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In this paper an analytical model to calculate service level, FGI and tardiness for an 

MTO production system based on the production leadtime, utilization and WIP is 

presented. 

The distribution of customer required leadtime is linked to the already available 

equations for an M/M/1 production system from queuing theory. Explicit equations for 

service level, FGI, FGI leadtime and tardiness are presented for an M/M/1 production 

system within an MTO environment. For a G/G/1 production system an approximation 

based extension is provided – discussing the influence of variation in the interarrival and 

processing time distribution in this framework. Moreover, the integration of a work 

ahead window (WAW) work release policy is discussed. Based on a numerical study, a 

high potential to decrease FGI (up to 97% FGI reduction) when applying such a WAW 

strategy is found and it is shown that the higher the targeted service level is, the higher 

the FGI reduction potential.  

The paper contributes to a better understanding of the relationship between customer 

required leadtime distribution and the M/M/1 production system. By applying this model 

a decision maker can base his capacity investment decisions on the service level and 

expected tardiness for certain levels of FGI and WIP and can additionally define the 

optimal WAW policy. 

 
Keywords: service level, tardiness, production economics, production management, queuing 

theory, MTO 

 

1. Introduction 

The logistics service a company provides to its customers is one of the most important 

success factors in a competitive business environment. According to literature, in 

order to identify the quality of this logistics service in MTO production systems two 

performance indicators are important. The first is service level, meaning percentage of 

orders or pieces delivered on time. The second is average tardiness, meaning the time 

a customer has to wait if an order is late.  

For production systems, the relationship between utilization, work in process 

(WIP) and production leadtime is analytically well defined in the literature. 
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Nonetheless, this relationship lacks a link to the customer’s perspective. This 

analytical link was recently addressed through models discussing the on-time 

probability depending on the current production system state (see Hopp/Roof-Sturgis 

2000, Liu/Yuan 2001 and Duenyas/Hopp 1995). Furthermore, empirical and 

simulation studies have been conducted concerning the topics of service level and 

tardiness in production systems as well as the link between utilization, production 

leadtime, and WIP (see Jones 1973 or Jodlbauer/Huber 2008). 

The lack of analytical models to identify the link between the inherent 

production system behaviour and the external customer related measures of service 

level and tardiness for MTO production systems leads to the model developed in this 

paper. The approach applied in this paper is the combination of the distribution of 

customer required leadtime with the known equations for an M/M/1 production 

system from queuing theory. This approach leads to a set of equations defining the 

service level, the expected FGI leadtime, the expected FGI and the expected tardiness 

for an M/M/1 production system working under MTO. This set of equations is 

presented in an explicit form for an exponentially distributed customer required 

leadtime. The integral form of the equations delivered ensures a broad applicability of 

this model to further research as well. Additionally, a set of equations for the 

aforementioned measures is developed for the application of a work ahead window 

(WAW) policy (see Hopp/Spearman 1996 for WAW). It is proven, that such a WAW 

policy keeps the Poisson input stream in the production system if customer required 

leadtime is exponentially distributed. For the G/G/1 case the influence of interarrival 

time as well as processing time variation is discussed based on the production 

leadtime approximation of Chen/Yao (2001). 
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For capacity investment decisions this model provides explicit equations to 

balance the service level, tardiness and FGI against capacity invested and WIP held. 

Additionally, the influence of the WAW policy for work release on FGI, service level 

and tardiness is discussed as a managerial tool to reduce FGI. 

The remainder is structured as follows: In the second section the relevant 

literature concerning the research topic is described and related models are 

introduced. The third section provides the analytical development of the model for the 

M/M/1 production system. In section four a numerical example is provided to show 

the application of the developed model and discuss the FGI reduction potential of the 

WAW policy. The conclusion is stated in section five. 

2. Literature review 

In this section, the available literature about the relationship between service level and 

tardiness in MTO production systems is reviewed. Some literature discussing the 

logistic characteristic curves is discussed and some simulation studies of production 

systems supporting the validity of the logistic characteristic curves are presented. 

2.1. Logistic characteristic curves 

The relationship between inventory, production leadtime and utilization is discussed 

for a one machine production system in different papers which all use the relationship 

between inventory, production leadtime and throughput as described by Little (1961).  

Karmarkar (1987) stated that the actual leadtime is highly dependent on actual 

workloads and lot sizes of a one machine production system. Using queuing theory 

this relationship is described by Medhi (1991), Hopp/Spearman (1996) and Tijms 

(2003) who deliver equations for the relationship between expected production 

leadtime and utilization as well as between expected WIP and utilization in an M/M/1 
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production system based on the expected processing time. Furthermore Medhi (1991) 

proves that in the M/M/1 case the production leadtime is exponentially distributed. 

Based on empirical studies as well as through simulation, Wiendahl/Breithaupt 

(1999) and Wiendahl et. al. (2005) find a qualitatively similar relationship between 

utilization and production leadtime as in queuing theory. A further mathematical 

model for the calculation of the relationship between inventory, production leadtime 

and utilization for a one machine system in a continuous setting is given by Jodlbauer 

(2008a). 

Other approaches to discuss logistic relationships are empirical studies based 

on real world data or on simulation. The empirical studies approach is conducted, for 

example, by Wiendahl/Breithaupt (1999) and Wiendahl et. al. (2005) who describe 

the relationship between inventory, utilization and production leadtime (based on 

empirical data). Hopp/Roof-Sturgis (2000) and Jones (1973) discuss similar 

relationships applying the simulation approach.  

In this paper the equations from queuing theory for utilization, production 

leadtime and WIP will be used and referenced as the logistic characteristic curves. 

2.2. Service level and tardiness in production systems 

The calculation of a service level and tardiness reached in a certain production system 

are two key figures for the evaluation of the logistic performance of such a production 

system (see Hopp/Spearman 1996 or Jodlbauer/Huber 2008). 

Nieuwenhuyse et al. (2007) present a model to determine the service level for 

an MTS production system by using queuing theory to determine the distribution of 

production leadtime and the distribution of demand within the production leadtime 

and compare it with finished goods inventory (FGI). In Spearman/Zhang (1999) due 

date setting strategies are discussed for a one product multi machine MTO production 
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system with sequential routing. In the paper of Lutz et al. (2003) the use of 

characteristic curves representing the relationship between mean inventory level and 

mean tardiness or α-service level for a single machine production system is presented. 

