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1 Introduction

Modeling molecular properties related to their non-equilibrium dynamics requires var-
ious theoretical approaches depending on the particular microscopic processes related
to the observed molecular features. Since the dawn of quantum mechanics, properties
of molecules and solids have been studied theoretically in ever greater detail. This
has led in recent years to a state in which dynamics of complex systems with multi-
tude of degrees of freedom (DOF) is accessible to quantitative theoretical study [1].
Many properties of molecular systems are directly related to the equilibrium or time
dependent conformations of nuclear DOF for which electronic states play the role of a
background contributing to the nuclear potential energy surfaces. Problems like these
are the realm of molecular dynamics (MD) in its classical, quantum or mixed versions
and quantum chemistry (QC), where impressive qualitative and quantitative results
have been achieved in recent years. For certain types of dynamical problems, however,
less expensive model approaches are the preferred choice due to the scale of studied
system or due to the physical nature of studied processes. A good example of such a
problem is ultrafast photo-induced excited state dynamics of small molecular systems
and their aggregates [2]. Here, most of the relevant experimental information is only
available through ultrafast non-linear spectroscopy, and thus the theory has to span
the whole distance between the microscopic dynamics of the molecular system, and
the macroscopic description of experimental signals [3]. Typical field in which such an
approach has yielded deep understanding of the relevant physico-chemical processes
is the study of primary processes in photosynthesis. The related quantum mechanical
problem is usually formulated in terms of a model describing the relevant DOF of the
system (electronic states of photosynthetic molecules), and a thermodynamics bath
(the protein environment). Parameters for such models can be supplied by experiment
[4], QC studies [5,6], MD modeling [7], or are a result of suitable simplified models [3].

Recent advances in non-linear spectroscopy have opened a wide new experimental
window into the details of ultrafast photo-induced dynamics of molecular systems.
Experimental realization of two-dimensional (2D) coherent spectroscopy in the visible
and near IR regions [8-11] has enabled to overcome some of the frequency- vs. time-
resolution competition problem otherwise faced by ultrafast spectroscopy, and yielded
thus unprecedented experimental details of the time evolution of molecular excitations.
Most importantly, it was predicted that the presence of certain oscillatory features in
2D spectra is a manifestation of coherences between molecular excited states [12,13].
It was also concluded that these oscillations should be present in the 2D spectrum
of photosynthetic Fenna-Matthews-Olson (FMO) chromophore-protein complex [12].
Experimental results not only confirmed this prediction [14], but yielded also surprising
results such as unexpectedly long life time of these coherences, as compared to the
predictions of standard dephasing rate theory. Furthermore, while possible coherence
transfer between the pairs of electronic levels was ignored by the relaxation theory used
in Ref. [12], the experiment provided some evidence for its role in excitation energy
transfer. It was speculated that photosynthetic systems might use the coherent mode of
energy transfer to more efficiently channel excitation energy by scanning their energetic
landscape in a process similar to quantum computing [14]. More experiments have
recently reported coherent dynamics in photosynthetic systems [15] and conjugated
polymers [16], and the field of energy transfer in photosynthesis has seen an increased
interest from theoretical researchers from previously unrelated fields [17-20].



Theoretical basis for the description of the decoherence phenomena in excitation
energy transfer has been developed long ago in the framework of the reduced density
matrix (RDM) [21,22]. Equations of motion (EM) resulting from this scheme are char-
acterized by the presence of time retarded terms responsible for energy relaxation and
decoherence processes. Equations of this type will be denoted as time non-local in this
paper. Later, an alternative approach to the derivation of the EM for the RDM has
emerged which yields time local equation of motion [23,24]. Both theories express the
relaxation term in form of an infinite series in terms of the system-bath interaction
Hamiltonian, but differ in time ordering prescriptions for the cumulant expansion of
the evolution operator. The time local equations correspond to so-called partial time
ordering prescription of the cummulant expansion, while the time non-local equations
result from so-called chronological time ordering [25,26]. Although the two schemes
yield formally different EM for the RDM, they are in fact equivalent as long as the
complete summation of the corresponding infinite series is performed. When the infinite
series are truncated at a finite order, the two theories yield equations that predict differ-
ent RDM dynamics. This is a result of different statistical assumptions about the bath
that are implicitly made in the two cases [25,26]. In all orders of expansion, so-called
Markov approximation can be used to transform the time non-local equation of motion
into a certain time-local form. This has to be regarded as an additional approximation
which simplifies the numerical treatment of the time non-local equations. Interestingly,
in the second order the time-local equations and the time non-local equations with
Markov approximation have exactly the same form.

Until recently, most experiments were not sensitive to coherence between electronic
levels. This allowed a host of further approximations to simplify EM. Most notably,
the secular approrimation, which amounts to decoupling RDM elements oscillating on
different frequencies from each other, has limited the energy transfer phenomena to
separate dynamics of population transfer and coherence dephasing [27]. Even on very
short times scale, experiments aimed at studying population dynamics (pump probe)
are not sensitive enough to coherence between electronic levels to require non-secular
theory for their description. It was however suggested that measured relaxation time
can be distorted by non-secular effects [28]. Consequently, most of the theory developed
for evaluation of experiments has been aimed at improving calculation of the population
relaxation rates [29-31]. With experiments now uncovering new details about the role
of electronic coherence, theoretical methods beyond rate equations for probabilities
which are both accurate and numerically tractable are required. Although schemes
for constructing EM for the RDM beyond second order, based on co-propagation of
the RDM with auxiliary operators, seem feasible and promising [32,33], second order
theories might still be the only option for treatment of extended molecular systems. It
was suggested previously that second order perturbation theory with respect to system-
bath coupling provides a suitable framework for development of such methods [34].
This notion is also supported by the fact that in the special case of so-called spin-boson
model, second order time-local equation of motion already represents an exact equation
of motion for the RDM [35]. Recently, non-secular Lindblad rate equations which are
valid for arbitrarily strong system-bath coupling were parametrized by secular time
local second order (Redfield) rate theory [36]. Such approach seems to reproduce effects
observed in experiment of Ref. [14]. However, due to the time-scale of the experiment,
constant rate equations might not be appropriate for the description of the short time
dynamics. Consequently, we concentrate exclusively on theories with time dependent
relaxation rates, here.



