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Abstract

In this paper, we study the compactness in L}, of the semigroup (S;);>0 of entropy weak solutions
to strictly convex scalar conservation laws in one space dimension. The compactness of S; for each
t > 0 was established by P. D. Lax [10]. Upper estimates for the Kolmogorov’s e-entropy of the image
through S; of bounded sets in L' N L> were given by C. De Lellis and F. Colse [5]. Here, we provide
lower estimates on this e-entropy of the same order as the one established in [5], thus showing that
such an e-entropy is of size ~ (1/¢). Moreover, we extend these estimates of compactness to the case
of convex balance laws.

1 Introduction

Consider a scalar conservation law in one space dimension
u + f(u)z =0, (1)

where u = u(¢, x) is the state variable, and f: R — R is a twice continuously differentiable, (uniformly)
strictly convex function:
f"luy>c>0 VueR. (2)

Without loss of generality, we will suppose
f'(0) =0, 3)

since one may always reduce the general case to this one by performing the space-variable and flux
transformations * — = +tf'(0) and f(u) — f(u) — uf’(0). We recall that problems of this type do not
possess classical solutions since discontinuities arise in finite time even if the initial data are smooth.
Hence, it is natural to consider weak solutions in the sense of distributions that, for sake of uniqueness,
satisfy an entropy criterion for admissibility [4]:

u(t,z—) > u(t, z+) forae t>0, VzeR, (4)

where u(t, 74) denote the one-sided limits of u(t,-) at x. The equation (1) generates an L!-contractive
semigroup of solutions (S;);>0 that associates, to every given initial data ug € L'(R) N L*°(R), the
unique entropy admissible weak solution S;ug = u(t, -) of the corresponding Cauchy problem (cfr. [4, 9]).
This yields the existence of a continuous semigroup (S;):>¢ acting on the whole space L'(R). Such a
semigroup S; was shown by Lax [10] to be compact as a mapping from L'(R) to L}, .(R), for every ¢t > 0.

De Lellis and Golse [5], following a suggestion by Lax [10], used the Kolmogorov’s e-entropy concept,
which is recalled below, to provide a quantitative version of this compactness effect.
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Definition 1. Let (X,d) be a metric space and K a totally bounded subset of X. For e >0, let N.(K)
be the minimal number of sets in a cover of K by subsets of X having diameter no larger than 2. Then
the e-entropy of K is defined as

H.(K | X) = logy N.(K).

Throughout the paper, we will call an e-cover, a cover of K by subsets of X having diameter no larger
than 2e.

De Lellis and Golse obtained an upper bound for the e-entropy of the set of solutions to (1) at any
given time ¢t > 0, as ¢ — 07; that is to say, they showed how strong is the compactifying effect. Precisely,
they established the following result.

Theorem 1 ([5]). Consider a twice continuously differentiable f : R — R, satisfying (2), (3). Given
any L,m, M > 0, define the set of bounded, compactly supported initial data

Cit.man = {uo € LNR) N LX(R) | Supp (o) C (<L, I, uollzr < m, Juollz= < M} (5)

Then for € > 0 sufficiently small, one has

H(St(Clrman) | LR) < 2 (“;p +4L<T>\/ff;> VT >0, (6)

with
L(T) = L+2 sup |f"(2)|\/2mT/ec. (7)
|z|<M
The aim of this paper is to show that the e-entropy estimates provided by Theorem 1 turn out to
be optimal, since we shall establish a lower bound on such an e-entropy which is of the same order
as De Lellis and Golse’s upper bounds. Hence, we deduce that He(S7(Cipm ) | L*(R)) is exactly of
size ~ 1. Precisely, we prove the following.

Theorem 2. Under the assumptions and in the same setting of Theorem 1, for any T > 0, and for
e > 0 sufficiently small, one has

1 L
3

He (St (Croman) | L'(R)) > = 48 -In(2) - | f7(0)| T° .

As suggested in [10], the knowledge of the e-entropy magnitude of the solution set of (1) may play
an important role to provide estimates on the accuracy and resolution of numerical methods for (1).

The main steps of the proof of the lower bound (8) consist in:

1. Introducing a suitable class of piecewise affine functions and showing that any element of such
a class can be obtained, at any given time ¢, as the value u(t,-) of an entropy admissible weak
solution of (1), with initial data in Cjz ,, ar-

2. Providing an optimal estimate of the maximum number of functions in such a class that can
be contained in a subset of St (Ciz,m, ) having diameter no larger than 2e. This estimate is
established with a similar combinatorial argument as the one used in [1].

Remark 1. Since by (2), (7), we have L(T)\/iE < LQ(ZT)2, one derives from (6) the estimate
1 24 L(T)?
He(Sr(Cirman) | L'(R)) < — %

é - W of the lower bound (8) turns out to be the same as the one of the upper

bound on the e-entropy of St(Ciz,m,n) provided by Theorem 1, upon replacing L with L(T'), and |f"(0)]
with c.

Therefore, the size



Next, we address the more general case of convex balance laws. Namely, given a twice continuously
differentiable map f : R — R satisfying (2), (3), we will analyze the compactifying effect of the balance
law

ug + f(u)e = g(t,z,u). 9)

As for (1) we will consider weak solutions of (9) that satisfy the entropy admissibility condition (4). The
source term is assumed to be a continuously differentiable map g : RT™ x R x R — R, that satisfies the
following assumptions:

g(t,z,0) =0 V (t,z) € RT x R, (10)
3C >0 st. |ga(t,z,u)] < Clu| V (t,z,u) ERT x Rx R, (11)
Jw e Ly, (RY) st. |gu(t,z,u)| < w(t) for a.e. t € RT, V (2,u) € R?. (12)

In particular, (10), (12) together imply
Jwe L (RY) st. |glt,z,u)| < w(t) - |ul for a.e. t € RT, V (x,u) € R?. (13)

Under assumptions (12) or (13), for each ug € L*(R) N L>°(R), there exists a unique entropy admissible
solution u(t, z) of (9) with initial condition u(0,-) = uo, see [4, 7, 9].

Remark 2. Condition (10) in particular implies the fact that the source term g, if not zero, does depend
on u, since otherwise one would have g = g(t,x) = 0, for all t,z. Because of (10), all solutions u(t,-)
to (9) with initial data of compact support remain compactly supported for all times t > 0.