An assembly line fed by two processing lines is discussed in Liu/Yuan (2001) 

whereby the service level is defined as the probability that the modelled production 

leadtime is not greater than a constant customer required leadtime. In 

Bertsimas/Paschaldis (2001) production policies are derived for an MTS production 

system with constant production rate and multi items to guarantee predefined α-

service levels. A method for predicting maximum production leadtime is presented in 

Hopp/Roof-Sturgis (2000) based on a predetermined safety factor (also called service 

level in the paper) and on the jobs in the M/M/1 production system for due date 

setting purposes. In Duenyas/Hopp (1995) the distribution of production leadtime for 

a certain system state is used to define a due date for the customer, whereby the on 

time probability is again the probability that the production leadtime is shorter than 

the promised leadtime to the customer. Jodlbauer (2008b) discusses the use of an 

operation characteristic to define the MTO ability of production systems and to define 

the work ahead window needed to reach a certain capacity oriented service level 

target. The books by Medhi (1991), Chen/Yao (2001) and Tijms (2003) give a broad 

overview about queuing system basics also including some exact as well as some 

approximate equations for the relationship between production leadtime, WIP and 

utilization for different production system structures. In Zipkin (2000) a broad 

overview concerning stock replenishment systems and different problem structures is 

given. Most of the problems (and solution procedures) discussed in Zipkin (2000) 

consider either service level or customer waiting time or both as part of the cost 

function or as constraint whereby the parameters for the replenishment strategy are 
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searched for. Such systems usually correspond to MTS production systems with 

production leadtime values which are distributed independently from the actual 

workload of the system. The review given in Zipkin (2000) shows that for stock 

replenishment systems the values for service level and customer waiting time are 

extensively used to define the optimal order policy. 

The literature reviewed in this part, shows that a number of methods for 

service level and tardiness calculation already exist and that these are mostly based on 

the current queuing system state (Hopp/Roof-Sturgis 2000, Liu/Yuan 2001 and 

Duenyas/Hopp 1995). The distribution of the customer required leadtime to define the 

service level and tardiness of an MTO production system is not yet used in queuing 

models. Therefore, such a combination of the M/M/1 queuing model with the 

distributed customer required leadtime is presented in this paper. 

3. Model development 

The model developed in this paper provides a deeper understanding of the relationship 

between production leadtime (utilization and WIP) in an M/M/1 production system 

and the service level as well as tardiness of such a system. An extension of the model 

is also presented to include the possibility of reducing FGI. This model can be used by 

decision makers in cases of capacity investment decisions to define the capacity 

needed for a certain target service level or a certain target average tardiness and to 

define an optimal WAW policy.  

The model development section starts with the description of the model 

assumptions, followed by a brief introduction of the basic queuing theory model with 

deterministic customer required leadtime. In the third part the distribution of customer 

required leadtime is used to find equations for service level, FGI leadtime, FGI and 

tardiness in an M/M/1 queuing model. In part four equations to integrate the WAW 
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policy for work release are developed and in part five an extension of the model for a 

G/G/1 queuing system is discussed. 

3.1. Model assumptions 

The following assumptions are taken to create the model: 

• The customers demand certain due date values once when they state their orders 

and do not change these stated due dates later on. Based on these due dates the 

customer required leadtime values can be calculated. This stochastic customer 

required leadime is exponentially distributed. 

• The customer required leadtime cannot be influenced by the production system 

and all customer orders are accepted and released into the system. 

• The M/M/1 model from queuing theory is used. This means interarrival time and 

processing time are exponentially distributed and a single machine production 

system is studied. 

• The distribution of customer required leadtime is independent of the distribution 

of production leadtime. 

• The studied production system is an MTO system, nothing is produced without a 

customer order. 

• The queuing discipline is first in first out (FIFO). 

• Machine capacity cannot be stored. 

The following one machine production system with a WIP and an FGI is discussed in 

this paper. 

Figure 1 should be added somewhere here. 

The following variables are defined: 

• L  … random variable for the customer required leadtime 
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• W  … random variable of production leadtime needed for one order from arrival 

at the production system until its completion 

• F  … random variable of FGI leadtime; whenever an order is finished earlier than 

the due date it is stored in the FGI for this duration 

• C  … random variable of tardiness; whenever an order is finished later than the 

due date it is tardy for this duration 

• Y  … random variable of WIP in items in front of the machine and in the machine 

• G  … random variable of FGI in items after the machine 

• s  … service level reached in the production system  

3.2. Queuing model with deterministic customer required leadtime 

In this part some available queuing theory findings are applied to define the basic 

equations for the developed approach. The following basic relationships hold within 

an M/M/1 queuing system (see Tijms 2003):  

[ ] ( )
( )

[ ] [ ]

0

1

1

1

WE W f d

E Y E W

µ
ρ

λ

τ τ τ
µ ρ

ρ
λ

ρ

∞

=

= =
−

= =
−

∫  (1)  

Whereby: 

• ρ  … utilization of the machine (probability that machine is busy) 

• λ  … order arrival rate to the system 

• µ  … processing rate of the machine 

• ( )Wf ⋅  … probability distribution function (PDF) of the production leadtime 

When an order has a certain customer required leadtime, the on time probability of 

this order is equal to the probability that the production leadtime is shorter than this 

value for customer required leadtime (see Duenyas/Hopp 1995 and Liu/Yuan 2001): 
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( ) ( ) ( )( )ˆ1ˆ ˆP 1
L

Ws W L F L e
µ ρ− −

= ≤ = = −  (2)  
Whereby ( )WF ⋅  is the cumulative distribution function (CDF) of the random variable 

W  for production leadtime and L̂  is the deterministic customer required leadtime. 

For this equation (2) to hold true, the assumption that the queuing discipline is FIFO 

is essential. Each order in the production system which has a production leadtime 

being smaller than the deterministic customer required leadtime has the FGI leadtime 

ˆF L W= −  and 0 otherwise, so ˆF L W
+

 = −  holds. Based on the customer required 

leadtime and on the exponentially distributed production leadtime the following 

equation holds for the expected value of the FGI leadtime: 

( )( ) ( ) ( )( ) ( )

( ) ( )( )

( )

ˆ ˆ

1

0 0

ˆ1

ˆ ˆ[ ] 1

ˆ 1 1

1

L L

W

L

E F f L d e L d

L e

µ ρ τ

µ ρ

τ τ τ µ ρ τ τ

µ ρ
µ ρ

− −

− −

= − = − −

− + −
=

−

∫ ∫
 (3)  

Based on Little’s law (Little 1961) the expected value of FGI can then be calculated 

as: 

[ ] [ ]E G E F λ=  
(4)  

The same structure as for FGI leadtime also applies for tardiness so 

ˆC W L
+

 = −   and (see Duenyas/Hopp 1995 for the integral form): 

( )( ) ( ) ( )( ) ( )
( )( )

( )

1

ˆ ˆ

ˆ1

ˆ ˆ[ ] 1

1

W

L L

L

E C f L d e L d

e

µ ρ τ

µ ρ

τ τ τ µ ρ τ τ

µ ρ

∞ ∞
− −

− −

= − = − −

=
−

∫ ∫
 (5)  

These equations (1) to (5) from queuing theory will in the next part be linked 

to the distribution of customer required leadtime to create a model for the relationship 

between utilization, production leadtime, service level, FGI, FGI leadtime and 

tardiness. 
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3.3. Distribution of customer required leadtime 

A distribution of customer required leadtime is implemented in this section. If the 

customer required leadtime is not a deterministic number, but follows a certain 

distribution, for each possible value the customer required leadtime can take, the 

service level for that customer required leadtime value can be calculated according to 

equation (2). By weighting each of these resulting service levels according to the 

probability of occurrence of the respective customer required leadtime value the 

following expected service level results (with an exponentially distributed customer 

required leadime): 

( ) ( )
( )

( )( ) ( )

( )

1
0 0

1

1

k

W L
k

s F f d e e d

k

τ βτ

µ ρ
τ τ τ β τ

β
β

∞ ∞
− −

= −
= = −

= −
+

∫ ∫
 (6)  

Whereby 
1

k
is the mean of the production leadtime and ( )Lf ⋅  is the PDF of the 

random variable L  for customer required leadtime with parameter β . Proof see 

Appendix A. 