In this paper we study the following four different second order theories: (a) full
time non-local (full TNL) equation of motion resulting from the Nakajima-Zwanzig
identity or equivalently from the chronological ordering prescription in the cummulant
expansion, (b) the full time local (full TL) equation of motion resulting from the par-
tial ordering prescription in the cummulant expansion, or equivalently from Markov
approximation applied to TNL equation, (¢) time non-local equation with secular ap-
proximation (secular TNL), and (d) time local equation with secular approximation
(secular TL). We discuss the applicability of these equations to the description of the
energy relaxation and decoherence dynamics in small systems of molecular excitons
with the emphasis of on recent 2D spectroscopic experiments and the dynamics of co-
herence between electronic excited states. Note that, in this paper, full refers to the
equations where no secular approximation has been applied. These equations are still
of second order perturbation theory in the system-bath coupling.

The paper is organized as follows. The next section introduces Hamiltonian descrip-
tion of an aggregate of small molecules embedded in a protein or solid state environ-
ment. In Section 3 we describe the details of four different EM for the RDM describing
electronic states of a molecular aggregate. Two-dimensional coherent spectroscopy, and
non-linear spectroscopy in general are introduced in Section 4. In Section 5 we present
and discuss numerical results comparing different theories of relaxation on calculations
of coherence life time and 2D spectra.

2 Model Hamiltonian

The investigated molecular system is an aggregate composed of N monomers embedded
in protein environment. Let us first consider a monomeric molecule (a chromophore)
embedded in the environment, but insulated from interaction with its neighboring
monomers. The monomer Hamiltonian has a form

o™ = (Egm) +T(Pm) + Vg(m)(Qm)) |gm) {gm|

+ (8 TP + VE (@) ) lem) (el (1)
(m) _(m)

where |gm), |em) denote electronic ground and excited states, and €4 ’, €¢ = repre-
sent electronic energies of these states. The kinetic term T'(Pp,) and the potential terms
Vg(m) (Qm), Ve(m) (Qm) represent the intra-molecular DOF and the protein environment
(bath or reservoir) interacting with these states. By Qm (Pm) we denote the (possibly
macroscopic) set of coordinates (impulses) describing both the intramolecular nuclear
DOF of the m-th monomer as well as the DOF of its surroundings. The total Hamil-
tonian of the monomer can be split into the system, reservoir and the system-reservoir
coupling terms

HE = e{™ |gm)(gml
e + (V™ (@Qm) = V™ (@m))e)lem) eml | )
HE' = [T(Pn) + V{™ (Qm)]
% (Igm)(gm] + lem) {em|)
= [T(Pm) +Va™ (@m)] ®1, (3)
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Here, (A(Q))eq represents averaging of an arbitrary @Q—dependent operator over
equilibrium state of the bath. By this choice of the splitting we have assured that
A@(m)(Qm) = 0 for the system in equilibrium. To simplify the notation, we redefine
electronic energy of the excited state to include the equilibrium average of the potential
energy difference between the electronic excited and ground states, 52’”) = eé”” +
(Ve(m)(Qm) — Vg(m)(Qm))eq and we drop the tilde over Eém) further on in this paper.

An aggregate built out of these monomers can be represented on a Hilbert space
composed of collective aggregate states. We define the aggregate ground state

N
l9) =TT ®lgm), (5)
m=1

states with a single excitation

n—1 N
fun) = I @lgm) @ len) [] ©lgme)s (6)
m=1

m’'=n+1

and multi-excited states in an analogical manner. We drop the sign ® in further consid-
eration for the sake of brevity. The Hamiltonian of the aggregate is constructed using
the energies of collective states

—int
Hg" """ = eglg)(gl

+ " (Aen + 2) [un)(un| + h. e t., (M

n

where gg = > E_((]n)7 Q=N1'Y, e and Ay = & — 2+ > msn E_((]m). The
abreviation h. e. t. denotes higher excitonic terms. Due to the fact that the monomers
are positioned in a tight aggregate, we have to account for the interaction energy
between their excited states. The interaction energy between states |um) and |un) will
be denoted Jmn, and the corresponding contribution to the total Hamiltonian reads

Hg"t _ Z (Jnm|un){um| + c.c.) + h. e. t.. (8)

n#m

Due to the off-diagonal terms Jinn the collective states defined in Eq. (6) are not
eigenstates of the total Hamiltonian Hg = ng"*i"t + H". Although the basis of the
states |g), |un) and multiple-excitation states of the aggregate provides efficient means
for defining the Hamiltonian, it is more practical to switch into the basis of eigenstates
of the Hamiltonian Hg. One of the reasons is that while matter interacts with light,
the differences between eigenenergies of Hg define the resonant transition frequencies.
The system—bath coupling part of the aggregate Hamiltonian reads

Hs p= ZA@nlun><un| +h.e. t., 9)
n



and thus no terms in the total Hamiltonian couple the ground state with the first excited
state or higher excited state bands. In fact, the total Hamiltonian splits into blocks
separated approximately by the energy hf2 (see Fig. 1). This reflects the neglecting
of all adiabatic couplings, which are supposed to be so weak that they do not lead to
transitions on the time scale of interest (femto and picoseconds). This property is well
justified e.g. for chlorophyll systems.

