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Abstract. Thispaperis concernedvith parameterdependenproblemsfor structural insta-
bility. Theaimis thedirectdeterminatiorof the socalledfold curveconnectinghelimit points
of theequilibriumpathfor a structure subjectedo a variableimperfectionThisis traditionally
achievedby addinga well-chosenconstaint equationrequiring the criticality of the equilibri-
um. Thecrucial feature of the paperlies in the numericalresolutionof the obtainedaugmented
systemlndeed,it is solvedusingthe AsymptoticNumericalMethod (A.N.M.) which is well-
knownfor its robustnessThetheoretical frameavork uponwhich the A.N.M. and the extended
systenmare basedare presentedi-roma numericalpointof view, it leadsto an efficienttreatment
which takesthe singularity of the tangent stiffnessmatrix into account.Emphasidgs givenon
two specifictypesof geometricaimperfectionsEventuallythe numericalisolationof aninitial
startinglimit pointis discussed.
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1 Intr oduction

As slenderstructuregendto be moreand morewidely-used stability analysishasbecomean

essentiapointin structuraldesigntoday This type of analysisis basedon two mainproblems.
Themostcommononeconcernghe determinatiorof critical statesandin particularthe calcu-

lation of themaximalloadthatthe structurecanhandlebeforelossof stability or snap-through.
Thesecondoneis relatedto the studyof the sensitvity of the structureto geometricabr mate-

rial variations Manufacture externalloadingscombinedwith materialpropertiescanaffectthe

perfectstructureandinducesuchimperfectionsHow thendoesthestructurebehaein presence
of thesemperfectionsandhow aremodifiedthecritical states?

In the caseof quasi-statidinear elasticity the governingequationf thefirst problemcanbe
representedsa one-parametesystemof theform

F(u,\) = F(u) - p(A) = 0 (1)

where F' standsfor the internalforces,p()) for the externalappliedloadsand X for the load
parameterThe calculationof thefundamentakquilibrium pathof the perfectstructureandthe
detectionof the critical statesalong this path are commonlyachieved using an incremental-
iterative algorithm(Newton-like methods).

load A

fundamental branch

bifurcating point
limit point

Is perfect
N D 0 bifurcated
y branch
%0

AN ™ imperfect

b h
(Uo, Ao,No) ranc

displacement
u

¢ =(u@A(@/Na)

Figurel: Perfectandimperfectequilibriumpathsandlimit pointsbranch.

Thesecondroblemimpliesthedeterminatiorof thecritical statedor differentvaluesof anim-
perfectionamplitudeA. Indeed whenageometriqeitherstructuralor relative to thethickness)
or materialimperfectionis introducedwithin the original perfectstructure thecritical statecan
be significantly affected.Fig. 1 shows a bifurcating point becominga limit (or turning) point
with differentvaluesof A. As aresult,thisamplitudemustbecomeanadditionalparameteand
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the system(1) becomes two-parametesystemof theform

F(u: A A) = f(uaA) - p()‘) =0 (2)

A simpleandratherdirect analysiswould consistin successiely fixing the imperfectionam-
plitude andtracing the full fundamentalpath of the obtainedperturbedstructurein orderto
determinghecritical statesThis kind of analysiss all themorecostlyasonly theinformation
concerningthe critical statess neededFurthermorejt providesinformationonly for the few
amplitudevaluesthathave beerfixed.In practicejt is notjudiciousto calculateall thedifferent
equilibriumpaths.It is moreadvisableto determinepreciselya startingcritical statefor given
valuesof the additionalparameters\, andthento follow directly the branchC of limit points
when A varies.By this way; it is not necessaryo computeall the equilibrium paths.Only the
curve (calledafold curve) connectinghe critical pointsis computedThis is accomplishedy
appendingo the systemof the nonlinearequilibrium equationsF'(u, A, A) = 0 a constrain-
t equationthat characterizeshe studiedcritical state.Doing so, the system(2) becomesan
augmentedystemwhichreads

R (u,p,\,A) = ( g((Z’g’jj\\)) ) =0 (3)

Thus, the full imperfectionanalysiswith respectto additionalparametersan be performed
throughtwo distinctstepsexpresseasfollows:

1. Ontheperfectstructurefor afixedvalueof the extra parameterssolve the basicequilib-
rium problem,i.e. evaluatethe fundamentapathandisolatetherequiredcritical state

2. Startingfrom this critical state follow the pathdescribedy theaugmentegystemmade
of the basicequilibrium equationsandthe additionalconstraintequation It hasalready
beenaddressedy Jepsorand Spencdl] , WagnerandWriggers[2], and Eriksson[3]
usingincremental-iteratie stratayies.

