 — ((/(C+2"), & > 0, (,A\,n > 0. The associated extreme-value index
is ¥ = 1/(A\n) and this model satisfies the second order condition (C2) with p = 8 = —1/),
A(z) = vyxP/(1 — 2?) and B(z) = pxz”/(1 — a”). For such choices of functions A and B, one
can check that k = (Aan=2¢/42)?/(1=4) satisfies condition (5) with Ap = pAa/y. Six sets of
parameters are considered: ¢ = 1, A = 1/n, p = —n with n € {0.25,1,2.5,3,4,6}. Taking
A = kY/2A2(n/k), the asymptotic mean-squared error of 447 is plotted on Figure 2 as a function
of k € {10,20,...,4990} in the case n = 5000 and for § € {0,1,1.5,1.8,20}. Note that § = 20

can be assimilated to § = +00 appearing in the minimization of m, see Subsection 5.1. It appears
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that the value of § minimizing the function 7 also provides good results in terms of asymptotic

mean-squared error:
o If p < —4, the smallest AMSE is obtained with § = 1.8.
o If —3 < p < —2.5, the best AMSE is given by § = +o0.
e If p > —1, the smallest AMSE is given by § = 1.5.

As a conclusion, it appears on this particular case, that the set of values {1.5,1.8, 400} obtained
by minimizing the function 7 are also of interest to minimize the asymptotic mean-squared error.
More generally, the minimization of 7 = (AB;.AB3)?AY should permit to determine “optimal”

values for the parameters of any estimator of p in the family (3).

6 Proofs

Proof of Theorem 1. Clearly, (¥1) and (¥2) entail Z,, = ¥(w,, (T, — x»I)). Moreover, (T1)
and (V4) yield Z, N P(f(p)) = w(p). For all € > 0, we have
P(|pn —pl >e) = P{lpn —pl >} n{Zn € J}) + P({|pn — pl > e} N {Zn ¢ J})
< P({lpn —pl>epn{Zn € J}) + P({Zn ¢ J})
= P({le™"(Zn) —pl > e} N {Zn € J}) + P({Zn & J}).
From (¥3) and (¥4), ¢! is also continuous in a neighborhood of ¢(p). Since Z, N o(p), it
follows that P({|p=*(Z,) — p| > e} N{Z, € J}) = 0 as n — oco. Besides, p € Jy yields ¢(p) € J

and thus
P({Z, ¢ J}) — 0asn— oo. (7)

As a conclusion, P(|p, — p| > ¢) — 0 as n — oo and the result is proved. [

Proof of Theorem 2. Recalling that Z,, = ¥ (w, (T}, — xxl)), a first order Taylor expansion
shows that there exists € € (0, 1) such that

vn(Zn —¢(p)) = t(”nén) Vi (f(p) +en)s

where we have defined &, = w,; (T}, — xnl) — f(p). Therefore, &, 250 and (U5) entail that
Vo (f(p) + €én) N Vi (f(p)). Thus, taking account of (T2), we obtain that

on(Zn = 2(p)) =5 N(my(p). 0% (p)): (8)
Now, P, (z) := P({vn(pn — p) < x}) can be rewritten as

Po(x) = P{vn(pn —p) <z} {Zn € J}) + P({on(pn — p) < 2} N {Zy ¢ J})
= P({on(¢™'(Zn) = p) <2} N {Zn € J}) + P({vn(pn — p) Sz} N {Zn & J})
= Pi,(z) + Py p(x).
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Let us first note that
0< Pyp(z) <P{Z, ¢ J}) = 0asn— oo, 9)

in view of (7) in the proof of Theorem 1. Focusing on P ,,(z), since ¢ is continuously differentiable
in a neighborhood of p and ¢'(p) # 0, it follows that ¢ is monotone in a neighborhood of p. Let
us consider the case where ¢ is decreasing, the case @ increasing being similar. Writing J = (a, b),

it follows that
Pra(z) = P{HaVelp+z/v,) < Z, <b})
= P({{vn(aVelp+z/va) = 9(p) <valZn — @(p)) < valb—0(p)})

Introducing G,, the cumulative distribution function of v, (Z, — ¢(p)), we have

1=Pin(z) = 1-=Gn(va(b—9(p)))+ Gulvn(aV elp+z/van) —¢(p)))
1= Gr(va(b—¢(p))) + Gnlvnla —(p))) V Gul(vn(p(p + z/v) — 0(p)))
= Piin+ P2,V P3nx).

Let G denote the cumulative distribution function of the N'(my(p), 07, (p)) distribution. Tt is
straightforward that

Prin <1—G(ua(b—(p))) + sup |G (t) — G()].