For the subsequent use in this paper, we denote the eigenstates of the total elec-
tronic Hamiltonian Hg by |@a), a = 1,..., N, for single exciton states formed as linear
combinations of single excitation states |upn) and |Ug),a = N+1,..., N+ N(N —1)/2,
for two-exciton states formed from the linear combination of pairs of single excitation
states.

3 Second order relaxation theories

In this section we consider interaction of the electronic system described by the Hamil-
tonian Hg with a macroscopic bath composed of the DOF of the molecular surround-
ings. Standard approach to such a problem is to derive EM for reduced density operator

p(t) = trW (t), (10)

where trpg is a trace over the bath DOF and W (t) is the total density operator. The
derivation is conveniently achieved via projection operator technique [27,37]. Two
general schemes exist. First, so called Nakajima-Zwanzig identity leads to integro-
differential, i.e. time-non-local master equation for the RDM with a convolution mem-
ory term. Alternatively, a different projector operator identity can be used to derive EM
which is time-local, leading to so-called convolutionless master equation [37]. Interested
reader can refer to Refs. [25,26,37] for details of the derivations and comparison of the
two schemes. Below, we will use specific second order approximation to the general
equations.

3.1 System-Bath Coupling

We will now assume the interaction Hamiltonian in a form of Eq. (9) where index n
now runs through all relevant single-exciton and multi-exciton states

Hp =Y AbpKn. (11)
n

Correspondingly, Kn = |un){un| for single excitonic states. the system-bath interac-
tion contribution can be conveniently expressed via so-called bath (or energy gap)
correlation functions defined as

Crnn (1) = tro{Up(—7) AP Up(T) A®rweq } (12)

Here, we have chosen a specific form of the bath density matrix w = weq, where weq
is the equilibrium density matrix of the bath DOF. Defining also an operator

Am(7) =D Con(r)Us (1) KnUL(7) (13)



2D

\
S

7/
/7
/7
K
@) A
! )
¢ L7
: N\
A S
Abs Abs

Q) Q

£, 2)

Fig. 1 Illustration of the level structure of an excitonic system. The excited states |en) of
N monomers with transition frequency (2 (left part of the figure) split due to the resonance
interaction into N one exciton states |@y,) (right). Absorption spectra of ensembles of non-
interacting (left) and interaction (right) monomers. The system also exhibits higher excitons
states (two-exciton states |Uyn) are depicted here), with {2 being the mean transition frequency
from the one- to two-exciton bands. A pictorial 2D spectrum with peaks resulting from transi-
tions between the ground- and one-exciton states (red arrows) and one- and two-exciton states
(blue arrows) is presented in the upper left corner of the figure. The transitions between the
ground- and one-excitons states lead to positive contributions to the 2D spectrum (absorption
and ground state bleach), while the transitions between the one- and two-exciton states result
in a negative contribution (excited state absorption).



and a superoperator M(?)(7) such that

M ()A ="K, A (7)Us(1)AUs(~7)

—Us(r) AU (—7) Af (7)) -, (14)
the EM for the RDM can be rewritten either is a time local form as

8 p(t) = ~isp(t)

t—to

=Y [ drln ()00 - o017 (15)
Mmoo

or in a time non-local form as

8 ptt) = ~itsp(t)
t—to
=Y [ el An(n)Us(r)ote = 7)Us (=)
mo0
~Us(r)plt — 7)Us(—7) Aby ()] (16)

It is important to note that the two equations and their solutions differ. They are
differnt second order approximations to the exact equation of motion for the RDM

Provided we can supply a model for the correlation function Cyn(7) we are in
position to write down the EM for RDM in terms of known quantities. The last step
necessary to implement these equations is to represent them in the basis of the eigen-
states of the aggregate Hamiltonian. We define

pab(t) = <aa|p(t)|ﬂb>7 a,b=1,...,N, (17)
Pab(t) = (Ualp(t)|Us),
a,b=N+1,...,N+N(N —1)/2, (18)

and in a similar manner for matrix elements of other operators and superoperators.
This leads to

%pab(t) = _iwabpab(t) - ZRabcd(t)pcd(t)v (19)
cd

with Rapeq(t) being the matrix elements of the superoperator defined by the r. h. s. of
Eq. (15), and
0 .
Epab(t) = _Zwabpab(t)
t—to

- Z / Mabcd(T)pcd(t - T)v (20)

cd |

with M peq(7) the matrix elements of the superoperator defined by the r. h. s. of Eq.
(16). All the quantities needed to calculate the matrix elements Rgpeq(t) and M peq(t)
are known provided the energy gap correlation function is know.



3.2 Energy gap correlation function

As a suitable model of the energy gap correlation function we choose so-called multi-
mode Brownian oscillator (BO) [3]. In general, Brownian oscillator model can interpo-
late between underdamped intra-molecular DOF and (usually) overdamped bath DOF
representing the immediate surroundings of the molecule. In this paper, we assume the
correlation function of the energy gap of each molecule in the aggregate to be the same,
and independent of neighboring molecules, i.e.