In this papertheimperfectionanalysidss reconsideredsingthe socalled AsymptoticNumeri-
calMethodasanalternatve to incremental-iteratie methodsThis techniquewhichis basedn
high orderTaylor seriesrepresentationef the curves, providescrucial advantagegor making
the continuationof a pathanddetectingeritical points.In Section2, we begin with areview of
the A.N.M. for tracingthefundamentapath.Section3 is devotedto the determinatiorof afold
line usingthe A.N.M. conceptWe make arathergenerapresentatioof the perturbatiorseries,
of thelinear systemto be solvedandof the specificsolutionprocedureMore detailsaregiven
in Section4 for two kindsof imperfections astructuralgeometriamperfectionandathickness
imperfection.Finally, thedetectionof a critical stateon a pathis addresseth Section5.

2 The basicequilibrium problemand the A.N.M.

The main purposeof this Sectionis to setthe principle of the A.N.M., to outline severalinter-
estingadwantageof the methodover the incremental-iteratie stratgyiesandto introducethe
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notationghatwill beusedin thesequel.This methodis inspiredby the perturbatiortechniques
developedby Thompsonand Walker [4] andusedby Noor et al. [5] for designing’reduced

bases algorithms.They have beenrevisited andefficiently solved by Damil and PotierFerry

[6]. A continuatiormethodhasbeenproposedy Cochelinandis describedn detailin [7].

2.1 Basicequilibrium problem

In this Section,all the parametersre supposedo be constant.exceptedthe load parameter
It canbe seenasa particularcaseof the multi-parameteproblem.Assumingthatthe external
forcesp(\) areproportionatto the externalload F,, the systemto solve takesthe form

F(u,)) = f(u) - AF. =0 (4)

whereu standgor the displacemenand f for theinternalforcesvector At a regular point, a
tangendirection(uy, A;) is obtainedirom the differentiationof the residualequation(4)

f,u-ul_Fe)\lzo (5)

f « is thetangentbperatoralsocommonlyknown asthe tangentstiffnessoperator

2.2 A.N.M. for the calculation of the fundamental equilibrium path

2.2.1 Quadratic formulation

In the caseof geometricalnonlinearelasticity Eq. (4) is cubic with respectto w. This cubic
expressions not very suitablefor asymptoticexpansionsA quadraticexpressions preferred.
It is achievedby introducingthe stress-strainelationasanadditionalequation Eq. (4) canthus
bereplacedoy thefollowing equivalentsystem

/Bt(u)SdQ —AF, =0
F(u,\) =4 ¢ (6)

where § = D (B;+ iBn(u)) u

We have usedthe classicalB operatordefinedby B(u)=B;+ B,,(u). S is the stressoperator
and D is the classicalelasticityoperatorfunction. The first equationstandgfor equilibrium. It
is quadratiowvith respecto thesetof variablesu, .S). Theconstitutive law hasbeenintroduced
in orderto make bothequationgjuadratic.B, andB,,;(u) aretheclassicabperatorsexpressing
thelinearandnonlinearpartsof the Green-Lagrangstrain[8].

2.2.2 Asymptotic expansions

Assumingthat a a regular point (ug, Ag) is known, the basicideaof the A.N.M. consistsin
seekinghesolutionbranch(u, \) in atruncatecpower serieform with respecto awell chosen
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pathparametefa”. For corvenience an expansionof the variable S is alsointroduced with
So = D B(ug) ug
u(a)=ug+au;+aus+...+a" u,
S(G)ZSO+G,51+CL2SQ+...—{—(ZnSn (7)
Ma)=Xg+ad+a®lo+...+a" A\,

Introducing theseexpansionsinto the nonlinearproblem (6) and identifying the power-like
termsleadsto a successiomwf linear problemswith theform

p

/Bt(UO) 51 + B,’;l(ul) S() dQ) = )\1Fe
order1 YL
Sl =D B(U()) (I3}

\

p

/Bt(UO) SQ + le(UQ) S() df) = )\QFe - /B:ﬂ(ul) Sl ds?
order2 79 @
SQ =D B(Uo) Uo + % DBnl(’U,l) U,

( p—1
/ B'(ug) S, + B, (u,) Sy d2 = \,F, — / 3" Bl(u,) S, d2
Q Q
orderp , - r (8)
S, = D B(uy) u, + % D Z B(u,) up,

\ r=1

Introducingthe notation

[y

D 3 Bnl(u'r) Uy (9)

1

nl __
S, =

N —

T

the secondequationof (8) canberewritten as

S, = D B(u) u, + S (10)

The problem(8) at orderp is a classicallinearizedelasticityproblemwhereSgl standsfor a
pre-stressermand [, >~ B}, (u,) S, for aprescribedoad. Thereis still oneunknavn () at
this stage It will disappeawith the choiceof "a”. The pathparametera” canbe chosensuch
as