Calculating the 
1

lim
ρ→

shows that the service level approaches 0 independently of the 

distribution parameter β  of customer required leadtime. For 
0

lim
ρ→

the service level 

reaches a value below 100% 
( )

1
β

µ β

 
−  + 

 depending on the relation between 

processing rate µ  and the parameter of the customer required leadtime distribution 

β . The result for 
0

lim
ρ→

 can intuitively be argued by the fact that each order needs a 

certain time to be processed which depends on µ  and its on time probability is at 
0

lim
ρ→

 

exactly equal to the probability that the processing time is shorter than the customer 

required leadtime. 
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Weighting the expected FGI leadtime values from equation (3) with their 

probability of occurrence leads to: 

( )( ) ( )
( )

( )
0 0 0

1
[ ]

1 1

k

W L L

k e
E F f d f d f d

k

k

θ θθ
τ θ τ τ θ θ θ θ

β β

∞ ∞ −+ −
= − =

= −
+

∫ ∫ ∫
 (7)  

Proof see Appendix A. 

For 
1

lim
ρ→

 the expected value of FGI leadtime approaches 0. From service level equal to 

0 at 
1

lim
ρ→

 it is intuitively clear that nothing can be in the FGI when the utilization 

reaches 100%. For 
0

lim
ρ→

 a certain maximum expected value of FGI leadtime can be 

calculated as 
( )
µ

β µ β

 
  + 

. This value decreases in β  which means the maximum 

expected FGI leadtime value increases when the expected customer required leadtime 

increases. The maximum expected FGI leadtime increases in µ  which means that a 

higher processing rate leads to a higher maximum expected value for the FGI 

leadtime. 

The expected tardiness from equation (8) is calculated analogous to the 

expected FGI leadtime in equation (7): 

( )( ) ( )
( )

( )

( )
( )

[ ]

0 0

0

[ ]
k

W L L

k

e
E C f d f d f d

k

e
e d

k k k

θ

θ

θ
βθ

τ τ θ τ θ θ θ θ

β
β θ

β

∞ ∞ ∞ −

∞ −
−

= − =

= =
+

∫ ∫ ∫

∫
 (8)  

For 
1

lim
ρ→

 the expected value of tardiness approaches ∞ . The reason is that the 

production leadtime approaches ∞  and so the tardiness has to have the same 

behaviour. In the case of 
0

lim
ρ→

 a certain minimum value exists for the expected 
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tardiness reached 
( )
β

µ µ β

 
  + 

 similarly to the expected FGI leadtime. This value 

decreases in µ  which means the higher the processing rate is, the lower the minimum 

expected tardiness. Furthermore, it increases in β  which means the higher the 

expected customer required leadtime, the lower the minimum expected tardiness is. 

For the calculation of the FGI in pieces equation (4) still holds in the case of 

distributed customer required leadtime values. 

3.4. Integration of a WAW work release policy 

The integration of a customer required leadtime distribution is the basis for the 

possibility to influence the FGI by integrating a WAW policy. Such a policy is 

described in Jodlbauer (2008b) or Jodlbauer/Altendorfer (2009), for example, and 

states that only orders which have a due date within a certain WAW are released to 

the production system. All the other customer orders are stored in front of the 

production system and are then released when their due date reaches the WAW. This 

leads, in the currently developed model, to the behaviour that no order released to the 

production queue has a remaining customer required leadtime value longer than this 

WAW w. 

When the customer required leadtime is stochastic, the WAW policy leads to 

the situation that all the orders with a customer required leadtime being greater than 

the WAW are transferred to an order list (or WAW buffer) when they arrive at the 

production system. Their release to the production system is triggered when their 

remaining customer required leadtime becomes smaller than the WAW. This means 

all the orders having L w>  have a customer required leadtime of w. Based on 

equation (6) for the service level, the extension for integrating a WAW policy is 
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developed by constraining the value used for calculating the expected service level 

from equation (6) with an upper bound being the WAW w: 

( ) ( ) ( ) ( )
[ ]( )

[ ]0

1

k ww

W L W L

w

ke
s F f d F w f d

k

β β
τ τ τ τ τ

β

− +∞ +
= + = −

+∫ ∫  (9)  

Proof see Appendix A. 

For 
1

lim
ρ→

 the service level approaches 0, which is the same behaviour as in equation 

(6). When calculating 
0

lim
ρ→

 the following maximum service level can be calculated 

[ ]( )

( )
1

w
e

µ βµ β
µ β

− + +
−  + 

 which is smaller than the service level without WAW. 

The underlying assumption is that this WAW policy does not disturb the 

Poisson input stream into the production system. This is necessary to ensure that the 

production leadtime of the production system is still exponentially distributed. The 

necessary property is stated in Proposition 1. 

Proposition 1: For every Poisson arrival process the application of the WAW policy 

leads to a Poisson input stream into the production system if the customer required 

leadtime is exponentially distributed. 

Proof see Appendix B. 

The two equations for the expected FGI leadtime and the expected tardiness 

are created by using the equations (7) and (8) for two different cases. The first case is 

that the customer required leadtime is smaller than the WAW and the second case is 

that customer required leadtime is larger than the WAW. Whenever L w≤  holds true, 

the equation (7) also holds in the case of conducting a WAW policy. For the situation 

where L w> , the realized customer required leadtime in the production system is w. 

The first integral of equation (7) integrates over all possible customer required 

leadtime values, so this integral has to be split up into the two parts. Adding up these 
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two parts of the expected value for the expected FGI leadtime leads to the following 

equation: 

( ) ( ) ( ) ( ) ( ) ( )

[ ]( ) ( ) ( )

( )

0 0 0

[ ]

w w

W L W L

w

k w w

E F f d f d f w d f d

e k e k

k

θ

β β

τ θ τ τ θ θ τ τ τ θ θ

β β
β β

∞

− + −

= − + −

− + +
=

+

∫ ∫ ∫ ∫
 (10) 

Proof see Appendix A. 