Cap(t) = C(t)dap- (21)
The correlation function C(t) is taken in a form of the overdamped BO model

C(t) = —ihaAe Al sgn t

+AAh coth (ﬁh/l) _Alt‘ 4/1)\ Z

—vn|t|

e (22)

with
L

Yn = B » b= k:—T
Here, A is the reorganization energy, vy, are so-called Matsubara frequencies, kg is
the Boltzmann constant, 7 is the thermodynamic temperature and 7 is the so-called
bath correlation time. The BO form of the correlation function satisfies all general
constraints put of a correlation function by thermodynamics [3]. Apart of the tem-
perature which we assume to be 7 = 300 K in all calculations in this paper, the BO
model is determined by two parameters only; by the reorganization energy A which is
experimentally related to the Stokes shift S = 2\ and by the bath correlation time ..
BO is a widely used, well physically motivated, but not the only possible model for
the bath correlation function. Implications of other forms of the correlation function
for the RDM dynamics will be studied elsewhere.

(23)

3.3 Secular and constant relaxation rate approximations in the energy eigenstate basis

Egs. (19) and (20) are systems of coupled (integro-) differential equations for the ele-
ments of the RDM. From the first terms on the r. h. s. we deduce that the element p (¢)
oscillates with a frequency close to wgp. It is often justified to assume that two terms
oscillating on different frequencies are independent of each other. For their envelopes
ﬁab(t) = eiwabtpab(t) we have

pab Z 7zabcd l(wab_de)tﬁcd(t)7 (24)

and integration over time has therefore a relatively smaller contribution when wg, —
weq # 0. Neglecting these contributions, usually termed secular approzimation [27],
leads to setting

Rabea(t) =0, (25)

for all term except when a = cand b = d , or a = b and ¢ = d. The interpretation of
the remaining non-zero terms is simple. The terms R qpp(t) for a # b represent rates
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of transition from level denoted by index b to a level denoted by a. The term Raaaa (t)
corresponds to the total transition rate from the level a to all other levels. The terms
Rabap(t) (a # b) are rates of the damping of a coherence element p,p(t). In secular
approximation, the dynamics of populations of electronic levels is thus decoupled from
the dephasing of coherences. The terms other then population tranfer and dephasing
rates will be refered to as non-secular terms, here. The processes related to these terms,
such as coherence to coherence transfers, or coherence to population transfers, will be
refered to as non-secular processes or coherence transfer processes.

The above arguments for the secular approximation apply also to the integro-
differential equation (20), and we can thus define four different second order EM for the
RDM, with different levels of approximation. From the perspective of our derivation,
the most general second order equation is Eq. (20), which we have denoted full TNL.
The convolutionless Eq. (19) denoted full TL can be regarded its approximation, but
it can also be alternatively viewed as derived by different cummulant approximation,
see Refs. [25,26]. The set of four methods investigated here is completed by applying
secular approximation to the full TNL and full TL equations.

All four sets of EM we consider here are extensions to the two well-known constant
relaxation rate theories. To arrive at the well-known Redfield equations [27], one can
assume certain coarse graining of the RDM dynamics so that all significant changes
to the p(t) occur on a time scale much longer than the correlation time 7. Then time
to in Eq. (15) can be put to —oco and the integration limits are then from zero to
infinity. The relaxation tensor R thus becomes time independent. If we, on the other
hand, consider the decay of C(t) to be much faster than even the transition frequencies
between electronic levels, we can assume C(t) =~ Cyd(¢) and Eq. (15) has the well-known
Lindblad form [38,27]. Only for the Lindblad form and for the Redfield equations in
secular approximation, it can be shown that the diagonal elements of p(t) are always
positive. For all other equations we have derived here, this assertion cannot be proven
in general. This is a consequence of the fact that they are derived in a low order of
perturbation theory.

4 Non-linear Spectroscopic Signals

Non-linear spectroscopic signals are very well described by time-dependent perturba-
tion theory [3]. The EM, Egs. (15) to (16), can be extended by semiclassical light-matter
interaction term. This yields

%p(t) = —iLgp(t) = Dlp(®)](t) +iVp(t) E(?), (26)
where E(t) = n - E(t) is the projection of the external electric field vector E(t) on the
normal vector m in direction of the molecular transition dipole moment. The symbol
Dip(t)](t) represents the relaxation term chosen from the full TNL, full TL, secular
TNL or secular TL equations of motion. The superoperator V is a commutator with
the dipole moment operator p = nu, so that for an arbitrary operator A we have

VA= %[H, ne 27)
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4.1 Third-order non-linear response theory

Non-linear optical signals are related to the RDM via polarization
P(t) = tr{up()}. (28)
In particular, for the third order non-linear signal Egs)(t) one can write
EP (1) ~ iwP® (1) = iw tr{pp® (1)}, (29)

where the upper index (3) denotes that the quantity is of the third order of the pertur-
bation theory with respect to the external electric field E(t). By defining the evolution
superoperator U (¢) which fulfills Eq. (26) with E(¢) = 0 we can write the third order
perturbation term as

P (t) = —i / / / drsdradmU(3)VU(T2)VU(T1) Vo
0 0 0

XB(t —13)E(t — 13 — 72)E(t — 73 — 70 — T1). (30)
In experiment, the laser field is often prepared in a form of three incident pulses
E(t) — Al(t _ tl)ef’ile(tftl)ﬁ*ikl’!‘

+A2 (t _ t2)6—i92 (t—t2)+ik27‘

—1i823 (t—tg)-‘rikg'l‘

+A3(t —t3)e +c.c, (31)

with different k-vectors k1, ko and k3. In the rest of the paper we assume 21 = 25 =
23 = 2, A1(t) = Aa(t) = A3(t) = A(t). The expression obtained by inserting Eq.
(30) into Eq. (29) can be significantly simplified in cases where the system consists
of a ground-state and a band of excited states, with the transition frequency close to
resonance with the laser pulse frequency 2, and by assuming the laser pulses are ultra
short, i.e. A(t) ~ Epd(t). For an experiment which detects non-linear signal emitted
in the direction —k; + ko + k3, the third order signal has a frequency ~ (2 and it is
obtained from just a handful of response functions that represent certain contributions
to the triple commutator in Eq. (30). The details of the derivation can be obtained e.g.
in Ref. [11].