1
a:s—2 [(U—Uo)t.ul+()\—)\0))\1] (11)
This choicewhich s inspiredby the arc-lengthcontinuationmethodidentifiesa asthe projec-
tion of theincrementa, — u, and\ — )\, onthetangentirection.At orderl Eq. (7) and(11)
leadsto
’U,?i .U+ )\1 )\1 = 82 (12)
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wheres is a given valuethat fixesthe length of the tangentvector It mustbe noticedthat it
doesnot setthe steplength. This oneis basedon a residualcriteriumthatwill be discussedn
Section2.2.4.At orderp, therelationreads

ulu,+ AN, =0 (13)
Thesystem(8) and(13) uniquelydetermineu,, S,, A,.

2.2.3 Finite elementmethod

The previouslinear systemscanbe efficiently solved by a F.E.M. Eachof thesesystemson-
tainsan equilibriumequationin » and S anda constitutve equation.SinceclassicalFEM are
basedon a displacementormulation,it is necessaryo transformthefirst equationinto a pure
displacemenproblem.This canbe easily doneby replacingthe expressionof S in the equi-
librium. Thus,eachlinearproblem(8) is transformednto into a puredisplacemenproblemin
u, anda stress-straimelationwhich givesthe stressS,,. After discretizationthe displacement
problematorderp (p > 2) reads

Kt up = Ap Fe + Fpnl (14)
’U,?i Up + )\1 )\p =0

whereK; = K;(uo, Sp) is the classicattangentstiffnessmatrix at the startingpoint (ug, Ag)-
F is thevectorof externalloadsand Fp”l is aload vectorwhich dependsnly on the previous
ordersandreads

p—1
Fr'=— / B(uo) S3' = > Bl (u,) Sy d€ (15)
Q r=1

At this stagemary remarkscanbe made:

- All thelinear systemshave the sameK; matrix, henceonly onematrix decompositions re-
quiredto computethe termsof the series .t allows to computethe seriesup to high orders(20
or 30 in practice)sincethe extra calculationcostconsistsonly in the assemblyof the supple-
mentarpr”l vectorsandin a back-substitutiorior eachorder

- Theproblematorderl givesthetangendirection(u, A;). It correspond$o thepredictorstep
in theincremental-iteratie Newton-Raphsoralgorithm.The next problemscanthenbe solved
recursvely sincethey aresimplelinearizedelasticity problemsdependingon the previous or-

ders.Thisalgorithmis thusvery easyto implement.

- The series(7) generallyallows to computea large part of the solutionbranchthat startsat
(UO, )\0) [9]

2.2.4 The continuation method

Becausef thelimited radiusof corvergenceof the seriesthis processnustbe appliedseveral
times,quitein the sameway asthe classicalcontinuationrmethodsThelengthof eachstepcan
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be determinedby a residualcriterium (seeCochelin[7]). For seriestruncatedat order N, the
maximalvalueof a for which the solutionsatisfiesa requestegbrecisiore is givenby

anr = (L) o (16)

[yl

By applyingthe methodfrom a successiely updatednew startingpoint, we candeterminea
comple solutionbranchin a stepby stepmannerThis proceduras veryrobustandcompletely
automatidrom the users point of view. Moreover, the steplengthis alwaysoptimal.

To illustratethe capabilitiesof this method, an exampleis providedin Fig. 2. It is a classical
buckling casewhichinvolveslimit pointsandsnap-througiphenomenonThegeometricaind
materialpropertiesof the cylindrical panelaregivenin Fig. 2. For symmetryreasonspnly a
guarterof the panelwasdiscretizedusinga meshwith 200triangularDKT shellelementsand
726 degreesof freedom With seriestruncatecat order30 andanaccuray ¢ = 10~® monitored
by Eqg. (16), theinterestingpartof the curwveis fully describedvith only four steps.

25

15

Load factor

L=254mm

h=12.7mm fundamental path

9=0.1rad 05 - end of steps  ©

E=3102.75MPa

v=0.3 o

P=1000N 0 5 10 15 20 25 30

Deflection at A

Figure 2: Cylindrical panel: problemdefinition and load-deflectioncurves for the basic equilibrium
problemwith seriestruncatedat order30 ande = 1076.

3 Directcomputation of critical paths

We now considerthe multi-parametenonlinearsystem

F(u, A\ A) = f(u,A) —p(A) =0 (17)

We intendto computethe fold curve connectinghe singularpointsof F'. To do so,additional
informationcharacterizinghesesingularpointsmustbeprovided,yieldingasocalledextended
or augmentecystem.