Calculating the 
1

lim
ρ→

 shows that the FGI leadtime approaches 0 (see Appendix 

A), which is the same case as for equation (7). For 
0

lim
ρ→

 the FGI leadtime leads to the 

following maximum value 

[ ]( ) ( ) ( )

( )

w we e
µ β ββ µ β µ

β µ β

− + − − + +
 
 + 

 which is smaller than 

( )
µ

β µ β

 
  + 

 (proof see Appendix A) for the case without WAW policy.  

The expected tardiness can be stated analogous to the expected FGI leadtime, 

so the first integral of equation (8) also has to be split up into two parts and then 

added to the expected tardiness. This leads to the following equation: 

( )( ) ( ) ( )( ) ( )

[ ]( )

[ ]

0

[ ]

w

W L W L

w w

k w

E C f d f d f w d f d

ke

k k

θ

β

τ τ θ τ θ θ τ τ τ θ θ

β
β

∞ ∞ ∞

− +

= − + −

+
=

+

∫ ∫ ∫ ∫
 (11) 

Proof see Appendix A. 

Calculating the 
1

lim
ρ→

 shows that the tardiness approaches ∞ . For 
0

lim
ρ→

 a 

minimum tardiness level can be calculated 
[ ]( )

[ ]

w
e

µ βµ β
µ µ β

− + +
  + 

 which is higher than in 

the case without WAW (proof see Appendix A). 

Equation (4) still holds for the calculation of the FGI in pieces in the case of 

distributed customer required leadtime values and the application of a WAW policy. 
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Proposition 2: Whenever the WAW policy is applied to an M/M/1 production system 

facing exponentially distributed customer required leadtime, the expected FGI 

leadtime and the service level with the WAW policy are lower than without the WAW 

policy and the expected tardiness with the WAW policy is higher than without the 

WAW policy. 

Proof see Appendix B. 

This Proposition 2 shows that in a system with a WAW policy no 

improvement of FGI can be achieved without reducing the service level (or 

equivalently the utilization as shown later on). Nevertheless the balance between 

service level and FGI or utilization and FGI can be discussed. 

Based on equation (4), the following equation can be stated for the expected 

value of FGI:  

[ ]( )( ) ( )( )1 1
[ ]

k w we e
E G

k

β βρµ ρµ

β β

− + −− −
= −

+
 (12) 

Proof see Appendix A. 

Calculating the 
1

lim
ρ→

 and the 
0

lim
ρ→

 for equation (12) delivers the expected FGI 

value of 0. This means in both extreme cases for the utilization there is no FGI in 

pieces available. The comparison to the 
0

lim
ρ→

 of the FGI leadtime shows, that even 

with the maximum expected FGI leatime at utilization 0 there is no expected FGI in 

pieces available. The reason for that is that at utilization zero, the input rate has to be 

zero and for that reason no products are produced.  
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Proposition 3: For any M/M/1 production system facing exponentially distributed 

customer required leadtime with deterministic WAW, the utilization leading to the 

maximum expected FGI is indirectly defined by equation (13). 

( )( ) ( )
( )

( )( )( )
( )( )

( )( )121

2

1 11

1 1

w ww e ee w
µ ρ β βµ ρ β ρµ µµ ρµ µ

µ ρ β βµ ρ β

− − +   −− − +   − −+ −
+ =

− + − +
 (13) 

Proof see Appendix B. 

This equation (13) can only be solved numerically. The utilization value found 

with this equation gives the production manager the information whether an increase 

in utilization still leads to an increase in average FGI or if it already leads to a 

decrease, which is a valuable information concerning FGI costs and FGI storage. 

 

Proposition 4: The application of a WAW policy within an M/M/1 production system 

facing exponentially distributed customer required leadtime leads to a utilization and 

an FGI reduction as stated in equations (14) and (15) respectively in comparison to an 

M/M/1 production system without WAW policy for equal service level values 

between the two systems.  

 

( )( )11

1

w ww e
s

µ ρ βρ
ρ  − − + −
∆ =

−
 (14) 

[ ]
[ ]( )( ) ( )( ) ( )1 1

wk w w
w w w

w

e e k
E G

k k

β βρ µ ρ µ ρ ρ µ
β β β

− + −− − + ∆
∆ = − −

+ +
 (15) 

Whereby ρ∆  is the utilization loss and [ ]E G∆  is the FGI reduction when in the 

production system applying the WAW policy the utilization wρ  is reached. The 

parameter 
1

k
 and 

1

wk
 indicate the mean production leadtime in the production system 

without WAW policy and with WAW policy respectively. Proof see Appendix B. 
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Based on this Proposition 4, the management can discuss the balance between 

utilization loss and FGI cost reduction and define an optimal strategy based on 

utilization loss costs and FGI costs. The following trajectory (Figure 2) can be defined 

for each combination of µ , β , and wρ .  

Figure 2 should be added somewhere here. 

A detailed numerical example discussing the FGI reduction potential is 

presented in section 4.2. 

3.5. Extension for G/G/1 production system 

To identify the influence of other distributions for interarrival and processing time, 

the influence of increasing the mean of the exponential distribution for production 

leadtime on service level, FGI, FGI leadtime and tardiness is studied. 

 

Proposition 5: Increasing the mean of the exponential distribution for production 

leadtime in an M/M/1 production system facing exponentially distributed customer 

required leadtime without changing the distribution of customer required leadtime and 

without changing the input rate leads to a reduction of service level, expected FGI, 

and expected FGI leadtime as well as to an increase in expected tardiness. 

Proof see Appendix B. 

Based on Chen and Yao (2001) the production leadtime for a G/G/1 queue can 

be approximated with an exponential distribution with mean: 

[ ]
( )
( )

2 2

2 1

a sc c
E W

λ

ρ

+
=

−
 (16) 

Whereby 2

ac  and 2

sc  are the coefficients of variation of interarrival and processing 

time distribution respectively. Based on that approximation, the mean of the 

production leadtime increases whenever the coefficient of variation of the interarrival 
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time distribution or the processing time distribution increases. In combination with 

Proposition 5, this shows that the results for service level, expected FGI, expected 

FGI leadtime and expected tardiness depend, for a more general system, on the 

second moment of these two distributions. Applying Proposition 5 shows that the 

lower the variation of processing time and interarrival time, the better the results for 

service level, expected FGI, expected FGI leadtime and expected tardiness will be. 

4. Numerical example 

In this section, firstly a comparison between three cases shows the typical 

characteristic of the relationships between utilization, expected WIP, expected FGI, 

expected FGI leadtime, expected tardiness and service level. The advantage of 

implementing a WAW is discussed in this section based on the calculated curves and 

some general insights from the shape of the curves are given. The second part of this 

section presents the result of an extensive experiment set to evaluate the FGI 

reduction potential based on the implementation of a WAW work release policy. 

4.1. Shape of the logistic characteristic curves 

In this section a numerical example is conducted with three different sets of 

parameters. The results for these three different sets of parameters for the M/M/1 

queuing model are compared as developed in the paper according to the logistic 

relationship between utilization, WIP, production leadtime, service level, FGI, FGI 

leadtime and tardiness for an exponentially distributed customer required leadtime. 