If the delays between the pulses are selected such that 7 denotes the delay between
the first (k1) and the second (k2) pulses, and T' denotes the delay between the second
and third (k3) pulse (e.g. t3 =0, to = =T and t; = —T — 7) we can write for the time
and the delay dependent signal field

Es(t,T,7) = Ray(t,T,T)

+R3g(t:T7 T) - RTf (t7 T7 T)7 T 2 07 (32)
Es(t,T,7) = Ri4(t, T,|7])
+Rug(t, T, |7]) — R;kf(t7 T,|r]), 7 <0. (33)

The absolute value in Eq. (33) originates from the fact that response functions R are
defined for positive time arguments only, and negative 7 is achieved by switching the
order of the k; and ko pulses. The individual response functions R are listed in the
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Appendix A. Most importantly, they consist of series of propagation of the density
matrix blocks by evolution operators obtained from the solution of EM. We have e.g.
(R)

Rag(t, T,7) = tr{pgellegeq (t)Veg

*XUeeee (T)Veg Ugege (T)Vae” po}s (34)

where the evolution superoperators V(R) act on an arbitrary operator A as a dipole

operator p,p from the right, i.e. V( )A = Apgp- The superoperator Vl%‘) is defined
analogically with the action of gy from the left. The indices e and g denote electronic
bands as denoted in Fig. 1. Thus, the above operators and the action of superoperators
on an arbitrary operator A are expressed in the basis of Hamiltonian eigenstates as

po = 19)(gl, (35)

Zun%n (36)

Ugege (1)]A] = ZU&%@%’ () {uum | Alg)lg) (un, (37)
Ueece (t [AT S vl @)

x<um/|Af;nmn;|Zn><un/|. (38)

Eqgs. (35) to (38) together with the Appendix A enable us to calculate expected non-
linear signal from the knowledge of the matrix elements of the evolution superoperator.
This type of knowledge can be obtained from solutions of the four different EM that
we presented in Section 3.

4.2 Two-dimensional Coherent Spectroscopy

Two-dimensional coherent spectrum, = (w¢, T, wr), is obtained from the non-linear sig-
nal by Fourier transforming the time and pulse delay dependent signal electric field
Eg(t,T,7) along the ¢t and 7 variables [8,11] as

o ] o0
S(wi, Ty wr) = / dt / drEs(t, T, 7)e™t! =T, (39)

— 00 — 00

The Fourier transform in 7 yields an wr dependence that is formally similar to linear
absorption spectrum, while the transform in ¢ yields generalized absorption and stim-
ulated emission from a non-equilibrium state created by the first two laser pulses. 2D
spectrum thus represents a 2D absorption/emission and absorption/absorption corre-
lation plot. During the pulse delay time 7" the system evolves both in the electronically
excited state and in the ground state, but no optical signal is generated. Relaxation
of populations in the electronically excited band leads to evolution of non-diagonal 2D
spectral features, so-called cross-peaks. Cross-peaks appearing at T' = 0 are a signature
of excitonic origin of the observed excited states. The 2D cross-peaks oscillate in T" as
long as the corresponding electronic coherence elements of the reduced density matrix
are oscillating. The life time of the electronic coherences can thus be estimated directly
from the T" dependent sequence of 2D spectra [12,14].
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Table 1 Parameters of the model trimer. The parameter €,, represents the transition energy of
n—th monomer, transition dipole moments d,, are taken relative to some value dg. Parameters
hn and ag are explained in Fig. 2.

n g | e |t [ e | e | B
1 9850 1 0 0 0.65 0 0

2 10000 —0.94 0.34 0 2.15 10 60
3 10150 —0.94 0.34 0 0.9 10 120

5 Numerical Results and Discussion

In this section we study dynamics of model aggregate viewed via population and coher-
ence dynamics and via 2D coherent spectrum. We define a simple model aggregate for
which we calculate excited state dynamics including evolution of coherences between
electronic states, linear absorption and 2D spectra at chosen population times. Calcula-
tions of linear absorption, which require only knowledge of the time evolution of optical
coherences, are performed using the secular time local equation, since it is known to
yield exact result at least for some models [35]. Population dynamics is calculated using
all four methods we discussed in Section 3, and the results are compared.

The simplest model of an aggregate that can exhibit all effects observed in Ref.
[14] is a trimer. The geometry of the studied models, together with the meaning of the
parameters is presented in Fig. 2. In Tab. 1 we summarize the main parameters of the
model. Because we are not interested in the absolute amplitude of the absorption or
2D spectra we assume the transition dipole moments d;, to be taken relative to some
value dg. All three resonance couplings J between the molecules are set to J = 200
em ™! for the calculations presented here.

The values of the transition dipole moments, together with the exciting light in-
tensity, determine the initial condition for the population dynamics. We assume that
the excitation light intensity and the value of the transition dipole moment are such
that the system is only weakly excited. The total population of the excited state band
is normalized to 0.01. The relative values of the transition dipole moments are chosen
so that the linear absorption spectrum (see Fig. 3) shows peaks of roughly the same
height. Two peaks originating from the energetically lowest and the energetically high-
est states dominate the spectrum, the third level contributes as a shoulder to lowest
energy peak.