S.Baguet,B. Cochelin

3.1 The augmentedproblem

3.1.1 The constraint equation

Many alternatves have beenproposedn the literatureto definethe criticality, the simplest
of themlying on the study of the determinantf the tangentstiffnessmatrix. However, this
criterium is not well suitedfor a numericalstudy The methodpresentecherehasbeenfirst
introducedby KeenerandKeller[], subsequentlysedby Moore andSpencdg10], Jepsorand
Spencdl], andnumericallyinvestigatedoy Wriggersand Simo [11] and Ericksonet. al [12]

amongotherslt is basedntheappearancef anull eigervaluefor thetangentoperatorK; =

F,, atsimplecritical statesThe correspondingxtendedsystenreads

F (u, A, )
R(u,p, A\ )= Fy(u,A,N) - | =0 (18)
el =1
wherey is theeigervectorassociateavith thenull eigervalue.Thelastnormalizationcondition
ensurests uniqueness.

For afixedvalueA = A, of theadditionalparameterghis augmenteghroblemgivesa singular
point of F', eithera bifurcating point or a turning point with respectto \. When A varies, it
providesthe entirefold curve connectingthe singularpointsof F, both bifurcatingor turning
pointswith respecto A andA.

3.1.2 The augmentedtangentoperator

Using(4), the previoussystemcanberewritten as

f(u,A) — \F,
R(ua e, A, )‘) = f,u (’U,, A) P =0 (19)
lepll =1

A tangentdirection(u1, ;, A1, A1) is givenby
R,u.’u,l—f—R,(p.(Pl—f—R,A.Al—f—R,,\.)\l:0 (20)

which canbe expressedisfollowsin a matrix form

fu 0 fu —F ;‘f
.f,'u,'u -$o f,u f,'u,A -Po 0 Al =0 (21)

0 @) 0 0 Al

1

Propertieconcerningheregularity of R canbeexhibitedfrom theinvestigatiorof thistangent
extendedsystem,seeJepsorand Spencgl], WagnerandWriggers[2]. Recallingthatall the
solutionpointsof R aresingularpointsof F', theregular pointsof R appearto correspondo
thelimit pointsof F' with respecto ) i.e. with A fixed. Singularpointsof the extendedsystem

R canarisefor (g Fe = 0, ¢ (fuu po $o) # 0) 0F (04 Fe # 0, @4 (fruu $o o) = 0).
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3.2 Asymptotic Numerical Method

In this Sectionwe solve the previous extendedsystem(18) usingthe Asymptotic Numerical
Methodintroducedn Section2.2.

As previously stated,it is more corvenientto turn the basicequationgnto a quadraticformu-
lation in orderto apply the asymptoticexpansionsThis stageis probablythe mostcomplex
oneof theprocedureThedifficulty lies onthe numberof additionalvariablesvhich needto be
introducedto reducethe degreeof the equationswith respecto the differentunknovnsu, ¢,
A andA. This procedurewill be detailedin Section4 in the casesof a geometricahapem-
perfectionandof athicknessmperfection.Here,we do not enterinto thesedetails.We assume
thatthefold line canberepresentetly a power seriesof theform

u(a)=ug+au; +a’us+...+a" u,
pla)=pyt+ap, +a’p,+...+a" @, (22)
)\(a):)\0+a/\1+a2/\2+...+a”)\n
Aa)=Ao+aAi+a®>Aa+...+a" A,

where(ug, ¢, Ao, Ao) IS supposedo be a regularinitial solutionpoint of R. Replacing(22)
into the nonlinearproblem(18) andapplyingthetechniquedescribedn Section2.2leadsto the
final discretizedinearproblematorderp

K 0 F, -F, u, F}! sizen

K, Kr F, 0 ®, G sizen
0 ; = b . (23)

o 0 0 A, hy, sizel

’U:i 0 A1 )\1 )\p 0 sizel

Thetwo vectorsF;, F, andthe matrix K, areintroducedto shortenthe notations.F; and F,

standfor f, and f.a . ¢, of Eg. (21) and K, is thematrix f . . ¢y = Kr, - . Ther.h.s.
vectorst"l and G;}l andthe scalarhgl resultof summationof quadraticproductsdepending
only onthe solutionsat previous orders.The nl subscripts usedto easilydistinguishthisr.h.s
from the otherterms.The matrix K, is the samewhatever theimperfection.The expressiorof

thevectorsF; and F, andther.h.s.depend®n thetype of imperfectionintroducedwithin the
structure.Their expressionswill be detailedin Section4 for two typesof imperfections.The
lastequationof the system(23) is anextendedversionof Eq. (13).