The following parameters are set for the numerical example: 

Table 1 should be added somewhere here. 

In the numerical example the production rate µ  is held constant and the input rate λ  

is varied to find different points of the logistic characteristic curves. All resulting 

figures in this section are shown with the expected WIP on the x-Axis. This is the 
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same format as the traditional logistic characteristic curves presented by 

Wiendahl/Breithaupt (1999), Wiendahl et. al. (2005), Jodlbauer (2008a) or also partly 

in Hopp/Spearman (1996). 

The following logistic characteristic curves as shown in Figure 3 can be 

calculated for the three cases. The service level calculated without an additional 

WAW is the maximum reachable service level if each order is released to the 

production system without any delay and the FIFO dispatching rule is applied (see 

Proposition 2). The reduction of service level with increasing WIP, as shown in 

Figure 3a, is a result of the increasing expected production leadtime (and increasing 

λ ). The maximum service level, maximum FGI leadtime and minimum tardiness 

values for utilization 0 as well as the asymptotical behaviour of the curves for 

utilization approaching 100 % is shown in Figure 3.  

Figure 3 should be added somewhere here. 

The result that with a smaller average value for the customer required leadtime the 

service level decreases faster, the FGI leadtime decreases faster and the tardiness 

increases faster when WIP increases is consistent with intuition. 

In Cases I and II there is the maximum possible service level if each job is 

released to the system without any delay shown. The integration of a WAW can 

reduce the FGI inventory and for this reason the costs. The effect of having a WAW w 

of 20 periods is shown as Case III in Figure 3. 

The comparison of Cases I and III in Figures 3a and 3d shows the influence of 

having a policy reducing the longest customer required leadtime values on service 

level and tardiness. Such a WAW policy leads to a reduction of service level and an 

increase of expected tardiness. The Figures 3b and 3c show the expected FGI leadtime 

and the expected FGI in items. The comparison with a WAW of 20 periods, which is 
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exactly the expected value of the exponential distribution of customer required 

leadtime, shows that approximately half of the FGI in pieces can be reduced with this 

policy. The service level as well as the expected tardiness at low WIP values is only 

influenced marginally by this policy. This leads to the managerial insight, that 

especially the orders with long customer required leadtime values should not be 

released immediately. A detailed numerical study about the FGI reduction potential of 

such a WAW policy is given in the subsequent part of section 4.  

4.2. FGI reduction potential with WAW policy 

To identify the potential of reducing expected FGI when a WAW work release policy 

is applied, a broad spectrum of test cases has been generated. All possible 

combinations of the following parameter settings have been tested, whereby for each 

test case the input rate λ  was numerically searched which leads to the specified 

service level. Table 2 shows the parameter settings tested: 

Table 2 should be added somewhere here. 

Based on Proposition 2 there cannot be a potential for reducing expected FGI by 

applying a WAW work release policy without either reducing service level, increasing 

tardiness or reducing utilization. For this comparison, the utilization was the factor 

allowed to be reduced for the sake of keeping the service level constraint. This means 

the potential to reduce FGI has always to be seen in the light of a slight utilization loss 

which also has to be accepted. Three limits for the utilization loss are tested in this 

numerical example. There is 1%, 0.1% and 0.01% lower utilization accepted 

compared to the test case without WAW policy. 

In this numerical study, firstly, for all possible combinations of parameters 

from Table 2, the input rate to reach the targeted service level was calculated. As 

shown in the result (Figure 4) the higher the service level target, the lower the number 
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of test cases where this value can be reached. In the second step, the utilization 

reached without WAW is compared to the utilization values reached with WAW for 

the same combination of s, µ and β , and the lowest value for w out of the test set 

still fulfilling the utilization constraint is determined. For this WAW value the FGI in 

pieces is compared to the FGI in pieces without WAW and the potential to decrease 

FGI is calculated as a percentage of the FGI without WAW. The structured results 

ordered concerning the production system specifications as a combination of s, µ and 

β  can be found in Appendix D. The FGI reduction potential of service level of 50%, 

and 99 % with 1% and 0.01% utilization reduction constraint are shown in Figure 4. 

Figure 4 should be added somewhere here. 

The results compared in Figure 4 show that the range of reducing FGI based on the 

numerical example tested is between 0% and 97% depending on the production 

system. Looking at the results in detail shows appositive correlation between service 

level and FGI reduction potential with such a WAW policy. Furthermore, the lower 

the possibility to reduce utilization is, the lower the potential to reduce FGI, which is 

an intuitive result. Nevertheless, the numerical study shows that even if nearly no 

flexibility to reduce utilization is given (case with 0.01% tolerance) the FGI for high 

service levels can still be reduced by more than 80% when a WAW rule is applied. 

The result of this numerical study leads to an interesting managerial insight 

since the competition between production companies is more and more forced into the 

field of logistic performance and it is clearly shown that implementing such a WAW 

policy helps to keep costs for high service levels down. 

5. Conclusion 

The current paper introduced an analytical model for integrating the logistic key 

figures service level, FGI, FGI leadtime and tardiness into the logistic characteristic 
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curves for WIP, utilization and production leadtime for an M/M/1 production system. 

Analytically exact equations for service level, expected FGI leadtime, expected FGI 

and expected tardiness are presented based on an exponentially distributed customer 

required leadtime for an MTO production system. Furthermore, the effect of the 

WAW work release policy on these logistic figures can be determined with the model. 

Especially in the case of capacity investment decisions, the service level and tardiness 

values reached can be balanced against the capacity invested and the costs for holding 

FGI. 

The implementation of the WAW work release policy enables the discussion 

of reducing FGI. The numerical example discussed in this paper leads to the 

managerial insight that a company using the WAW policy for order release to the 

production system can save up to 97% of the FGI in comparison to releasing all 

orders directly to the production system. Especially for high service level targets the 

FGI reduction potential of such a WAW policy is quite high even if only a marginal 

reduction of utilization is allowed. 

For a G/G/1 production system it is shown, that an increase in the coefficient 

of variation of interarrival or processing time negatively influences the system 

performance measured as service level, expected FGI leadtime, expected FGI and 

expected tardiness. 

As a further step in research concerning the logistic behaviour of MTO 

production systems, the extension of this model to multi-machine settings either in an 

analytically exact way or as an approximation is proposed. Furthermore, the influence 

of dispatching rules could be discussed and a detailed sensitivity analysis concerning 

the influence of the distribution shapes for interarrival time, processing time and 

customer required leadtime on the results could be conducted. 
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Tables and Figures 

 

 
Figure 1. Production system. 
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Figure 2. Trajectory Utilization Loss versus FGI Reduction 
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Figure 3. Logistic characteristic curves 

 

 

 

 

Parameter Case I Case II Case III Unit 

w ∞  ∞  20 periods 

β  0.05 0.2 0.05 pcs/periods 

µ  0.5 0.5 0.5 pcs/periods 

Table 1. Parameters for curve generation. 