We shall denote by E; the evolution operator that associates, to every initial data ug € L*(R)NL>(R),
the entropy admissible solution Eyug = u(t, ) of the corresponding Cauchy problem for (9). We establish
the following.

Theorem 3. Let f : R — R be a twice continuously differentiable map that satisfies (2), (3), and
g:RT xR xR — R be a continuously differentiable map that satisfies (10), (11), (12). Then, in the
same setting of Theorem 1, for any T > 0 and for € > 0 sufficiently small, one has

1 L?-exp (= |wllo,m) (14)
! .

He(Br(Clrman) | E(R) 2 2 = v o) 7

Since balance laws are not considered in [5], following the same lines of the proof in [5] we also establish
the same type of upper bound for H.(E7(Ciz,m, ) | L'(R)) as the one given in Theorem 1.
Let us introduce the following notations. Given ¢t > 0, M > 0 and a,b € R with a < b, we set

Bupe M) = {(5,2) 15 € 0,8], a= (=5 1l yny S 0HE=5) I e yyan ) (09)

and
kap (M) = max{|gz(s,x7u)\ ; (s,2) € Agpi(M), ue[—M, M]} (16)
We obtain the following result.

Theorem 4. In the same setting of Theorem 1, assume that f : R — R is a twice continuously differ-

entiable map that satisfies (2), (3), and g : R* x R x R — R is a continuously differentiable map that

satisfies (10), (12). Then, for € > 0 sufficiently small, one has

SL(T)? - (1 +2(1+ ¢T?Ky 1) exp (”‘*’HLI(O,T)))
cT

H.(Er(Czmam) | L'(R)) < v T >0,

™ | =

where
. 1 2mT
L) = L4 2 e g s\ e [L+ TVERLT | - explllwl, o 1)

Krr =k ry L. 7(Mr),



with

Ly = L+ /"], MrT,

—Mr, Mr)

and

My = exp (|l 1) - M-

L1(0,T)
Remark 3. Theorems 3 and 4 remain true if the source term has the form g = g(t,u), and satisfies
only the condition (12), together with g(-,0) € L}, .. Clearly, in this case, the solution u(t,-) of (9) will
not be in general compactly supported, but instead the difference between u(t,-) and the solution of (9)
with zero initial data has always compact support. So, it will be convenient to compute the e-entropy of
the translated set E7(Cip m,a) — ET0, which obviously coincides with the one of E1(Cirm, ). In this

way we will see in Subsection 4.3 that one can establish, for ¢ > 0 sufficiently small, the estimate

S L@ 2ep(ul, )
H.(Er(Cirmn) | LH(R)) < o T vT>0, (17)
where
. 2mT
LOZLA2 e e g\ e el o 1)
with

82 = exp((fll 20,0 (M + 119 0)]l 2 0.1):

Moreover, for any T > 0, and for € > 0 sufficiently small, we derive the estimate

1 L -exp (= |wlro,m)
e 24-(2) - [f"oo(cram T

He(Br(Cipm) | L'(R)) > (18)

where
Gr =14 g(-,0)llz 0,7y exp(llwll L1 (0,7))- (19)

As a final remark, we observe that it would be interesting to provide upper and lower quantitative
compactness estimates for the solution set of genuinely nonlinear 2 x 2 systems of conservation laws
(whose L}, compactness follows from the estimates provided in [6], as observed in [11]), while it remains
a completely open problem whether such a compactness property continues to hold (and possibly derive
similar quantitative estimates) for general systems of N conservation laws with genuinely nonlinear

characteristic fields.

The paper is organized as follows. In Section 2 we provide a tight lower bound for the e-entropy of the
solution set of a convex conservation law, establishing Theorem 2. In Section 3 we derive an Oleinik type
inequality for convex balance laws with smooth source term, and then extend the results of Section 2 to
the case of convex balance laws, proving Theorem 3. Finally, in Section 4 we derive an upper bound for
the e-entropy of the solution set of a convex balance law, proving Theorem 4; also, we prove Remark 3.
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2 Lower compactness estimates for conservation laws

2.1 Proof of Theorem 2

For arbitrary positive constants L, M, m and b, let us consider the set

A[L,m,M,b] = {UT S BV(R) ‘ Supp (UT) C [—L,L}, ||UTHL1 S m, ”uTHLOC S M? DU‘T S b}7



where the last inequality has to be understood in the sense of measures, i.e. the Radon measure Dur
satisfies Dur(J) < b- |J| for every Borel set J C R, |J| being the Lebesgue measure of J. We obtain a
proof of Theorem 2 as a consequence of the following two propositions that shall be established below.

Proposition 1. Suppose that f : R — R is a twice continuously differentiable map satisfying (2), (3).
Then, given any L,m, M,T > 0, for

m L
<h<min(M, —, ——+— 2
o< (00,5 v ) 2

sufficiently small, one has
ALz, Lh, n, 21157 0))-1] C ST(Clr,m 1)) (21)

with
Ly = L-=2T|f"(0)] - h. (22)

Proposition 2. Given L,m,M,b > 0, for any € > 0 satisfying

i M
¢ < Min(m, LM) (23)
6
one has bL?
1 2
HE Ll R > —_ . . 24
(Azmary | LH(R)) = e 27In(2) .

Notice that the lower bound (24) is independent on m and M, which appear only in the constraint (23).
Moreover, because of (20), the constant Ly given by (22) satisfies Ly > (3/4)L. Hence, applying (24),
with L = Ly, b = (2T'|f"(0)|)~*, and relying on (21), we recover the estimate (8), which proves Theo-
rem 2.

2.2 Proof of Proposition 1
1. We shall first prove the inclusion

Az onn,n, @11 ©0))-1 N CHR) C ST(Clrm, ), (25)

(CY(R) denoting the set of continuously differentiable maps on R with values in R). More precisely, we
will show that any element ur € C!(R) of the set on the left-hand side of (21) can be obtained as the
value at time T of a weak admissible solution to (1), which is backward constructed starting from ur by
reversing the direction of time. Namely, given

ur € AiLy, arh,n, i) -1 N CHR), (26)

set
wo(z) = up(—x) vV zeR, (27)

and consider the entropy weak solution w(t,xz) = Siwg of (1) with initial data wy. By well-known
properties of solutions to scalar conservation laws, and because of (20), (26), w verifies the L' and L
bounds (cfr. [4, Theorem 6.2.3, Theorem 6.2.6]):

[w(t, )L < llwollrr < 2Lh <m,

vVit>0. (28)
[w(t, )L < [wollLe < h < M,
Next, observe that the function
u(t,z) =w(T —t,—x), (t,x) €10,T] x R, (29)

is a weak solution of (1) in the sense of distribution, which, by (27), clearly satisfies

u(T, ) = ur.