3.3 Procedureto solvethe augmentedmatrix system

In practice agauss-like eliminationis usedto solvetheextendedsystem(23) in orderto consid-
eronly subsystemsf sizen involving the K, matrix. Sucha block-eliminationschemecanbe
foundin WriggersandSimo[11]. Its maininterestrelieson thefactthatonly theclassicalK+
matrix need€o be decomposedhussaving alarge amountof calculationtime. The procedure
presentedhereis inspiredby thisone.

Besidesthis particularprocedureanothernumericaldifficulty mustbe pointedout. Sinceall
thesolutionpointsof R aresingularonesof F', the K+ matrixis singularall alongthefold line
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connectingthe computedsolution points. That meansthat the classicalmatrix decomposition
techniquesannotbe used.A specialprocedurepasedon Lagrangemultipliers, is introduced
to bypasghis problem.

3.3.1 Block-elimination schemeat order 1

At orderl, thesystem(23) reads

KT 0 F1 _Fe U, 0
ch KT F2 0 P1 0
= 24
0 ¢, 0 0 A 0 (24)
ul 0 AN\ Al 52

Premultiplyingthefirst equatiorof (23) by ¢}, yieldsacompatibilityrelationbetween\; and\,

t
. Fe
A1 =C )\1 with (G ‘P? (25)
wo F1

Replacingeq. (25) in thefirst equationof (23) leadsto thelinearsystem

Kru; =)\ h with h,=F,—c F; (26)

It canbe noticedthatthe vectorh, is orthogonatto ¢,. Becauseof the singularityof K, the
linearsystem(26)is solvedasfollows. Thesolutionvectoris decomposethto its projectionon
¢, andits orthogonabpart

u=ap,+Avi, aclR, pivi=0 (27)

Theorthogonalityconditionis thenenforcedhroughthe useof aLagrangemultiplier ; andthe
orthogonabpartof u, is obtainedoy

Kr ¢, ”f]:[’h]
PadIFINE @)

IntroducingEq. (27) in the secondequationof (23) and premultiplyingby ¢} yields another
compatibilityrelation®

: L F. t K vi
a=c A With ¢ = — P02 T P0ReYi (29)
o Koy
replacingthis expressionn the secondequationof (23) leadsto
KT P = )\1 h2 (30)

Theassumedegularity of R atthe startingpoint ensureshatthatthe denominator®f ¢; ande, arenotnull.
Indeed they exactly correspondo ¢ (f,uw ©o Po) andel fa (seee.g.WagnerandWriggers[2]).

10
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where
h2 = C9 K(,O‘PO — K‘P’Uf_ —C FQ y (PB h2:0 (31)

Again, thesolutionvector is decomposeato

<p1=,3<p0+)\1p1l, B € R, LpéprO (32)

with the orthogonapartpi- obtainedoy

Ky ¢, pf _ | he
Eadivak @
Then,thethird equationof (23) gives

B=0 (34)

andthe fourth equationprovidesan expressionfor ;. At this stage the termsat order1 are
fully determined

A= 53 with d =1+ ¢ + & + vi'vt

AN = )M (35)
U, = C@y+ A\ 'vf

$1 =M Pf—

3.3.2 Block-elimination schemeat order p

The resolutionis slightly differentthanbeforebecausef the r.h.s.termsof the system(23).

Neverthelessthe block-eliminationprocedureremainsthe same.That is why the resolution
will notbedetailedhere.Despitethe additionalr.h.s.terms,theglobal calculationcostremains
the sameIndeed the solutionscanbe expressedsthe sumof atermwhich is proportionalto

thesolutionsatorderl andatermwhich comefrom thenew r.h.s.vectors As aresult,only two

systenresolutionsareneededo computeall thetermsatorderp.

4 Two specifictypesof imperfections

In section2.2.1,emphasishasbeenput on the fact that the transformationof the governing

eguationdnto a quadraticform wascrucial for the asymptoticexpansionsThe main purpose
of this sectionis to provide a generalprocedurefor the obtainingof sucha formulation. This

procedureis basedon the introduction of well chosenextra variables,thus augmentingthe

numberof equationgo be solved but reducingthe degreeof eachof the governingequations.
This requiredproceduredoesnot restrictthe rangeof problemswhich can be treatedby the

A.N.M. It is detailedherefor two commontypesof imperfectionsTheexpressiorof thevectors
F|, F,, Fp”l andG;” of thediscretizecaugmentedystem(23) will alsobegivenfor eachstudied
case.

11
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4.1 Geometrical shapeimperfection

A simplifiedstructurewith ageometricashapamperfectionu* is presentedh Fig. 3. Theblack
color is usedfor the perfectstructurein its initial state,the greencolor denoteghe imperfect
structurein its initial stateandthe blue color indicatesthe imperfectstructurein its deformed
state.