 

 

Parameter Tested parameter values 

Service level s (6 values) 0.5, 0.8, 0.9, 0.95, 0.98, 0.99 

Production rate µ  (7 values) 0.5, 1, 2, 4, 8, 16, 32 

Customer required leadtime  

parameter β  (8 values) 

0.0125, 0.025, 0.05, 0.1, 0.2, 0.4, 0.8, 

1.2 

Work ahead window w (143 values) 0.5, 1, 2, 4, … 98, 100, 110, 120, … 

990, 1000, ∞  

Utilization tolerance (3 values) 1%, 0.1%, 0.01% 

Table 2. Parameters for numerical test cases. 
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Utilization tolerance 1% Utilization tolerance 0.01%

0,5 1 2 4 8 16 32 Avg 0,5 1 2 4 8 16 32 Avg

0,0125 60% 72% 82% 89% 95% 96% 97% 84% 0,0125 8% 11% 15% 21% 29% 40% 52% 25%

0,025 46% 59% 72% 82% 89% 95% 95% 77% 0,025 6% 7% 9% 16% 22% 31% 41% 19%

0,05 34% 46% 57% 70% 79% 89% 95% 67% 0,05 4% 6% 8% 11% 15% 22% 31% 14%

0,1 24% 34% 46% 53% 70% 79% 89% 56% 0,1 2% 4% 5% 8% 11% 14% 20% 9%

0,2 12% 24% 34% 46% 46% 61% 79% 43% 0,2 2% 2% 4% 5% 8% 11% 11% 6%

0,4 4% 8% 17% 34% 33% 33% 61% 27% 0,4 0% 2% 2% 4% 4% 8% 8% 4%

0,8 --- 2% 8% 8% 34% 33% 33% 20% 0,8 --- 0% 2% 2% 2% 2% 8% 2%

1,2 --- --- 2% 17% 17% 17% 46% 20% 1,2 --- --- 0% 2% 2% 2% 2% 1%

Avg 30% 35% 40% 50% 58% 63% 74% 50% Avg 4% 5% 6% 9% 12% 16% 21% 10%

0,5 1 2 4 8 16 32 Avg 0,5 1 2 4 8 16 32 Avg

0,0125 --- --- 91% 91% 94% 94% 96% 93% 0,0125 --- --- 87% 87% 89% 89% 89% 88%

0,025 --- --- --- 91% 91% 91% 91% 91% 0,025 --- --- --- 87% 87% 87% 87% 87%

0,05 --- --- --- --- 91% 91% 91% 91% 0,05 --- --- --- --- 83% 83% 83% 83%

0,1 --- --- --- --- --- 91% 91% 91% 0,1 --- --- --- --- --- 83% 83% 83%

0,2 --- --- --- --- --- --- 91% 91% 0,2 --- --- --- --- --- --- 83% 83%

0,4 --- --- --- --- --- --- --- 0,4 --- --- --- --- --- --- ---

0,8 --- --- --- --- --- --- --- 0,8 --- --- --- --- --- --- ---

1,2 --- --- --- --- --- --- --- 1,2 --- --- --- --- --- --- ---

Avg 91% 91% 92% 92% 92% 92% Avg 87% 87% 86% 85% 85% 86%

µ

β

50%

s

β

s µ

99%

s µ

50%

β

β

s µ

99%

 
Figure 4. Results numerical study1 

 

 

 

                                                 
1 --- means that the service level target cannot be reached for this parameter combination of µ and β . 
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Appendix A – Proof of equations 

Proof of equation (6): 

The probability of an order being delivered on time can be visualized in the 

production leadtime W  and customer required leadtime L  space as follows: 

Figure 5 should be added somewhere here. 

The shaded area indicates when an order is delivered on time. Assuming that the 

distribution of W  and L  are independent of each other (which holds true for FIFO 

dispatching discipline) the following equation for the service level holds: 
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Proof of equation (7): 
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Proof of equation (9): 
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Proof of equation (10): 
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Limes calculation 
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Appendix B – Proof of Propositions 

Proof of Proposition 1: 

The comparison of a stochastic customer required leadtime value L to a deterministic 

WAW value w leads to a random assignment of orders to type 1 and type 2 orders. 

Type 1 orders have L w≤  with probability p and type 2 orders have L w>  and have 

probability ( )1 p− . Based on the splitting property (see Tijms 2003)1 of the input 

stream being a Poisson stream with rate λ  the two resulting streams of events are 

again Poisson streams with rates pϕ λ=  and ( )1 pψ λ= −  respectively. The Poisson 

stream 1 ( L w≤ ) with rate pϕ λ=  directly feeds the M/M/1 production system. The 

Poisson stream 2 with rate ( )1 pψ λ= −  feeds the buffer of units waiting to be 

released into the system. This Poisson stream 2 has the following waiting time 

distribution of items: 

( ) ( )l w w l
P l L w L w e e e

β β ββ β− − − −= − > = =  (A.10) 

This equation (A.10) shows that the waiting time for the single items in the WAW 

buffer is again exponentially distributed with rate β . So this WAW buffer can be 

transformed to an M/M/∞ queuing system for which the output process is equal to the 

Poisson input process with rate ( )1 pψ λ= −  (see Tijms 2003). This output process of 

the WAW buffer feeds the M/M/1 production system. Based on the merging property 

(see Tijms 2003)2, the input process for the M/M/1 production system is Poisson with 

rate λ ϕ ψ= + . 

Q.E.D. 

                                                 
1 For a Poisson process with rate λ  and events of type 1 and type 2, the assignment of type 1 and type 2 is given 

with probability p and 1-p independent of all the other events, the two resulting streams of events for type 1 and 

2 are again Poisson streams with rate pϕ λ=  and ( )1 pψ λ= −  respectively (see Tijms 2003). 
2 The merge of two Poisson streams of events with rates ψ  and ϕ  lead to a Poisson stream of events with rate 

λ ϕ ψ= +  (see Tijms 2003). 
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Proof of Proposition 2: 

The service level with WAW policy is lower than without WAW policy: 
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Q.E.D. 

Expected FGI leadtime with WAW policy is always lower than without WAW policy: 
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(A.12) 

Q.E.D. 

Expected tardiness with WAW policy is always higher than without WAW policy: 
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Q.E.D. 
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Proof of Proposition 3: 
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Q.E.D. 

Proof of Proposition 4: 

Based on equations (6) and (9) for the service level in a system without and with 

WAW policy the following can be stated provided the service level in both systems is 

equal: 
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 (A.15) 

Whereby the index w indicates the system applying the WAW policy. The utilization 

loss can be calculated as: 

( )( )11

1

w

w

ww e
s

µ ρ β

ρ ρ ρ

ρ  − − + 

∆ = −

−
=
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 (A.16) 

Q.E.D. 
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Based on equations (12) and (4), the following can be stated for the FGI reduction: 
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 (A.17) 

Q.E.D. 