On the other hand, if we show that for all ¢t € [0, T,  — w(t, z) is smooth on R, it would follow that
u(t, z) automatically satisfies the admissibility condition (4) as an equality and thus provides an entropy
weak solution of (1) which attains the value ur at time T. To this end, recalling from (26), (27) that
wo(-) € CH(R), by the classical method of characteristics (e.g, see [2, Chapter 3]) one can show that,
setting

Ty = sup{r € [0, 7] |w(t,") € C*(R) Vte[0,7)}, (30)
there holds
T, <T = sup  Hm |lwy(t,-)||Le(—q,0) = 00- (31)
a>0 t—>T1—

Next, observing that the function
ot 7) = w,(t,2),

is the unique broad solution on [0,77[ xR of the semilinear equation
velt, @) + f'(w(t ) - va(t,2) = —f" (w(t, @) - v(t, 2)*
(e.g, see [2, Theorems 3.1 and 3.6]), it follows that the value
z(t) = v(t, z(t)), (32)
of v along a characteristic z(-) of (1) satisfies the equation
2(t) = —f"(w(t,x(t)) - 22(t), te][0,Ti]. (33)

As a consequence of (2), (33), we deduce that z(-) is decreasing on [0, T}, and thus one has z(t) < z(0)
for all ¢t € [0, T1[. Hence, if we show that

2(t) > =2(Tf"(0)™'  Vvo<t<T, (34)

it would follow that z(¢) is uniformly bounded on [0, 77 [ which, in turn, implies the uniform boundedness
of w,(t,x) for t € [0,T1], x € R. Therefore, by (31), to prove that T" = T3, it suffices to establish the
lower bound (34). Notice that by the continuity of z(-), in order to prove (34), it will not be restrictive to
treat only the case z(0) < 0. On the other hand recall that by (26), (27) we have z(0) > —(2Tf(0)) L.
Next, observe that by the continuity assumption on f”, we may assume that

3

7)< 5 £7(0), (3)

for |h| sufficiently small. Hence, relying on (33), (35), we derive (t) > —3 f”(0) - 2%(t), which yields

1 1 3., froT
Er R R T O L —
Clearly, from (36) we recover the bound (34). Thus, by the above observation we conclude that Ty = T,
and that u(t,") = w(T —t,—) € CYR) for all t €]0,T[. Therefore, to complete the proof of ur €
S7(Ci1,m,r), we only need to show that the initial condition u(0,-) = w(T,—-) is an element of the
set Cir,m, v defined in (5). By the estimates (28) we already know that w(0,-) satisfies the L' and
L% bounds of Cip,  a- On the other hand, observing that the solution w propagates along classical
characteristics, and relying on (3), (26), (27), (28), (35), we derive (for h sufficiently small) the bound
on the support of w:

VO<t<T. (36)

~—

Supp(w(t,-)) C [=1(1),1(1)], vt <[0,T], (37)
where [(t) = L + 3| f”(0)| - h. In turn, (37) together with (22) yields

Supp(u(0,-)) = Supp(w(T, —)) € [-L, L].
Hence, u(0,-) € Cjzm,a and the proof of (25) is completed.

2. In order to establish (21), observing that for any ur € Ajr, ph h,bols b0 = 2T|f"(0)))~1, the
map x — ur(z) — by x is nonincreasing, we may find a sequence of nonincreasing functions v# in C*(R),



such that v7.(z) < up(z) — bz, for all z € R, limy,, o0 ||V} —ugp 4+ bo - |2 =0, and |[v} +bo - |2 < 2Lh.
Hence, for any given ur € A1, Lh, h,by], We may consider a sequence {u%} C A[r,. 20k, h, bo] N C'(R,R)
such that lim,,_, |4} — up|/pr = 0. Let w"(¢,-) = Si(wg) and w(t,-) = Si(wp) be the entropy weak
solutions of (1) with initial data, respectively, w§(-) = u%(—-) and wo(-) = ur(—-). By the Ll-stability
property of the semigroup S; we deduce that w™(t,-) — w(t,-) in L' for all t+ > 0. On the other hand,
by the arguments at point 1., we know that the functions defined by setting u"(t,z) = w™ (T — t, —x)
are entropy weak solutions of (1), which attain the value u% at time T', and whose initial conditions
satisfy u"(0,-) € Ciz,m,nm, for all n. Thus, it follows that the Lj, -limit u of u™ provides an entropy
weak solutions of (1) as well, that u(0,-) € C(zm,, and that u(T,-) = ur, completing the proof of the
proposition. O

2.3 Proof of Proposition 2

1. Following a similar strategy as the one pursued in [1], we will establish a lower bound on the cov-
ering number N.(A[z m, arp)), Dy first introducing a two-parameters class of piecewise affine functions
in A{p, m, ), and next providing an estimate of the maximum number of such functions contained in a
subset of Az, 11,5 having diameter no larger than 2e. Namely, given any integer n > 2, and a constant
h > 0, for every n-tuple ¢ = (4;)i=0,..n—1 € {—1,1}" consider the function F, : R — [—h,h], with
support contained in [—L, L], defined by (see Figure 1):

h 2L
£<z+Lfk—) if =1, - o
n
F.(x) = Vee|—-L+k—, -L+(k+1)—|,

hn 2L i n n

—<x+L— (k—i—l)—) if o = —1,

2L n ke{0,...,n—1}.