Two parameters that influence the coupling for the model system to the bath are
reorganization energy A and correlation time 7.. We vary these parameters in the range
that can conceivably represent chlorophylls in photosynthetic complexes (see e. g. Refs.
[39,40]).

5.1 Population relaxation and evolution of coherences

First, we compare relaxation dynamics of populations of excited state of our ag-
gregate after excitation by an ultrashort laser pulse. TL equations of motion where
solved by standard numerical methods for ordinary differential equations provided by
the Mathematica® software. For the TNL equations we used fast Fourier transform
method. Figure 4 presents the first 1 ps of the population dynamics after a d—pulse
excitation of the trimer from Tab. 1 at the temperature 7 = 300 K. Reorganization en-
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Fig. 2 Geometry and parameters of a trimer aggregate. One monomer is chosen to be po-
sitioned at the origin of the coordinate system, with the transition dipole moment pointing
along the x axis. The positions of the transition dipole moments of the other two molecules in
space are characterized by their distance h2 and hs from the origin of coordinates and by the
angles ap and a3. Orientations and lengths of the dipoles are given in Tab. 1. In our example
we assume that the aggregate is planar.

ergy A = 120 em ™! and correlation time 7. = 50 fs are the same at all three monomers.
The dynamics with the same parameters for a selected coherences element p;3(t) is pre-
sented in Fig. 5. The overall conclusion is that all four methods yield a similar general
behavior for the populations, with some difference at the short time evolution and also
slightly different long time equilibrium. Examination of the Figure 5 leads us to the
conclusion that the methods yield two different results - a short coherence life time for
the time local methods, and a relatively longer life time in case of the time non-local
methods. The behavior of the coherence p13(t) represents a general tendency that we
have observed for all electronic coherences over a wide range of parameters.

Let us now concentrate on short time behavior of the populations and coherences
in more retail. In the short time evolution of the coherences the four methods group
into two distinct groups with short (TL methods) and long (TNL methods) coherence
life time. Whether the underlying equation is secular or not seems to have only a little
influence on the coherence dynamics. Fig. 6 shows the short time (0 — 400 fs) compar-
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Fig. 3 Linear absorption spectrum of the model trimer for various parameters of the system
bath interaction: (a) A = 120 cm~1, 7. = 50 fs, (b) A = 30 cm™! , 7. = 100 fs, calculated by
the secular TL theory (full lines) and the secular TNL theory (dashed lines).

ison of the population calculated by the four EM. In addition, short time population
dynamics calculated by constant rate secular and non-secular Redfield equations are
presented. We can clearly see that the results can be naturally grouped according to the
presence of fast oscillatory modulation of the population relaxation dynamics. In the
one group we have the full TL and full TNL methods, where such oscillations clearly
occur, the second group comprises the two secular methods with no oscillations present.
Thus, it can be concluded that the non-secular terms in the EM, which represent the
coherence transfer and transfer between populations and coherences, are the cause of
these oscillations. This is also supported by comparison of the population dynamics
of the full TL and full TNL equations from Fig. 4 (e.g. the population of the state
1). The oscillation on the full TNL curve last longer than those of the full TL one,
which reflects the longer coherence life time we have found for the TNL equations. In
comparison to the four time dependent theories, the calculation with constant rates
yields a completely different dynamics at at short times. This is consistent with the
idea of the slipage of initial conditions [41] during the interval roughly corresponding
to the length of bath correlation time.

Let us now discuss the long time limit of the time evolution. As expected, the two
secular theories yield the same equilibrium at long population times. This equilibrium
corresponds to the canonical distribution of population among the excitonic levels at
T = 300 K. In both secular TNL and secular TL cases, coherences have relaxed to
zero at long times as the inset of the Fig. 5 demonstrates. The non-secular TNL and
TL equations yield non-zero, stationary coherences at long times, and correspondingly,
the long time equilibrium populations do not correspond to the canonical thermal
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equilibrium. Although both non-secular theories converge to results different from the
canonical equilibrium, the full TNL equation yields populations that are physical at
all times for the studied system parameters, i.e. they are always positive. The full TL
equation on the other hand fails to keep probabilities positive at long times, and the
occupation probability of the highest electronic level becomes negative after 200 fs for
the parameters used on Fig. 4.

In light of recent experiments [14], the conclusion that time non-local theories
lead to a longer coherence life time than the time-local ones (i.e. also longer than the
standard constant rate theories) is probably the most interesting. We have performed
calculations of the RDM dynamics while varying the reorganization energy and the
correlation time. The absolute values of the coherence p13(t) elements were fitted by a
single exponential to estimate coherence life-time. The results are summarized in Fig.
7. The Fig. 7TA shows the results for secular TL and secular TNL equations. Clearly,
with growing correlation time 7¢, the full TNL equations lead to a increasing coherence
life time. The full TL equation shows only a very weak dependence of the coherence
life time on correlation time. Another interesting observation is that for correlation
time longer then 50 fs, the dependence of the coherence life time on the reorganization
energy A is different for full TNL and TL methods. Time local theory, in accordance
with the standard rate theories, predicts decrease of the coherence life time with A.
The full TNL theory predicts (within the parameter range studied here) an opposite
tendency. The Fig. 7B shows similar conclusion for the non-secular versions of the
theories, with the same difference between TL and TNL theory. The dependence of the
coherence life time on A in case of TNL equations is not monotonous.