Proof of Proposition 5: 

Service level increases with increasing k  (decreases with increasing mean production 

leadtime 
1

k
): 
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 (A.18) 

 

Expected FGI leadtime decreases with increasing k  (increases with increasing mean 

production leadtime 
1

k
): 
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(A.19) 

 

Expected tardiness decreases with increasing k  (increases with increasing mean 

production leadtime 
1

k
): 
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Expected FGI increases with increasing k  (decreases with increasing mean 

production leadtime 
1

k
): 
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Appendix C - List of variables 

Symbol Description Unit 

W  random variable of production leadtime  periods 

( )W
F ⋅  cumulative distribution function of the random variable W  

for production leadtime 

1 

( )W
f ⋅  distribution function of the random variable W  for 

production leadtime 

1 

s  service level reached in the production system 1 

F  random variable of FGI leadtime periods 
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ρ  utilization of the machine  1 

Y  random variable of WIP (work in process) in front of the 

machine and in the machine 

pcs 

C  random variable of tardiness periods 

L  random variable of customer required leadtime periods 

L̂  
deterministic customer required leadtime periods 

( )L
F ⋅  cumulative distribution function of the random variable L  

for customer required leadtime 

1 

( )L
f ⋅  distribution function of the random variable L  for customer 

required leadtime 

1 

µ  processing rate of the machine pcs/period 

λ  rate of arrival of jobs to the system pcs/period 

β  parameter of the customer required leadtime distribution 1/period 

w work ahead window for work release to the production 

system 

periods 

 

Appendix D – Results of numerical study 

The following tables show the results for all the tested production system settings. 

0,5 1 2 4 8 16 32 Avg

0,0125 60% 72% 82% 89% 95% 96% 97% 84%

0,025 46% 59% 72% 82% 89% 95% 95% 77%

0,05 34% 46% 57% 70% 79% 89% 95% 67%

0,1 24% 34% 46% 53% 70% 79% 89% 56%

0,2 12% 24% 34% 46% 46% 61% 79% 43%

0,4 4% 8% 17% 34% 33% 33% 61% 27%

0,8 --- 2% 8% 8% 34% 33% 33% 20%

1,2 --- --- 2% 17% 17% 17% 46% 20%

Avg 30% 35% 40% 50% 58% 63% 74% 50%

µ

β

50%

s

0,5 1 2 4 8 16 32 Avg

0,0125 56% 65% 73% 82% 88% 92% 95% 79%

0,025 48% 55% 65% 73% 82% 88% 91% 72%

0,05 38% 46% 55% 65% 70% 82% 88% 63%

0,1 26% 38% 46% 55% 65% 65% 76% 53%

0,2 --- 26% 38% 38% 55% 55% 54% 44%

0,4 --- --- 26% 25% 25% 55% 55% 37%

0,8 --- --- --- 26% 25% 25% 55% 33%

1,2 --- --- --- --- 11% 38% 37% 29%

Avg 42% 46% 50% 52% 53% 62% 69% 53%

s µ

80%

β
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0,5 1 2 4 8 16 32 Avg

0,0125 63% 69% 75% 80% 87% 92% 95% 80%

0,025 55% 61% 67% 73% 80% 87% 90% 73%

0,05 41% 55% 61% 67% 73% 80% 87% 66%

0,1 --- 41% 50% 61% 61% 73% 73% 60%

0,2 --- --- 34% 50% 50% 50% 73% 51%

0,4 --- --- --- 22% 50% 50% 50% 43%

0,8 --- --- --- --- 22% 50% 50% 41%

1,2 --- --- --- --- --- 33% 33% 33%

Avg 53% 57% 57% 59% 60% 64% 69% 60%

β

s µ

90% 0,5 1 2 4 8 16 32 Avg

0,0125 73% 76% 80% 84% 87% 91% 93% 83%

0,025 61% 71% 74% 78% 82% 85% 89% 77%

0,05 --- 58% 71% 71% 78% 78% 85% 73%

0,1 --- --- 58% 71% 71% 71% 71% 68%

0,2 --- --- --- 47% 71% 71% 71% 65%

0,4 --- --- --- --- 47% 71% 71% 63%

0,8 --- --- --- --- --- 47% 71% 59%

1,2 --- --- --- --- --- --- 58% 58%

Avg 67% 68% 71% 70% 73% 73% 76% 71%

s µ

95%

β

0,5 1 2 4 8 16 32 Avg

0,0125 --- 84% 86% 88% 90% 92% 94% 89%

0,025 --- --- 84% 84% 88% 88% 92% 87%

0,05 --- --- --- 84% 84% 84% 84% 84%

0,1 --- --- --- --- 84% 84% 84% 84%

0,2 --- --- --- --- --- 84% 84% 84%

0,4 --- --- --- --- --- --- 84% 84%

0,8 --- --- --- --- --- --- ---

1,2 --- --- --- --- --- --- ---

Avg 84% 85% 85% 86% 86% 87% 85%

s µ

98%

β

0,5 1 2 4 8 16 32 Avg

0,0125 --- --- 91% 91% 94% 94% 96% 93%

0,025 --- --- --- 91% 91% 91% 91% 91%

0,05 --- --- --- --- 91% 91% 91% 91%

0,1 --- --- --- --- --- 91% 91% 91%

0,2 --- --- --- --- --- --- 91% 91%

0,4 --- --- --- --- --- --- ---

0,8 --- --- --- --- --- --- ---

1,2 --- --- --- --- --- --- ---

Avg 91% 91% 92% 92% 92% 92%

β

s µ

99%

Figure 6. Results of numerical study with utilization reduction limit 1% 

 