A
h """""""""""""""""""""""""""""""""""""""""""""""
—L L
N 7 e L VA
Figure 1: The function F, for n =10 and ¢ = (-1,-1,1,1,1,-1,1,—-1,-1,1)
Notice that every F,, ¢ € {—1,1}", belongs to A(L,m, ) Provided that
h< M, hg%, nh < 2Lb. (38)
Moreover, given any ¢,7 € {—1,1}", one has
2hL N
17 = Fll,, = = —d(e.2),
where
d(e,7) = Card{k € {1,...,n} | tx W}
It follows that ne
IF, — ]-";||L1 <e <= d,1)< L

Notice that, given any fixed 7 € {—1,1}", the set Z;(¢) of n-tuples « € {—1,1}" such that d(:,7) < 575

depends on 7, but the number of elements of Z;(¢) is independent of the choice of 7. Denote C(¢) such a
number. By standard combinatorial properties, counting the n-tuples that differ for a given number of
entries, we compute

ne

Cle) = i (7;) (39)

=0



where |a] = max{z € Z | z < a} denotes the integer part of a. In order to provide an estimate of C(e),
we rewrite the right-hand side of (39) using the fact that, if X1,..., X,, are independent random variables
with Bernoulli distribution P(X; = 0) = P(X; = 1) = 3, then for any k < n one has

k

1 n

]P’(X1+~~+Xn<k:)—2nz<£>. (40)
=0

We may estimate the left-hand side of (40) setting S,, = X1 + - - - + X,,, and using Hoeflding’s inequality

([8, Theorem 2]) that, for any fixed p > 0, gives

202
P(S, —E(S,) < —p) < exp ) (41)
where E(S,,) denotes the expectation of S,. Since, by the above assumptions on Xi,...,X,,, we have

E(S,) = §, taking p = § — [ 577 ], k = | 557 |, and assuming

we deduce from (39)-(41) that

2. To obtain a large lower bound on the covering number of Az, a7 m 4], let us maximize the map

2
U(h,n) = 2 (1 _ i) :

2
with the parameters h,n, subject to (38) and (42). If we first optimize W (h,n) with respect to h (letting
n be sufficiently large so that the first two constraints in (38) be satisfied) we find that the maximum is
attained for

. 2bL
hy, = — (44)
Next, optimizing ¥ (h,,n) for n satisfying (42), we deduce that the maximum is attained for
. 2bL2
n=— (45)
One can check that B L
ne Mo m
hml 6 2

so that, with hsm, 7 defined by (44), (45), conditions (38), (42) are both verified provided that e satis-
fies (23). Hence, we deduce from (43) that

C(e)
2”L

1 4bL?

< —U(hy, 1)) = _— .

< exp (—¥(hzm, M) exp< s o )

Now observe that any e-cover of A[z ar,m,p), in particular, contains the set
F = {.7-1 ‘R = [—ha, hal; e {1, 1}”},

and that each element of this cover contains at most C(2¢) functions of F. Since the cardinality of F
is 2", it follows that the number of sets in an e-cover of A[, ar,m i) is at least

2n 1 2bL?
No(Air vrms) = > - ,
5( [L7M1 ’b]) = C(QE) Z €Xp (8 27 )
which yields (24), thus completing the proof of Proposition 2. O



3 Lower compactness estimates for balance laws

3.1 Proof of Theorem 3

In order to establish Theorem 3, we will make use of a local Oleinik type estimate for balance laws (9).
An inequality of this kind was established in [13, Theorem 1.2]. Here, we provide a slightly more accurate
estimate, determining how the constant C' appearing in [13, Theorem 1.2] depends on the time ¢ and on
the set of points z,y for which the inequality holds. For source terms of the form g = g(u), a global
Oleinik type estimate was obtained in [7, Section 4]. Recall the notation k4 p (M) from (16).

Lemma 1. Let f : R — R be a twice continuously differentiable map that satisfies (2), and g : RT x
R xR — R be a continuously differentiable map that satisfies (10), (12). Given ug € L*(R) N L>®(R), let
u:RT xR — R be the corresponding entropy admissible solution of (9) with initial condition u(0, ) = ug,
and set

My = Jluol, . - exp (J|w] t=>0. (46)

Ll(O,t))
Then, for all t > 0, and for any given a,b € R, a < b, there holds

2 .
ult,y) —ult,r) _ 1F o M) exp (el )

Yy— - ct

Va,y € [a,b], x<y.
(47)

Remark 4. From the proof of the lemma it will be clear that, when the source term has the form
g = g(t,u), and satisfies (12), but not necessarily (10), one obtains the global Oleinik estimate

u(t,y) —u(t, ) < oxp (Hw”Ll(O,t))
Yy— - ct

Vz,yeR, z<uy, (48)
which is a bit more accurate than the one provided in [7] (showing that the constant C appearing in [7,
Section 4] is precisely 1/c).

Relying on Lemma 1, we will establish the analogous result of Proposition 1 in the case of balance laws,
which together with Proposition 2 yields the conclusion of Theorem 3.

Proposition 3. Under the assumptions of Lemma 1, assume that f, g satisfy also (3) and (11), respec-
tively. Then, given any L,m,M,T >0, for

. m L exp(—|lwlromn)
< — - -
e (M’ 2L’ 8T|f"(0)]”  8|f"(0)|CT? exp (=@l 1) (49)

sufficiently small (C being the constant appearing in (11)), one has

- E 50
[LTth:h7(2T|f”(0)‘eXP(”UJ”Ll(O’T)))_l:I C T(C[L,m,M])7 ( )
with

Ly = L —2T|f"(0)| exp (|| (51)

Ll(o,T)) ’

Note that, thanks to (49), the constant Ly given in (51) satisfies Ly > (3/4)L. Hence, relying on (50),
and applying (24), with L = Ly, b = (2T|f”(0)| exp(||w|lr2(0,7))) ", we recover the estimate (14), which
proves Theorem 3.

3.2 Proof of Lemma 1

1. It will be sufficient to prove (47) when the initial data ug € L*(R) N BV (R), since one can then
recover (47) for general data ug € L' (R) N L>°(R) exploiting the L!-continuity of the evolution operator
E;, t > 0, and the lower semicontinuity of the positive variation. Therefore, we may assume that u(¢,-) =
Eiup € BV(R) for all t > 0, and thus we can rely on Dafermos’ theory of generalized characteristics (we



refer to [4, Section 11.9]). Moreover, it is not restrictive to suppose that u(t,-) is right continuous, and
to establish (47) only at points x,y € [a, b] where u(t,-) is continuous (since one then derives (47) at the
points of discontinuity taking the right limits of u(t,-)).