5.2 Two-dimensional spectrum

As discussed in the Introduction, the secular TL equation of motion yields an exact
result for the dephasing of an isolated optical coherence [35]. One can show, by com-
parison of the absorption spectra calculated by secular TL and TNL methods (see Fig.
3), that the TNL theory leads to certain artifacts (second peak) and is therefore not
suitable for the description of the optical coherence evolution. Consequently, by the
TL theories one can hope to obtain valid results only for the evolution superoperators
at the first and the third time interval of the third order response functions by the
TL theories. In Ref. [42] it was shown that non-secular terms in the TL equations for
optical coherences lead to temperature dependence of the positions of excitonic bands
in absorption spectra. This dependence was shown to be strong when the electronic
states involved are characterized by significantly different reorganization energy [42,
34]. Indeed it can be shown for homodimer that the non-secular terms are exactly zero
in second order TL theory if the monomers exhibit the same reorganization energies
[34]. We can therefore expect the non-secular effects in the optical coherences to be
weak in our case, and we choose secular TL to calculate the evolution superoperators
in the first and the third time interval of the response function, Eq. (34).

Concerning the population interval, the situation is somewhat different. As we have
shown above, the non-secular TL theory leads to dynamics that breaks the positivity
condition for the population probabilities at long times. At the same time, short time
dynamics is very similar to the full TNL. Both theories predict population oscillations
during the life time of the electronic coherences. The full TNL equation, however,
preserves positivity, at least for the parameters studied here, and can be therefore used
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Fig. 4 First 1000 fs of the excited state population dynamics of a trimer with parameters
A =120 cm™ 1, 7. = 50 fs, calculated by all four methods. For these particular parameters, the
full TL equation breaks positivity of the RDM diagonal elements after 200 fs. Its prediction for
the populations of the lowest and highest levels is significantly different from the other three
methods.

to calculate meaningful 2D spectra. For the same reason, both secular theories can also
be successfully used to calculate 2D spectrum. As the oscillation of the populations
predicted by non-secular theories are too small to be reliably observed in 2D spectrum
(only a small change of the crosspeak amplitude due to the population transfer is
observed after 140 fs of relaxation in 2D spectrum of Fig. 8 ) we expect only a small
difference of the 2D spectrum to appear between the secular and full TNL theories. For
the calculation of the representative 2D spectrum we therefore choose the secular TL
and the full TNL theories. These two differ from each other mainly in the prediction
of the life time of the electronic coherences. The observable difference in the calculated
2D spectra should therefore predominantly result from the different life time of the
electronic coherence.

Fig. 8 presents 2D spectra for A = 30 cm™! and 7. = 100 fs. These parameters
lead to a rather slow relaxation and consequently to narrow spectral peaks in both
absorption (see Fig. 3) and 2D spectra. This allows us to clearly see characteristic
T—dependent oscillations of the peaks in 2D spectrum. At T" = 0 fs, both meth-
ods provide the same 2D spectrum, with four peaks. Two diagonal peaks arise when
all three perturbations of the system by electric field occur on the same level, while
two crosspeaks appear from interactions occurring on different levels. Negative peaks
correspond to excited state absorption (see Fig. 1). For two molecules that are not
excitonically coupled, all contributions to the crosspeaks cancel out exactly, while if
two molecules are excitonically coupled non-zero crosspeaks appear. The shapes of the
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Fig. 5 First 500 fs of the dynamics of the RDM coherence element pi3(t), with parameters
from Fig. 4, calculated by all four methods. Detail of the long time part of the time evolution
is presented in the inset.

peaks are influenced by the phase evolution of the coherence elements of RDM during
the population time 7. On the upper left figure of Fig. 8 we have marked the elongation
of the diagonal and off-diagonal peaks by arrows. The elongation can be best judged by
looking at the zero contour (in black). This particular elongation is characteristic for
the phase of the p13(t) element (see upper right figure of Fig. 8) at T'=0. At T' = 20
fs the phases of the p13(t) calculated by both methods are opposite to the phase at
T = 0. The 2D spectra calculated by the two different methods at 7" = 20 fs differ
only in the precise positions of the contours. This phase of the coherence element is
characterized in 2D spectrum by a different orientation of the peaks. Interestingly, at
T = 140 fs the two methods predict p13(t) that have mutually opposite phases and as
a consequence the 2D spectra at T' = 140 fs calculated by different methods differ in
the orientation of their crosspeaks. Since the secular TL theory predicts a simple de-
phasing of the coherence and a regular oscillation with a single frequency proportional
to the energy difference between corresponding energy levels, it is in principle possible
to distinguish, even experimentally, deviations from this prediction. Our conclusion is
that such a deviation should be a consequence of the memory effects in the reduced
system time evolution.
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Fig. 6 First 400 fs of the population dynamics of the trimer with parameters A = 30 cm~1!
and 7. = 50 fs. Results of full TL and TNL theories are presented in upper subfigure (A), the
secular results are found the the lower subfigure (B). In both figures, magenta lines represent
population dynamics calculated by constant rate Redfield theory.