0,5 1 2 4 8 16 32 Avg

0,0125 24% 33% 44% 56% 68% 79% 88% 56%

0,025 17% 25% 33% 44% 55% 67% 79% 46%

0,05 13% 17% 24% 33% 42% 53% 65% 35%

0,1 8% 12% 17% 24% 33% 39% 53% 26%

0,2 5% 8% 12% 17% 24% 33% 33% 19%

0,4 2% 4% 8% 8% 17% 17% 33% 13%

0,8 --- 2% 2% 8% 8% 8% 8% 6%

1,2 --- --- 2% 2% 2% 2% 17% 5%

Avg 11% 14% 18% 24% 31% 37% 47% 26%

s µ

50%

β

0,5 1 2 4 8 16 32 Avg

0,0125 32% 40% 47% 54% 62% 70% 79% 55%

0,025 29% 34% 39% 47% 54% 62% 70% 48%

0,05 23% 28% 34% 37% 45% 54% 59% 40%

0,1 17% 21% 25% 31% 37% 45% 54% 33%

0,2 --- 17% 17% 25% 25% 37% 37% 27%

0,4 --- --- 11% 11% 25% 25% 25% 20%

0,8 --- --- --- 5% 5% 25% 25% 15%

1,2 --- --- --- --- 11% 11% 11% 11%

Avg 25% 28% 29% 30% 33% 41% 45% 33%

s µ

80%

β

0,5 1 2 4 8 16 32 Avg

0,0125 50% 54% 58% 62% 68% 73% 78% 63%

0,025 43% 50% 52% 58% 61% 67% 73% 58%

0,05 34% 41% 50% 50% 55% 61% 67% 51%

0,1 --- 34% 41% 50% 50% 50% 61% 47%

0,2 --- --- 34% 33% 50% 50% 50% 43%

0,4 --- --- --- 22% 22% 50% 50% 36%

0,8 --- --- --- --- 22% 22% 50% 32%

1,2 --- --- --- --- --- 33% 33% 33%

Avg 42% 45% 47% 46% 47% 51% 58% 48%

β

s µ

90% 0,5 1 2 4 8 16 32 Avg

0,0125 64% 67% 71% 72% 76% 80% 82% 73%

0,025 55% 64% 67% 71% 71% 74% 78% 68%

0,05 --- 52% 64% 64% 71% 71% 71% 65%

0,1 --- --- 47% 58% 58% 71% 71% 61%

0,2 --- --- --- 47% 47% 47% 71% 53%

0,4 --- --- --- --- 47% 47% 47% 47%

0,8 --- --- --- --- --- 47% 47% 47%

1,2 --- --- --- --- --- --- 58% 58%

Avg 59% 61% 62% 62% 62% 62% 65% 62%

s µ

95%

β

0,5 1 2 4 8 16 32 Avg

0,0125 --- 79% 84% 84% 86% 88% 88% 85%

0,025 --- --- 79% 84% 84% 84% 88% 84%

0,05 --- --- --- 76% 84% 84% 84% 82%

0,1 --- --- --- --- 68% 84% 84% 79%

0,2 --- --- --- --- --- 68% 84% 76%

0,4 --- --- --- --- --- --- 68% 68%

0,8 --- --- --- --- --- --- ---

1,2 --- --- --- --- --- --- ---

Avg 79% 82% 81% 80% 81% 82% 81%

s µ

98%

β

0,5 1 2 4 8 16 32 Avg

0,0125 --- --- 89% 89% 91% 91% 91% 90%

0,025 --- --- --- 87% 87% 91% 91% 89%

0,05 --- --- --- --- 83% 83% 91% 86%

0,1 --- --- --- --- --- 83% 83% 83%

0,2 --- --- --- --- --- --- 83% 83%

0,4 --- --- --- --- --- --- ---

0,8 --- --- --- --- --- --- ---

1,2 --- --- --- --- --- --- ---

Avg 89% 88% 87% 87% 88% 88%

β

s µ

99%

Figure 7. Results of numerical study with utilization reduction limit 0.1% 
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0,5 1 2 4 8 16 32 Avg

0,0125 8% 11% 15% 21% 29% 40% 52% 25%

0,025 6% 7% 9% 16% 22% 31% 41% 19%

0,05 4% 6% 8% 11% 15% 22% 31% 14%

0,1 2% 4% 5% 8% 11% 14% 20% 9%

0,2 2% 2% 4% 5% 8% 11% 11% 6%

0,4 0% 2% 2% 4% 4% 8% 8% 4%

0,8 --- 0% 2% 2% 2% 2% 8% 2%

1,2 --- --- 0% 2% 2% 2% 2% 1%

Avg 4% 5% 6% 9% 12% 16% 21% 10%

s µ

50%

β

0,5 1 2 4 8 16 32 Avg

0,0125 22% 25% 28% 31% 39% 45% 52% 35%

0,025 19% 22% 25% 29% 34% 39% 45% 30%

0,05 15% 19% 21% 25% 28% 34% 37% 26%

0,1 9% 14% 17% 21% 25% 25% 31% 20%

0,2 --- 8% 11% 17% 17% 25% 25% 17%

0,4 --- --- 5% 11% 11% 11% 25% 13%

0,8 --- --- --- 5% 5% 5% 5% 5%

1,2 --- --- --- --- 11% 11% 11% 11%

Avg 16% 17% 18% 20% 21% 25% 29% 21%

s µ

80%

β

0,5 1 2 4 8 16 32 Avg

0,0125 39% 43% 46% 50% 54% 58% 62% 50%

0,025 35% 39% 43% 45% 50% 52% 58% 46%

0,05 27% 33% 37% 41% 45% 50% 50% 41%

0,1 --- 27% 33% 33% 41% 41% 50% 38%

0,2 --- --- 22% 33% 33% 33% 33% 31%

0,4 --- --- --- 22% 22% 22% 22% 22%

0,8 --- --- --- --- 22% 22% 22% 22%

1,2 --- --- --- --- --- 10% 33% 22%

Avg 34% 36% 36% 38% 38% 36% 41% 37%

β

s µ

90% 0,5 1 2 4 8 16 32 Avg

0,0125 56% 59% 62% 65% 67% 71% 72% 65%

0,025 47% 55% 58% 61% 64% 67% 71% 60%

0,05 --- 47% 52% 58% 58% 64% 64% 57%

0,1 --- --- 47% 47% 58% 58% 58% 54%

0,2 --- --- --- 47% 47% 47% 47% 47%

0,4 --- --- --- --- 47% 47% 47% 47%

0,8 --- --- --- --- --- 47% 47% 47%

1,2 --- --- --- --- --- --- 32% 32%

Avg 52% 54% 55% 56% 57% 57% 55% 55%

s µ

95%

β

0,5 1 2 4 8 16 32 Avg

0,0125 --- 78% 79% 79% 81% 84% 84% 81%

0,025 --- --- 76% 79% 79% 79% 84% 80%

0,05 --- --- --- 76% 76% 76% 76% 76%

0,1 --- --- --- --- 68% 68% 68% 68%

0,2 --- --- --- --- --- 68% 68% 68%

0,4 --- --- --- --- --- --- 68% 68%

0,8 --- --- --- --- --- --- ---

1,2 --- --- --- --- --- --- ---

Avg 78% 78% 78% 76% 75% 75% 77%

s µ

98%

β

0,5 1 2 4 8 16 32 Avg

0,0125 --- --- 87% 87% 89% 89% 89% 88%

0,025 --- --- --- 87% 87% 87% 87% 87%

0,05 --- --- --- --- 83% 83% 83% 83%

0,1 --- --- --- --- --- 83% 83% 83%

0,2 --- --- --- --- --- --- 83% 83%

0,4 --- --- --- --- --- --- ---

0,8 --- --- --- --- --- --- ---

1,2 --- --- --- --- --- --- ---

Avg 87% 87% 86% 85% 85% 86%

β

s µ

99%

Figure 8. Results of numerical study with utilization reduction limit 0.01% 

 

 
Figure 5. Joint probability space of W  and L . 
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