Observe that, if £(-) denotes the maximal backward generalized characteristic emanating from a
point (¢, ), then by [4, Theorem 11.9.1] there is some C* function v(-) that, together with &(-), satisfies
on ]0,¢[ the characteristic equation

{5(8) = f'(v(s)), (52)
o(s) = g(s,£(s),v(s)),
with
&)=z, o(t) =u(t ). (53)
Furthermore, there holds u(s, £(s)+) = v(s) for all s €]0,¢[, and
uo(§(0)—) < v(0) < uo(£(0)+). (54)
Therefore, since (13), (52) imply
d
25106 S wls) -Ju(s)l, (55)
applying Gronwall’s lemma, and using (53), (54), we deduce
[u(t, 2)] < max{|uo(£(0) =), [uo(€(0)H)[} - exp (lwly, )
In turn, this yields
u(s, ), . <My Vsel0,t], t=0, (56)

with M; defined by (46). Relying on (56), and because of (52), we deduce that the set A, p +(M;) defined
in (15) is a backward domain of determinacy relative to the interval [a,b] and to the time ¢, since it
contains all backward generalized characteristics emanating from points (¢, z), € [a, b].

2. Fixt >0, a,b € R, a < b, and consider = < y two points of continuity of w(¢,-) inside [a,b]. Let
&7(-) and £Y(-) be the (unique) backward generalized characteristics (cfr. [4, Theorems 11.9.5]) emanating
from (¢,z) and (t,y), respectively. By [4, Theorems 11.9.1 & 11.9.3] there will be some C' functions
v*(+),v¥(), so that (£*(-),v”(-)) and (£¥(-),v¥(-)) satisfy on ]0, ¢ the characteristic equations (52) with

() =2, o"(t) =u(t,z) and  £U(t) =y, v'(t) = ult,y). (57)

Observe that, if u(t,z) > u(t,y), the inequality (47) is certainly satisfied since its right-hand side is
always positive. Therefore, by virtue of (57) we will consider only the case v*(t) < v¥(t). Then, set

7 =inf {c €]0,] | v"(s) < v¥(s) Vs € [o,1]}, (58)
and observe that, by the strict convexity assumption (2) on f, and because of (52), one has

y—x=¢8"(s)—€%(s)  Vse[od] (59)

Moreover, since £*(+) and £¥(-) do not cross at any time s €]0,¢] (cfr. [4, Section 11.9]), it follows that
&Y(s) > &%(s) vV s €0,t]. (60)

Then, relying on (12), (52), (56), (59), and recalling (16), we deduce that for all s € |7, ¢[, there holds
09(s) = 0%(s) = g(5,€%(5), 0% (s)) — g(5,£"(5),v"(s)) + g(5,£%(5), 0" (s)) = g(5,£"(s), 0" (s))
(
(

S w(s)(v¥(s) = v"(s)) + Kap,e (Mi)(§¥(s) — £ (s)) (61)
< w(s)(v(s) = v"(s)) + kbt (Mi)(y — z).



Hence, using Gronwall’s lemma, from (61) we derive

v¥(s) —v*(s) = (v¥(t) — v*(t)) exp ( - / w(T)dT) = (t = 8)kapt (M) (y — @)
° Vsela,t. (62)

> (vY(t) — v™(t)) exp ( — /Otw(T)dT> — tka7b7t(Mt)(y —x)

Two cases now may occur. If @ > 0, by the definition (58) and because of the continuity of v*(-), v¥(-)
it follows that v*(7) = v¥(F), which together with (62), and recalling (57), yields

u(t,y) —u(t,z) < tkqp(M)exp (/0 w(T)dT) (y —x). (63)
Instead, if @ = 0, using (62), and relying on (2), (60), we deduce
0 <£%(0) —£%(0)
=y—a= [[() - F07)ds
<y—x-— C/O (vY(s) — v™(s))ds
< (1+ ctkap(My))(y — x) — ct(v¥(t) — v*(t)) exp ( - /o w(T)dT),
which, by virtue of (57), yields

ct?ka i (M, -z k
u(t,y) —u(t,z) < (L+ et ’b’CiM N =) exp (/0 w(T)dT). (64)

Hence, from (63), (64) we recover the inequality (47) concluding the proof of the lemma.

Notice that the assumption (10) was used, in conjunction with (12), only to establish the a-priori
bound (56) on the L norm of the solution, which in turn was needed to define a bound on D,g over a
domain of determinacy of the solution. Therefore, as observed in Remark 4, the conclusion of the lemma
continues to hold (with kg ¢(M;) = 0 in (47)) in the case the source term g = g(t, u) satisfies only the
assumption (12). O

3.3 Proof of Proposition 3
In the same spirit of the proof of Proposition 1, we will first show that
1
‘A[ZT,QLh,h, (2T| £ (0)])~1] nc (R) - ET(C[L,m7M])' (65)
To this end, given
- 1
ur € A o h (271 77(0) | exp(l 1 0.1 VO (R); (66)

setting
g(tvl’?u) = 7g(T - t7 -, ’lL) )

we consider the entropy weak solution w(t, ) = Eywq of
wy + f(w)w = g(t,l‘,'LU),

with initial data
wo(z) = up(—2x) Vo € R. (67)

By the estimate (56) established in the proof of Lemma 1, and because of (49), (66), (67), there holds

ot My < exp (1l 03 el
Vitelo,T]. (68)

< exp (||w]| Jh < M.

L1(0,T)
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Next, observe that the function
u(t,z) = w(T —t,—x), V(t,z) € [0,T] xR,
is a weak distributional solution of (9), which, by (67), satisfies
w(T,) = ur.

Moreover, if we show that for all ¢ € [0,T[,  — w(t,z) is smooth on R, it would follow that u(t,x)
provides an entropy admissible weak solution of (9) on [0,T] x R. To establish the smoothness of w(t, -),
recalling that by (66), (67) one has wq(-) € C*(R), we will show as in the proof of Proposition 1 that,
letting 77 be the quantity defined by (30), there holds Ty = T. To this purpose, notice first that the
Oleinik type estimate in Lemma 1 provides an upper bound for w,(¢,-), ¢ > 0, on any bounded set
of R. Therefore, because of (31), in order to prove that T3 = T it will be sufficient to establish a lower
bound for w,. With this aim, observing that the function v(¢, z) = w, (¢, z), is the unique broad solution
on [0, 71 xR of the semilinear equation

ve(t, @) + f'(w(t, 2)) - va(t, 2) = Ga(t, 2, w(t, @) + Gu(t, , w(t,2)) - v(t, @) — [ (w(t, z)) - o(t, )