F i |

A A

Figure3: Structurewith ageometricashapamperfection

The strain+y of thedeformedmperfectstructureis deducedrom
¥(u, u*) = y(u + u’) — y(u) (36)
where~ is theclassicalGreenLagrangestraindefinedas
~v(u) = %(Vu + Viu) + %(Vu Viu) = v (u) + v (u, u) (37)

Combinedwith (37), (36) becomes
Y(u, u*) = 7' (u) + 7" (u, u) + 29" (u, u”) (38)

Comparedo the classicakxpression(37) of thestrain,thereis a new term~™ (u, u*) whichis
bilinearwith respecto w andu*. In orderto geta scalarextra parameterthe imperfectionis
written as

u* =nu; (39)

wherew is afixeddisplacementvhich givesthe shapeof theimperfectionandn is its ampli-
tude.Usingthenotationantroducedn Section2, thegoverningequationcanthenbeexpressed
as

/Bt(u) S+n B (u) S d— AF, =0
Q

F(u,n,\) = (40)
S =D (B, +iBu(u) + nBu(u})) u
andtheconstraintequationreads
[ B ¥+ By (w) ¥ + Blle) S d2 =0

¥ =D (B, + By(u) +nBy(uf)) ¢

12
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whereW is the stressassociatedvith the null eigervectore. Eq. (40) is quadratiowith respect
to thevariableset(u, S, n, A) and(41)is quadrationith respecto (u, S, ¢, ¥, 71, \).

The next stepconsistan developingeachof the variablesin a power seriesform. Introducing
themixedvariableU = {u, S, ¢, ¥, 7, \}', theseriesexpansiorreads

U(e) =Uy+aU, +a’Us+ ... +ad" U, (42)

where(ug, So, ¢y, Yo, M0, Ao) IS SUPpOsedo bearegularinitial solutionpoint. Theintroduction
of the seriesnto (40) and(41) leadsatorderp (p > 2) to

/Bts + B!, (u,) So + 1, B, (u}) Sy dQ = A\, F, — / Z B!, (u, 4+, ul) S,_, d
Sp =D (B() Uy + Tp Bnl(UQ) ’U,O> Sg’l
< /B(t) ¥, + B:Ll((pp) So + B:Ll(up) Wo + 7 Bt 1(ug) Yo + Tp Bt 1(%0) Sy dS2
Q

/ZBnl p,) Sy d2 — /ZB (ur + 0 ug) ¥y dS2

¥, =D (Bog, + Bulwy) (u, +npuf)) + ¥

(43)
B, hasbeenintroducedto shortenthe notationsandstandsfor B(ug + 1, u}). Becausef the
introductionof theimperfection the expression®of Sgl and\Il;" areslightly morecomplicated
thanin Section2.2. They will notbeendetailedhere.In orderto performanF.E.M., S, and ¥,

arereplacedn the the equilibrium andthe constraintequationsAfter discretizationjt yields
thetwo following displacemenproblems

Kiuy,+n, Fy =\, F + F}"

. (44)
Kyu, + Kre,+n, F, =G,

where K; = K; (uo+nouj, Sp) is the tangentstiffnessmatrix at the startingpoint (wo, 70, Ao)-
Thevectorst"l anngl dependonly onthepreviousorders.They caneasilybeinferredfrom
(43). The expression®f thetwo vectorsF; and F, dependon thetype of imperfection.In the
presentasethey read

Q

(45)
= / <B(t) D By(¢) + Bu(p) D Bu(uo) + G* ¥ G) uf dQ
Q

The matricesS, and ¥, containcomponentf the stressvectorsS, and ¥y, and G is the
gradientmatrix of the shapefunctions.

13
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Two additionalequationsareyet missing.Thefirst oneis the normalizationconditionon ¢. It
is exactly thesamethanin the generakase The secondnefixesthe pathparametera” of the
fold line. It is chosersuchas

wbu, + 17+ AN, =0 (46)

Puttingtogethethesewo additionalequationsandthesystem(44) yieldsanaugmentedystem
with thesamedorm as(23). Theprocedurentroducedn Section3.3canthenbeusedo solveit.