20

500 < - Tt rr T 1T 7T
sl A .'
Q4007 =120 cm” y
£ 350 1
- 1] —e—21=80cm ]
S 01 L =30cm ]
© 2504 - TNL ]
&) ] ]
S 200- ‘ .
@ 150 i
c ] ]
S 1004 A:_/E/A TL ]
J A= = he - o - o Ae = o= = = —, A 4
50'_ - — —o- — — - — — — — = - — = == = ° T
1 e —
350 B J
Q ] 1
£ 3007 A =120 cm ]
L.(]_.) 2504 —e— ) =80 Cm_1 TNL _
E 200 —4a—21=30cm’ 4
o 150-
S Jp .
< 100- A7./ TL .
O 4 o A — A - - o Ao — — — — — A ]
50-_ - — —0— — —@- — — — — — g = = = = = ° T
0 T T v 1

40 60 80 ' 1(I)0 ' 150 ' 1:10 ' 1(I50 ' 150 ' 2(I)0 ' 220
Correlation time

Fig. 7 The life time of coherence p13(t) as obtained from fitting the coherence dynamics
calculated by all four methods for various parameters A and 7.. The upper subfigure (A)
shows the life times obtained by the secular methods, while the lower subfigure (B) presents
the same for non-secular methods.
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Fig. 8 Two-dimensional coherent spectra of the trimer model at population times T = 0,
20 and 140 fs calculated by the secular TL method (left column) and the full TNL method
(right column). The system-bath interaction parameters are A = 30 cm~! and 7. = 100 fs.
The coherence element p13(t), which is mainly responsible for the oscillatory behavior of the
crosspeaks, is presented in the upper right corner of the figure. The 2D spectrum at 7" = 0 fs
is the same for both methods and is therefore presented only once. The population times are
selected so that they represent different phases of the p13(t) element (denoted by arrows on
the coherence element figure). Arrows in the 2D spectra denote the orientation of the peaks.
All spectra are normalized to 1 with contour step of 10 %. Positive features are in full red line,
negative features are represented by dashed blue line, and the zero contour is depicted by the

full black line.
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5.3 Validity of secular and Markov approximations

Several conclusions about the applicability of the secular and Markov approximations
can be drawn from the above results. As pointed out in Ref. [35], Markov approxima-
tion, which in the second order in system-bath coupling converts the TNL equations
to the TL ones, leads accidentally to an exact result for an optical coherence element
interacting with the harmonic bath. It has been also pointed out previously [33,43]
that in the same case, the TNL equations lead to artifacts. When studying relaxation
dynamics of the populations and electronic coherences in excitonic systems, full TL
theory leads to a breakdown of the positivity of the RDM, while none of the secular
theories suffer from this problem. In principle, the full TNL theory suffers from this
problem, too [44]. However, it has been found less susceptible to it here. The secular
theories lead to canonical density matrix at long times, while the full TNL results in
a stationary state characterized by non-zero (but constant) coherences. Such result
corresponds to an additional renormalization of the electronic states by the interaction
with bath, and has to be expected even at a weak coupling limit [45]. It is important
to note in this context that the canonical equilibrium is to be expected for the system
consisting of the molecule and the bath as a whole, not for its parts [45].

For the population dynamics we are therefore forced to conclude that the full TNL
theory represents the best candidate for a correct description of relaxation phenom-
ena in the second order of the system bath interaction. It predicts similar population
transfer times as other methods, it is much less sensitive to the breakdown of the posi-
tivity than its TL counterpart, and it leads to a bath renormalization of the canonical
equilibrium. Most interestingly however, it predicts longer coherence life time than the
TL theory. It was recently established by Ishizaki and Fleming [33] that this is to be
expected from a higher order theory.

In the light of the above conclusions about the dynamics of optical coherences and
the populations and coherences of the one exciton band, we suggest a hybrid approach
to calculating 2D spectra, which consists of the application of the TL method on optical
coherences (first and third time interval) and the full TNL method on the calculation
of the RDM dynamics in the one exciton band during the population time 7.

6 Conclusions

In this paper we have compared four different theories of excitation energy transfer and
relaxation in molecular aggregate systems, with a special attention paid to lifetime of
electronic coherences. Second order time non-local and time local theories with and
without secular approximation were studied. For our specific model of an aggregate we
have concluded that time non-local theories can account for experimentally observed
electronic coherence life time that is significantly longer than the one predicted by the
standard time-local secular relaxation rate theory. Markov approximation leading to
time local EM was found to be responsible for the reduction of the coherence lifetime,
while the influence of the secular approximation on the life time was found rather weak.
The time local theory without secular approximation is found to break positivity of
the occupation probabilities in the range of parameters studied here. We conclude that
time-local second order theory is not suitable for simulating the coherence transfer
effects. Simulations of two-dimensional spectra show that the time non-local effects
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can be experimentally identified based on the analysis of the oscillations of the cross
peaks.
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A Third Order Response Functions

In this appendix we list the third order response function used in calculating the impulsive 2D
spectra. The first index of the response function follows the standard notation of Ref. [3]. The
second index is g for pathways not involving the two-exciton band, while all pathways denoted
by f include a two-exciton contribution (see e.g. Ref. [11]).

Rag(t,T,7) = tr{jgellegeq (V5

*XUecee (T)V5e Uegeg (1) po}, (40)
Rag(t,T,7) = tr{ugeuegeg( Vi
xUeeee (TYVE Ugege (T)VEE po}, (41)
Rag(t,T,7) = tr{pgelegeq (Vg
XUgggg (T )V ugege( )Vée' PO}, (42)
Rag(t,T,7) = tr{ﬂgﬁ”ﬂgeg( )Vég)
Xugggg(T) ge uegeg( )Vegg)PO} (43)
Rip(t,T,7) = trippelheses (V]
XUeeee(T)VSD Uegeq (T)VEY po} (44)
Rog(,T,7) = tr{pselleses OV}
KUeeee (TYVEG Ugege (T)VE po}. (45)

Operators and superoperators used in this appendix are defined in Section 4.1.
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