(see [2, Theorem 3.6]), we deduce that the value z(t) = v(¢,z(t)) of v along a characteristic z(-) of (9)
satisfies the equation

&(t) = gu(t, 2(t), w(t, (1)) + Gu(t, (1), wt, (1)) - 2(t) — [ (w(t, x(1)) - 2°(t),  t€[0,T[. (69)

Notice that, by the continuity of f”/ we may assume that
3 .
) < 5870)  for ol < pn = exp ([wll g ) s (70)

when h > 0 is sufficiently small. Moreover, observe that, by the continuity of z(-), and because of (66),
(67), it will be sufficient to provide a uniform lower bound for z(-) on every compact interval [r1, 73] C
[0,T1[, during which z(¢) < 0, and such that
-1
2(r) 2 = (27 £"(0) exp (Jwllr 0m)))
Hence, fix any such interval [71, 72], and relying on (10), (11), (12), (68), (70), derive from (69) the lower
bound

(71)

Sy 21),  telmml. (72)

(1) 2 =Cpn+w(t) - 2(0) — 3

Next, setting
t
z1(t) = exp (f/ w(s)ds) - z(t),
0
we deduce from (72) that there holds

402 37 Oep(llen) - (g +40),  telnnl (73)

which yields

arctan< 3;;(;3) ~z1(t)> > arctan( 3£é(}?) ~z1(7'1)) .y /wexp (lwllzrom) T, telmml.

(74)

Then, recalling (71), and setting &, 7 = exp (||w||r1(0,7)) v/f”(0)Ch - T, we obtain

arctan ( 35;(}?) . zl(t)) > —arctan (\/g #) — \/E'&“T’ te€[m,ml,

which, in turn, implies

arctan ( 3£é(£) . Z1(t)) > —g + arctan (\/§ . fh,T) - \/g &, t € [r, . (75)
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On the other hand, one can easily check that

arctan<\/§§>—\/§§2arctan< ;>—‘f=2”_123‘/§>0 Vee[o,1/v8].  (76)

Therefore, since (49) implies that &, 7 < 1/v/8, we deduce from (75)-(76) that there will be some constant
Crr > 0 such that, for every interval [ry, 2] C [0,71[, where z(t) < 0, and for which there holds (71),
one has z(t) > —C, 1, for all t € [11,72]. This yields a uniform lower bound for w, on [0,T7[ xR, which
by the above observations implies that Ty = T, and that u(t,-) = w(T —t, —-) € C1(R), for all t €]0, T7[.

To complete the proof of ur € E1(Cz,m ), We only need to show that the initial condition u(0,-) =
w(T,—-) is an element of the set C|z ,,, rs] defined in (5). By the estimates (68) we already know that
u(0, -) satisfies the L bound of Cjy, n, as. On the other hand, observing that the solution w propagates
along classical characteristics, and relying on (3), (66), (67), (68), (70), we derive (for h sufficiently small)
the bound on the support of w:

Supp(w(t,-)) C [=U(t),I(t)],  Vt€[0,T],
with

10 =Lr+tonll e,

T 3 "
< Lr + 5T 0) exp (Il o 7)) - P
which, in turn, recalling (51), yields
Supp(u(0,-)) = Supp(w(T, —)) € [-L, L]. (78)
Finally, relying on (49), (68), (78), we derive

[|w(t, -)||L1 < 2Lexp ([Jw| Jh<m YV telo,T]. (79)

L1(0,T)

Hence, (68), (78), (79) together yield u(0,-) € Cizm, ], Which concludes the proof of (65).

The proof of Proposition 3 is then completed with the same density argument performed at point 2.
of the proof of Proposition 1, relying on the L' stability property of the evolution operator E.

4 Upper compactness estimates for balance laws

4.1 Proof of Theorem 4

Following the arguments of De Lellis and Golse in [5], we shall establish an upper estimate on the e-
entropy of E7(Cz,m,a) relying on the upper bound on the e-entropy of a class of nondecreasing functions
provided by:
Lemma 2. ([5,Lemma 3.1]) Given any, L,V > 0, setting
Tipv) = {v:[0,L] = [0,V] | v is nondecreasing },
for0<e< %, there holds
1 LV
He(Zivy | L7([0,L])) < 4 - |

In order to derive an a-priori bound on the support of solutions to balance laws in terms of the L' norm
of their initial data, we will use the next technical lemma whose proof is provided below.

Lemma 3. Given v € BV(R), compactly supported and satisfying
Dv < B in the sense of measures, (80)

for some constant B > 0, there holds

[0l < V2Blo]L (81)
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Now, supposing Lemma 3 proven, one establishes Theorem 4 as follows.

1. Given any ug € C[r,m, 0, We shall first derive an a-priori bound on the L' norm of the corresponding
entropy weak solution u(t,-) = Eiug of (9), relying on the Oleinik type estimates provided by Lemma 1.
To this end, observe that by standard arguments for conservation laws (e.g. cfr. proof of [4, Theo-
rem 11.8.2]), and thanks to (13), we find

Dt 0 < ottt Py, < ) e, ],

Hence, applying Gronwall’s lemma, and by the definition (5), we deduce
e, M, < exp (Il ) ol < exp (wll, o) o YEE0T] (s2)

Moreover, as discussed in the proof of Proposition 3, because of (5) and (56), we have

hut, ), . < Mz =exp (ol 00) M ¥ EEO.T], (83)

and with (3), (54) and (55), that

with
T
" . 85
S L+ 15 gy [ It (85)
On the other hand, observe that (83)-(85) and the estimate (47) imply u(t, ) € BV(R), and
(14 ct?KL 1) - exp (HwHLl 0 T))

Du(t) < ” Vtelo,T], (86)

with
Krpr =k_pppp10(Mr), Ly =L+ |f"| “MrT,

Lo (=M, Mr)

(k—Ly Ly (Mr) being defined in (16)). Hence, applying Lemma 3 and relying on (82), (86), we derive

2m (14 ct?Kr 1)
ot My <y 22 exp ([l )Y e BT e T, (s7)

which, together with (85), yields

1+Ct2KLT
O S LA i g o0 () | e,

(88)
. 2mT
<L) = L4200 e gy aii N o [V TVERLr | exp (Il )
Then, thanks to (2) and (87)-(88), we deduce
L(T)
. < 22/

2. In connection with ur = E7ug, consider now the function

(1+cT?Kpr)exp (o], r )
() = Oy L;g? —ur(x — L(T)), 2 € [0,2L(T)].
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By virtue of (86), uy is nondecreasing and, thanks to (89), satisfies

(1 +2(1+ cT?K; T) exp (HwHLl or ))L(T)

0 <uf(z) < T vV x e 0,2L(T)].