Since p € Jy, we have p(p) € J = (a,b) . In particular, b > ¢(p) yields 1 — G(v,(b— ¢(p))) = 0
as n — oo. Besides, (8) shows that G, (t) — G(t) for all t € R and thus G,,(t) — G(¢) uniformly,
see for instance [9], p.552. As a preliminary conclusion P ;, — 0 and, similarly, Py 2, — 0 as

n — oo. Finally,
[PL3n(z) — G(a¢' (p))] < [Gvn(p(p + z/va) — @(p)) — Gl (p))] + Sup Gn(t) — G(1)]

and, in view of (U5), v,(¢(p + z/vy) — @(p)) = z¢'(p) as n — oo, which leads to Py 3., (z) —
G(z¢'(p)) as n — co. We thus have shown that

Prp(x) = 1= G(ag(p) = G(z]¢'(p)]) as n — oo. (10)
Collecting (9) and (10) yields
P({un(pn — p) < 2}) — Glalg (p)]) a5 n — o0

and concludes the proof. [ ]

14



References

[1]

J. Beirlant, G. Dierckx, Y. Goegebeur and G. Matthys. Tail index estimation and an expo-
nential regression model. Eztremes, 2, 177-200, 1999.

J. Beirlant, Y. Goegebeur, R. Verlaack and P. Vynckier. Burr regression and portfolio seg-

mentation. Insurance: Mathematics and FEconomics, 23, 231-250, 1998.

J. Cai, L. de Haan and C. Zhou. Bias correction in extreme value statistics with index around

zero. Submitted, 2011.

F. Cairo, M.I. Gomes and D. Pestana. Direct reduction of bias of the classical Hill estimator.

REVSTAT - Statistical Journal, 3(2), 113-136, 2005.

H.S. Carslaw and J.C. Jaeger. Operational Methods in Applied Mathematics, Oxford University
Press, 1948.

G. Ciuperca and C. Mercadier. Semi-parametric estimation for heavy tailed distributions.

FExtremes, 13, 55-87, 2010.

S. Csorgo, P. Deheuvels, and D.M. Mason. Kernel estimates of the tail index of a distribution.

Annals of Statistics, 13, 1050-1077, 1985.

A.L.M. Dekkers, J.H.J. Einmahl, and L. de Haan. A moment estimator for the index of an
extreme-value distribution. Annals of Statistics, 17, 18331855, 1989.

P. Embrechts, C. Kliippelberg, and T. Mikosch. Modelling extremal events, Springer, 1997.

A. Feuerverger and P. Hall. Estimating a tail exponent by modeling departure from a Pareto

distribution. Annals of Statistics, 27, 760-781, 1999.

M.I. Fraga Alves, M.I. Gomes, and L. de Haan. A new class of semi-parametric estimators of

the second order parameter. Portugaliae Mathematica, 60(2), 193-213, 2003.

M.I. Fraga Alves, L. de Haan and T. Lin. Estimation of the parameter controlling the speed
of convergence in extreme value theory. Mathematical Methods of Statistics, 12(2), 155-176,
2003.

L. Gardes and S. Girard. Conditional extremes from heavy-tailed distributions: An application

to the estimation of extreme rainfall return levels. Extremes, 13(2):177-204, 2010.

J. Geluk and L. de Haan. Regular Variation, Extensions and Tauberian Theorems, CWI Tract
40, Center for Mathematics and Computer Science, Amsterdam, Netherlands, 1987.

Y. Goegebeur, J. Beirlant, and T. de Wet. Kernel estimators for the second order parameter in

extreme value statistics. Journal of Statistical Planning and Inference, 140, 26322652, 2010.

15



[16]

[17]

[18]

[19]

[25]

[26]

M.I. Gomes, L. de Haan and L. Peng. Semi-parametric estimation of the second order param-

eter in statistics of extreme. Extremes, 5, 387-414, 2002.

M.I. Gomes and M.J. Martins. Generalizations of the Hill estimator - asymptotic versus finite

sample behaviour. Journal of Statistical Planning and Inference, 93, 161-180, 2001.

M.I. Gomes and M.J. Martins. ” Asymptotically unbiased” estimators of the tail index based

on external estimation of the second order parameter. Extremes, 5(1), 5-31, 2002.

M.I. Gomes and M.J. Martins. Bias reduction and explicit semi-parametric estimation of the

tail index. Journal of Statistical Planning and Inference, 124, 361-378, 2004.

M.I. Gomes, M.J. Martins and M. Neves. Improving second order reduced bias extreme value

index estimator. REVSTAT - Statistical Journal, 5(2), 177-207, 2007.

M.I. Gomes and O. Oliveira. The bootstrap methodology in statistics of extremesChoice of

the optimal sample fraction. Extremes, 4(4), 331-358, 2001.

L. de Haan and A. Ferreira. Extreme Value Theory: An Introduction, Springer Series in

Operations Research and Financial Engineering, Springer, 2006.

P. Hall and A.H. Welsh. Adaptative estimates of parameters of regular variation. The Annals
of Statistics, 13, 331-341, 1985.

B.M. Hill. A simple general approach to inference about the tail of a distribution, Annals of
Statistics, 3, 1163-1174, 1975.

L. Peng. Asymptotic unbiased estimators for the extreme value index. Statistics and Probability

Letters, 38, 107-115, 1998.

J. Worms and R. Worms. Estimation of second order parameters using probability weighted

moments. ESAIM: Probability and Statistics, to appear.

16



10

S=1.8

Figure 1: Optimal § as a function of p
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Figure 2: Asymptotic mean-squared error as a function of k£ for a Burr distribution.
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