4.2 Thicknessimperfection

Taking a thicknessmperfectioninto accountis morecomplex. Indeed,it dependon the type
of finite elementusedfor the analysis.In this section,the studywill be carriedout with the
DKT18 shellelementlts descriptioncanbefoundin []. In theformulationof this elementthe
thicknessh appeaionly in theelasticitymatrix D whichis givenby

11 0
Eh 111 0 0
1— 2 0 0 1—v
= 2
D 11 0 47

S|

>

w
—_
—_
e}

12(1 — v?) 00 1—v

Thetensilepartof D is linearwith respecto ~ andthe bendingpartis cubic. D canthusbe
rewritten as

D=D'h+ DR (48)

Accordingto (37) and(48), the constitutve law S=D ~(u) is quadraticwith respecto w and
cubicwith respecto h. Someadditionalvariablesneedto beintroducedin orderto reducethe
orderof theequationsaandto turntheminto a quadraticddorm. Thisis achiezedasfollows

( /Bt(u)SdQ—)\Fezo

Y S=D~
Fuh =3 o= (Bi+ LBy(w) (49)
D=D"h+ D%ch

_ 72
L e=h

Throughtheintroductionof .S, the equilibriumequationbecomegjuadratic.Then, D is made
guadraticwith respecto h andthe additionalvariablee. The constitutve equationis quadratic
in D and~. In this way, eachequationof the previous systemis quadraticlt will significantly

14
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reducethenumberof productgo form whenintroducingtheseriesThesamework is donewith
the constraintequationby addingthe variables¥ ande.

( /Bt(u)\Il—i-Bfll(cp)SdQ:O

? W=De
Fo(u,h,A)- =4 e = (B, + Bu(u)) ¢ (50)
D =D'h+ D3?eh

— B2
L e=nh

Eachof thevariabless thenexpandednto a power seriesform which canbe expresseds

U(=Uy+aU +a?>Us+...+a" U, (51)

wherethe mixedvariableU standsfor {u, S,~, ¢, ¥, e, D, ¢, h, )\}t., andtheterm U, refers
to aregularstartingsolutionpoint. Introducingthe development51) into the systemg49) and
(50) andidentifying the power-lik e termsprovidesthe expression®f theadditionalvariablesat
orderp (p > 2)

ep = 2hoh, + €l
, = B(u) up + (52)
ep = B(ug) ¢, + Bri(p,) up + ezl

wherethetermswith thenl subscripinvolve productsat previousorders.Usingthe expression
of e, andintroducingthe notationD leadsto

D, = (D' +3h{ D*) h, + D}* = D h, + D} (53)
The equilibrium and the constraintequationsand their associatedonstitutve equationscan
be expressedat the orderp usingthe previous expressionsThe additionalvariablesare then

eliminatedin orderto keeponly the variablesu and h. In fact, they have beenuseful only
becausehey have madethe seriesexpansionproceduresasier Theremainingequationsead

( p—1
/ B'(ug) S, + B';(u,) So d = \,F, — / Y BL(u,) S, dQ
Q Q2 r=1
Sp = D() B(’U,()) Uy + D B(UO) Uo hp + Sgl
| [ B0 %, + Ble,) S0+ Biw) ¥, d9 (54
Q

p—1 p—1
= _/Q Z B,,(,) Sp—r d2 — /Q Zle(ur) Wy df2
r=1 r=1

| ¥» = Do B(uo) ¢, + Do Bu(pp) up + D (B(uo) po + Bri(pg) u0> h, + \p;l

15
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After aF.E.M. discretizationthis correspondingnatrix systenreads

Ktup+hpF1 = )\pFe+Fpnl

(55)
K,u,+ Kr@,+ h, F, = G}

P = / B! (ug) D B(ug) ug 42
Q ) ) i (56)
F, = /QBt(uo) D B(uo) ¢, + B'(uo) D Bu(p,) uo + Bry(p,) D B(uo) uo dS

Augmentedwith the two additionalequationgrelatedto the normalizationof ¢ andthe path
parametet, thesystem(55) canberecursvely solvedusingtheprocedurentroducedn Section
3.3.

5 Detectionof critical stateson the equilibrium path

Beforefollowing the fold curve, a startinglimit point mustbe preciselydetectedon the fun-

damentapath.Standardnethodgor determiningsucha singularpoint have beenpresentedn

Section3.1.1.Themethodpresentedhereconsistsn detectinghe critical statedy the meanof

a perturbedequilibrium problemthatwill be subsequentlgolvedwith the A.N.M. It hasbeen
firstintroducedoy Boutyour[13] andusedby Vannuccietal. [14].

5.1 The bifur cation indicator

Thesingularpointis searche@n theequilibriumpathdefinedby (17)for givenvaluesA, of the
additionalparametersvhich definetheinitial imperfection.Theresultinggoverningequation

canbeseenasa particularcaseof the basicequilibriumproblem(4). Thus,the proceduregiven
in Section2 canbeappliedfor the calculationof the equilibriumpath.