Hence, one has

DER

et
[QL(T), (1+2(1+c T2Kr 1) exp(|lw]|

L1(0,T)
Since u* is obtained from the restriction of ur to [—L(T),L(T)] by a change of sign, a translation by
a fixed function, and a shift of a fixed constant, it follows that the e-entropy relative to L'(0,2L(T))
of the set gathering all functions u* obtained from Erug, uy € Cir,m,m]» in this way, equals the one

of Er(Cip,m ) relative to L'(—L(T),L(T)). Therefore, the conclusion of Theorem 4 follows by an
application of Lemma 2, and observing that, because of (84) and (88), one clearly has

He(Er(Cirma) | L'(R)) = Ho(Er(Cipmoan) | L' (—L(T), L(T))).

4.2 Proof of Lemma 3

We shall first establish the conclusion of the Lemma 3 for compactly supported functions v, that belong
to C§°(R), and thus by (80) satisfy v'(x) < B for all x € R. Assume that Supp (v) C [-L, L], and
consider a point T € [—L L] such that [v(Z)] = ||v]|eo. We discuss two cases according to the sign of v(T).

If v(T) > 0, defining y = min{z € [-L,Z] | v > 0 on |z, ]}, one has v(y) = 0, and

2(=) —
v (T) = Q/y v(z) v (z) de < 2B/ ) dz < QB||11HL1(]R).

If v(%) < 0, defining y = max{x € [, L] | v < 0 on [T, z[}, one has

(T) = —z/jv(x) v (2) dz < —2B /;U(x) v < 2B[ol],

Hence, in both cases we get the estimate (81) when v is smooth.

For general v € BV(R) satisfying the assumptions of the lemma, consider p € C§°(R), with p > 0
and fR p = 1, define the mollifier p, (z) = %p (%)7 for v > 0, and then introduce a smooth approximation
of v setting

Vy = Py * V.

Observe that, by standard properties of convolutions, and applying the integration-by-parts formula for
BV functions, relying on (80) one gets

v, —B=p,xv—p,*B=p,x(Dv—B)<0.
Hence, by the above conclusion we can apply (81) to v,, finding

[ovll, o < V2Bllvy] L1 (90)

Since v, — v in L}(R) as v — 07, and because there holds ||v, s — [|v]|ec as v — 0F, we then recover
from (90) the estimate (81) for v, thus completing the proof of the lemma. O

4.3 Proof of Remark 3

Let us discuss the case when g = g(¢,u) satisfies (12), but does not necessarily satisfy (10). As observed
in Remark 4, in this case we can still rely on the Oleinik type estimate (48). On the other hand, the
solution of (9) will be in general not compactly supported, since the solution with zero initial data will be
in general different from zero. Then, to establish the same type of estimates of Theorem 3 and Theorem 4,
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it will be more appropriate to consider the e-entropy of the set of functions Er(Ciz 1) — E70 (which
are compactly supported by the finite speed of propagation of solutions along characteristics) rather than
the e-entropy of E7(Cz,m ). Clearly, the two sets have the same e-entropy, being obtained one from
the other by a translation.

1. Upper estimate. Observe now that, if ¢ — v°(¢) denotes the solution of the Cauchy problem
v =g(t,v), v(0)=0, (91)

then the function defined by setting v(t, z) = v°(¢), for all z € R, results to be the (admissible) solution
of (9) with initial data ug = 0. Hence, one has

E0 =), Vt>0. (92)
Thus, setting

Ly(t)=inf{x € Supp (Eyuo—E0) | uo € Cirma},  La(t) =sup{z € Supp (Eyuo—FE;0) | uo € Cizm,a}

(93)
for every ug € C(r,m,n) there holds
FEiug(z) = vO(t) Vit>0, Ve < Li(t) or © > La(t). (94)
Relying on (12), (94), one then deduces as in the proof of Theorem 4 that
d
2 1Brvo = B0l < llg(t, Bruo) — g(8, EBO)|, < w(t) - || Bruo — EO], ,
which, in turn, yields the estimate on the L' norm
HEtuO - EtOHL1 < eXp (HwHLl(O,t)) ’ Hu0||L1 < eXp (HwHL1(07T)) tm Vie [O7T] . (95)

With similar arguments, one can derive as in the proof of Lemma 1 the a-priori bound on the L*° norm

[ Beuo — E,0|, . < exp ([lwl] uoll, .. < Mz = exp (||| M Vte[0,T]. (96)

Ll(O,t)) Ll(O,T)) '

On the other hand, applying Lemma 3, and thanks to (48) and (95), we derive

2m
| Bruo — 0], < ’/E - exp (||w||L1(0$T)) v telo,T]. (97)
Given any uy,u2 € C[z m, 0, We introduce
1 (uy,t) = inf Supp (Fruy — E0) and Ils(us,t) = sup Supp (Frug — E;0).

As in the proof of Lemma 1, we will make use of generalized characteristics (see again [4, Section
11.9]). We consider the maximal backward characteristic emanating from (¢,11(u1,t)) associated to
E(yuy, denoted £;(-), and the minimal backward characteristic emanating from (,12(u2,t)) associated
to E()ugz, denoted &(-). Then there are some C' functions v;(-) and vy(-) so that (&1(-),v1(-)) and
(&2(+),v2(+)) satisfy on ]0,¢[ the characteristic equation (52), with g(s,v(s)) in place of g(s,&(s),v(s)),
and with & (¢) = 1 (u1,t), vi(t) = Eyur(li(ug, 1)), and &(8) = l2(uz, t), v2(t) = Eyua(l2(uz,t)). Observe
that by the properties of the characteristics one clearly has —L < &;(0) < L, i = 1,2, and

vi(s)] = |Bs(ua) (i ()| < [|Es(ui)l[ze Vs €]02], i =1,2.

1
loc?

()] < ep(lwlon) - lgt 0l g, s, (98)

Moreover, using that g(-,0) € L;__, and applying Gronwall’s inequality we find

Hence, relying on (92), (96), (98), we derive the estimates
9 .
max(|v1(s)]; [v2(s)]) < Mg = exp([|w]lzo.0) (M + l9( 0)llr0m) Vs[04,
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and using (3),
t
|l2(uz,t) — 1 (u1,t)| < 2L + e g arz) /0 [va(s) — v (s)|ds. (99)
On the other hand, thanks to (97), we get

[va(s) = v1(s)| < | Es(uz) — Es(0)|| Lo + [|Es(ur) — Es(0)[[ L~
[2m (100)
§2 ; 'exp(HwHL1(O7T)) Vse](),t]
Recalling (93), by the arbitrariness of u1,us € Cjr 1,01, We deduce from (99), (100) the estimate

2mT

Ly(t) — La(t) < 2L(T) = 2L + 4[| f" | oo (- nrg. 018\ o exXp (HW||L1(07T)) Vitel0,T],

which in turn, together with (2), (97), yields

L(Tr
||ETUO — ETOH < ( )

_ 101

Then, for any given ug € Cjp, m a, setting ur = Erug — E70, we consider the function

exp (Il . )
ug(x) = 7 © T+ Ié(:z:) —up(x + L1(T)), z € 1[0,2L(T)],

that results to be an element of I[QL(T% LD (142 exp(fell 1 10.1y)] by virtue of (48) and (101). With the

same arguments of the proof of Theorem 4, applying Lemma 2, we thus obtain the estimate (17).

2. Lower estimate. For what concerns the lower bound on the e-entropy of the set of solutions of (9),
with g = g(t,u) satisfying (12) together with g(-,0) € L}, ., following the same lines of the proof of
Proposition 3 one can show that, for

m L
T eXp — [|W s 102
L 4T|f~||Loo<_GT,GT>> (= el o.) (102)

h < (1,M,

sufficiently small, there holds

A ] C 7o, (Er(Cipm)) — Ex0, (103)

= A
T (Lo L (T | oo (— gy exp(lwllp1 o.1))

with _
Lr2 LT imy, o e (el ) P (104)

where G is defined by (19), and 7;, = denotes the shift operator
u(z) = Tr, (u)(z) = u(z — 7r),

associated to some constant 7, to be defined later (see (110)). By the same density argument as in
Propositions 1 and 3, it is sufficient to prove, instead of (103), that

A, NCHR) C T (Br(Crrm,ay)) — Br0. (105)
Now, given any ur € C*(R) N A, consider the entropy weak solution w(t,z) = Eywy of

wi+ F(w), = §(t,w) where G(t,u) = —g(T — t,u),

with initial data
wo(z) = up(—x) +v°(T) VxeR, (106)
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and observe that the function u(t,z) = w(T — t, —z) is a weak distributional solution of (9), which, by
(92), (106), satisfies
u(T, ) =up + E7r0. (107)

Moreover, note that because of (92), (106) one has Ey v°(T) = v°(T — t), and Eywg = v°(T — t) for all
x with |z| large enough. Hence, with the same arguments as above, by virtue of (12), (102), (106), and
because ur € .AT, one deduces that

hw(t, ) = B (@), . < exp (Il g ) Jorle < exp(Jlly g p) R <M Vie,T),
R (108)

e, ) = B (D), < exp (1wl ) ozl < exp (ol o) - LR <m Yie [0, T,
(109)

Recalling the definition (19) of G, from (98), (102) and (108) we derive
lw(s, )L < Gr, Vs € [0,T].
Thus, observing that Epvg(T)=1(0)=0, setting
E4(T) = — sup{a € Supp (Brwo) | wo(—) €A, +0°(T)},

Ly(T) =~ inf{x € Supp (Erwy) |wo(—) GAT'H/O(T)},

and relying on (102) and (104), we deduce that

Supp(w(T, —)) C [Li(T), Lo(T)],  La(T) = La(T) <2Lp + 2T | oxp ([l Jh <2L.

L>(—Gr,Gr Ll(O,T)

Then, setting _
=L (T) + L, (110)

we find that Supp(7-,_(w(T,—))) = Supp(7-- (Epwo(—-))) C [~L, L], which, together with the esti-
mates (108)-(109), yleldb
Tz, (w(0,-)) = Tor (w(T', =) € Criom,nay-

Therefore, since w(t, z) verifies the upper one-side inequality (48), if we establish the lower bound
wy(t,-) > —Cy in the sense of measures, (111)

for some constant Cy > 0, and for all t €]0,T7, it would follow that u(t,-) € Lip,,,(R) for all ¢ € (0,T),
and hence, observing that 7_,_(u(t,-)) = E; (T-+ 7 (u(0, - ))), we deduce by (107) that

TfTT (UT) S ET(C[L,m,M]) — Er0.

In turn, this relation clearly implies ur € T (E7(Cizm,n)) — E70, proving (105) and hence (103).
Concerning (111), we follow the proof of Propositions 1 and 3. We introduce T3 by (30) and as before
define v by v(t,x) = w,(t,x). We get that v is the unique broad solution on [0, T}[ xR of the semilinear
equation
et @) + f(w(t, @) - va(t,2) = Gu(t, wit,2)) - v(t,z) — f(w(t, 2)) - v(t,2)*.

(t,
We introduce z(t) = v(t, z(t )) as the value of v along a characteristic associated to (9) and consider a
compact interval [ry, 2] C [0, T3, during which z(¢) < 0, and such that

2(11) 2 ~(TIf"| L (~cr.ar) exp(l|wllro,m))) (112)
We obtain that
Z(t) =2 w(t) - Z(t) - Hf”||L°°(—GT,GT) -22(1), t e[, 7.
Now defining z; as previously by z1(t) = exp (— fo )ds) - z(t), we deduce
402 1 i Cnon el ot telnm.
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which yields

— exp([[wllL10.1))

iy — 7 e —er.er)

21(t, ) >

With (112), this establishes 73 = T and (111) with C; = (T’ — O Lo (—Gr.cr)) " This completes

the

proof of (103).
Since by (102), (104) we have Lt > (3/4)L, relying on (103), observing that

He (Er(Cipman) | L' (R)) = He (Tr (Er(Cir,m,a)) —Er0| L' (R)),

and applying (24), with b = (T|| f"|| Lo (—cr,cr) exp(|wlr 0,7))) 7, L = Ly, we derive the estimate (18).
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