The detectionof the criticality is madethroughthe introductionof a perturbationnto the sys-
tem. This perturbedproblemis describedy

f,u-Au:A/J'fe (58)

whereAw is thedisplacementespons®f the structureto theload perturbationAy f.. Focus-
ing on the evolution of (Aw, Ax f) while following the fundamentapath,a critical statecan
becharacterize@sfollows

i) It is a point on the fundamentapathwherethe tangentoperatorK, = f,, is singular
Standardnethodsarebasedn this criterium.
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i) For a fixed load perturbationAy, it is the point wherethe displacementesponseA s
tendsto infinity. Becausef thesenfinite valuesof the displacementthis criteriumis not
suitablefor anumericaluse.

iii) For a fixed displacemenperturbationAw, it is the point wherethe load responseA
tendsto zero.WhenAuw is fixed, Ay canbe seemasa stiffnessmeasurement.

Thelastcriteriumwill be usedhere.Hence,the singularpointscorrespondo the null values
of the bifurcationindicator Au. The system(58) consistsof n equationsandinvolvesn + 1
unknowvns, the n componentof Aw and Au. An additionalcondition mustbe provided for
(58) to admita uniquesolutionfor eachregular point of the fundamentapath.Sincewe have
decidedto fix the displacemenperturbationratherthanthe load perturbation this condition
will bechosersuchas

[Aul| =1 (59)

Equationg58) and(59) form awell-posedsystemwhich will be solvedusingthe A.N.M.

5.2 Determination of the bifur cation indicator with the A.N.M.

We assumehat an analyticalexpressionof the equilibrium path hasbeenobtainedusingthe
procedureof Section2

u(a)=up+au +a*us+...+a"u,

)\(a)=)\0+a)\1+a2)\2+...+a”)\n (60)
TheperturbationsAu and Ay arethendevelopedwith regardto the sameparameten
Au(a)=Aug+aAu; +a®> Auy + ...+ a" Au, (61)

Ap(a) = Apg + aApy + a? Ay +...+ a™ Ap,,

whereAw, istheresponsef thestructureto theperturbatioratthestartingpoint (ug, Ao) . After
theintroductionof theseseriesinto Eqg. (58) and(59) andwith the F.E.M. notationsntroduced
in Section2.2.3,thelinearsystento solve atorderp (p > 1) reads

K Au, = Ap, fe + AFp"l
= (62)
AufAu, =) Au, Ay, =0y

r=1

ThevectorsAFp”l dependnly onu, andAw, atpreviousorder Here,theseu, termsandthe
tangentstiffnessmatrix K are exactly the sameasthosepreviously calculatedin Section2
for thefundamentapath.As aresult,this procedurecanextremelyeasilybe superposedn the
algorithmfor thefundamentapath.Theextra calculationcostliesin theassemblyof the AFp”l
vectors the calculationof the scalarso, andthe resolutionof a few linear systemswith a K-
matrix alreadydecomposed.
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The critical points correspondo the valuesa, of the parameter for which Au(a) is zero
andthe correspondingritical loadis obtainedby A(a.). It mustbe noticedthatthis procedure
doesnot only provide the critical load. The associateaigervectoris alsogiven by Awu(a,).
As aresult,all the initial informationthatis requiredfor the calculationof the fold curve of
Section3 is suppliedby this procedureMoreover, the numericalprecisionof this information
canbemonitoredthroughthe useof aresidualcriteriumin orderto satisfya givenprecisione.
A very accuratestartingpoint for thefold curve canthusbeobtained.

5.3 A numerical example: the cylindrical panel

Theexamplepresentedh Fig. 4 demonstratethecapabilitiesof thisalgorithmto detectsingular
pointsaswell aslimit points.Thegeometryof thepanelis thesameasin Fig. 2, exceptedor the
thicknesswhich is now A = 6.35mm. This valueleadsto a far morecomplicatedequilibrium
path.Onehalf of the panelwasdiscretizedn orderto getthe bifurcatedpath. For symmetry
reasonsjt doesnot appearf only one quarteris consideredSerieswere truncatedat order
30. Two limit pointsandtwo bifurcationpoints,connectedy a bifurcatedpath,weredetected.
Both singularpointsandtheir associate@igenmodesvere obtainedwith a requiredaccurag
e = 10~%. Any of thelimit pointcanthenbeusedasa startingpoint for the computatiorof the
fold curve, asdescribedn Section3.

0.6

0.4

0.2

0 \ :
fundamental path —— / )

Load factor

L=254mm

bifurcated path
h=6.35mm -0.2 singular points ¢
6=0.1rad
E=3102.75MPa
v=0.3 0.4
P=1000N 0 5 10 15 20 25

Deflection at A

Figure4: Cylindrical panel: problemdefinitionanddetectedingularpointson thefundamentapathof
the basicequilibriumproblem

6 Conclusions
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